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Monte Carlo simulations of the bond-frustrated ±J Heisenberg model confirm the existence of a finite
temperature spin-glass transition at TSG=0.220�5�. Remarkably, this transition temperature is composition
dependent, rising to TSG=0.25�1� by the ferromagnet–spin-glass boundary. Coexistence of ferromagnetic and
spin-glass ordering is observed at low frustration levels for T�Txy, and the composition dependence of this
transition is also followed. The behavior we observe below Txy agrees with both the mean field prediction and
the experimental observations while being inconsistent with “re-entrance,” which demands a loss of ferromag-
netic order. The complete phase diagram is presented.
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I. INTRODUCTION

Many partially frustrated ferromagnets undergo a second
transition �at Txy�, below Tc, where spin-glass order appears
to develop. This behavior is frequently misnamed “re-
entrant” by analogy with re-entrant superconductors; how-
ever, it is clear that the ferromagnetic order is not lost when
the spin-glass ordering occurs at Txy,

1–3 and the transition is
certainly not re-entrant. The experimental signature of spin-
glass order developing uniformly throughout the material in
the plane perpendicular to the existing ferromagnetic order is
an excellent match to behavior found in a mean field bond-
frustrated Heisenberg model studied by Gabay and Toulouse4

�GT�. However, identifying Txy with the GT transition suffers
due to the long held view that realistic, short range, three
dimensional Heisenberg spin-glass models do not develop
spin-glass order at finite temperatures:5–7 If the spin glass
does not exist, then it cannot coexist with ferromagnetism.

This view of the spin glass has now been demonstrated to
be incorrect. Recent work has shown that three dimensional
Heisenberg spin-glass models with nearest neighbor interac-
tions do indeed order at finite temperatures,8–10 contrary to
conventional wisdom. These new findings open the possibil-
ity that the GT phase transition may also exist at finite tem-
peratures and thus corresponds to the experimentally ob-
served behavior at Txy. Here, we report the results of our
Monte Carlo studies of the spin glass and GT phases using
the same techniques which have proved successful in prior
studies of canonical spin glasses.8–11 We confirm the exis-
tence of a finite temperature spin-glass transition in the ±J
model and map out the composition dependence of Txy,
showing that it too occurs at finite temperatures. The phase
diagram is shown in Fig. 1. We also find that the transition at
Txy marks the onset of spin-glass ordering that coexists trans-
verse to the ferromagnetic order, in full agreement with both
the predicted properties of the GT transition and experimen-
tal observations.

II. MODEL AND METHODS

The bond-frustrated Heisenberg model that we study here
has the Hamiltonian H=−��i,j�JijSi ·S j, where the sum runs

over all pairs of nearest neighbor, unit vector, classical
Heisenberg spins Si residing on a three dimensional simple
cubic lattice of linear dimension L with periodic boundary
conditions. The exchange interactions Jij for spin-glass mod-
els are usually taken either from a Gaussian distribution with
mean J0 and unity variance,4–10 or, in our case, a±J
distribution11–16 with probability

P�Jij = + 1� = 1 − x and P�Jij = − 1� = x . �1�

The interactions Jij = +1 �Jij =−1� correspond to ferromag-
netic �antiferromagnetic� bonds, respectively. Our choice of
the ±J distribution is motivated by the fact that for x=0, the
model is free of both disorder and frustration and reduces to

FIG. 1. Phase diagram of the ±J bond-frustrated Heisenberg
model in three dimensions. PM refers to the paramagnetic phase,
FM to the ferromagnetic phase, SG to the spin-glass phase, and
FM+SG to the region where ferromagnetism and transverse spin-
glass order coexist. Where error bars are not apparent, they are
smaller than the symbol size.

PHYSICAL REVIEW B 76, 064410 �2007�

1098-0121/2007/76�6�/064410�5� ©2007 The American Physical Society064410-1

http://dx.doi.org/10.1103/PhysRevB.76.064410


the well understood Heisenberg ferromagnet with17 TC
=1.4429�1�.

