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In order to test for the true intrinsic properties of icosahedral i-Al-Cu-Fe quasicrystals, we performed
investigations of magnetism, electrical resistivity, thermoelectric power, and thermal conductivity on a single-
crystalline Al64Cu23Fe13 quasicrystal grown by the Czochralski technique. This sample shows superior quasi-
crystallinity, an almost phason-free structure, and excellent thermal stability. Magnetic measurements revealed
that the sample is best classified as a weak paramagnet. Electrical resistivity exhibits a negative temperature
coefficient with �4 K=3950 �� cm and R=�4 K/�300 K=1.8, whereas the thermopower exhibits a sign reversal
at T=278 K. Simultaneous analysis of the resistivity and thermopower using spectral-conductivity model
showed that the Fermi energy is located at the minimum of the pseudogap in the spectral conductivity ����.
Thermal conductivity is anomalously low for an alloy of metallic elements. Comparing the physical properties
of the investigated single-crystalline Al64Cu23Fe13 quasicrystal to literature reports on polycrystalline
i-Al-Cu-Fe material, we conclude that there are no systematic differences between the high-quality single-
crystalline and polycrystalline i-Al-Cu-Fe quasicrystals, except for the hindering of long-range transport by
grain boundaries in the polycrystalline material. The so far reported physical properties of i-Al-Cu-Fe appear
to be intrinsic to this family of icosahedral quasicrystals, regardless of the form of the material.

DOI: 10.1103/PhysRevB.76.054201 PACS number�s�: 61.44.Br, 71.23.Ft

I. INTRODUCTION

Although a stable icosahedral i-Al-Cu-Fe quasicrystal
�QC� was discovered already in 1987,1 preparation of a
single i-Al-Cu-Fe QC from the melt had not been reported
until 2000.2,3 Growing QCs directly from the melt yields
large centimeter-sized single grains of superior structural
quality, containing neither high density of defects nor phason
strain that are present in samples produced by rapid solidifi-
cation techniques. While rapid solidification yields the mate-
rial in a polycrystalline form �in i-Al-Cu-Fe, a typical grain
size4 is 60–100 �m�, single grains of i-Al-Cu-Fe up to mil-
limeter size were successfully prepared also by long-term
annealing of the polycrystalline material.5–7 The so-prepared
single grains were reported to contain phason strain and
porosity,8 so that growing directly from the melt is preferable
to prepare unstrained single-grain QCs. High-quality samples
are of essential importance in revealing the intrinsic proper-
ties of QCs.

Due to its excellent thermal stability, i-Al-Cu-Fe is cur-
rently one of the best-studied icosahedral QCs. Most studies
reported so far were performed on polycrystalline samples.
The vast literature on the physical properties of i-Al-Cu-Fe
includes investigations of the electrical resistivity and
magnetoresistance,4,7,9–15 thermoelectric power,15–18 therm-
al conductivity,4,15,19 magnetism,9,14,20 and Hall coeffi-
cient.7,11,15,16 Though polycrystalline samples may acquire
quite high structural perfection through a proper thermal an-
nealing procedure, rapid quenching to room temperature

�RT� after annealing inevitably results in a strained material
that also contains a too high thermal vacancy concentration
for the RT conditions �i.e., the quenched-in vacancy concen-
tration is in equilibrium for the much higher temperature of
annealing�. In addition, grain boundaries may hinder propa-
gation of electrons and phonons, thus affecting long-range
electrical and heat transport phenomena. In order to test for
the true intrinsic properties of the i-Al-Cu-Fe QCs, it is de-
sirable to compare the physical properties of the polycrystal-
line material to those measured on high-quality single-
crystalline samples, where structural imperfections are
largely absent. In this paper, we perform such a study by
investigating magnetism, electrical resistivity, thermoelectric
power, and thermal conductivity of a single-crystalline
Al64Cu23Fe13 icosahedral QC grown directly from the melt
by the Czochralski technique. Based on x-ray and high-
resolution transmission electron microscopy �HRTEM� struc-
tural evaluations,21 this sample shows superior quasicrystal-
linity and an almost phason-free icosahedral structure.

II. SAMPLE SELECTION

Preparation of large single-crystalline icosahedral QCs
with composition Al64Cu23Fe13 by the Czochralski technique
and annealing removal of strains has been described in detail
in previous publications.2,3 This composition was chosen be-
cause of its superior thermal stability �any secondary-phase
precipitates in the as-grown material disappeared upon
annealing2�, so that it is considered to represent the ideal
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icosahedral composition. The crystal was pulled out of the
molten alloy of composition Al57.7Cu37.7Fe3.5Si1.1 �where Si
was added to restrain crystallization of �Al+Cu�13Fe4� with
the speed of 0.05 �m/s at 1073 K and the growth direction
was parallel to the threefold symmetry axis. The investigated
crystal of 2 mm diameter and 10 mm length showed a fac-
eted cylindrical shape and its quasicrystallinity was evalu-
ated by x-ray diffraction analysis.21 The full widths at half
maximum �FWHMs� of the Bragg reflections along the two-,
three-, and fivefold symmetry directions exhibited no Q� and
Q� dependence, where Q� is the real scattering vector and
Q� is the phason momentum. Furthermore, peak shifts from
ideal Bragg positions were not detected. This showed that
neither random- nor linear phason strain is present in the
structure. The phason-free structure on the atomic scale was
confirmed by HRTEM imaging,21 which showed highly or-
dered patterns with no kinks or dead ends in the atomic rows
on the selected scale of 17�23 nm2. Therefore, the investi-
gated single-crystalline Al64Cu23Fe13 icosahedral QC has an
almost phason-free quasicrystalline structure and shows su-
perior quasicrystallinity on both macro- and microscopic
scales.

