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Temperature dependence of the momentum distribution of positronium �Ps� in CaF2 single crystal has been
investigated in a temperature range from 10 to 297 K. Temperature activated transition of Ps from the stable
self-trapped state to the metastable delocalized state has been observed. The self-trapping barrier height and the
under-barrier tunnel self-trapping rate have been determined to be 0.17 eV and 2.9�1010 s−1, respectively, and
an important role of the under-barrier tunneling has been demonstrated. The bottom of the delocalized Ps band
is 6.6 meV higher in energy than the ground self-trapped state. The observed effective mass of the delocalized
Ps is considerably larger than the free Ps mass in vacuum.
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I. INTRODUCTION

Positronium �Ps�, the bound state of a positron and an
electron, forms in various dielectric crystals.1 The Ps atom is
sometimes regarded as an “isotope” of the exciton. Ps in
solids couples to the phonon field, just as excitons do, result-
ing in a lattice distortion around itself.2 Because it is neutral,
Ps only interacts intensively with short-range acoustic and
optic deformation potentials, not responding to long-range
phonon-induced electric fields.3,4

Depending on the coupling strength to the short-range
acoustic lattice vibrations and temperature, Ps has been ob-
served to occupy two types of intrinsic states in dielectric
crystals with low defect concentration. They are the Bloch-
like �“free,” delocalized� states and the self-trapped �local-
ized on interstitial sites� states. For example, Ps in crystalline
quartz ��-SiO2�,5,6 ice,7 and MgF2 �Ref. 8� was observed to
be delocalized in the broad temperature range from a few
tens K up to a few hundreds K, whereas in typical alkali
halide crystals, such as NaF, NaCl, NaI, KCl, KBr, and KI,
the Ps was delocalized at temperatures below a few tens K,
tending to be self-trapped with increasing temperature.1

Quite an opposite tendency was observed for Ps in SrF2
�Refs. 9 and 10�, where the Ps was in the self-trapped states
below 100 K, tending to be delocalized with increasing tem-
perature.

The situation can be qualitatively understood in terms of
the simplified configuration coordinate model for the
self-trapping11,12 shown in Fig. 1.10–12 The short-range inter-
action between the Ps and the lattice distortion causes the
adiabatic potential energy U�Q� �Q being the continuous
configuration coordinate representing the local lattice distor-
tion around Ps� of the coupled Ps-lattice system to split off
the continuum of the delocalized Ps states �thin lines in Fig.
1�. When the Ps-phonon interaction is weak enough, the
stable state of the Ps is the delocalized state with little lattice
distortion. When the interaction is strong enough, the lowest
Ps state can form a local minimum at Q=Qst. This minimum
represents the self-trapped state. The delocalized state and
the self-trapped state are separated by the potential barrier of
height Ub. The level of the self-trapped state �=B−ELR is

determined by the competition between the energy gained by
the delocalization �given by the half-bandwidth B� and that
gained by the lattice relaxation ELR and can be higher or
lower than the lowest delocalized state in the undeformed
�Q=0� lattice, depending on whether the coupling constant

g =
ELR

B
�1�

is larger or smaller than unit. For example, the ground states
of the excitons in alkali halides are known to be self-trapped
with negative �.12 This is expected from the large excitonic
band masses ��10m, m is the free electron mass� because a
large band mass is associated with a small half-bandwidth B.
For Ps, on the contrary, the sign of � should depend on the
type of the material because the Ps band mass ��2.5m �Refs.
13 and 14�� is significantly smaller than that of the exciton in
the same material.

The Ps in some alkali halides is one of the typical cases
where the delocalized state is stable and the self-trapped state
is metastable.1 This has been revealed by the angular corre-
lation of the annihilation radiation �ACAR�. The ACAR
measures the translational momentum distribution of the
para-Ps �p-Ps� through the self-annihilation of the p-Ps. The
ortho-Ps �o-Ps� does not give rise to the Ps peaks in the
ACAR spectrum because it does not self-annihilate into two
� rays but dominately pick-off annihilates with an electron of
the host material. Otherwise it behaves in a similar manner
as the p-Ps does. At low temperatures �typically less than a
few tens K�, Ps populates mainly the delocalized states. In
this case, very sharp peaks appear in the ACAR spectrum at
zero momentum �main peak� and at the momenta corre-
sponding to the reciprocal lattice vectors of the specimen
crystal �satellite peaks�, which reflect the Bloch nature of the
translational wave function of Ps. As the temperature rises,
Ps tends to be self-trapped. This results in a remarkable
broadening of the main peak and diminishing satellite peaks
in the ACAR spectrum, indicating the temperature activated
transition of the delocalized Ps to the self-trapped states.