Adding exchange frustration �x�0� to an otherwise fer-
romagnetic �x=0� model leads to a reduction of TC, and at
the critical composition xc�0.21,13,14 ferromagnetism is lost.
For xc�x�0.5, we observe spin-glass ordering at a finite
TSG. Our value at x=0.5, TSG=0.220�5�, is greater than TSG

for the Gaussian model8–10 �TSG�0.15�, in keeping with the
trend observed in 3d nearest neighbor Ising spin-glass
models11 and consistent with some earlier predictions.15,16

One surprising result is that TSG increases as x decreases.
While the effect is small, TSG is clearly composition depen-
dent, contrary to the mean field predictions. As x decreases,
the spin-glass transition meets the ferromagnetic phase
boundary, and for 0�x�xc, we observe the transverse spin-
glass phase transition: ferromagnetic and spin-glass order co-
exist below a finite Txy. All of the transitions are marked by
a divergent correlation length and there is no loss of ferro-
magnetic order upon crossing Txy, despite a rapid increase in
the transverse spin-glass order parameter. Both TSG and Txy
lie far below the mean field expectations,4 one reason why
TSG was not previously observed in Monte Carlo
simulations.8,10

To determine the phase diagram shown in Fig. 1, we have
studied the model using a hybrid Monte Carlo algorithm that
combines Metropolis with over-relaxation18 techniques, a
method found to be efficient at equilibrating frustrated
Heisenberg models.9,14,19,20 We begin each simulation in the
paramagnetic state and anneal toward low temperatures. Fol-
lowing each Metropolis Monte Carlo update �one attempted
spin update per lattice site�, we use five over-relaxation
updates14,18 which then comprise a single Monte Carlo step
�MCS�. We have previously shown that, for the system sizes
studied here, 4�L�12, the correlation times are drastically
reduced by the inclusion of over-relaxation updates.14 To
verify that our results are in equilibrium for each choice
�T ,L,x�, we have calculated averages with logarithmically
increasing numbers of MCS’s, after discarding the same
number of MCS’s prior to the average. In the spin-glass re-
gime of the phase diagram, we have used between 300 and
105 MCS’s to compute thermal averages ����, followed by
100 bond configurations to compute disorder averages �� ��.
In the ferromagnetic regime, we have used between 300 and
104 MCS’s for thermal averaging and 500 bond configura-
tions for disorder averaging. The bond configurations were
chosen independently for each choice of the number of
Monte Carlo steps, giving a total 400–600 bond configura-
tions for x�0.2 and 2000 bond configurations for x�0.2.

The principal quantities we measure are wave vector de-
pendent susceptibilities ��k� from which we determine the
correlation length8,9,11 using the definition

� =
1

2 sin�	kmin	/2�
 ����0���
����kmin���

− 1�1/2

, �2�

where kmin= �2� /L ,0 ,0� is the minimum wave vector al-
lowed by our choice of boundary conditions. In a ferromag-
netic phase, ��k� is given by

��k� = �L3�
i,r

Si · Si+re
ik·r, �3�

where �=1/T is the inverse temperature and r is the vector
connecting spins Si and Si+r. In addition, we measure the
magnetization m=mx+my +mz, where m�=N−1�iSi

� and �
=x ,y ,z are Cartesian components of Si. The ferromagnetic
order parameter is the scalar m= ���m�

2 �1/2.
In the spin-glass phase, we simulate two replicas �1 and 2�

with identical bonds and compute the spin-glass overlap ten-
sor at site i, q�	,i=Si,1

� Si,2
	 . The wave vector dependent sus-

ceptibility is then given in terms of the overlap as

��k� = �N−1�
�,	

�
i,r

q�	,iq�	,i+re
ik·r, �4�

while the spin-glass order parameter is q= ���	q�	
2 �1/2, with

q�	=N−1�iq�	,i.
Where ferromagnetism exists, we define a transverse spin-

glass overlap tensor q�	,i
� , which is the overlap of spin com-

ponents at site i perpendicular to the magnetization. In terms
of Si

�=Si−m ·Si /m, the transverse component of Si, we have
q�	,i

� =Si,1
�,�Si,2

	,�, where m is the vector magnetization and m
its magnitude for each replica. The definition of ���k� is
then the same as for the spin glass �Eq. �4�� with the replace-
ment of q�	,i by q�	,i

� . The transverse spin-glass order param-
eter is qxy = ���	�q�	

� �2�1/2, with q�	
� =N−1�iq�	,i

� .

