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We report a detailed ab initio study of the electron-phonon �e-ph� interaction contribution to the linewidth
�e-ph��k,i� of electron and hole states for bulk magnesium and the Mg�0001� surface. The calculations are based
on density functional theory and linear response approach. For bulk Mg, we find a large contribution of optical
phonons to the Eliashberg spectral function and to �e-ph��k,i�. The e-ph coupling parameter � at the Fermi level
�mass enhancement parameter� has been found to be �=0.30. In the case of the surface, we have focused on the

study of the �̄ and M̄ surface states for which we find �=0.28 and �=0.38, respectively. We show an important

role of the Rayleigh vibrational mode in the e-ph coupling in the �̄ surface state. These results are in a very
good agreement with tunneling spectroscopic data and recent photoemission measurements of �.
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I. INTRODUCTION

For the past decade, enormous progress in the study of
electron and hole dynamics in bulk metals and at metal sur-
faces has been achieved both theoretically and
experimentally.1–17 Interest in this study is motivated by an
essential role which electron excitations play in many chemi-
cal and physical phenomena. They are of paramount impor-
tance for energy transfer in photochemical reactions,18 for
excitation mediated desorption and oxidation of molecules at
surfaces19 as well as for electron localization at interfaces.20

Electron excitations are essential for catalytical reactions as
well as for charge and spin transport in bulk metals, across
interfaces, and at surfaces.21–23 The key quantity for these
processes is the lifetime � of the excited electron which sets
the duration of the excitation and in combination with the
velocity determines the mean free path of the excited par-
ticle. The lifetime, or the lifetime broadening � ��tot=�e-e
+�e-ph=� /�� in paramagnetic metals, is determined by in-
elastic electron-electron �e-e� scattering and electron-phonon
�e-ph� interaction. In general, the experimentally measured
broadening is also influenced by elastic electron-defect scat-
tering. However, this type of scattering can be avoided in
scanning tunneling spectroscopy measurements8,12,15 and in
time-resolved two-photon-photoemission experiments.1,11,12

It can also be strongly reduced in photoemission spectros-
copy studies.9,12

The e-e contribution �e-e to the lifetime broadening has
been studied theoretically within a GW approximation for
bulk,7,17 surface,8,10,12 image potential,5,10,12 quantum well,24

and adsorbate25 excited electron �hole� states. It was shown
that for excitation energies in the range from 1 to 5 eV and
at low temperatures, the e-e contribution is, in general, sig-
nificantly larger than the e-ph one.12,17,26 For energies close
to the Fermi energy, �e-ph can be comparable with
�e-e,

12,17,24,27,28 and at room temperature, it can be much
larger than �e-e.

17,26

Up to now, the majority of evaluations of �e-ph �Refs. 8,
24, and 29–35� have been done by assuming a constant e-ph

coupling matrix element g�ki ,k f ,q ,�� and using a Debye
model for the phonon spectrum of a system.36 In this ap-
proach, the Eliashberg spectral function �2F��� and the e-ph
coupling strength parameter � are determined by density of
phonon states only and do not depend on an electron state.
Recently, a more complex model for calculating e-ph inter-
action in surface states has been proposed.28,37,38 The model
combines three independent approximations to evaluate the
e-ph coupling matrix elements: �1� one-electron wave func-
tions and energies are calculated with one-dimensional
potential,39 �2� phonon frequencies and polarizations are ob-
tained from one-parameter force-constant model,40 and �3� a
gradient of one-electron potential is represented by using the
Ashcroft pseudopotential41 screened within Thomas-Fermi
approximation. However, this model can only be applied to
s-pz surface states on simple and noble metal surfaces. An
advantage of ab initio calculations is that all the three ingre-
dients of the e-ph coupling matrix elements are precisely
evaluated on the same footing irrespectively to the surface
state symmetry. Fully ab initio calculations of e-ph interac-
tion for excited electrons and holes have been done recently
for bulk Be �Ref. 26� and Pd �Ref. 42� as well as for the �̄
surface state on Be�0001� �Ref. 43� and Al�100� �Ref. 44�. It
was shown that the e-ph coupling in the �̄ surface state on
Be�0001� is much stronger than that in bulk Be �Ref. 43�
while on Al�100�, the � value is only 20% larger than in bulk
Al.44 It was also demonstrated a very important role of the
Rayleigh vibrational mode contribution to the Eliashberg
spectral function and � for these surface states of the s-pz
symmetry.43,44