III. MAGNETISM

Magnetic properties of single-crystalline Al64Cu23Fe13
were studied by performing measurements of the magnetiza-
tion as a function of magnetic field, M�H�, and the magnetic
susceptibility as a function of temperature, ��T�, using a su-
perconducting quantum interference device 5 T magnetome-
ter. The M�H� curve at T=5 K with the magnetic field par-
allel to the threefold symmetry direction is displayed in Fig.
1�a�. At magnetic fields not too close to zero, the M�H� be-
havior is predominantly diamagnetic �exhibiting negative
slope�, whereas at low fields, a positive curvature with a
maximum at H=3 kOe is observed. This indicates the pres-
ence of a small fraction of localized paramagnetic moments
in the sample. An attempt to reproduce the M�H� curve with
the sum of a diamagnetic linear term and a Curie paramag-
netic term failed in the low-field regime �below 10 kOe�,
because the magnetization growth was much too fast to be
described by a Brillouin function assuming either Fe2+ or

Fe3+ localized moments. It was obvious that the M�H� curve
contains also a small ferromagnetic �FM� component. This
component originates from a thin FM oxide layer, which
quite commonly forms at the surfaces of Fe-containing al-
loys exposed to ambient atmosphere. The M�H� dependence
of the FM component can still be modeled by a Brillouin
function but with an unphysically large angular momentum
J. The FM saturation magnetization is, however, well defined
and can be used to estimate the amount of FM moments in
the total magnetization. The fit �solid line in Fig. 1�a�� was
performed with the expression

M = M1B�g1,J1� + M2B�g2,J2� + kH . �1�

Here, B�g1 ,J1� is the Brillouin function describing the Curie
magnetization of a set of localized paramagnetic moments of
angular momentum J1 and Landé g factor g1, whereas M1 is
their saturation magnetization. B�g2 ,J2� and M2 are the cor-
responding quantities for the FM component, whereas k is
the magnetic susceptibility associated with terms linear in
the magnetic field. Generally, k=�dia+�c contains a negative
Larmor diamagnetic term �dia due to atomic cores and a
contribution due to spin and orbital magnetism of conduction
electrons �c. In the fit procedure, the paramagnetic moments
were assumed to be Fe2+ and the corresponding values J1
=2 and g1=2 were taken as fixed, whereas the fit-determined
Curie saturation magnetization amounted to M1
=40.6 emu/mol. For the FM component, g2=2 was taken as
fixed, whereas the fit yielded J2=31 �an unphysical value�
and the FM saturation magnetization M2=2.9 emu/mol. The
linear term was determined as k=−1.3�10−3 emu/mol. The
fit parameters are collected in Table I and the three contribu-
tions to the total M�H� fit are displayed separately in Fig.
1�a�. The fraction f of the paramagnetic Fe2+ moments in the
sample can be estimated by comparing the M1 value to the
saturation magnetization for the case that all Fe atoms in the
sample would carry full Fe2+ magnetic moments, wherefrom
we obtain f =1.4�10−4. The FM fraction is smaller by a
factor M2 /M1=1/14, yielding fFM =1�10−5. The smallness
of this value supports the consideration that the FM compo-
nent is due to a thin surface oxide layer. The Larmor diamag-
netic contribution was estimated from literature tables22 to

FIG. 1. �a� Magnetization M as a function of
the magnetic field at T=5 K. The fit �solid line�
was made with Eq. �1�. The paramagnetic �para�,
ferromagnetic �FM�, and linear �lin� contributions
are shown separately. �b� Temperature-dependent
magnetic susceptibility �=M /H in a field H
=10 kOe. The solid line is the fit with Eq. �2�.
The fit parameters are collected in Table I.
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amount to �dia=−6�10−4 emu/mol, which is a factor about
2 smaller than the fit-determined k value. The difference k
−�dia=�c=−7�10−4 emu/mol is the estimated susceptibility
of conduction electrons.

