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We analyze the optical emission of single II-VI quantum dots containing 0 or 1 magnetic atom �manganese�
and a controlled number of carriers �0, ±1 electron�. The emission of these quantum dots presents a large
degree of linear polarization. This linear polarization is attributed to a valence-band mixing and we show that
in nonmagnetic quantum dots combining both a shape anisotropy and an anisotropic in-plane strain distribu-
tion, the linear polarization direction of the exciton are controlled by an interplay between valence-band mixing
and electron-hole �e-h� exchange interaction. Similarly, under strong transverse magnetic field, the direction of
the linearly polarized emission of the charged excitons is simultaneously controlled by the valence-band
mixing and the direction of the magnetic field. In quantum dots containing a Mn atom, the valence-band
mixing allows simultaneous hole-Mn spin flips coupling bright and dark excitons. These spin flips are respon-
sible for linearly polarized transitions in the emission of the charged excitons at zero magnetic field.
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I. INTRODUCTION

The control of an individual spin in a solid state environ-
ment has attracted a lot of interest in the recent years. An
individual spin in a solid is a potential candidate for the
realization of quantum information processing devices. In
this context, the spins of electronically charged quantum dots
�QDs� are especially exciting because of their long coherence
time. The incorporation of magnetic impurities in the QDs
adds an additional degree of freedom for the spin
manipulation1 and could be a way to increase the spin relax-
ation time of the confined carriers at zero external magnetic
field. However, in real self-assembled QDs, the ground
eigenstates are not usually pure spin eigenstates. A detailed
knowledge of the spin structure of charged QDs and the abil-
ity to control the individual spin state of the dots are essential
for the development of these spin based devices.

In this work, using the optical emission of neutral and
charged excitons as a probe, we examine the influence of the
QD symmetries on the carrier eigenstates and on their ex-
change coupling with the spin of a Mn atom. In self-
assembled QDs grown on �001� axis, the growth direction �z�
defines a quantization axis for the holes and the symmetry of
the bulk semiconductor implies that the x and y directions
are equivalent. This equivalence is usually lifted by the re-
duced symmetry of actual QDs. The in-plane anisotropy of
the confinement potential combined with the electron-hole
�e-h� exchange interaction splits the bright excitons into a
linearly polarized doublet. The linear polarization directions
are defined by the principal axes of the confinement
potential.2 On the other hand, an anisotropic strain distribu-
tion in the QD plane produces, through the Bir-Pikus Hamil-
tonian, a mixing of light-hole �lh� and heavy-hole �hh� sub-
bands. This valence-band mixing �VBM� is responsible for a
linear polarization degree of the QD emission3 with a linear
polarization direction imposed by the strain distribution.

Here, the emission of neutral exciton X, negatively
charged excitons X−, and positively charged exciton X+

coupled or not with a single magnetic atom is observed in
individual QDs. We show that in II-VI QDs combining both

a shape anisotropy and an anisotropic in-plane strain distri-
bution, the linear polarization directions of the neutral exci-
ton are controlled by an interplay between VBM and e-h
exchange interaction. Similarly, under strong transverse mag-
netic field, the linearly polarized emission of the charged
excitons is simultaneously controlled by the VBM and the
magnetic coupling of the holes. In QDs containing a mag-
netic atom, the VBM significantly affects the coupling be-
tween the confined hole and the localized magnetic mo-
ments. It allows simultaneous hole-Mn spin flips responsible
for a coupling between the dark and bright exciton states at
zero magnetic field and the appearance of linearly polarized
transitions in the charged exciton emission.

In this article, we first present the studied QD samples and
the method used to tune the dominant charge state of the dots
�Sec. II�. Then we present a description of the main param-
eters influencing the lh-hh mixing in self-assembled QDs
�Sec. III�. In Sec. IV, we analyze the effect of the interplay
between the strained-induced valence-band mixing and the
e-h exchange interaction. The next section �Sec. V� deals
with the interplay between the in-plane anisotropy induced
by the VBM and the controlled anisotropy introduced by a
transverse magnetic field. Finally, we discuss the influence of
the VBM on the exchange coupling between a localized Mn
spin and the spin of confined carriers �Sec. VI�. All the ex-
perimental results are analyzed in the framework of an effec-
tive spin Hamiltonian including the exchange interactions,
the magnetic field, and the VBM induced by the local strain
distribution.

II. CHARGE TUNABLE CdTe/ZnTe QUANTUM DOTS

The CdTe/ZnTe QDs samples used in this study are
grown by atomic layer epitaxy by deposition of six mono-
layers of CdTe on a ZnTe barrier. QD formation is then in-
duced with deposition and/or desorption of amorphous Te.4

The height and diameter of the QDs’ core are about 3 and
15 nm, respectively, as revealed by transmission electron
microscopy.5 A low density of Mn atoms can be introduced
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in the QDs exploiting the Mn diffusion through a ZnTe
spacer layer grown on a ZnMnTe barrier.6

Microspectroscopy was used to study the magneto-optical
properties of individual CdTe/ZnTe QDs. The low tempera-
ture �5 K� photoluminescence �PL� of single QDs is excited
with the 514.5 nm line of an argon laser or a tunable dye
laser and collected through a large numerical-aperture objec-
tive and aluminum shadow masks with 0.5–1.0 �m aper-
tures. The experiments are carried out in the backward ge-
ometry with the propagation direction of the incident and
emitted light parallel to the �001� growth axis. Superconduc-
tive coils are used to apply a magnetic field up to 11 T in
Voigt or Faraday configuration. The PL is then dispersed by
a 2 m double monochromator and detected by a nitrogen-
cooled Si charged-coupled device camera or a Si avalanche
photodiode.

CdTe/ZnTe QDs are p-type modulation doped by the
transfer of holes from surface states that act as acceptors.7,8

As illustrated in Fig. 1, depending on an applied bias voltage
or on the excitation wavelength, the different charge states of
the same QD can be observed. Exciton, biexciton, and posi-
tively and negatively charged excitons are observed in both
magnetic and nonmagnetic individual QDs. The charged
states X+ and X− have been identified in previous works.28

The bounding energies of the charged species are quite simi-
lar from dot to dot allowing a reliable identification of the
observed emission lines.

