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Large-scale Monte Carlo simulations of the isotropic three-dimensional Heisenberg spin glass

L. W. Lee*
Department of Physics, University of California, Santa Cruz, California 95064, USA and Department of Mechanical Engineering,
University of Washington, Seattle, Washington 98195, USA

A. P. Young*
Department of Physics, University of California, Santa Cruz, California 95064, USA
(Received 28 March 2007; published 5 July 2007)

We study the Heisenberg spin glass by large-scale Monte Carlo simulations for sizes up to 32°, down to
temperatures below the transition temperature claimed in earlier work. The data for the larger sizes show more

marginal behavior than that for the smaller sizes, indicating the lower critical dimension is close to, and
possibly equal to, 3. We find that the spins and chiralities behave in a quite similar manner.
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I. INTRODUCTION

Following the convincing numerical work of Ballesteros
et al.! there has been little doubt that Ising spin glasses in
three dimensions have a finite temperature transition. In this
paper we shall study a related model for which the existence
of a finite temperature transition is still controversial: the
isotropic Heisenberg spin glass, which is composed of clas-
sical spins with three components. Early work>~* indicated a
zero temperature transition, or possibly a transition at a very
low but nonzero temperature. However, following the pio-
neering work of Villain,> which emphasized the role of
“chiralities” (Ising-like variables which describe the handed-
ness of the noncollinear spin structures), Kawamura and
Tanemura® proposed, for the XY case (which have two-
component spins), that the spin-glass transition only occurs
at Tg=0 and that a chiral-glass transition occurs at a finite
temperature Tcg. This scenario requires that spins and
chiralities decouple at long length scales. Kawamura and col-
laborators subsequently proposed’~ that this “spin-chirality
decoupling” scenario also holds for Heisenberg spin glasses.

However, the absence of a spin-glass transition in Heisen-
berg spin glasses has been challenged by Matsubara et
al.,'™"" and Nakamura and Endoh'? who argued that the
spins and chiralities order at the same low but finite tempera-
ture. Recently Picco and Ritort!3 also claimed a finite Tgg
and inferred that probably Tsg=Tcg, though they did not
investigate the chiralities directly. In earlier work,'* referred
to as LY, we studied spin and chiral correlations on an equal
footing, using the method of analysis that was the most suc-
cessful for the Ising spin glass,' namely finite-size scaling of
the correlation length. Considering a modest range of sizes,
L=<12, we found that the behavior of spins and chiralities
was quite similar and they both had a finite temperature tran-
sition, apparently at the same temperature.

However, quite recently Campos et al.'> were able to
study larger sizes than LY, up to L=32. They agreed with LY
that there is a single transition at which both spins and
chiralities order, but they also found evidence for crossover,
at the largest sizes, to a “marginal” behavior, reminiscent of
that at the Kosterlitz-Thouless-Berezenskii'®!? (KTB) transi-
tion in the two-dimensional XY ferromagnet where there is a
finite transition temperature 7. but no long-range order for
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T<T,. In fact the region below T, is a line of critical points
in the KTB theory. If a line of critical points also exists in the
three-dimensional Heisenberg spin glass, then d=3 is the
lower critical dimension d;, below which there is no transi-
tion. However, given numerical uncertainties, Campos et al.
cannot rule out the possibility that d; is slightly less than 3, in
which case there is spin-glass order below Tgg.

Hukushima and Kawamura® studied sizes up to L=20 and
found more marginal behavior when comparing L=16 and
20, than for the smaller sizes. However, they argued that this
effect is greater for the spin correlation length than for the
chiral correlation length, and hence concluded that, while
Tcg is finite, Ty is zero or possibly nonzero but less than
Tcg, i.e., there is spin-chirality decoupling.

In this paper we perform Monte Carlo simulations of the
Heisenberg spin glass, along the lines of LY, but for larger
sizes. Our main motivation is to investigate the claim of
Campos et al.'” that there is a line of critical points for T
<Tgsg- In order to test whether there is a critical line, as
proposed by Campos et al., or the usual situation of a single
critical point at Tgg, it is necessary to investigate the behav-
ior of the system below the estimated Tgg. Campos et al.
were not able to do this and the evidence for the critical line
was based on estimating corrections to scaling at Tsg. This is
rather indirect, and perhaps not very reliable because the
range of sizes and quality of the data, are not sufficient to
disentangle the various corrections to scaling unambigu-
ously. Very recently, the analysis of Campos et al. has been
criticized by Campbell and Kawamura.'® Here, we do not
rely on corrections to scaling but obtain data below Tgg and
so directly find evidence for more marginal behavior at larger
sizes.