Magnetic susceptibility � was investigated in the tempera-
ture interval between 300 and 2 K �Fig. 1�b�� in a magnetic
field H=10 kOe. � is negative �diamagnetic� in most of the
investigated temperature range except below 7 K, where the
Curie tail brings it to a positive value. The ��T� data were
analyzed by the expression

� = �0 +
C

T − �
+ A1T2 + A2T4, �2�

where C / �T−�� is the Curie-Weiss term due to the localized
paramagnetic moments, with C being the Curie constant and
� the Curie-Weiss temperature. The terms A1T2 and A2T4 are
the two lowest-order temperature corrections to the spin sus-
ceptibility of conduction electrons emerging from the tem-
perature dependence of the chemical potential � and the
variation of the electronic density of states �DOS� with en-
ergy in the vicinity of the Fermi energy �F. Explicit forms of
A1 and A2 can be found, e.g., in Ref. 23. The constant �0
contains the temperature-independent part of the conduction-
electron susceptibility, the diamagnetic core susceptibility,
and the FM contribution, which is already saturated in the
applied field. The fit with Eq. �2� is excellent and is shown in
Fig. 1�b�, whereas the fit parameter values are collected in
Table I. The small negative � value should be considered as
an additional fit parameter only, which slightly improves the
fit. No other experimental results suggest any antiferromag-
netic interaction between the magnetic moments.

The Curie constant C allows for an independent estimate
of the fraction of magnetic Fe atoms in the sample. Assum-
ing Fe2+ with the effective Bohr magneton number pef f
=5.4, we recalculate C �given in Table I in units of per mole
of sample� in units of per mole of Fe �i.e., divide by 13, the
number of Fe in one Al64Cu23Fe13 unit�. From the obtained
value, we calculate the mean effective Bohr magneton num-
ber p̄ef f �the mean pef f of all the Fe atoms in the sample� by
using the formula24 p̄ef f =2.83�C. The magnetic Fe fraction
is then obtained from f = �p̄ef f / pef f�2=2.3�10−4. This value
is in reasonable agreement with the value obtained from the
saturation magnetization �f =1.4�10−4�, showing the preci-
sion of the analysis. The “residual” magnetic Fe fraction of

the order 10−4 is still substantial, so that the investigated
Al64Cu23Fe13 sample should be classified as a weak paramag-
net rather than a diamagnet. A practically identical magnetic
Fe fraction �f =2�10−4� was reported also for polycrystal-
line Al63Cu25Fe12 QC.14

IV. ELECTRICAL RESISTIVITY AND
THERMOELECTRIC POWER

Electrical resistivity and thermopower of Al64Cu23Fe13
were measured in a temperature interval between 315 and
4 K along the threefold symmetry direction and are dis-
played in Fig. 2. The resistivity �Fig. 2�a�� exhibits a nega-
tive temperature coefficient with a RT value �300 K
=2200 �� cm and �4 K=3950 �� cm, so that the total in-
crease is by a factor R=�4 K/�300 K=1.8. At 20 K, ��T� ex-
hibits a weakly pronounced maximum with the peak value
�20 K=4040 �� cm. The thermopower �the Seebeck coeffi-
cient S�T�� is displayed in Fig. 2�b� and exhibits an interest-
ing feature of a sign reversal. Below 120 K, S�T� is negative
with a negative slope, whereas at 120 K, it exhibits a mini-
mum and the slope is reversed. S�T� consequently changes
sign to positive at T=278 K.

For the theoretical analysis of ��T� and S�T�, we shall use
the spectral resistivity model of Landauro and Solbrig,17,18,25

where both quantities are analyzed simultaneously by pre-
suming a specific structure- and composition-related form of
the energy-dependent spectral resistivity function ���� �or its
inverse, the spectral conductivity ����=1/�����. Using the
Kubo-Greenwood formalism, the temperature-dependent
electrical conductivity is calculated according to

��T� =� d������−
�f��,T�

��
	 , �3�

whereas the thermopower is obtained from

S�T� = −
kB


e
��T� � d������� − ��T�
kBT

	�−
�f��,T�

��
	 .

�4�

Here, f�� ,T�= �exp���−�� /kBT�+1�−1 is the Fermi-Dirac
function and ��T� is the chemical potential, which is written
in the low-temperature representation as26

TABLE I. Parameters of the M�H� and ��T� fits from Figs. 1�a� and 1�b� using Eqs. �1� and �2�.

M�H�
M1

�emu/mol� J1 g1

M2

�emu/mol� J2 g2

k
�emu/mol�

40.6 2 2 2.9 31 2 −1.3�10−3

��T�
�0

�emu/mol�
C

�emu K/mol�
�

�K�
A1

�emu K2/mol�
A2

�emu K4/mol�

−1.6�10−3 1.1�10−2 −2.3 −6.1�10−10 2.5�10−14
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��T�  �F − �kBT�2	2

6
�d ln n���

d�
	

�F

= �F − 
T2. �5�

The electronic DOS n��� is related to the spectral conductiv-
ity via the Einstein relation ����= �e2 /V�n���D���, with D���
being the electronic spectral diffusivity. The only material-
dependent quantity in Eqs. �3� and �4� is ����, so that a
proper model of the spectral conductivity should reproduce
both ��T� and S�T� at the same time.