III. RESULTS

In Fig. 2, we show ��T ,MCS� for the canonical ±J
Heisenberg spin glass �x=0.5� with L=10 �the smallest size

FIG. 2. � /L vs T for different numbers of MCSs used both prior
to and during thermal averaging at x=0.5, L=10. Inset shows � vs
MCS at various T. Horizontal lines in the inset show the regions
used to determine our final averages. No time dependence is ob-
served for T
0.18. Where error bars are not apparent, they are
smaller than the symbol size.
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for which we observed a lack of equilibration�. At high tem-
peratures, � is independent of the number of MCS’s. Only at
low temperatures, T�0.18, do we observe any dependence
on the number of MCS’s in our calculated �. The data at T
=0.14 are obviously not equilibrated for either MCS=300 or
MCS=1000 but are equilibrated for MCS
3000. The lack
of equilibration at T=0.14 for small MCS is revealed by the
fact that the data remain correlated with the previous mea-
surement at T=0.18, and the correlation disappears with in-
creasing MCS. At T=0.1, we do not observe a clear conver-
gence of �; instead, � continues to increase with increasing
MCS. We compute average values of � only for those results
which have converged, indicated in the inset of Fig. 2 by
solid lines. Our final estimates are shown in Fig. 2.

If a second order phase transition occurs at TSG, then we
expect ��L3 for T�TSG, ��L for T=TSG, and � constant for
T
TSG. Thus,8,11 a plot of � /L must cross at the transition
temperature, splaying out both above and below. We have
previously shown for the ferromagnetic transition that TC
found from the crossing of � /L curves agrees with other,
more established, methods14 such as the crossing of the
Binder cumulant. Our results for the canonical ±J Heisen-
berg spin glass �x=0.5� are shown in Fig. 3, and a clear
crossing is observed at TSG=0.220�5�. The crossing does not
exhibit a noticeable shift with increasing L, except at L=4.
This lack of large scaling corrections is not unexpected since,
in the case of a Gaussian distribution of bonds, TSG
determined8 with L�12 was found to agree with TSG deter-
mined using much larger systems,9,10 L�32. A fit to log���
vs log�L� at T=0.22, omitting the L=4 data point, yields a
slope s=1.012�15�, demonstrating that at T=0.22, we have
��L, confirming our assignment of TSG. Our estimate, TSG

=0.220�5�, is in agreement with other estimates of finite TSG,
namely, TSG=0.19�2� �Ref. 15� and TSG=0.22−0.04

+0.0116 who
both used less established methods than we use here. In the
inset of Fig. 3, we show the collapse of � /L vs T, with the
expected finite size scaling form with 	=1.04. We estimate 	
by fitting the slope of ��L� /L at TSG, omitting the L=4 data
point. Our estimate, 	=1.04�6�, is also consistent with those
of the ±J distribution15,16 and for the Gaussian distribution8

for the same range of system sizes.
It has been shown for the Gaussian model9 that the esti-

mate of 	 increases with L, and so the occurrence of a
Kosterlitz-Thouless �KT�-like transition at TSG, with 1/	=0,
cannot yet be ruled out.9,10 With the range of system sizes we
use here, we also cannot determine whether a KT-like phase
exists in the ±J spin-glass model below TSG. However, a
small value of 1 /	 would explain the lack of large scaling
corrections we observe in the location of the crossing point
of � /L, and so while estimates of TSG are unlikely to change
significantly with larger system sizes, the nature of the spin-
glass phase may be more exotic. The nondivergent fluctua-
tions observed in �SR experiments3 at TSG �and Txy� could
be related to KT-like transitions, while the divergent fluctua-
tions seen at TC represent true second order phase transitions.

As we decrease the amount of frustration,20 moving left
across the phase diagram toward the FM phase, we find that
TSG increases; by x=0.25, it is clear that TSG�x=0.25�
�TSG�x=0.5�. To demonstrate this point, we calculate the
slope s of log��� vs log�L� at T=0.22 for different x. At x
=0.4, we get s=1.025�25�, which remains consistent with
TSG=0.22. However, at x=0.3, we get s=1.049�30�, and at
x=0.25, we get s=1.055�13�. This increase in s with decreas-

FIG. 3. Correlation length divided by system size, � /L, vs T for
different L at x=0.5. A clear crossing is observed at TSG

=0.220�5�. Inset shows the scaling of � /L with 	=1.04, and a re-
duced temperature t= �T−TSG� /TSG, with TSG=0.22. Where error
bars are not apparent, they are smaller than the symbol size.