The occupation of the QDs can be controlled by an exter-
nal bias voltage VB on an aluminum Schottky gate with re-
spect to a back contact on the p-type layer.9 The bias depen-
dent emission of a single QD is presented in Fig. 2�a�. For
increasing VB, the surface level states, and then the Fermi
level, are shifted below the ground hole level in the QDs
which results in the single hole charging of the dots. The

optically generated excitons then form charged excitons with
the bias-induced extra hole in the QD. At zero bias or nega-
tive bias, the Fermi level is above the ground state and the
QDs are likely to be neutral. However, the separate capture
of photocreated electron or holes can sometimes charge the
dots so that weak contributions of X+ or X− are often ob-
served in the zero bias spectra. At zero bias or negative bias,
the preferential injection of electrons inside the dots due to
the band offset roughly balances the p-type doping.

At zero bias, excess electrons can also be injected in the
QD using resonant optical excitation into the QD levels. Un-
der resonant excitation �energy below the band gap of the
barriers�, optical transitions from delocalized valence-band
states to the confined electron levels will preferentially create
electrons in the QD �Ref. 10�: the probability to find an ex-
cess electron in the QD is increased. As presented in Fig.
2�b�, the negatively charged exciton emission is then seen for
some discrete excitation energies. After the recombination of
X−, a single hole is likely to be captured to neutralize the QD
and creates a neutral exciton. This neutralization process is
responsible for the simultaneous observation of the neutral
and charged species in the resonant spectra.

When carriers are simultaneously created in the ZnTe bar-
rier by a weak nonresonant excitation �lower PL spectra in
Fig. 2�b��, X− progressively disappears and the contributions
of X and X+ increase. This evolution is characteristic of a
photodepletion mechanism in modulation doped QDs.11 High
energy photoexcited e-h pairs are dissociated in the space
charge region surrounding the negatively charged QDs. A
carrier attracted into the charged QD then recombines with
the carrier present in the QD. Thus photodepletion removes
the charge from the QD at a rate proportional to the absorbed
nonresonant excitation, leading to an increase of the PL of
the neutral species. A contribution of X+ is also observed as
for pure nonresonant excitation. These two charge control
mechanisms �bias voltage and resonant excitation combined
with photodepletion� allow us to control the generation of
neutral, negatively charged, and positively charged excitons
in the same QD. A similar control can be obtained in Mn-
doped QDs.28

III. VALENCE-BAND MIXING IN STRAINED INDUCED
QUANTUM DOTS

Several phenomena can lead to the mixing between the
light and heavy holes in QDs. First, the symmetry reduction
due to the confinement geometry of the dot has to be consid-
ered. In this case, a hole band mixing appears through the
nondiagonal terms of the Luttinger-Kohn Hamiltonian. This
mixing is responsible for the linear polarization rate ob-
served in strongly confined quantum wires.12 A large wave
function anisotropy is needed to reproduce the observed lin-
ear polarization.13 Such anisotropy can only be obtained in a
very elongated confining potential for the holes with large
barriers. This is inconsistent with the observation of huge
linear polarization rates in shallow CdTe/ZnTe QDs present-
ing a quite weak in-plane asymmetry as revealed by atomic
force microscopy measurements.6 Another origin of hh-lh
mixing is the coupling of the X and Y valence-band states
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FIG. 1. �a� 5 K emission spectrum of a single CdTe/ZnTe QD
�QD1�. �b� 5 K emission spectrum of a single CdTe/ZnTe QD
doped with a single Mn atom �QD2�.

LÉGER et al. PHYSICAL REVIEW B 76, 045331 �2007�

045331-2



produced by the microscopic arrangement of chemical bonds
at heterointerfaces.14 This contribution is expected to be
weak in flat self-assembled QDs with almost symmetric in-
terfaces.

As we will see in the following, an efficient mixing can
arise from the anisotropic relaxation of strains in the QD
plane. Influence of strains on hole states has been intensively
studied in quantum wells. Two main effects have been dem-
onstrated, namely, the variation of the gap due to hydrostatic
strains and the hh-lh degeneracy lift due to biaxial strains.
We will show that in QDs, the strain distribution can also be
responsible for a strong lh-hh mixing. This mixing has strik-
ing effects on the hole spin anisotropy.

In bulk semiconductor, the spin orbit interaction is re-
sponsible for a splitting of the hole states. We only consider
here the lowest energy holes with angular momentum j
=3/2. These �j , jz� states can be simply defined using orbital
�X ,Y ,Z� and spin �↑,↓� eigenvectors:

�3/2, + 3/2� = − ↑
X + iY

�2
,

�3/2, + 1/2� =�2

3
↑Z − ↓

X + iY
�6

,

�3/2,− 1/2� =�2

3
↓Z + ↑

X − iY
�6

,

�3/2,− 3/2� = ↓
X − iY

�2
. �1�

Using these notations, the Bir-Pikus Hamiltonian describing
the influence of the strain on the valence-band structure is
written:

HBP = − av�
i

�ii − b�
i

�ii�ji
2 − 1/3j2�

−
2d
�3

	�xy
jxjy + jyjx

2
+ c.p.
 , �2�

where the abbreviation c.p. is used for circular permutation
over x, y, and z corresponding to the crystal axes. The ma-
trices of the angular momentum operator j� can be found in
Appendix A. �ij denotes the ij component of the strain tensor
and av, b, and d are the deformation potentials for the
valence-band. Using the hole formalism, Allègre et al. found
av=0.91 eV, b=0.99 eV, and d=2.76 eV for CdTe.15

While growing CdTe on ZnTe, CdTe is compressed in the
growth plane and distended in the growth direction. CdTe
QDs form by deformation of a two dimensional layer in-
duced by strain relaxation.4 In this formation mechanism,
both elastic and inelastic strain relaxations are involved and
one expects each QD to probe a different local in-plane strain
distribution. When studying a particular QD, one has to con-
sider a particular set of values for �ij. In the following, we
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FIG. 2. �Color online� �a� Color-scale plot of the PL intensity of QD1 in a Schottky structure as a function of emission energy and bias
voltage. The emission lines can be assigned to the recombination of the neutral exciton �X�, biexciton �X2�, positively charged exciton �X+�,
and negatively charged exciton �X−�. �b� Detail of the PL of a single QD under resonant excitation ��ex=581.5 nm�, nonresonant excitation
��ex=514.5 nm� and both resonant and nonresonant excitations.
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will mainly consider the effects of strain anisotropy in the
growth plane and describe the strain on each QD by average
values of �xy and �xx−�yy. A nonzero value of the volume
average �ij can result from a local deformation of the lattice
induced by neighboring QDs or dislocations. In this approxi-
mation, the Bir and Pikus Himiltonian is reduced to a block-
diagonal matrix in the �+3/2, −1/2, +1/2, −3/2� basis:

HBP =�
P + Q R

R† P − Q

P − Q R

R† P + Q
� , �3�

with

P = av�
i

�ii,

Q = b	�xx + �yy

2
− �zz
 ,

R = id�xy − b
�3

2
��xx − �yy� . �4�

Using the hh band as the origin of the energies in the
valence-band, the strain Hamiltonian can be rewritten as

HBP =�
0 �se

−2i�s�

�se
2i�s� �lh

�lh �se
−2i�s�

�se
2i�s� 0

� . �5�

This notation allows us to introduce useful parameters to
describe the strain effects, namely, the light-heavy hole split-
ting �lh, the strain coupling amplitude �s, and the strain-
induced anisotropy axis in the QD plane defined by the angle
�s� with respect to the x �100� axis. In the following, we will
define angles relatively to the �110� axis corresponding to the
cleaved edge of the sample. We thus introduce the new angle
�s=�s�−45°.

Through the study of nonmagnetic QDs, we will discuss
in the following the strained induced linear polarization an-
isotropy observed in single QD luminescence. We analyze
then the interplay between the strain anisotropy and anisotro-
pies due to e-h exchange in an elongated potential or an
in-plane magnetic field and show that the valence-band mix-
ing is also responsible for a significant in-plane hole g factor.

IV. VALENCE-BAND MIXING AND OPTICAL
ANISOTROPY

Figure 3 presents the polarization resolved emission spec-
tra for different charged states of the same QD �QD3�: the
neutral species �exciton and biexciton� and two charged ex-
citons �positive and negative�. Whatever the charged state,
the emission of QD3 is partially linearly polarized along a
constant direction. In this case, the linear polarization rate �L
equals 40%.16 A significant linear polarization rate is ob-
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FIG. 3. �Color online� Linear
polarization dependence of the PL
intensity of X, X2, X−, and X+ in
the same QD �QD3�. The polar
plots depict the emission intensity
for different positions of the polar-
ization analyzer relative to �110�
direction. For the exciton �biexci-
ton�, the high �low� energy line in-
tensity is plotted with open circles
and the low �high� energy line in-
tensity is plotted with open
squares.
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served for most of the investigated QDs but with polarization
directions changing from dot to dot.

To explain these polarization properties, let us consider a
QD presenting an inhomogeneous distribution of strains. Be-
cause of the strained induced VBM described by the Hamil-
tonian �5�, the general form for the lowest energy hole states
is

��h
±� 	 
hh�r��� ± 3/2� −

wlh

whh

lh�r��� � 1/2� , �6�

where wlh�hh� is the probability for the hole to be light
�heavy� and 
lh�hh��r�� its envelope function. By reducing the
study to the approximation of weak valence-band mixing
��s��lh�, the ratio wlh /whh can be replaced by �s /�lhe

±2i�s.
The polarization of the optical transitions involving these
hole states is strongly perturbed by the light-hole part of the
wave function. Using the optical selection rules given in Ap-
pendix B, we find that both recombinations of �↓e ,�h

+� and
�↑e ,�h

−� e-h pairs have oscillator strengths that read as

��� 	 1 + A2 + 2A cos�2�� − �s�� , �7�

with

A =
1
�3

�s

�lh

 
e�r��
lh�r��dr�

 
e�r��
hh�r��dr�

, �8�

where � is the angle between a linear analyzer and the �110�
axis. The dot emission is then partially linearly polarized
along a direction defined by �s with a polarization rate of
�L=2A / �1+A2�.

For a larger valence-band mixing, the form of  is more
complex but the polarization direction remains the same and
the polarization rate is still controlled by �s /�lh. This expla-
nation of the observed linear polarization implies that the
luminescence of the QD reflects the oscillator strength of the
transitions. This is not surprising for fully spin degenerated
charged excitons. For neutral species presenting a fine struc-
ture splitting, this suggests a fast exciton spin relaxation18 or
that Jz= ±1 excitons are successfully injected in the dot. In
the latter case, after the injection, the excitonic state will
oscillate between the eigenstates of an anisotropic QD during
the coherence time of the exciton.19 If this coherence time is
not too short compared to the exciton lifetime, the PL inten-
sity of the X and Y eigenstates will perfectly reflect their
oscillator strength.

In order to estimate the values of the parameters respon-
sible for the polarization features of QD3, we diagonalized
the electron-hole spin Hamiltonian including HBP and calcu-
lated the optical transitions oscillator strengths. In the calcu-
lation of the charged excitons transitions, the only adjustable
parameters are �s /�lh, �s, and the ratio of the e-lh and e-hh
overlap integrals defined in Eq. �8�.

We have no direct information about the value of the e-lh
and e-hh overlap integrals but we can do some assumptions
about their ratio: First, the behavior of excitons in
CdTe/ZnTe QDs shows that holes are mainly heavy. Thus,

the probability ratio wlh /whh defined in Eq. �6� cannot be
larger than 1. For the extreme case wlh /whh=1, the ratio of
the e-lh and e-hh overlap must be roughly equal to 0.5 to
reproduce the measured polarization rate. This large value of
the overlap ratio shows that light holes have to be well con-
fined in the QDs. Nevertheless, it is unlikely for the light
holes to be more confined than heavy holes. It follows that
the overlap ratio must lie between 0.5 and 1. In the following
calculation, we will consider an overlap ratio equal to 0.8.
Due to this assumption, the model we developed allows only
a qualitative description of the influence of the VBM.

In this framework, the polarization rate and the direction
of polarization measured for the QD presented in Fig. 3 can
be reproduced with �s /�lh=0.75 and �s=10° �Fig. 4�b��.
This numerical estimation shows first that the approximation
of weak valence-band mixing used in Ref. 3 is no longer
valid for a system presenting a polarization rate of about
40%. On the contrary, the valence-band mixing is quite
strong leading to a light-hole probability in the ground state
of about 25%. This significant value of �s /�lh may be ex-
plained by a smaller splitting between the light and heavy
holes than expected. As a matter of fact, biaxial strains in the
studied QDs are partially relaxed. Moreover, it has also been
proposed recently that light holes could be confined at the
dot interfaces due to the inhomogeneous strain distribution,
increasing the hh-lh mixing.20

Let us consider now in more detail the emission of QD3
exciton �see Fig. 3�. It presents a linearly polarized doublet
with a splitting of about 200 �eV. As expected, the line in-
tensities are modulated by the strain-induced polarization of
the dot. Nevertheless, one also notes that these two lines are
not perpendicular to each other but form an angle 
X of about
110°. Because of the long range part of the e-h exchange
interaction, the two lines of X are expected to be polarized
parallel and perpendicular to the axis defined by the dot in-
plane shape. Because of the local distortion of the CdTe
layer, the shape anisotropy axis is not necessarily identical to
the strain axis. An angle between these two axes will lead to
a competition between strains and dot shape to control the
polarization anisotropy of the dot.