The shape of the spectral resistivity ���� pertinent to
i-Al-Cu-Fe was derived on the basis of ab initio calculations
performed on the Cockayne model for the 1/1 approximant
of the icosahedral Al-Cu-Fe phase.17,18,25 In the vicinity of
the self-consistently calculated Fermi energy �F, ���� of the
approximant exhibits two resistivity peaks: a broad one of
width �1 eV due to the Hume-Rothery stabilization mecha-
nism and a narrow one of width �100 meV due to chemical
order of the subsystem of Fe atoms. The ab initio derived

spectral resistivity could be modeled by a superposition of
two Lorentzians,

���� = A�� 1

	

�1

�� − �1�2 + �1
2	 + � 1

	

�2

�� − �2�2 + �2
2	� ,

�6�

where 1/	�i is the height of a Lorentzian, 2�i its FWHM, �i
its position with respect to the Fermi energy �taken to be at
the origin of the energy scale; �F=0�, and  the relative
weight of the Lorentzians. This shape of ����, suitably
scaled, was applied also to i-Al-Cu-Fe QCs.17,18,25 The posi-
tion of the narrow resistivity peak with respect to the Fermi
energy is responsible for the anomalous electronic transport
properties. As this peak is due to a specific distribution of Fe
atoms in the structure, quasiperiodicity alone cannot account
for the anomalous transport properties of i-Al-Cu-Fe QCs; a
right chemical decoration is also needed. Fermi energy can
be shifted on the scale of a few hundred meV by deviations

FIG. 2. �Color online� �a� Temperature-
dependent electrical resistivity and �b� ther-
mopower of the single-crystalline Al64Cu23Fe13.
The fits �solid lines� of both quantities were made
simultaneously by the Kubo-Greenwood formal-
ism using the spectral resistivity function ����
displayed in �c�. ���� �solid line� is a superposi-
tion of two Lorentzians, shown by the dashed and
dash-dot lines. The dotted bell-shaped curve at
the bottom of the graph shows the thermal obser-
vation window −�f /�� �the derivative of the
Fermi-Dirac function� at T=300 K. In �d�, the
spectral conductivity ����=1/���� is shown.
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in the stoichiometry and/or by defects in both structure and
chemical decoration,27,28 so that the relative position of the
narrow peak can change on this energy scale in samples of
slightly different compositions and annealing treatments.
Consequently, solely on the basis of small shifts of �F, the
thermopower of i-Al-Cu-Fe samples of similar composition
can switch between large positive and large negative values
and it may also change sign with temperature, as demon-
strated for the Al62Cu25.5Fe12.5 and Al63Cu25Fe12 polycrystal-
line samples.15,16,18 Here, we should also mention that the
experimentally observable part of ���� in the ��T� and S�T�
experiments is the one determined by the “thermal observa-
tion window” �−�f /��� �Eqs. �3� and �4�� that is a bell-
shaped function centered at the chemical potential � with a
temperature-dependent FWHM � f =3.5kBT. At T=300 K, � f
amounts to 90 meV, whereas it becomes as small as 3 meV
at 10 K. Upon T→0, �−�f /��� becomes a delta function
���−�F�, and Eq. �3� yields ��T=0�=���F�.

The fits of the experimental ��T� and S�T� data were per-
formed simultaneously with Eqs. �3�–�6� by adjusting the set
of parameters �A, , �1, �2, �1, and �2� pertinent to the shape
of the spectral resistivity ����. The starting value of the pa-
rameter 
 entering the temperature-dependent chemical po-
tential of Eq. �5� was determined by recognizing that in the
case when the spectral variation of the electronic diffusivity
can be neglected, one can replace n��� by ���� in Eq. �5�. 

can then be related to the thermopower using the Mott for-
mula,

SMott�T� = −
	2

3

kB
2


e
�d ln ����
d�

	
�F

T , �7�

so that 
=−0.5
e
�SMott�T� /T�. Taking S�50 K�
=−13.2 �V/K from Fig. 2�b�, we obtain 
=0.132 �eV/K2

as the initial value. In the fit procedure, 
 was considered as
a free parameter, but its final value 
=0.145 �eV/K2 was
close to the initial one. The fits are shown as solid lines in
Figs. 2�a� and 2�b� and the fit parameters are collected in
Table II. The fits of both ��T� and S�T� are excellent in the
whole investigated temperature range, except for the small
discrepancy at the low-temperature maximum in ��T� that
cannot be reproduced by this theory �a leveling off towards a
T-independent resistivity upon T→0 is predicted instead�.

The spectral resistivity function ���� reconstructed from
Eq. �6� using the parameter values from Table II is displayed
in Fig. 2�c�. The narrow Lorentzian has a FWHM 2�2
=76 meV and its peak is located at �2=−9 meV below the
Fermi energy, whereas the broad Lorentzian has a width
2�1=482 meV and is located �1=−43 meV below �F. The
thermal observation window −�f /�� at T=300 K is also

shown on the graph. The corresponding spectral conductivity
����=1/���� is displayed in Fig. 2�d�. Fermi energy is lo-
cated almost at the peak of ����, thus in the minimum of the
pseudogap in ����. As ��T=0�=���F�, this indicates that fur-
ther shifts of �F across the resistivity peak due to deviations
in the stoichiometry and/or by defects would not result in
additional increase of the resistivity but could just make it
smaller. As defects would shift �F away from the ���� maxi-
mum, this also explains why defects decrease the electrical
resistivity of less perfect QC samples, thus acting the oppo-
site way as in regular metals. For the given composition and
structural quality of the investigated single-crystalline
Al64Cu23Fe13 sample, �F is located practically at the mini-
mum of the pseudogap in ����. Should this be considered as
a criterion of the QC perfectness, this sample is a more or
less perfect QC �within the limits of the technique�, as al-
ready indicated by the x-ray and HRTEM structural assess-
ments.