Recently, Inoue, Suzuki, and Hyodo9 have revealed the
temperature activated transition from the self-trapped to the
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delocalized state in the SrF2 single crystal. This is the case
illustrated in Fig. 1 where the self-trapped state of Ps is
stable and the delocalized state is metastable. Later on,
Bondarev et al.10 have demonstrated an important role of the
temperature activated tunnel �underbarrier� detrapping
mechanism for the self-trapped Ps in SrF2. The bottom of the
delocalized Ps band �the metastable lowest delocalized state�
in SrF2 was shown to be just a hundredth fraction of meV
higher in energy than the stable self-trapped state. Therefore,
the self-trapped Ps tends to occupy the continuum of the
delocalized states with increasing temperature by tunneling
through and hopping over the self-trapping barrier at low and
high temperatures, respectively.

CaF2, which is an alkaline earth fluoride like SrF2, is
commonly used as a window material for both infrared and
ultraviolet wavelengths, since it is transparent in these re-
gions and exhibits extremely weak birefringence. It is par-
ticularly important as an ultraviolet optical material for inte-
grated circuit lithography. Coussot15 measured the ACAR
spectrum for CaF2 single crystal at room temperature and
found the satellite peaks appearing at the momenta corre-
sponding to the reciprocal lattice vectors. Kasai16 measured
the ACAR spectrum for CaF2 at 10 K; no sharp delocalized
Ps peak was observed. Temperature dependence of the mo-
mentum distribution of Ps in CaF2, however, has not been
investigated yet. In the present work we apply the ACAR
technique to investigate the momentum distribution of Ps in
CaF2 in the temperature range from 10 K up to 297 K. Our
measurements show that the ground state of the Ps in CaF2 is
the self-trapped state whereas the �barrier-separated� delocal-
ized states form the continuum of the delocalized states. We
observe the transition of the self-trapped Ps to the delocal-
ized states with increasing temperature.

II. EXPERIMENTAL PROCEDURE

High resolution one-dimensional �1D� ACAR measure-
ments have been performed on CaF2. The sample CaF2

single crystal used was supplied by OKEN Co. Ltd.
The 1D projection of the electron-positron momentum

distribution onto the �100� direction of the crystal was mea-
sured in the temperature range from 10 K to room tempera-
ture under a magnetic field of +1.1 T. The positive �negative�
sign indicates the direction of the field parallel �antiparallel�
to the positron incident direction. The momentum resolution
was 0.45�10−3mc �c is the speed of light, mc=137 atomic
unit of momentum� full-width at half-maximum �FWHM�.
The specimen temperature was controlled to within ±0.5 K
at values below room temperature. Measurements were also
performed at room temperature, 297±1 K. In order to con-
firm that Ps is definitely formed, momentum distribution was
also measured in a magnetic field of −1.1 T at several
temperatures.17 Confirmation of the Ps formation by this
method is based on the fact that the positrons emitted from a
�+ decay source are spin-polarized along their momenta. The
2� self-annihilation of the Ps is more enhanced when the
magnetic field is parallel to the positron spin than
antiparallel.17

III. EXPERIMENTAL RESULTS

The momentum distributions obtained at various tempera-
tures by the 1D-ACAR measurements are shown in Fig. 2,
where the 2� coincidence counting rate is plotted against
momentum pz. The data is found to be temperature depen-
dent; a cusplike structure, which is not observed at 10 K, is
seen at the center of the momentum distributions at tempera-
tures above 90 K.