To describe the polarization properties of the neutral ex-
citon, we have to solve the full spin Hamiltonian including
the e-h exchange interaction �long range and short range� and
the strain effects described by the Hamiltonian �5�. In con-
fined systems, the short range part of e-h exchange interac-
tion strongly depends on the overlaps between electrons and
holes.21 A detailed description of the short range exchange
integrals and of the e-h overlap integrals used in these cal-
culations are presented in Appendixes C and D. To fully
describe the polarization properties of the neutral exciton,
five energy parameters must be known or adjusted: �s, �lh,
the long-range ��0

lr� and short-range ��0
sr� parts of the energy

splitting between the bright and dark excitons, and the long-
range exchange energy �2.

The contribution of the long range exchange interaction to
the bright-dark splitting in quantum dots is still controversial.
Some theoretical publications predict it to be comparable to
the short range one and even greater in nanocrystals.22–24 In
our system, we will consider that the splitting between dark
and bright excitons is equally divided between �0

lr and �0
sr.
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For QD3, the splitting �0 can be extracted from the magneto-
optical measurements and is around 800 �eV. The value of
�2 is strongly dependent on the dot geometry and values up
to 500 �eV have been measured in II-VI quantum dots.25

We can hardly access experimentally to the parameters �s
and �lh separately. The only information available is that, in
PLE measurements, the first excited states of the dots �except
phonon replica� lie around 30 meV above the ground state.
This gives a minimal value for �lh. However, the absolute
values of �s and �lh have no effects on the splitting of the
radiative ground state. Indeed, the coupling due to the short

range exchange interaction between “mainly heavy” and
“mainly light” excitons, separated by �lh, is negligible. The
only significant coupling caused by the combined effect of
the exchange interaction and the VBM occurs between the
two mainly heavy bright excitons: a hh-lh mixing, as de-
scribed in Eq. �6�, allows simultaneous electron-hole spin
flips. Consequently, the two radiative excitons states are split
into two linearly polarized lines by the short range exchange
interaction. The value of this splitting is controlled by �0

sr and
by the probabilities wlh and whh depending only on the ratio
�s /�lh. The linear polarization directions are then determined
by the strain direction �s. Thus, the competition between the
dot-shape and the strain distribution cannot be reduced to the
modulation of two linearly polarized lines depending on the
dot geometry by an envelope defined by the strain aniso-
tropy. There is an interplay between two similar effects act-
ing on the bright exciton states, each of them trying to im-
pose a given direction for the polarization of the radiative
doublet.

In order to extract the main parameters controlling this
interplay, we carried out a simulation yielding the radiative
splitting and the angle 
X between the two polarized exciton
lines as a function of the angle between the strain direction
and the dot-shape direction. Figure 4�c� gives the associated
results. The ratio �s /�lh has been chosen equal to 0.75 to
reproduce the polarization rate of QD3. The strain direction
�s is fixed at 10° while varying the direction of the dot shape
�d. �0

lr and �0
sr are both equal to 400 �eV. �2 remains an

adjustable parameter. We will see later that it must be around
250 �eV to properly reproduce the polarization properties of
QD3 �Fig. 4�b��.

We observe in the calculation presented in Fig. 4�c� that
both the splitting of the lines and their direction of polariza-
tion are very sensitive to the angle �d−�s between the strain
direction and the dot direction. The splitting varies between
100 and 500 �eV. It is maximal when the dot and the strain
directions are parallel and minimal when they are perpen-
dicular. One can compare two extreme cases to understand
this variation. When the splitting of the radiative lines is
mainly caused by the combined actions of the short range
exchange interaction and of the valence-band mixing, the
VBM-induced splitting is modulated by a sinusoidal pertur-
bation with an amplitude defined by the long range exchange
energy �2. In this case, the dot geometry has only a weak
influence on the polarization directions and the high energy
line presents the largest intensity. On the opposite, when the
long range exchange splitting is larger than the VBM-
induced splitting, the situation is reversed and the exchange-
induced splitting is slightly perturbed by the VBM. The dot
geometry has then a strong influence on the polarization.
Even if the overall linear polarization of the structure is de-
fined by the valence-band mixing, the intensity is mainly
found on the high energy line if the strain and dot direction
are parallel and on the low energy line if they are perpen-
dicular.

On the right panel of Fig. 4�c�, the behavior of the polar-
ization directions seems more complex: The polarization di-
rections are orthogonal when the dot direction is parallel or
perpendicular to the strain direction but one can observe a
deviation of ±20° from this usual behavior when the angle
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FIG. 4. �Color online� �a� Scheme of the angle definitions used
in the discussion. The angles �s,d,B are, respectively, the strain, dot
shape, and in-plane magnetic field orientation. The analyzer direc-
tion is given by �. �b� Calculated polar plots of the emission inten-
sities of the low energy line �square�, high energy line �circle�, and
overall polarization anisotropy �solid line� of X obtained with a
model including both the valence-band mixing and the e-h ex-
change interaction. The set of parameters used for the calculation is
�lh=30 meV, �s /�lh=0.75, �s=10°, �0

sr=�0
lr=400 �eV, �2

=250 �eV, and �d−�s=70°. �c� Simulation of the evolution of ra-
diative doublet splitting and of the angle 
X when varying the angle
�d−�s between the strain direction and the dot-shape direction.
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�d−�s is slightly acute or obtuse. The maximum deviation
increases when increasing �2 or �s /�lh. The shape of the
variation changes from a sinus in the limit cases where one
of the energy parameters �short or long range� dominates the
other to a diver shape �see Fig. 4�c�� when the short range
and long range energies are similar.