V. THERMAL CONDUCTIVITY

A semiquantitative model of thermal conductivity appro-
priate to icosahedral QCs and their approximants has been
described in the previous investigations of approximant and
QC phases in Al-Cr-Fe �Ref. 29� and Al-Pd-Mn �Refs. 30
and 31� systems. The thermal conductivity parameter ��T� is
divided into three terms,

��T� = �el�T� + �D�T� + �H�T� . �8�

The electronic contribution �el is obtained by the Kubo-
Greenwood formalism as

�el�T� =
L22�T�

e2T
− T��T�S�T�2, �9�

where

L22�T� =� d������� − ��T��2�−
�f��,T�

��
	 , �10�

and ��T� and S�T� are given by Eqs. �3� and �4�. In our ��T�
analysis, we have calculated �el by employing the spectral
conductivity ���� as determined from the ��T� and S�T� fits
�Table II�, so that no new fit parameter was introduced.

It is interesting to consider the validity of the empirical
Wiedemann-Franz law �el=L0T� for QCs, where L0
=	2kB

2 /3e2. To this end, Eq. �9� is rewritten by introducing a
temperature-dependent effective Lorenz number,

L�T� =
�el�T�
T��T�

, �11�

which should be temperature independent if the empirical
Wiedemann-Franz law holds. In the limit T→0, L�T� goes
towards the Wiedemann-Franz value L0, as can be verified by
employing the Sommerfeld expansion of Eq. �11� for low
temperatures.25 For Al64Cu23Fe13, the L�T� dependence will
be shown in the results section.

The lattice contribution �l=�−�el is analyzed by consid-
ering �i� the propagation of long-wavelength acoustic

TABLE II. Parameters of the spectral resistivity ���� of Eq. �6�,
obtained from the simultaneous fits of ��T� and S�T�.

A
��� cm eV�

�1

�meV�
�1

�meV� 
�2

�meV�
�2

�meV�

392 −43 241 1.13 −9 38
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phonons �for which the QC structure is an elastic continuum�
within the Debye model and �ii� hopping of localized vibra-
tions within the icosahedral cluster substructure, which par-
ticipate in the heat transfer via thermally activated hopping.
In the simplest model, hopping of localized vibrations is de-
scribed by a single activation energy Ea, yielding a contribu-
tion to the thermal conductivity,

�H = �H
0 exp�− Ea/kBT� , �12�

where �H
0 is a constant. The Debye thermal conductivity is

written as32

�D = CDT3�
0

�D/T

��x�
x4ex

�ex − 1�2dx , �13�

where CD=kB
4 /2	2v̄�3, v̄ is the average sound velocity, �D

the Debye temperature, � the phonon relaxation time, and x
=�� /kBT, where �� is the phonon energy. The different
phonon-scattering processes are incorporated into the relax-
ation time ��x� and we assume that Matthiessen’s rule is
valid, �−1=�� j

−1, where � j
−1 is a scattering rate related to the

jth scattering channel. In analogy to the Al-Pd-Mn approxi-
mant and QC phases,30,31 we consider two dominant scatter-
ing processes in the investigated temperature range �from
2 to 315 K�: �1� scattering of phonons on structural defects
of stacking-fault-type with the scattering rate �sf

−1=Ax2T2

�note that, since x2��2T−2, �sf
−1 does not show an explicit

temperature dependence but frequency dependence, �sf
−1��2�

and �2� umklapp processes with the phenomenological form
of the scattering rate pertinent to QCs,29,30,33 �um

−1 =Bx�T4

�yielding frequency and temperature dependence, �um
−1

���T4−�, where the exponent � should be determined from
the fit�, so that �−1=�sf

−1+�um
−1 .

The Debye temperature of i-Al-Cu-Fe was estimated from
specific heat34 as �D560 K. Since our ��T� data are avail-
able only up to 315 K, it turned out that the fit was insensi-
tive to a slight change of this �D value, so that a fixed �D
=500 K was used. The Debye constant CD was also not
taken as a free parameter but was instead calculated using
v̄=4000 ms−1, a quite common value for Al-based icosahe-
dral QCs, as determined from ultrasonic data.35

The thermal conductivity of Al64Cu23Fe13 was measured
along the threefold symmetry direction using an absolute
steady-state heat flow method. The thermal flux was gener-
ated by a 1 k� RuO2 chip resistor, glued to one end of the
sample, while the other end was attached to a copper heat
sink. The temperature gradient across the sample was moni-
tored by a chromel-constantan differential thermocouple. The
temperature-dependent thermal conductivity ��T� is dis-
played in Fig. 3�a�. The conductivity value is low in the
whole investigated temperature interval from 2 to 315 K,
amounting at RT to �300 K=1.7 W/m K. This value is sur-
prisingly low for an alloy of regular metals and is even lower
than the thermal conductivities of known thermal �and elec-
trical� insulators amorphous36 SiO2 with �300 K
=2.8 W/m K and the technologically widespread thermally
insulating material yttrium-doped zirconia ceramics37

Zr1−xYxO2−x/2 �x�0.2�, where �300 K=2 W/m K.