In this work, we analyze the dependence of the e-ph in-
teraction with respect to the symmetry of the surface state,
using the Mg�0001� surface as an example. Magnesium, in
contrast to transition metals, is not catalytically active and is
not used for energy or spin transport. However, ab initio
calculations of e-ph interaction on simple metal surfaces are
significantly less time consuming than those on transition
metal surfaces, and some key features of e-ph interaction can
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be understood from the exploration of simple metal surfaces.
The Mg�0001� surface electronic structure has been studied
in detail both experimentally, by using photoemission
spectroscopy,45–47 and theoretically, by using ab initio
calculations.48 Two clear surface states of different symme-

tries have been found: one at the �̄ point �s-pz symmetry�
and the other at the M̄ point �px,y symmetry�. We present ab
initio calculation results for the Eliashberg spectral function
�2F���, e-ph coupling parameter �, and phonon-induced

contribution �e-ph to the lifetime broadening of the �̄ and M̄
surface states on Mg�0001� as well as of electron states in
bulk Mg. We demonstrate strong momentum dependence of
�2F���, �, and �e-ph for both bulk Mg and Mg�0001�. We

find that the e-ph coupling in the M̄ surface state is much

stronger than that in the �̄ surface state. This is accounted for
by the strong interaction with bulk phonon modes. In con-

trast to the �̄ surface state on Mg�0001� �as well as on
Be�0001� �Ref. 43� and Al�100� �Ref. 44��, the e-ph coupling

of the M̄ surface state with the Rayleigh mode vibrations is
relatively small. Excellent agreement with available experi-
mental � is obtained for both bulk Mg and the Mg�0001�
surface. For the discussion of the role of different contribu-
tions to the lifetime broadening, we also present the GW
calculations of �e-e for selected electron states in these sys-
tems.

The paper is organized as follows. In Sec. II, a short out-
line of the calculation method is given. In Sec. III, we
present and discuss the calculation results and in Sec. IV, the
conclusions are drawn.

II. THEORY

Phonon-induced contribution to electron linewidths �life-
times� due to the electron-phonon interaction may be com-
puted from the imaginary part of the electron-phonon self-
energy. Equation �1� shows the linewidth of an initial
electronic state ��k,i� scattered by a phonon of a frequency �
and to a final electron state ��k,f�:36

�e-ph��k,i� = �e-ph
−1 ��k,i� = 2��

0

�m

�2Fk,i����1 − f��k,i − ��

+ f��k,i + �� + 2n����d� . �1�

Here, f��k,i±�� and n��� are the Fermi and Bose distribu-
tions, respectively, which introduce a temperature depen-
dence of the lifetime �linewidth� and �m is the maximum
phonon frequency. �2Fk,i��� is the electron-state-dependent
Eliashberg spectral function which measures the effective-
ness of phonons of energy �� to scatter an electron �hole� in
a selected initial state �k,i:

�2Fk,i��� = �
q,	,f


�� − �q,	��g�ki,k f,q,	��2
��k,f − �k,i� .

�2�

The sum in Eq. �2� is performed over final electron states
k f and all possible phonon modes 	 with momentum q. Note

that Eq. �2� is obtained within quasielastic scattering ap-
proximation where 
��k,i−�k,f ±�q	��
��k,i−�k,f�.
g�ki ,k f ,q ,	� is the electron-phonon coupling matrix element

g�ki,k f,q,	� =	 �

2M�q	


�k+q,f��̂q,	 · �RVq
sc��k,i� , �3�

where M is the atom mass, �̂q,	 are the phonon polarization
vectors, and �RVq

sc is the gradient of the screened one-
electron potential with respect to atom displacements �̂q,	
from their equilibrium positions R.