It follows from this simulation that a possible set of pa-
rameters for the studied dot �QD3� is �2�250 �eV and a
relative angle between strain and dot directions around 70°.
Measurements on other QDs show that, in the studied
samples, there is no correlation between the polarization rate
of the emission and the excitonic splitting. Splittings lie be-
tween 30 and 300 �eV, while the linear polarization can
reach 50%. In particular, one can find different QDs with
large or small splitting but with a large linear polarization
rates of about 40%. The excitonic splitting is thus in general
produced by the joined action of the short range e-h ex-
change interaction, through the VBM, and of the long range
one as detailed for QD3. It also appears that strain distribu-
tion is not correlated with the dot geometry. In average, the
values of the measured valence-band mixing and anisotropic
long range exchange energies are quite large, in agreement
with recent calculations reported in the literature.3,22–24 One
can finally note that taking into account only the VBM due to
the nondiagonal terms of the Luttinger-Kohn Hamiltonian in
an anisotropic potential could not explain the observed angle
between the linearly polarized exciton components. Indeed,
in this case, the mixed hole states reflect the symmetry of the
dot shape. The phase of the short range and long range cou-
pling terms are identical and the linear polarization direction
of the radiative doublet remains orthogonal. Even if a quan-
titative description of these QDs should include corrections
coming from the Luttinger Hamiltonian, the main character-
istic of the PL �i.e., the polarization amplitude and direc-
tions� would still be controlled by the strained induced VBM.

V. VALENCE-BAND MIXING AND MAGNETIC
ANISOTROPY

To have a better understanding on the influence of the
VBM on the spin properties of confined carriers, magnetic
field studies were performed. A combination of data obtained
for magnetic fields in Faraday and Voigt configurations �Fig.
5�a�� allows a determination of the magnetic properties of
QD3. In Faraday configuration �B � z�, X, X+, X−, and X2 split
into doublets. In the heavy-hole approximation, these dou-
blets should be composed of two lines with opposite circular
polarizations �+ and �−. Experimentally, we only observe
circular polarization rates from 75% to 85% at 11 T as illus-
trated in Figs. 5�d� and 5�e� for the charged excitons. This is
not surprising because the magnetic field has no influence on
the valence-band mixing. Considering a valence-band mix-
ing efficiency �s /�lh of about 0.75, it appears that each line
of the doublets should have elliptic polarizations with linear
polarization rates of 40% and circular polarization rates of
90%. In other words, a 40% linear polarization of the QD
emission is conserved whatever the charge state and what-
ever the magnetic field configuration. For the exciton, an
anticrossing of the bright and dark exciton states is observed

around 9 T allowing a full determination of the electron and
hole g factors. This anticrossing can be understood only by
considering nonzero trigonal shear strains ��zx�zy��. In this
case, the full Bir-Pikus Hamiltonian must be used and one
obtains hole eigenfunctions that are linear combinations of
�3/2�, �1/2�, and �−1/2� on one side and �−3/2�, �1/2�, and
�−1/2� on the other side. In this new basis, the Zeeman
Hamiltonian in Faraday configuration is no more diagonal.
Thus, it couples these hole states producing anticrossings
when they get close to each other as observed experimen-
tally.

In Voigt configuration �B�z�, the splitting of the exciton
doublet slightly increases and at high field a contribution of
the dark exciton states is also observed on the low energy
side of the spectra �Fig. 5�. By contrast, the charged excitons
split into quartets of linearly polarized lines �Figs. 5�b� and
5�c��26 with an intensity difference between the linearly po-
larized components corresponding to the polarization degree
measured at zero field. This spectral feature is a direct con-
sequence of the presence of the strong hh-lh mixing detailed
previously. The magnetic coupling of the hole in a D2d ge-
ometry is given by

HB
h = �Bg0��J · B + q�Jx

3Bx + Jy
3By + Jz

3Bz�� . �9�

As it has been recently shown in CdSe QDs,3 in the presence
of hh-lh mixing, the � term of the hole magnetic Hamiltonian
leads to magnetic coupling between the hole states for B�z,
resulting in a nonzero value of the in-plane hole g factor and
in QD PL emission polarized parallel and perpendicular to
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the QD strain axes. We will see in the following some devia-
tion from these results in the studied QDs.

Magneto-optical experiments enable a determination of
the electron and hole g factors parallel and perpendicular to
the growth axis. A summary of the g factors deduced from
the magnetic field evolution of the different charged states of
QD3 is presented in Table I. An increase of the hole g factor
is found for X+ in both Faraday and Voigt configurations.
This variation of gh reflects the expected variation of the hole
confinement in the different excitonic species. For X or X−, a
significant fraction of the confinement of the hole comes
from the Coulomb attraction of the electrons present in the
initial state of the optical transitions. By contrast, in the final
state of X+, there is no electron to attract the hole, resulting in
a delocalization of the hole wave function in the ZnTe barrier
and to a modification of its g factor.

As observed for the linearly polarized exciton doublet at
zero field, the charged exciton quadruplets under transverse
magnetic field present polarization axes which are not or-
thogonal. This can be seen in Fig. 6 where the polarization
resolved spectra of charged excitons in QD3 are plotted for a
transverse magnetic field B�=11 T. Not only the inner and
outer doublet polarizations are not perpendicular to each
other but there are also differences in the polarization direc-
tions of each doublet. In the first part of this article, we have
seen that a competition can arise between the strain distribu-
tion and the shape of the dots that define two different an-
isotropy axes in the QD plane. This competition has conse-
quences on the exciton splitting and polarization features.
Thus, for magneto-optical experiments in Voigt configura-
tion, one can expect that the spectral features of the charged
exciton emission will be influenced by a competition be-
tween the strain distribution and the in-plane anisotropy pro-
duced by the magnetic field.

As illustrated in Fig. 7, we have measured the emission
spectra and polarization directions of QD4 negatively
charged exciton for two orientations of the in-plane magnetic
field. It appears that the orientation of the magnetic field in
the QD plane has a significant impact on the Zeeman split-
ting and on the polarization directions of the inner and outer
doublets. When the in-plane magnetic field is perpendicular
to the �110� axis �Fig. 7�a��, the charged exciton splitting
only enables us to observe a triplet structure and the inner
and outer doublets are roughly perpendicular with directions
defined by the strain distribution as explained in Ref. 3. In
the second case presented in Fig. 7�b� where �B=30°, the
splitting has changed so that a quadruplet is observable. The
angle 
out-in between the inner and outer doublets is now only

70°. This confirms that the charged exciton behavior under
transverse magnetic field is nontrivial. A competition be-
tween the strain anisotropy axis and the magnetic field direc-
tion governs the hole state.