The ��T� data were analyzed by means of Eq. �8�. The fit
�solid line in Fig. 3�a�� is excellent and the fit parameters are
collected in Table III. The electronic ��el�, Debye ��D�, and
hopping ��H� contributions are shown separately on the
graph. The temperature-dependent effective Lorenz number
L�T� of Eq. �11� is displayed in Fig. 3�b�. At temperatures
away from the T→0 regime, L�T� deviates considerably
from the Wiedemann-Franz value L0, amounting to L /L0
=2.1 at 300 K. The RT value of the electronic contribution
amounts to �el

300 K=0.69 W/m K, so that at RT, the electrons
carry 40% of the total heat. The Debye contribution exhibits
a maximum at about 30 K and declines above, whereas the
hopping contribution becomes significant at elevated tem-
peratures. The activation energy for hopping was determined
as Ea6 meV, which correlates with the inelastic
neutron38–40 and x-ray41 scattering experiments on
i-Al-Pd-Mn QCs, where dispersionless vibrational states
were identified for energies higher than 12 meV. Such dis-
persionless states indicate localized vibrations and are con-
sidered to be a consequence of a dense distribution of energy
gaps in the phonon excitation spectrum of QCs. The param-
eters B and � define phonon scattering by umklapp processes

FIG. 3. �Color online� �a� Temperature-dependent thermal con-
ductivity ��T� of the single-crystalline Al64Cu23Fe13. The fit �solid
line� was made by Eq. �8� and the three contributions to the total
��T� �electronic �el, Debye �D, and hopping �H� are shown sepa-
rately. �b� Temperature-dependent effective Lorenz number calcu-
lated from Eq. �11�.

TABLE III. Fit parameters of the thermal conductivity ��T�
from Fig. 3�a�.

�H
0

�W/m K�
Ea

�meV�
A

�s−1 K−2�
B

�s−1 K−4� �

0.7±0.1 6.3±0.3 1.2�107 2.8�104 3.2±0.2
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in a phenomenological way. The fit-determined �=3.2 value
yields the frequency and temperature dependence of the um-
klapp term �um

−1 ��3.2T0.8, indicating similarity to the modi-
fied quasiumklapp scattering rate �um

−1 ��3T, used for the
analysis of thermal conductivity of i-Zn-Mg-Y QC.42 Here,
it should be mentioned that the Debye and hopping contri-
butions slightly compensate each other in the fit procedure,
so that the parameter values characterizing �D and �H should
be considered at the qualitative level.

VI. DISCUSSION

We now make comparison of the above-presented physi-
cal properties of the Al64Cu23Fe13 single-crystalline QC to
literature reports on the polycrystalline i-Al-Cu-Fe material.
Considering the magnetic properties, magnetic susceptibility
of the Al64Cu23Fe13 is negative in most of the investigated
temperature interval �except below 7 K�, but the residual
magnetic Fe fraction f 2�10−4 is still substantial, so that
the sample should be best classified as a weak Curie para-
magnet rather than a diamagnet. As a practically identical
magnetic Fe fraction was reported also for the polycrystal-
line Al63Cu25Fe12 QC,14 there appears to be no significant
difference in the magnetic properties of the single-crystalline
and polycrystalline i-Al-Cu-Fe materials. A similar result of
a diamagnetic susceptibility with a Curie upturn observable
at temperatures below 30 K was reported for another poly-
crystalline Al63Cu25Fe12 sample,9 where the paramagnetic
magnetization of the as-quenched sample was reduced upon
annealing �in Ref. 9, the figures of the magnetic Fe fractions
are not given�. It was proposed that this paramagnetism
could be due to parasitic crystalline phases or structural de-
fects, thus of extrinsic origin to the i-Al-Cu-Fe phase. Our
results on high-quality Al64Cu23Fe13 suggest that the ob-
served marginal magnetism is an intrinsic property of the
i-Al-Cu-Fe phase and the small magnetic Fe fraction is an
equilibrium phenomenon. In a theoretical work on Al-TM
QCs �TM stands for transition metal�,43,44 it was shown that
the magnetism can be discussed in terms of a local electronic
DOS at the TM sites. The appearance of a magnetic moment
at a particular TM site �e.g., Fe in i-Al-Cu-Fe or Mn in
i-Al-Pd-Mn� within the QC structure depends on the local
DOS at that site, which is sensitive to the nearby local
atomic environment up to 5–10 Å. Surrounding of TM at-
oms by predominantly Al atoms results in strong sp-d hy-
bridization, which favors a nonmagnetic state, whereas sur-
rounding by more TM and less Al reduces the sp-d
hybridization and TM consequently becomes magnetic. Ex-
tended x-ray-absorption fine structure study45 of the local Fe
environments in polycrystalline Al63Cu25Fe12 QC has re-
vealed that the nearest-neighbor coordination shell of the Fe
atoms contains Al atoms only without direct contacts to other
Fe, accounting for the nonmagnetic character of most of the
Fe sites. According to the local DOS criterion, there are
many TM sites in the i-Al-Cu-Fe structure that are close to a
magnetic-nonmagnetic transition, so that a small fraction of
these are magnetic and the observed marginal magnetism is
of intrinsic origin to the i-Al-Cu-Fe phase. This picture can
also explain the reduction of magnetization upon annealing