The electron-state-dependent strength of electron-phonon
coupling is measured by the dimensionless parameter � de-
fined as

���k,i� = 2�
0

�m �2F��k,i;��
�

d� . �4�

When initial and final electronic states remain on the
Fermi surface ��k,i=�k,f =EF�, a function averaged over the
Fermi surface can be defined by considering the sum over all
the possible initial electron states:49

�2F��� =
1

N�EF��q,	

�� − �q,	��

k,i,f
�g�ki,k f,q,	��2


��k,i − EF�
��k,f − EF� . �5�

Here, N�EF� is the electron density of states per atom and
per spin at the Fermi level EF. With this �2F��� and follow-
ing Eq. �4�, one can obtain the e-ph coupling parameter � for
electronic states at EF, also known as the mass enhancement
parameter.

Electronic structure of bulk Mg and Mg�0001� has been
calculated within ab initio pseudopotential local-density-
approximation formalism with a plane wave basis code.50

Norm-conserving pseudopotential with a nonlinear core cor-
rection was generated by using the method of von Barth and
Car direct fit.50 The local exchange-correlation functional
was taken in the Perdew-Zunger form. To obtain the phonon
spectra, as well as the matrix elements of e-ph interaction,
we chose the density functional perturbation theory51,52 and
adopted the usual adiabatic approximation. For both bulk and
surface calculations, the Hermite-Gauss smearing
technique53 with a smearing width of �=30 mRy was em-
ployed.

Electron-electron contribution �e-e to the lifetime broad-
ening of electron and hole states for bulk Mg is obtained in
the framework of many-body theory on the energy-shell ap-
proximation in terms of the imaginary part of the complex
nonlocal self-energy operator.12 This quantity is evaluated in
the GW approximation. Further details of the calculation can
be found in Ref. 54. Specific details of the present calcula-
tion are �1� the inclusion of 40 reciprocal vectors in the di-
electric matrix expansion, �2� the use of 242416 mesh
for all k-space integrations, and �3� the inclusion of all occu-
pied and unoccupied one-electron energy bands up to 50 eV
above the Fermi level, in the evaluation of density response
matrix.
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III. RESULTS AND DISCUSSION

A. Bulk magnesium

Bulk magnesium has a hcp structure with experimentally
measured55 lattice parameters a=3.21 Å and c /a=1.623. In
order to obtain the correct vibrational modes, it is crucial for
the calculation to have the correct equilibrium lattice param-
eters which were found to be in our case a=3.13 Å and
c /a=1.623. This difference between experimental and evalu-
ated lattice parameters is a typical local-density-
approximation �LDA� effect and is in good agreement with
other theoretical works56,57 based on LDA. As already men-
tioned, the complete electron and phonon spectra are needed
for further calculations. These spectra computed with equi-
librium lattice parameters are shown in Figs. 1 and 2, respec-
tively. Electron density of states in the right panel of Fig. 1
shows a nearly free-electron-like behavior as it is expected
for Mg. In the case of phonons, except for the fact that op-
tical branches are slightly overestimated, the general agree-
ment with neutron scattering data58 is good.

Our theoretical evaluation of the mass enhancement pa-
rameter has been performed integrating over 84 phonon
wave vectors q inside the irreducible Brillouin zone �1000 in
the whole zone� and 610 electronic wave vectors k. The
resulting Eliashberg function, �2F���, averaged over mo-
menta at the Fermi level is shown in Fig. 3 together with
experimental data,59 the calculated phonon density of states