Such a competition can be qualitatively modeled by con-
sidering only the linear term of HB

h . The calculated results
presented in Fig. 8�a� show that for some magnetic field
orientations, one can have either an acute or obtuse angle

out-in between the linear polarization directions of the inner
and outer doublets. The angle 
out-in �right panel of Fig. 8�a��
as well as the Zeeman splitting �left panel of Fig. 8�a��
present both an amplitude which strongly depends on the
transverse magnetic field orientation. In particular, extremal
splitting values and orthogonality of the doublet directions
are obtained for magnetic field orientation parallel to the
strain direction. We note that these modulations cannot be
seen in the pseudospin model used for instance in Ref. 3 in
which the reduction to a 2�2 matrix cancels the phase of the
coupling elements. Figure 8�b� shows that sharing the hole g
factor between the linear and the cubic components �q�0�
modifies the splitting and angle variations. In particular, we
observe an angular shift of the modulation shapes. However,
a comparison with the experimental data does not permit to
independently extract the values of � and q. They may both
contribute to the observed behavior. The presented model is
also not able to reproduce the dephasing between the two
inner lines on one side and the two outer lines on the other
side. In order to improve the model, the g factor anisotropy

TABLE I. g factors extracted from the magneto-optics measure-
ments on QD3.

X X+ X−

ge� −0.40 −0.35 −0.35

gh� 0.16 0.19 0.17

ge� −0.45 −0.45 −0.45

gh� 0.53 0.60 0.53
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due to the shape of the confinement and VBM due to
Luttinger Hamiltonian should probably be considered.

VI. VALENCE-BAND MIXING IN MAGNETIC QUANTUM
DOTS

Considering now single Mn-doped QDs, the sp-d ex-
change interactions between the confined carriers and the
single Mn atom are responsible for a peculiar fine structure
of the emission.1 It has been demonstrated that the hole-Mn
spin interaction is of prime importance in this fine structure,
because of its energy range and above all because of the spin
anisotropy of the hole.27,28 It appears clearly that a valence-
band mixing will have dramatic consequences on the emis-
sion fine structures of an exciton coupled with a single Mn
atom. In the heavy-hole approximation, a hole acts on the
Mn spin as an effective magnetic field applied along the
growth axis, lifting its spin degeneracy. If a mixing of heavy
and light holes is introduced, one has to consider a system of
coupled spins in which hole-Mn spin flips are possible.

To understand the effects of this change, we first consider
the emission of the negatively charged exciton in a single
Mn-doped quantum dot �Fig. 9�c��. In the final state of the X−

optical recombination, the system is composed of a single
Mn atom interacting with the resident electron. The ex-
change interaction between them is isotropic so that we can
consider a J=5/2+1/2=3 spin system. It is composed of

two energy levels. The lower energy level is the parallel spin
configuration �J=3�. It is sevenfold degenerated. The upper
energy level �J=2� is fivefold degenerated. When an
electron-hole pair is injected in the dot, the excitonic state is
composed of two spin-paired electrons, one hole and the Mn
atom. The system is governed by the hole-Mn exchange in-
teraction. Figure 9�a� presents the influence of an increasing
valence-band mixing, characterized by �s /�lh, on the energy
structure of the hole-Mn complex. The heavy-hole–light-hole
splitting due to biaxial strains �lh is maintained equal to
30 meV. The hole-Mn exchange integral Ih-Mn is set to
170 �eV as estimated in previous work28 and the values of
wave function overlap integrals are still those given in Ap-
pendix D.

It is not possible to extract from the experiment the posi-
tion of the Mn atom inside the dot and thus to estimate
overlaps between the Mn atom and the confined carriers. In
our calculation, the exchange integrals are then effective pa-
rameters and identical hh-Mn and lh-Mn overlaps are con-
sidered. In the plot presented in Fig. 9�a� the origin of the
energy is chosen at the barycenter of the hh-Mn energy lev-
els. At zero valence-band mixing, there are six hh-Mn energy
levels. For each heavy-hole spin �±3/2�, the levels are asso-
ciated with the six Mn spin projections �Sz=5/2¯−5/2�.
Due to the antiferromagnetic hh-Mn exchange interaction,
the antiparallel spin configurations ��3/2h ,−5/2Mn� and
�−3/2h ,5 /2Mn�� are stabilized.

When increasing the value of �s /�lh, we observe that the
energy levels gather into two sets. The upper energy set is
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composed of seven states and the lower one of five. In a first
approximation, the situation becomes similar to the
electron-Mn case. The hole spin looks like an isotropic pseu-
dospin 1/2 but it is not: As shown in Fig. 9, at high values of
�s /�lh, there is still a fine structure in both level sets. More-
over, several splittings appear at �s /�lh=0.2 and 0.5, which
should not exist when considering a simple pseudospins 1/2.
This originates from the existence of the upper energy hole
states �light holes�, shifted 30 meV above by the biaxial
strains. Because of this splitting, the valence-band mixing
cannot turn the hole-Mn interaction into an isotropic interac-
tion between the Mn spin and a pseudospin 1/2. One also
notes a decrease of the overall splitting of the energy spec-
trum. This shows the decrease of the heavy-hole statistical
weight whh in the hole wave function as �s /�lh increases.29,30

One of the main effects of the VBM on the h-Mn energy
spectrum is the splitting of the third lower energy level at

low values of � /�lh. In the absence of VBM, this state is
twofold degenerated and corresponds to the hole and Mn
spin projections �3/2h ,−1/2Mn� and �−3/2h ,1 /2Mn�. But as
soon as a weak VBM is introduced, the hole spin states must
be described by Eq. �6�. The hole can now flip its spin with
the Mn atom coupling the heavy part of a �h state to the light
part of the other. The two resulting h-Mn eigenstates are

�− �h-Mn =
1
�2

���h
+,− 1/2Mn� − ��h

−,1/2Mn�� , �10�

and

� + �h-Mn =
1
�2

���h
+,− 1/2Mn� + ��h

−,1/2Mn�� . �11�

These bounding and antibounding states can either recom-
bine on the electron-Mn states,

�− �e-Mn = �20�e-Mn =
1
�2

��↑e,− 1/2Mn� − �↓e,1/2Mn�� ,

�12�

or

� + �e-Mn = �30�e-Mn =
1
�2

��↑e,− 1/2Mn� + �↓e,1/2Mn�� ,

�13�

producing four linearly polarized emission lines �see Fig.
9�b��. The polarization directions are only defined here by
the strain-induced coupling so that two of the four lines are
parallel to the strain direction and the others are perpendicu-
lar to it. This effect can be observed in the emission spectrum
of the negatively charged exciton of QD3 �Fig. 9�c��. Two �y
polarized lines and an intense �x polarized line lie on the
center of the fine structure.28 Despite a weak valence-band
mixing �a value of �s /�lh=0.05 is used to reproduce the
spectrum of QD5�, as the unperturbed states are degenerated,
the hole-Mn spin flips significantly influence the emission
feature of the charged Mn-doped QDs.