in the Al-TM QCs, which is due to a redistribution of atomic
species and vacancies around the TM atoms via thermal dif-
fusion in a way to create preferentially more Al-rich environ-
ments. Upon annealing, the magnetic moments at some TM
sites in the as-grown material consequently disappear.

It is also worth commenting on the appropriateness of the
term “small magnetic fraction” in the analysis of the
i-Al-Cu-Fe �or generally i-Al-TM QCs� magnetism, as fre-
quently used in literature. What we measure experimentally
is the total paramagnetic magnetization of all the Fe atoms.
Assuming a particular ionization state of the Fe atom �e.g.,
Fe2+�, further analysis is made due to simplicity reasons in
the “all-or-nothing” manner, by considering that an Fe atom
is either nonmagnetic or it possesses the full Fe2+ magnetic
moment. Since the paramagnetic magnetization is small,
such an analysis then yields a small number of magnetic Fe
sites. In view of the fact that many Fe sites in the i-Al-Cu-Fe
structure are close to a magnetic-nonmagnetic transition,
many Fe sites may alternatively carry reduced magnetic mo-
ments �due to partial spin compensation by the conduction-
electron cloud�, so that the magnetic Fe fraction may in re-
ality not be small. What is small is their total paramagnetic
magnetization.

The magnitude of the electrical resistivity and ��T� of the
single-crystalline Al64Cu23Fe13 ��300 K=2200 �� cm, �4 K
=3950 �� cm, and R=1.8� are in-line with the values re-
ported for the polycrystalline i-Al-Cu-Fe. Similar values
��300 K=2630 �� cm, �4 K=4800 �� cm, and R=1.82�
were reported for polycrystalline14 Al63Cu25Fe12, whereas
3600 �� cm��4 K�10 000 �� cm values were reported
for several polycrystalline samples of slightly varying icosa-
hedral composition �12% �Fe�13% �.7,9–13,15 The crucial
role of Fe in determining the magnitude of the electrical
resistivity of i-Al-Cu-Fe QCs has been elaborated in a
study11 that involved a large number 20 of rapidly quenched
ribbons with a different Fe content over the icosahedral con-
centration range 12% �Fe�13%. The results revealed that
the resistivity best correlates with the Fe content rather than
with the electron-per-atom ratio e /a, showing the importance
of d states in the resistivity of i-Al-Cu-Fe. Being a function
of the Fe content, �4 K exhibited a maximum for the 12.5%
Fe concentration where it amounted to �4 K8000 �� cm,
whereas at both edge Fe concentrations �12% and 13%�, it
amounted to �4 K4000 �� cm. This high-resolution Fe-
concentration study elucidates the question on the possible
resonance effect in the resistivity versus Fe composition that
could yield to a very high resistivity at a particular sharp Fe
concentration and a proximity of a metal-to-insulator
transition.9 In polycrystalline i-Al-Cu-Fe, the total variation
of � over the relevant Fe range is merely a factor of 2,11 so
that the material is best classified as a semimetal over the
whole icosahedral concentration range with no indication of
a large resonant increase of the resistivity. The �4 K resistiv-
ity value of our single-crystalline Al64Cu23Fe13 matches well
that of the polycrystalline samples from the study11 with the
same Fe concentration. However, since the Fermi energy of
our Al64Cu23Fe13 is located nearly at the maximum of the
spectral resistivity �Fig. 2�c��, further shifts of �F over the
resistivity peak due to small variation of the Fe composition
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would not result in an additional increase of the resistivity
but can only make it smaller. This hints that the factor of 2
larger peak resistivity of the polycrystalline i-Al-Cu-Fe ma-
terial at the 12.5% Fe concentration,11 as compared to the
single-crystalline Al64Cu23Fe13, could originate from extrin-
sic factors such as grain boundaries and other lattice imper-
fections that act as additional scattering centers for the con-
duction electrons.