As we shall see, the transition temperature in the Heisen-
berg spin glass is very low and so it is surprising to us that
Campos et al.'> did not use the technique of “parallel
tempering,”'>? which is the commonly used approach to
speed up simulations of spin glasses, especially at very low
temperatures. Equilibrating lattices as large as 323 is very
challenging, especially in the absence of parallel tempering.
A second motivation of our study is therefore to use parallel
tempering and to combine this with a very useful equilibra-
tion test described in the next section, to ensure that the data
are equilibrated.
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From our results, we see a strong crossover to much more
marginal behavior for sizes L =24, in agreement with Cam-
pos et al.’> Whether there is a KTB-like critical line as pro-
posed by Campos et al., is, however, unclear. The lower
critical dimension, d; seems to be close to, or possibly equal
to, 3. The behavior of the spins and chiralities is rather simi-
lar, and so, in contrast to Kawamura and collaborators,”!8 we
do not believe that our data supports spin-chirality
decoupling.

II. MODEL AND ANALYSIS

We use the standard Edwards-Anderson spin-glass model

H=-208;-S,, (1)
(i)

where the S; are three-component classical vectors of unit
length at the sites of a simple cubic lattice, and the J;; are
nearest-neighbor interactions with a Gaussian distribution
with zero mean and standard deviation unity. Periodic
boundary conditions are applied on lattices with N=L? spins.
The spin-glass order parameter, g*”(k), at wave vector K,

is defined to be

L

1 .
g"'(k) = X/E S#(I)Siv(z)e’kki, @)

where w and v are spin components, and “(1)” and “(2)”
denote two identical copies of the system with the same in-
teractions. From this we determine the wave-vector-
dependent spin-glass susceptibility xsg(k) by

XSG(k) = NZ [<|q'uv(k)|2>]av’ (3)

where (---) denotes a thermal average and [---],, denotes an
average over disorder. The spin-glass correlation length is
then determined'?! from
1 Xs(0) 1
fL = . -1 s (4)
2 sin(kpin/2) \ Xs6(Kmin)
where k;,=(27/L)(1,0,0).
For the Heisenberg spin-glass, Kawamura’ defines the
local chirality in terms of three spins on a line as follows:
KfL=S[+/;,~Sl-XS[_ﬂ. (5)
The chiral glass susceptibility is then given by
X¢o(K) = N{g (K)[ ) ays (6)

where the chiral overlap ¢*(k) is given by
1 o
qu(k) = NE Kl”(l)KfL(z)elk'Ri_ (7)

We define the chiral correlation lengths &, by
1 0 172
— ( Xca(0) _1) , )
2 sin(kpin/2) \ xbg(Kpin)

in which xcg(k=0) is independent of w. Note that &, will,
in general, be different for & along K,;, (the X direction) and

gL

PHYSICAL REVIEW B 76, 024405 (2007)

%
S

T

FIG. 1. H; is the local field on site i due to its neighbors. The
spin at i is initially in direction S;. In a microcanonical (over-
relaxation) move, the spin is reflected about H; according to Eq. (9),
and so ends up in direction S;.

perpendicular to Kk, though we expect that this difference will
vanish for large sizes. We denote these two lengths by SC‘L
and §iL, respectively.

To equilibrate the system in as small a number of sweeps
as possible, with the minimum amount of CPU time, we
perform three types of Monte Carlo moves:

(1) “Microcanonical” sweeps>> (also known as “over-
relaxation” sweeps). We sweep sequentially through the lat-
tice, and, at each site, compute the local field on the spin,
H;=%,J;;S;. The new value for the spin on site i is taken to

i
be its old value reflected about H, i.e.,

' Si'Hi
S} =-8;+27H, 9)

i

see Fig. 1. These sweeps are microcanonical because they
preserve energy. They are very fast because the operations
are simple and no random numbers are needed. For reasons
that are not fully understood, it also seems that they “stir up”
the spin configuration very efficiently’> and the system
equilibrates faster than if one only uses “heatbath” updates,
described next.