F���, and the coupling function �2. Magnesium due to its
relatively low electron-phonon coupling is believed to be-
come superconductor at temperatures below 0.5 mK,60,61 and
it is the reason why it is inaccessible to conventional tunnel-
ing spectroscopy. In order to obtain the Eliashberg spectral
function experimentally, a strong coupling superconductor is
approximated to induce superconductivity in Mg. Burnell
and Wolf59 have performed such experiments and their re-
sults are shown in the inset of Fig. 3. The overall agreement
in the shape of the Eliashberg function and in the position of
the peaks is remarkable. The greatest difference between
both curves occurs at 16 meV where the matrix elements
lower strongly the existing maxima of the phonon density of
states. From the figure, it is clearly seen that high frequency
optical phonon modes mostly contribute to the scattering
processes of electrons while lower frequency phonons are
suppressed. This is an expected behavior for the hcp simple
metals that has previously been found by Sklyadneva et al.26

for beryllium.
In Table I, we show the calculated mass enhancement

parameter � together with other experimental59 and
theoretical49,62,63 values. One can see that our � is in excel-
lent agreement with the measured mass enhancement param-
eter value and with other theoretical data.

More information on the e-ph interaction can be obtained
from the momentum-dependent study of the Eliashberg spec-
tral function and � in different occupied and unoccupied
electron states. In Fig. 4, we show the calculated �2Fk,i���
and ���k,i� for several electron states at symmetry points

FIG. 1. Electron energy bands for bulk Mg. The right panel
shows density of electron states.

FIG. 2. Calculated phonon dispersion curves of bulk Mg along
the high-symmetry directions. The solid circles show the experi-
mentally measured frequencies �Ref. 58�.

FIG. 3. �Color online� Phonon density of states F��� �dotted
line� and electron-phonon spectral function �2F��� �solid line� cal-
culated at EF are depicted with different scales. The frequency-
dependent coupling function �2 �defined as the ratio �2F��� /F����
is shown by dash-dotted line. The inset panel compares calculated
�solid line� and experimental �Ref. 59� �dashed line� �2F���.

TABLE I. The calculated and measured mass enhancement pa-
rameter � in bulk Mg.

� References

0.35 62 �Calc.�
0.31 63 �Calc.�
0.33±0.03 49 �Calc.�
0.29±0.03 59 �Expt.�
0.30 Present work

AB INITIO CALCULATION OF THE PHONON-INDUCED… PHYSICAL REVIEW B 76, 035404 �2007�

035404-3



K ,M, and �. Even though the behavior of �2Fk,i��� and the
���k,i� values is, in general, much unpredictable, there exist
some common features. The high frequency phonon scatter-
ing predominance is clear for all selected initial electronic
states, and the optical phonon peak at around 27 meV is still
the strongest coupling mode. Another feature is the increas-
ing value of � as the electron state approaches the Fermi
level. This is clear at the � point, where a significant differ-
ence exists between the values at the �3

+��=0.31� point and
at �4

−��=0.44� closer to the Fermi level.
Up to now, we have discussed in detail linewidths and

Eliashberg functions of electron states due to the e-ph inter-
action. In Table II, we present the calculation results of the
contribution to the linewidth of the e-e interaction �e-e at
symmetry points performed within GW approximation. In
general, the �e-e contribution to the total linewidth is larger
than the corresponding �e-ph, especially at low temperatures.

However, with the increase of temperature, �e-ph increases
linearly with T �for relatively high T� while �e-e remains
constant. Values of �e-e shown in the table follow this trend
when compared to �e-ph. Exceptions are electron states K1
and K5 for which even at T=0, both �e-e and �e-ph are com-
parable.

B. Mg(0001) surface

A periodically repeated slab geometry with Mg�0001�
slabs of 11 atomic layers separated by a vacuum region of
18 Å was used to study the surface electronic structure, pho-
non spectrum, and e-ph interaction. In order to obtain a good
structural and dynamical description of the system, an energy
minimization was performed allowing the variation of the
interlayer distances. Since the surface is unreconstructed, the
atomic positions inside the plane maintain the hexagonal
symmetry of the bulk and the lattice parameter a is kept to be
3.13 Å. Forces between atoms in the perpendicular direction
were relaxed and checked to be smaller than 10−4 Ry/a.u..
The interlayer relaxation calculations give expansion of the
first and the second interlaying spacing relative to the bulk of
�d12= +1.6% and �d23= +0.3%, respectively. These results
are close to experimental data obtained by Sprunger et al.,65

�d12= �+1.9±0.3�% and �d23= �+0.8±0.4�%. Other theoret-
ical work by Wright et al.66 reports values of �d12= +1.5%
and �d23= +0.5%.