It is instructive to consider other theoretical approaches
reported so far in literature for reproducing temperature-
dependent electron-transport parameters of i-Al-Cu-Fe.
While there were many successful attempts to explain single
quantities �e.g., the electrical resistivity alone�, simultaneous
fits of more than one quantity by the same theoretical model
�and fit parameter values� are scarce. In Ref. 13, the electri-
cal resistivity ���T� and magnetoresistance ���B ,T� of
polycrystalline i-Al-Cu-Fe were analyzed by considering
quantum interference effects �weak localization theory and
electron-electron interactions�. Simultaneous fits of both
quantities were successfully made in the low-temperature re-
gime up to 150 K, though the magnetoresistance alone
could be fitted up to 280 K. A quite different approach was
employed in Refs. 15 and 16, where the resistivity, ther-
mopower, and Hall coefficient RH of polycrystalline
Al62Cu25.5Fe12.5 and Al63Cu25Fe12 were analyzed simulta-
neously by using a two-band model of electrons and holes
that are thermally excited into conduction across the semi-
conducting gap of width EG30 meV. Considering temper-
ature-dependent electron and hole densities �showing non-
zero densities at T=0�, their effective masses and scattering
times as free parameters, ��T�, S�T�, and RH�T�, were suc-
cessfully reproduced simultaneously in the whole investi-
gated temperature range, 4–340 K.

Regarding comparison of the thermal conductivity of
single-crystalline and polycrystalline i-Al-Cu-Fe, we are not
aware of other quantitative analyses of ��T� of polycrystal-
line samples in the sense of Eqs. �8�–�13�, so that compari-
son has to be made at the level of experimental thermal
conductivities. The RT value for the single-crystalline
Al64Cu23Fe13 amounts to �300 K=1.7 W/m K, whereas the
reported figures for the polycrystalline samples are �300 K
=6 W/m K for Al62Cu25.5Fe12.5 and �300 K=2.9 W/m K for
Al63Cu25Fe12 �Ref. 15� and �220 K=0.9 W/m K for
Al62.5Cu25Fe12.5 �Ref. 18, where the highest reported tem-
perature is 220 K�. Though the scatter of these values is
relatively large, there seems to be no systematic difference
between the polycrystalline and single-crystalline samples.

VII. CONCLUSIONS

In order to test for the true intrinsic properties of
i-Al-Cu-Fe QCs, we performed investigations of magnetism,
electrical resistivity, thermoelectric power, and thermal con-
ductivity on a single-crystalline Al64Cu23Fe13 QC, grown di-
rectly from the melt by the Czochralski technique. Based on
x-ray and HRTEM structural evaluations,21 this sample
shows superior quasicrystallinity and an almost phason-free

structure. Its superior thermal stability2 suggests that the
sample could be at the ideal icosahedral composition. Our
electrical resistivity and thermopower analysis shows that the
Fermi energy is located at the minimum of the pseudogap in
the spectral conductivity ����. All these give evidence that
we are dealing with an icosahedral QC sample of exceptional
quality, so that its physical properties may be considered as
intrinsic to the i-Al-Cu-Fe phase. In contrast, one can suspect
that phason strain, a too high vacancy concentration for the
RT conditions, and grain boundaries in the rapidly solidified
polycrystalline material may influence the measured physical
properties to the extent that the true intrinsic properties of the
i-Al-Cu-Fe phase are obscured by a finite quality of the poly-
crystalline material.

A comparison of the investigated single-crystalline
Al64Cu23Fe13 to the literature reports on polycrystalline
i-Al-Cu-Fe, however, shows that there are no pronounced
differences between the two forms of the material. While
there are essentially no differences in the magnetic properties
of the single-crystalline and polycrystalline materials, the
electrical resistivity of the polycrystalline material is larger
by a factor of 2. This difference can be easily brought in by
the grain boundaries and other lattice imperfections that act
as additional scattering centers for the conducting electrons.
Comparing thermopowers of the single-crystalline and poly-
crystalline i-Al-Cu-Fe materials, the S�T� magnitude and
temperature dependence depends strongly on the position of
�F relative to the spectral resistivity peak, so that slight dif-
ferences in the samples’ stoichiometry and structural perfec-
tion may lead to very different thermopowers in both mag-
nitude and sign. The available S�T� data suggest that the
thermopower of the single-crystalline Al64Cu23Fe13 is not
significantly different from those reported for the polycrys-
talline i-Al-Cu-Fe samples �e.g., S�T� of polycrystalline11

Al63Cu25Fe12 is very similar in magnitude and T dependence
to our Al64Cu23Fe13�. Quantitative comparison of the thermal
conductivities of single-crystalline and polycrystalline
i-Al-Cu-Fe is less straightforward due to random scatter of
the reported values, but �300 K of the single-crystalline
Al64Cu23Fe13 fits within the range of values reported for the
polycrystalline samples.

To conclude, we found no systematic differences in the
magnetism, electrical resistivity, thermoelectric power, and
thermal conductivity between the high-quality single-
crystalline and polycrystalline i-Al-Cu-Fe QCs, except for
the trivial hindering of long-range transport by grain bound-
aries in the polycrystalline material. In this sense, the so far
reported physical properties of i-Al-Cu-Fe QCs appear to be
intrinsic to this family of icosahedral QCs, regardless of the
form of the material.
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