Figure 3 shows the result of the subtraction of the mo-
mentum distributions in the magnetic field −1.1 T from those
taken in +1.1 T. The detailed method of the subtraction is
described elsewhere.17 The remaining component gives the
momentum distribution of Ps, clearly evidencing the exis-

QQ QQ s ts t
QQ QQ

E
L R

U
b

0 QQ QQ bb bb

FIG. 1. �Color online� Schematic of the adiabatic potential en-
ergy U of the coupled Ps-lattice system as a function of the con-
figurational coordinate Q representing the local lattice distortion
around the Ps �Ref. 10�.
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FIG. 2. �Color online� Momentum distributions of the annihila-
tion photons along the �100� axis of CaF2 in the temperature range
10–297 K. The broken lines indicate the common broad component
representing the monomentum distribution of the electrons in CaF2.
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tence of Ps in CaF2. The Ps momentum distributions above
90 K shown in Fig. 3 appears to be composed of two com-
ponents, a very narrow component at around zero momen-
tum and a wider component, while the Ps momentum distri-
bution at 10 K seems to be composed of only one
component. The narrow component above 90 K gives rise to
the cusp noticeable in the raw 1D-ACAR data shown in Fig.
2. The Ps momentum distribution at 10 K is approximated by
a single Gaussian function of FWHM 5.9�10−3mc.

In order to investigate the temperature dependence of the
Ps components more precisely, we subtracted from every
curve a common broad component which resulted from the
annihilation of the positrons with electrons of the CaF2 with-
out forming Ps and the pick-off annihilation of Ps. The shape
of the momentum distribution, F�pz�, was reproduced by

F�pz� = F1�pz� + F2�pz� + F3�pz� , �2�

where

F1�pz� = a exp�− �pz
2� ,

F2�pz� = b exp�− �pz
2� ,

F3�pz� = d�exp�− ��pz − h�2� + exp�− ��pz + h�2�	 .

The parameters a, b, d, h, �, and � are determined by fitting
the function �2� simultaneously to the three 1D-ACAR data
results at 120, 210, and 297 K. The function F1�pz� repre-

sents the narrower Ps component, F2�pz� represents the
broader Ps component, and F3�pz� represents the shape of the
common broad component. A rather unusual function F3�pz�
with temperature independent parameters � and h was intro-
duced after we have found that a sum of two Gaussians com-
monly centered at zero momentum did not give a good fit.
The parameters � and h have no physical meaning, but are
introduced just to reproduce the broad component. A con-
straint of the fitting was that the parameter � was fixed to
give a width of 5.9�10−3mc, as determined in the magnetic
quenching experiments. This component is due to the self-
annihilation of the Ps in a localized state. The fitted values
for ��=4 ln 2/W2 ,W=9.5�10−3mc� and h�=2.8�10−3mc�
give reasonable shape for the broad component as shown by
the broken lines in Fig. 2, i.e., the shape is not bimodal as
would be if the values for h were not small. The parameter �
was dependent on the temperature. The Ps component
F1�pz�+F2�pz�, which was isolated by subtracting the ob-
tained common broad component F3�pz� from each of the
momentum distributions is shown in Fig. 4 together with the
fitted F2�pz�.

IV. DISCUSSION

Figure 5 shows the component F1�pz� obtained by sub-
tracting the fitted function, F2�pz�+F3�pz�, from the ACAR
spectrum at 297 K. The main peak at the zero momentum
and the satellite peaks at around ±4.5�10−3mc and around
±8.5�10−3mc are seen. The positions of the satellite peaks
correspond to the projections of the reciprocal lattice vectors
G1kl and G2kl �k , l are indices in the reciprocal lattice vector�
onto the �100� direction of the CaF2 single crystal; G in the
figure indicates the momentum corresponding to the nearest
reciprocal lattice vector �G100�=4.44�10−3mc�. These Ps
peaks are due to the self-annihilation of the delocalized Ps.
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FIG. 3. Positronium momentum distribution in CaF2 obtained
using the effect of the positron spin-polarization on Ps formation.
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FIG. 4. �Color online� Temperature dependence of the Ps mo-
mentum distribution in CaF2 obtained by subtracting the common
broad component from the momentum distribution in Fig. 2. The
solid lines indicate the component of Ps in the localized state.
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The relative intensities of the satellite peaks to the main peak
are 0.13±0.02 for ±G and 0.06±0.02 for ±2G.