(2) “Heatbath” sweeps.* Since the microcanonical sweeps
conserve energy they do not equilibrate the system.

We therefore also include some heatbath sweeps since
these do change the energy, typically doing one after every
10 microcanonical sweeps. As for the microcanonical case,
we sweep sequentially through the lattice. Referring to Fig.
1, we take the direction of H;, the local field on site i to be
the polar axis, denote the polar angle as 6, and define the
azimuthal angle ¢ such that ¢=0 for the old spin direction.
The new spin direction S/ is characterized by angles 6 and ¢,
relative to H;, as follows. The energy does not depend on the
azimuthal angle, and so ¢=2mr|, where r; is a random num-
ber chosen uniformly between O and 1. The polar angle is
chosen such that, after the move, the spin is in local equilib-
rium with respect to the local field, i.e., if x=cos 6, then

'B Hi e BH x

Px)=———
2 sinh BH;

, (10)

where B=1/T. To determine x with this probability, the
procedure* is to equate the cumulative distribution
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TABLE L. Parameters of the simulations. Ny, is the number of samples, N is the number of microcanonical Monte Carlo sweeps for
equilibration for each of the 2Ny replicas for a single sample, and N, is the number of microcanonical sweeps for measurement. The
number of heatbath sweeps is equal to 10% of the number of microcanonical sweeps. T, and 7', are the lowest and highest temperatures
simulated, and N7 is the number of temperatures used in the parallel tempering.

L Nsamp Nequil Nmeas Tmin Tmax NT
4 500 5x103 10* 0.0400 0.96 40
500 6x10* 1.2X10° 0.0400 0.96 40
8 536 8 x 10* 1.6 X 10° 0.0400 0.96 57
12 204 8 X 10° 1.6 X 10° 0.0400 0.61 88
16 202 8x10° 1.6 10° 0.1015 0.49 73
24 160 3.2%10° 6.4 %10 0.1200 0.49 122
32 56 9.6 X 10° 1.28x10° 0.1210 0.40 120
x o BHix _ ,~PBH,; parallel tempering sweep consists of swapping the tempera-
o) = P(x")dx" = “oBH _ B, (11) tures of the spin configurations at a pair of neighboring tem-
-1 -

to a second random number r, (also with a uniform distribu-
tion between 0 and 1) so

1
x=——1In[1+r(ePi-1)]-1. 12
BH, [1+ry( )] (12)
It is then necessary to convert the new spin direction S; back
to cartesian coordinates. Denoting the polar and azimuthal
angles of H by 6y and ¢ relative to the Cartesian reference

frame, and remembering that 6 and ¢ are relative to H, we
have?

S, =S} cos ¢y — S} sin ¢y, (13)
S; =" sin ¢y + S; cos ¢y, (14)
8! =cos @ cos B — sin Gsin Gy cos ¢, (15)
where
S” = cos @sin Gy + sin 0 cos Gy cos ¢, (16)
S} =sin @sin ¢. (17)

We see that the calculations in the heatbath moves are quite
involved, which is why we do mainly microcanonical moves,
just including some heatbath moves to change the energy and
thereby ensure the algorithm is ergodic. Note, though, that
the acceptance probability for the heatbath moves, and also
for the microcanonical moves, is unity, so no moves are
wasted.

(3) “Parallel tempering” sweeps. At low temperatures spin
glasses are easily trapped in minima (valleys) of the free
energy. In order to ensure that the system visits different
minima with the correct Boltzmann weight during the time
of the simulation we use the method of parallel
tempering.'?2% One takes Ny copies of the system with the
same bonds but at a range of different temperatures. The
minimum temperature, 7,,;,=77, is the low temperature
where one wants to investigate the system (below Tgg in our
case), and the maximum, T, = Ty, is high enough that the
system equilibrates very fast (well above Tgg in our case). A

peratures, 7; and T}, fori=1,2,... ’TNr-l with a probability
that satisfies the detailed balance condition. The Metropolis
probability for this is'”

P(T swap) = {exp( ABAE) (if A,BA.E >0), (18)
1 (otherwise),

where AB=1/T;—1/T;;, and AE=E;—E;,,, in which E; is the
energy of the copy at temperature 7;. In this way, a given set
of spins (i.e., a copy) performs a random walk in temperature
space. Suppose that at some time in the simulation a copy is
trapped in a valley at low 7. Later on it will reach a high
temperature where it randomizes quickly, so that when, still
later, it is again at a low temperature, there is no reason for it
to be in the same valley that it was in before. We do one
sweep of temperature swaps after every 10 microcanonical
sweeps.