In Fig. 5, we show the calculated electron and phonon
spectra of the surface. In the top panel corresponding to elec-

tronic states, dashed lines represent surface states at �̄ and M̄
with energy values relative to the Fermi level of 1.69 and
0.98 eV. Recently, angle-resolved photoemission experi-

FIG. 4. Electron-phonon spectral function �2Fk,i��� in bulk Mg
for several electron states at the K, M, and � symmetry points.

TABLE II. Decay rates �e-e and �e-ph of selected electron �hole�
states at symmetry points of the Brillouin zone �in meV�. The state
energies E are relative to EF.

State
E

�eV� �e-e

�e-ph

T=0 K
�e-ph

T=300 K

�3
+ −1.74 77 19 53

�4
− −1.26 57 30 77

K1 −0.68 16 17 47

K5 −0.60 10 22 63

M1
+ −2.30 150 17 48

M2
− −2.22 136 21 55

M3
+ +2.75 182 27 76

FIG. 5. �Color online� Top panel shows the electronic band

structure of a fully relaxed 11 layer Mg�0001� slab; �̄ and M̄ sur-
face states are indicated by a dashed line which correspond to the
average of the thick solid lines representing surface state disper-
sions obtained in the slab calculation. Horizontal line indicates the
Fermi energy. Bottom panel shows the phonon dispersions, where
dotted line corresponds to the Rayleigh mode.
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ments �ARPES� by Schiller et al.47 find surface states at
−1.63±0.06 and −0.95±0.05 eV, respectively. In the bottom
panel where the phonon dispersion for Mg�0001� is pre-
sented, the surface Rayleigh mode is shown by a dotted line.
The vibration amplitude of this mode is mainly perpendicu-
lar to the surface and decays exponentially into the bulk. The
resulting phonon energies obtained are of 15.6 and 14.9 meV

at the K̄ and M̄ points, respectively. The other ab initio cal-
culation has reported 14.9 and 14.2 meV,57 and experimental
measurements performed with momentum-resolved inelastic
electron scattering give values of 14.2 and 13.5 meV.57

In Fig. 6, we show the calculated Eliashberg spectral

function of surface states at the �̄ �solid line� and M̄ �dashed
line� points. These two curves include coupling to all bulk
and surface phonon modes. Separately, we also show the

Rayleigh mode contribution to �2Fk,i��� for the �̄ �dotted

line� and M̄ �dash-dotted line� surface states. As follows

from the figure, a pronounced peak for the �̄ state corre-
sponding to the coupling to the Rayleigh mode arises at

around 15 meV. This is an expected feature since the �̄ sur-
face state has s− pz symmetry,48 i.e., the probability density
amplitude of this state is distributed in the perpendicular di-
rection, parallel to the Rayleigh mode polarization and to the
gradient of the one-electron potential. The large overlap be-
tween the surface electron wave function and the dominant
direction of the phonon mode and of the gradient turns into a

fairly big value of the matrix element. The M̄ surface state is
of the px, py symmetry, i.e., the probability density amplitude
of the state is distributed in the interstitial regions of several
surface atomic layers.48 Hence, the overlap with the Rayleigh
mode and with the one-electron gradient should not be large
so the corresponding contribution should be small. These
qualitative arguments are corroborated by the dash-dotted

line in Fig. 6. Nevertheless, the spectral function of the M̄
surface state is very big in the energy interval between 14
and 18 meV. This can be accounted for by the coupling to

bulk phonon modes: precisely, in this energy interval, the
bulk phonon density of states of Mg �Fig. 3� shows a very
strong peak that favors the spectral function at these ener-
gies.