One can also find a signature of the valence-band mixing
in the emission spectra of neutral single Mn-doped QDs. In a
Mn-doped QD, the ground state of the exciton is composed
of six bright energy levels and six dark energy levels result-
ing from the coupling of bright excitons and dark excitons
with the six projections of the Mn spin. For a given exciton
spin �±1 or ±2�, the six Mn spin projections have different
energies. In this system, the hole spin interacts with both the
Mn spin and the electron spin. The effect of an increasing
valence-band mixing on the excitonic emission spectrum of a
QD is presented on Fig. 10�a�. Parameters are chosen to re-
produce the features of QD5 emission spectrum plotted on
Fig. 10�b�: The e-Mn exchange integral Ie-Mn is set to
70 �eV; the splitting between the bright and dark excitons �0
is chosen equal to 550 �eV, equally divided among the long
range and short range e-h exchange interaction. Other param-
eters are the same than in the previous charged exciton cal-
culation.

Let us first consider the influence of the electron-hole ex-
change interaction. We have seen in the case of nonmagnetic
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QDs that, in first approximation, the only effect of the
valence-band mixing on the short range e-h exchange is to
couple bright exciton states together. For magnetic QDs,
bright states associated with the same Mn spin projection are
thus coupled. This coupling mainly concerns the energy lev-
els associated with Mn spin projections ±1/2 only slightly
split by the exciton-Mn exchange interaction. An increase of
the valence-band mixing will thus open a slight gap in the
middle of the bright exciton fine structure �around 0.25 meV
in Fig. 10�a��.

Another gap appears on the low energy side of the struc-
ture because of the hole-Mn interaction. As a matter of fact,
simultaneous hole-Mn spin flips couple bright and dark
states associated with consecutive Mn spin projections. The
exciton-Mn exchange interaction induces an overlap of the
bright and dark exciton fine structures. States coupled by
h-Mn spin flips are therefore quite close to each other and an
increase of the VBM, that is to say an increase of the h-Mn
spin flip efficiency, will open a gap between them. This can
be observed on Fig. 10�a� around −0.1 meV. Finally one
may note once again that the overall splitting of the structure
decreases as the VBM increases because of the decrease of
the weight of the heavy hole in the exciton ground state.

Such coupling between the bright and dark excitons is
observed in the spectrum of QD6 presented in Fig. 10�b�. In
this QD, the valence-band mixing is quite weak and the gaps

induced by the e-h exchange and the h-Mn exchange can be
hardly resolved in the exciton spectrum �Fig. 10�b��. Never-
theless, the h-Mn spin flip-induced bright-dark coupling is
large enough to give non-negligible oscillator strengths to the
dark states. Three “dark” states are then observed in the
emission spectrum. The value �s /�lh can be estimated to
0.07. Using this parameter, we can calculate QD6 exciton
emission spectrum. The result is plotted on Fig. 10�c�. It has
been shown in previous work1 that the exciton-Mn system is
partially thermalized during the exciton lifetime. This results
in the increase of the intensity of the lines as their energy
decreases. In the calculation, we thus consider that the sys-
tem has relaxed and that it is characterized by an effective
spin temperature Tef f depending both on the phonon bath and
on the hot carrier gas produced by the laser excitation. In
Fig. 10�c�, Tef f =15 K. With this effective temperature, dark
states appear in the calculated spectrum but their intensity is
weaker than in the experiment. Moreover, comparing the in-
tensities of the bright lines in the calculation and in the ex-
periment, we note that we cannot fit the data with an effec-
tive temperature smaller than 15 K in order to increase the
dark state intensity. These features show that we should not
consider a total thermalization in the exciton-Mn system: If
the spin relaxation is partially blocked, it is difficult to ther-
malize the system. As bright and dark excitons are created
with the same generation rate, the intensities of the associ-
ated transitions can be comparable even though they have
different oscillator strengths. This is particularly the case un-
der weak excitation conditions where the influence of the hot
carrier gas spin reservoir is reduced.

We finally consider the neutral exciton fine structure of a
single Mn-doped QD that presents an anisotropic in-plane
shape �QD7 presented in Fig. 11�. Effects of the long range
electron-hole exchange interaction on the emission spectrum
of a single Mn-doped QD were discussed in a former letter.31

Nevertheless, details of the polarization properties were not
analyzed. Here, we detail these polarization features and
show that the VBM is once again necessary to explain them.
Figure 11 presents the linear polarization dependence of the
emission spectrum of QD7. The experimental spectrum
shows the main characteristics of a quite strong VBM as
detailed in Fig. 10�a�. The spectrum presents an overall lin-
ear polarization rate of about 25% orientated at �s=110°
from the cleaved edge of the sample and dark states appear
on the low energy side of the structure. Two gaps can also be
observed: One between the two first main lines and the other
between the third and the fourth lines. However, if these
peculiarities were only due to the combined effect of the
VBM and short range e-h exchange, one could expect the
third and the fourth lines to be polarized parallel and perpen-
dicular to the strain direction �110°�. It is not the case and
surprisingly, the emission spectrum also presents nonor-
thogonal linear polarization directions.

These polarization directions are the signature of a com-
petition between a valence-band mixing and long range
electron-hole exchange interaction. The calculation of the
emission spectrum of QD7 �right panel of Fig. 11� gives a
good agreement with the experiment using the following
parameters: Ie-Mn=60 �eV, Ih-Mn=135 �eV, �0

lr=�0
sr

=300 �eV, �2=450 �eV, �lh=30 meV, �s /�lh=0.25, and
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Tef f =20 K. The strain direction and the dot-shape direction
must be roughly perpendicular �80°� to fit the experiment.
The main features of QD7 emission are well reproduced as
presented in Fig. 11.