Table I gives the parameters of the simulations. It will be
seen that the number of temperatures is very large, and it is
instructive to discuss the reason for this. The difference be-
tween two neighboring temperatures, AT, must be suffi-
ciently small that there is an overlap between the energy
distributions at those temperatures, so there is a reasonable
probability that the same spin configuration occurs for both
temperatures. Otherwise, the probability for accepting the
temperature swap, Eq. (18), will be very small. Relating the
width of the temperature distribution to the specific heat in
the normal way, one finds that

T N
where C is the specific heat per spin. For the Heisenberg spin
glass C tends to a constant at low T because of the Gaussian
(spin-wave) fluctuations about the local equilibrium posi-
tions. Hence, for a given size, we choose temperatures which
decrease in a geometric manner. The required number of
temperatures to cover a fixed range of T increases propor-
tional to VN, and so, for large N, many copies are needed to
cover even a factor of 2 in 7. However, for the Ising spin
glass with Gaussian interactions, the specific heat tends to
zero as T— 0 (presumably linearly in 7). Hence much bigger
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FIG. 2. (Color online) Equilibration plot, testing Eq. (20) for
L=24 at the 7=0.144. It is seen that the data for 27U/z come
together at about 3 X 10° total sweeps (equilibration plus measure-
ment) and then stay at their common value indicating that equili-
bration has been achieved. The lines are guides to the eye. The
figure shows that the energy comes close to its equilibrium value
very quickly, whereas ¢;—¢, takes much longer.

steps in 7T can be taken at low 7 than for the Heisenberg case,
leading to fewer temperatures being needed.

To test for equilibration®* we require that data satisfy the
relation®

2
q91—4s= ZTU’ (20)

which is valid for a Gaussian bond distribution. Here U=
—[Zij/i(S;i-S;) ]y is the average energy per spin, ¢
=(1/Np)Z p[(Si-S)*l,y is  the “link  overlap,” g,
=(1/Np)Z yl{(Si-S)P . Np=(z/2)N is the number of
nearest-neighbor bonds, and z (= 6 here) is the lattice coor-
dination number. Equation (20) is easily derived by integrat-
ing by parts the expression for the average energy with re-
spect to J;;, noting that the average [---],y is over a Gaussian
function of the J;/’s.

The spins are initialized in random directions so the en-
ergy, the right-hand side (RHS) of Eq. (20), is initially close
to zero and decreases, presumably monotonically, to its equi-
librium value as the length of the simulation increases.
Hence the RHS of Eq. (20) will be too large if the simulation
is too short to equilibrate the system. On the other hand, on
the left-hand side (LHS) of Eq. (20), g; will be too small if
the simulation is too short because it starts off close to zero
and then increases with MC time as the two replicas start to
find the same local minima. The quantity g, will be less
dependent on Monte Carlo time than g, since it is a local
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FIG. 3. (Color online) A plot of & /L as a function of the total
number of sweeps for L=24 at T=0.144. The figure shows that the
data flattens off at around 3 X 10° sweeps, the value where the two
sets of data in Fig. 2 start to agree. This indicates that when the data
in Fig. 2 agree within high precision, i.e., when Eq. (20) is satisfied,
the correlation length has reached its equilibrium value. The line is
a guide to the eye.

variable for a single replica. (For the Ising case it is just a
constant.) Hence if the simulation is too short the LHS of Eq.
(20) will be too low. In other words, the two sides of Eq. (20)
approach the common equilibrium value from opposite di-
rections as the length of the simulation increases. Only if Eq.
(20) is satisfied within small error bars do we accept the
results of a simulation.