Valuable information can be obtained from the tempera-
ture dependence of the linewidth of a quantum state of inter-
est. As already mentioned, the temperature dependence of
the linewidth comes from the Bose and Fermi distribution
functions. In order to plot �e-ph versus T numerically, calcu-
lated Eliashberg spectra �2F��� are inserted in Eq. �1�. The
resulting �e-ph presented in Fig. 7 shows the correct linear
behavior36 at high temperatures �kBT��m� �ep�ki ,E�
=2���ki�kBT. ARPES experiments determine � by plotting
the graph from the corresponding experimental data. Suppos-
ing that the temperature dependence of the electronic life-
time comes only from the e-ph interaction, linewidths of se-
lected quantum states can be measured for different
temperatures and � can be deduced from the slope of the
graph. This has been done by Kim et al.35 for the surface

state at the �̄ point using a three-dimensional Debye model
to obtain the Eliashberg function ��2Fki

���=��2 /�D
2 �. Dots

in Fig. 7 represent experimental data extracted from Ref. 35

where a value of �=0.27�2� has been reported for the �̄
surface state. This value is in excellent agreement with our
calculated result, ��̄=0.28.

In Table III, we show the e-e and e-ph contributions to the

lifetime broadening for the �̄ and M̄ surface states. The cal-
culated e-e contribution has been taken from Ref. 67. For
both surface states, this contribution is larger than the corre-

sponding e-ph one. However, for the surface state at M̄, as
temperature increases, e-e and e-ph contributions become
comparable and at room temperature �e-ph is significantly
larger than �e-e. The total evaluated lifetime broadening
�calc

tot +�e-e+�e-ph=111 meV may be compared to the experi-
mental one of 133 meV reported by Kim et al.35 which also
includes the contribution from electron scattering on defects
�e-def. The difference between the theoretical value,

FIG. 6. �Color online� The solid line represents the Eliashberg

function of the surface state at the �̄ point while the dashed line is

for the surface state at M̄. The dotted �dash-dotted� line represents
the contribution of the Rayleigh mode to the Eliashberg function of

the surface state at the �̄ �M̄� point.

FIG. 7. �Color online� Temperature dependence of the surface

state linewidths at the �̄ and M̄ points. Red dots represent experi-
mental data extracted from Ref. 35; they were plotted by subtract-
ing an offset that corresponds to �e-e+�e-def.
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111 meV, and the measured one would give a rough estima-
tion of the contribution to the linewidth due to the electron-
defect interaction.

It is worthy to compare the ab initio evaluated e-ph con-
tribution to the linewidth with that derived from the Debye
model36 mentioned in the Introduction. In the latter model,
the phonon-induced lifetime broadening of electron states at
T=0 K is reduced to �e-ph

D =2��kB�D /3, where kB and �D
are the Boltzmann constant and Debye temperature, respec-
tively. Using this equation with ab initio calculated �=0.28,
we find �e-ph

D =20.2�16.1� meV for �D=400�318� K taken
from the Kittel64 �Ashcroft and Mermin68� book. The ob-
tained �e-ph

D are in fairly good agreement with ab initio
�e-ph=19 meV. Also, rather good accord with ab initio �e-ph

is found for the M̄ surface state: �e-ph
D =27.4�21.8� meV is

well compared to ab initio �e-ph=20 meV. These results lend
support to the practical use of the Debye model for fast es-
timations of the phonon-induced lifetime broadening of sur-

face electron states provided that the e-ph coupling param-
eter � is known from ab initio calculations or photoemission
measurements.

IV. SUMMARY AND CONCLUSIONS

We have presented a first-principles study of the electron-
phonon contribution to the lifetime broadening of electron
and hole states in bulk Mg and at the Mg�0001� surface. For
bulk Mg, we have evaluated the mass enhancement param-
eter � for selected electron states as well as averaged � for
the states at the Fermi surface. These values may differ sig-
nificantly from one to another, but in general they increase as
the electron state approaches the Fermi level. It has been
shown that optical phonon modes mostly contribute to the
electron-phonon coupling in electron states both at EF and
beyond. In the case of Mg�0001� surface, both surface states

located at �̄ and M̄ have been studied. The obtained results
are in good agreement with available experimental data. We
address the special relevance of the Rayleigh mode in the

e-ph coupling in the surface state at �̄ point. At the M̄ point,
this coupling is mostly due to bulk phonon states.
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