FIG. 4. Same as Fig. 3 except at the concentration x=0.25. A
clear crossing is still observed, but it occurs at temperatures slightly
above TSG�x=0.5�=0.22, namely, TSG�x=0.25�=0.25�1�. Inset
shows the scaling of � /L with 	=1.04, and a reduced temperature
t= �T−TSG� /TSG, with TSG=0.25. Where error bars are not apparent,
they are smaller than the symbol size.
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ing x at T=0.22 �TSG for x=0.4,0.5� indicates that TSG�x� is
also increasing. In fact, the crossing point in the curves of
� /L shows that by x=0.25, TSG has moved to 0.25�1�, as
shown in Fig. 4. The spin-glass transition temperatures,
which we determine by a weighted average of the six cross-
ing points which occur for L
6, are plotted in the phase
diagram in Fig. 1 along with TC determined in Ref. 14.

Turning to the transverse spin-glass phase existing below
the ferromagnetic phase boundary, we show ��T ,MCS� at x
=0.15 with L=10 in Fig. 5. Unlike the pure spin glass, we
find no time dependence in �, except for L=12 and T
�

3
4Txy. Other quantities such as the internal energy,

��	q� 	 �� and ��m��, in addition to having no MCS depen-
dence, also show much smaller compositional fluctuations
than �. Again, we make final estimates of ��T� by averaging
the data at a particular T, as indicated by solid lines in the
inset of Fig. 5.

In Fig. 6, we show the crossing of �xy /L for the five com-
positions studied here. Like the pure spin glasses, there is a
clear crossing, but the L=4 data cross at a higher temperature
than the others. The crossing point in �xy /L, which we as-
cribe to the ordering of the transverse spin glass at Txy, has a
much more significant x dependence than that of TSG. To an
excellent approximation, Txy is linear in x and passes through
the origin. A fit to the form Txy =a+bx yields a=0.00�4� and
b=1.39�25�, consistent with Txy vanishing at x=0. Further-
more, as shown in the inset of Fig. 6, there is a notable
increase in �xy upon crossing TC due to a softening of the
transverse ferromagnetic modes. We note that while there is
a rapid increase in ��qxy�� below Txy, we do not observe any
loss of ferromagnetic order: The spin-glass and ferromag-

netic order coexist below Txy. This behavior is fully consis-
tent with both the GT phase4 and experiments on partially
frustrated ferromagnets1–3 where spin-glass order is found
transverse to the magnetization below Txy.

In the mean field GT phase diagram, TC, Txy, and TSG
merge at a multicritical point. Our phase diagram confirms
this prediction although the location of the multicritical point
is somewhat uncertain as the functional forms of the three
phase boundaries are not known. Based on several types of
fits, we conservatively estimate the location of the multicriti-
cal point to be �xcri ,Tcri�= �0.21�1� ,0.29�2��.

IV. CONCLUSIONS

In summary, we have studied the phase diagram of the ±J
Heisenberg spin-glass model in three dimensions with near-
est neighbor interactions. We find all of the phases predicted
by GT, including the mixed phase where spin-glass order and
ferromagnetism coexist. We find that TSG is composition de-
pendent, contrary to the mean field prediction. Our results
indicate that Txy extrapolates to zero at x=0, which implies

FIG. 5. �xy /L vs T for different numbers of MCSs used both
prior to and during thermal averaging at x=0.15, L=10. Inset shows
�xy vs MCS at various T. Horizontal lines in the inset show the
regions used to determine our final averages. No time dependence is
observed, even for as few as 300 MCSs. Where error bars are not
apparent, they are smaller than the symbol size.

FIG. 6. Crossing of the �xy /L curves for L=4, 6, 8, 10, and 12
for concentrations x=0.20, 0.18, 0.15, and 0.12 and x=0.10 �curves
have been shifted to fit plotting area�. Solid lines through L�4 data
show clear crossings, while the dashed line through the L=4 data
crosses at higher T. Inset shows �xy for x=0.15, which shows a
nondivergent increase at TC prior to Txy. Where error bars are not
apparent, they are smaller than the symbol size.
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that for even infinitesimal amounts of frustration, the model
has two transitions, namely, ferromagnetic and transverse
spin-glass transitions. Furthermore, we have located the mul-
ticritical point where TC, TSG, and Txy merge. Our phase dia-
gram for a realistic spin-glass model with short range inter-

actions demonstrates that the phases found in the mean field
theory of Gabay and Toulouse survive at finite temperatures
in three dimensions and that the behavior observed in experi-
ments on partially frustrated ferromagnets is found in a
simple spin-glass model.
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