Figure 2 shows a test to verify that Eq. (20) is satisfied at
long times. For the parameters used, L=24,7=0.144, this
occurs when the total number of sweeps (Ngy,=Nequi
+Nppeas) i about 3 X 10°. Figures 3 and 4 show that the spin
and chiral correlation lengths appear to become independent
of N, and hence are presumably equilibrated, when N, is
larger than this same value. Hence, it appears that when Eq.
(20) is satisfied to high precision, the data for the correlation
lengths is equilibrated.

With the number of sweeps shown in Table I, Eq. (20)
was satisfied for all sizes and temperatures. The error bars
are made sufficiently small by averaging over a large number
of samples. We are simulating system sizes which are very
large by spin-glass standards (up to N=32%), so it is crucial
to have a stringent test like this for equilibration.

Since &;/L is dimensionless, it has the finite size scaling
form126:27

g % v

J= XTI - Tyo)], 1)
where v is the correlation length exponent. Note that there is
no power of L multiplying the scaling function X, as there
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FIG. 4. (Color online) A plot of a‘ /L as a function of the total
number of sweeps for L=24 at T=0.144. As in Fig. 3, this figure
shows that the data flattens off at around 3 X 10° sweeps, the value
where the two sets of data in Fig. 2 start to agree. The line is a guide
to the eye.

would be for a quantity with dimensions. There are analo-
gous expressions for the chiral correlation lengths. From Eq.
(21) it follows that the data for & /L for different sizes come
together at T=Tgg. In addition, they are also expected to
splay out again on the low-T side if there is spin glass order
below Tgg. In a marginal situation, with a line of critical
points as in the KTB transition, the data for different sizes
would come together at T and then stick together at lower
T, see, for example, Fig. 3 of Ref. 1.

III. RESULTS

We studied sizes from L=4 to L=32, as shown in Table 1.
The CPU time involved to get this data is about 15 Mac G5
CPU years.

We start with the data for & /L shown in Fig. 5. As was
found earlier by LY, the smaller sizes show a clear intersec-
tion, and also splay out at lower temperatures which would
indicate spin-glass order. However, the situation for the larg-
est sizes is less clearcut, with the L=32 and 24 data only
coming together at a somewhat lower temperature than the
temperature where the L=< 16 data intersect. Furthermore the
data for the largest sizes at the lowest temperatures does not
depend strongly on size, indicating close to marginal behav-
ior. This is qualitatively in agreement with Campos et al.'”
An enlarged view of the important region is shown in Fig. 6.

Data for the parallel chiral-glass correlation length is
shown in Fig. 7. The main features are the same as found for
the spin-glass correlation length in Fig. 5. The smaller sizes
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0.12

0.16
T

FIG. 5. (Color online) Data for & /L, the spin-glass correlation
length divided by system size, as a function of T for different sys-
tem sizes. Note that there are very many data points for the larger
sizes. This is because a large number of temperatures are needed for
the parallel tempering algorithm, as discussed in Sec. IL.

show clear intersections, but the L=32 data lies lower,
though perhaps not quite to the same extent as in Fig. 5. As
for the spin-glass correlation length, the two larger sizes L
=32 and 24 only come together at a lower temperature than
the temperature (range) where the smaller sizes intersect, and
do not splay out at still lower temperatures, at least in the
range of T studied and within the error bars. An enlarged

x ‘ x 1 ]
0.6 ¢ 32 ]

a

T
3
[4N]
o~
|

O » ¥
= O 0
|

&/L

B | |

0.12 0.14 0.16
T

FIG. 6. (Color online) Enlarged view of a region of Fig. 5.
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0.16
T

FIG. 7. (Color online) Data for éc‘ /L, the “parallel” chiral-glass
correlation length divided by system size, as a function of T for
different system sizes.

view is shown in Fig. 8. In our view, the data in Figs. 5 and
7 are not very different; in particular, in both figures, the data
for the largest two sizes merge at about the same temperature
and stick together at lower temperatures. If we look at the
largest three sizes there is a somewhat greater tendency for
the chiral data to splay out at low 7. Clearly larger sizes are
needed to be sure of the trend in the thermodynamic limit.