We can analyze in more detail the polarization directions
of the lines by studying the polar graphs of the intensities of
the six main lines �Fig. 12�. We observe on the experimental
graphs that the three low energy lines are mainly linearly
polarized along the strain direction �s=110°. The third and
the fourth lines have a polarization rate close to 1. This origi-
nates from the influence of the long range electron-hole ex-
change interaction which is maximum for these two lines.
There is no significant change in the polarization directions
of the three low energy lines. On the contrary, polarization
directions of the three high energy lines are different. The
calculation gives the same qualitative results. Actually, for
the high energy lines, the influence of the long range e-h
exchange decreases from the fourth to the sixth line, whereas
the strain-induced polarization acts upon all the lines with an
equal efficiency. Therefore, the polarization direction goes
from the dot-shape direction for the fourth line to the strain
direction for the sixth line. The situation is different for the
three low energy lines for which the initial direction �dot-
shape direction+90°� and final one �strain direction� are
roughly merged. We note that we do not obtain a quantitative
agreement between the experimental and the calculated lin-
ear polarization directions. In the experiments, we observe a
rotation of the direction of about 30° between each line,

whereas it is only 10° in the calculation. Other origins of
valence-band mixing such as confinement effects or other
kinds of deformations of the lattice may play a role in these
phenomena.

VII. CONCLUSION

In conclusion, we have analyzed in detail the influence of
the heavy-hole–light-hole mixing on the optical fine struc-
tures of various excitonic species in single quantum dots. We
have first demonstrated the controlled generation of neutral,
negatively charged, and positively charged excitons in the
same II-VI QD by combining a gate voltage and a photo-
depletion mechanism. The identification of charged excitons
is supported by magnetic field studies. The strong degree of
linear polarization observed for both neutral and charged
species and the nonorthogonality of the linear polarization
directions are explained by a combination of VBM and an-
isotropic e-h exchange interaction. These results show the
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FIG. 11. �Color online� Experimental and calculated polariza-
tion resolved photoluminescence of QD6. The intensity maps
present the dependence of the emission on the analyzer angle. The
emission spectrum is presented for orthogonal linear analyzer direc-
tions �red and black curves�.
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simultaneous influence of the anisotropic shape and aniso-
tropic relaxation of strain in an individual quantum dot. A
careful analysis of the linear polarization in transverse mag-
netic field shows that both the magnetic field direction and
the hh-lh mixing are controlling the linear polarization direc-
tions. The valence-band mixing has also important effects in
magnetic QDs. The hole cannot be considered anymore as an
effective magnetic field fixed along the growth axis. Spin
flips can occur with the magnetic ion, producing characteris-
tic spectral features in the emission of neutral and charged
states of the QD.

APPENDIX A: ANGULAR MOMENTUM OPERATOR

Here are written the matrices ji of the angular momentum
operator j� for j=3/2 as described by Messiah32 and used in
this article,

jx =�
0 �3/2 0 0

�3/2 0 1 0

0 1 0 �3/2

0 0 �3/2 0
� , �A1�

jy =�
0 − i�3/2 0 0

i�3/2 0 − i 0

0 i 0 − i�3/2

0 0 i�3/2 0
� , �A2�

jz =�
3/2 0 0 0

0 1/2 0 0

0 0 − 1/2 0

0 0 0 − 3/2
� , �A3�

APPENDIX B: OPTICAL TRANSITIONS

In order to obtained oscillator strength of transitions, one
has to estimate the square of the dipole matrix element:33

�e�� 	 ��f �e� . p� �i��2, �B1�

where e� is the observation unit vector, �i� and �f� the initial
and final states, and p� the kinetic momentum operator. Here,
the initial state is an electron hole pair �
e�r���e��
h�r���h�
��e=↑, ↓ and �h= ±3/2 , ±1/2� and the final state is the
empty state ���. �e�� is thus proportional to an overlap in-
tegral, �
e�r��
h�r��dr�, and to one of the matrix elements of
the momentum operator. The nonzero matrix elements are

���p+�↑1/2� = − 1/�3,

���p+�↓3/2� = 1,

���p−�↓− 3/2� = 1,

���p−�↓− 1/2� = − 1/�3. �B2�

APPENDIX C: ELECTRON-HOLE EXCHANGE
INTERACTION

Works of Chen et al.21 proposed a description of the short
range e-h exchange interaction in quantum wells taking into
account the different overlaps between electrons and holes.
This can be summarized as follows:

Heh
sr =

− 2�0
sr

3�3/2,3/2
�
m,n

�m,njm,n�m−n, �C1�

where

�±3/2,±3/2 = �
e�r��
hh�r���2dr� ,

�±1/2,±1/2 = 2�±1/2,�1/2 = �
e�r��
lh�r���2dr� ,

2�±3/2,±1/2 = 2�±1/2,±3/2 = 
e
2�r��
lh�r��
hh�r��dr� .

Here, the spin operators are written using these notations:
the electron spin notations are �0,1,−1=�z,+,−, and for the hole
spin operator jm,n, m and n are, respectively, the initial and
final spin projections. jm,n= jz when m=n. The energy param-
eter �0

sr is the short-range part of the experimental splitting
between the bright and dark states.

APPENDIX D: WAVE FUNCTION OVERLAP

The wave function overlaps involved in the oscillator
strength and in the electron-hole exchange can be quickly
estimated using a calculation of the envelope functions for
electrons, and heavy and light holes in a zero-dimensional
confinement potential. We consider QDs with cylindrical
symmetry. We can decouple the motion along z and in the
x-y plane and solve the z and � Hamiltonian separately using
Runge-Kutta method. A Gaussian potential is used for z and
the in-plane confinement. The characteristic lengths of the
radial and z confinement potential are 10 and 2.5 nm, respec-
tively. These values are in good agreement with transmission
electron microscopy characterization. One usually considers
that only the electron is strongly confined in CdTe/ZnTe
QDs so that we choose a depth of 700 meV for the electron
well �90% of the band gap difference�. Depths of the wells
for the heavy and light holes are adjusted to provide an ex-
citon overlap ratio �involved in Eq. �8�� around 0.8 and a
heavy-light hole splitting �lh around 30 meV �potential
depth for heavy holes: 50 meV; potential depth for light
holes: 35 meV�. We use the effective masses given by Long
et al.34 We find the following values for the overlap integrals:

 
e�r��
lh�r��dr�

 
e�r��
hh�r��dr�

= 0.8, �D1�
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�1/2,1/2

�3/2,3/2
= 0.5, �D2�

�3/2,1/2

�3/2,3/2
= 0.7. �D3�
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