With this data it is difficult to come to a firm conclusion
about the nature of the transition. Clearly the smaller sizes
have large corrections to scaling behavior, and so, at best,
only the two largest sizes are in the asymptotic scaling re-
gion. The data is consistent with a line of critical points
analogous to that in the KTB transition, as proposed by Cam-
pos et al., in which the data for large sizes would merge at a
single temperature and remain independent of size at lower
temperatures. This is a scenario in which the lower critical
dimension d; is equal to 3. Another scenario consistent with
our data, in which d, is also equal to 3, is that Tsg=Tcg=0
but with an exponential divergence of the correlation lengths
at 7=0. In that case, it is likely that the data for large sizes
would join a common curve, but the temperature at which
the common curve is joined would decrease as the system
size increased. This scenario is found in the two-dimensional
Heisenberg ferromagnet, whereas the critical line of the KTB
theory is found in the two-dimensional XY ferromagnet. Our
data is also consistent with the possibility that, for the large
sizes, the curves weakly intersect, implying a finite 75 and a
lower critical dimension slightly /ess than 3.

Unfortunately, because of the crossover effects in the
data, it does not appear possible to give a meaningful esti-
mate of the critical exponents, v and 7.
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0.12

FIG. 8. (Color online) Enlarged view of a region of Fig. 7.

IV. CONCLUSIONS

In agreement with Campos et al.'> and Hukushima and
Kawamura,” we find a crossover in behavior for system sizes
larger than about 16. Results from the larger sizes indicate a
more marginal behavior than those from the smaller sizes.
Unlike Kawamura and collaborators,”!3 we do not find that
this effect is very different for the spins and chiralities. Com-
pare, for example, Figs. 5 and 7. However, larger sizes would
be needed to confirm that the asymptotic behaviors of the
spin- and chiral-glass correlation lengths are indeed similar.
Our data extends up to L=32, somewhat larger than the sizes
(L =<20) studied by Hukushima and Kawamura. Our range of
sizes is the same as that of Campos et al., but we are able to
go down to lower temperature, in particular below the puta-
tive spin-glass transition temperature. Whereas Campos et al.
argue in favor of a critical line below Tyg, in our view, other
possibilities cannot be ruled out, such as a transition at a
lower value of Tgg or even an exponential divergence of the
correlation length at 7=0.

To distinguish between these scenarios would require a
study of still larger sizes. It will be difficult to go to very
much larger sizes without a better algorithm, since the
present study used a quite substantial amount of computer
time. An unfortunate feature of the present algorithm is that
parallel tempering for vector spin models requires a large
number of temperatures. The large number arises from the
temperature independent specific heat at low temperatures,
which, in turn, comes from a rather trivial feature: Gaussian
spin-wave fluctuations. However, it is difficult to see how to
eliminate their effect, and thereby reduce the number of
temperatures.

It is interesting to note that we (and also Campos et al.'”)
have been able to study larger sizes for the Heisenberg spin
glass (L=32) than has ever been done for the Ising spin
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glass. For example, Katzgraber et al.?® studied the Ising spin

glass using considerable CPU time, but were still not able to
equilibrate sizes larger than L=16 near Tgg for the case of
Gaussian interactions. With +J interactions, where “multi-
spin coding” speeds the code up further, they could go up to
L=24.

That one can equilibrate larger sizes in the Heisenberg
case is surprising bearing in mind that (i) the Heisenberg
algorithm is more complicated and so one sweep takes more
CPU time than for the Ising case, and (ii) the transition tem-
perature is significantly lower for the Heisenberg case. Not-
ing that the mean-field transition temperature is T3¢ = vz/m,
where z is the number of neighbors and m the number of spin
components, if we take T5g=0.145 for the Heisenberg case,
the ratio Tgg/ Tlg/g: is about 0.18. For the Ising case, one finds,
e.g., Ref. 28, T53=0.95 so Tss/ Ty =0.39 which is more
than 2 times the corresponding ratio for the Heisenberg spin
glass.

PHYSICAL REVIEW B 76, 024405 (2007)

The fact that, despite all this, one can study larger sizes in
Heisenberg spin glasses than in Ising spin glasses indicates
that barriers are smaller in the Heisenberg case. Another way
of putting this is that the extra degrees of freedom in the
Heisenberg model allow the system to find a way around
barriers, which would have to be gone over for the Ising spin
glass.

Overall, our results indicate that spins and chiralities
behave in a quite similar manner, and that the lower
critical dimension of the Heisenberg spin glass is close to,
and possibly equal to, 3.
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