Figure 6 shows the temperature dependence of W1
2, the

square of the FWHM of the central narrow Ps component
F1�pz�. The function W1

2�T� increases with temperature and
becomes flat at around 200 K.

The temperature dependence of the Ps components shown
in Fig. 4 indicates that the temperature activated transition of
the Ps from the localized to the delocalized states takes place
in CaF2 in a similar manner as it does in SrF2.9,10 The frac-
tional intensity of the delocalized Ps component S1 / �S1

+S2� is plotted against temperature in Fig. 7, where S1 and S2

are the intensities of the delocalized and the localized Ps
components, respectively. The fractional intensity of the de-
localized Ps component increases with temperature and be-
comes flat at around 200 K.

Both the FWHM and the fractional intensity of the delo-
calized Ps component become flat at temperatures above
�200 K. To understand these behaviors, we use the theoret-
ical momentum distribution in terms of the many-particle
Green’s function formalism18

N�p� � 

0

	

d
e−
/kBT ��p,
�
�
 − p2/2M* − ��p,
��2 + �2�p,
�

,

�3�

where the exponential factor stands for the Boltzmann statis-
tics, and the Ps chemical potential is taken to be zero because
there is at most only one Ps at a time under usual experimen-
tal conditions. The nonexponential factor stands for the so-
called spectral density function of the thermalized Ps inter-
acting with the field of longitudinal acoustic phonons at finite
temperatures; ��p ,
� and ��p ,
� are the imaginary and real
self-energies of Ps with the quasimomentum p and the band
mass M*. In the weak Ps-phonon coupling regime �delocal-
ized Ps—see Ref. 13�, one can utilize the second-order-
interaction finite temperature renormalization technique and,
following Ref. 19, approximate the momentum distribution
in Eq. �3� by the Gaussian function of the form

N�p� � exp�−
p2

2M**�T�kBT
 , �4�

with the effective mass M** given by

M**�T� = M* 1 − a1T

�1 + a2T��1 − bT�
, �5�

where a1 and a2 are the �temperature independent� mass
renormalization constants originating from the real Ps self-
energy ��p ,
�, and b is the temperature independent param-
eter coming from the imaginary Ps self-energy ��p ,
�. The
constants a1,2 and b are all positive, small in their values, and
determined by the matrix element of the Ps interaction with
the longitudinal acoustic vibrations along with the lattice pa-
rameters such as the Debye temperature, the lattice constant,
the elementary cell mass, the sound velocity, etc.13,19 The
effective mass in Eq. �5� is the so-called “visible” Ps mass.19

This mass is different from that in the commonly used qua-
siparticle polaron model where the polaron mass and the
damping of the quasiparticle polaron state are contributed
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FIG. 5. Momentum distribution of delocalized Ps at 297 K in
CaF2. The G represents the momentum corresponding to the pro-
jection of the nearest reciprocal lattice vector of CaF2 crystal.
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the width �FWHM� of the delocalized Ps component in CaF2. The
width has been corrected for the broadening due to the optical reso-
lution of the apparatus. The solid line represents the least-squares
fitted curve assuming that the effective mass depends linearly on
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FIG. 7. �Color online� Temperature dependence of the delocal-
ized Ps fraction in CaF2: full circles show the experimental data;
solid line is the list-squares fitted theoretical curve given by Eqs.
�7�–�10� with �=6.6 meV, Ub=0.17 eV, �=2.9�1010 s−1, and x
=0.3; the dashed line and the dotted line show the contributions
from the tunnel detrapping and classical activation detrapping,
respectively.
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independently by ��p ,
� and ��p ,
�, respectively.18

The FWHM of the delocalized Ps momentum distribution
is estimated from Eq. �4� to be

W1 = �8�ln 2�M**�T�kBT�1/2. �6�

The function W1
2 /kBT may be temperature independent, so

that W1
2 increases linearly with temperature, when the contri-

butions of the real and imaginary self-energies in Eq. �5�
approximately compensate each other. Such a situation was
observed in many alkali halide crystals.1 On the other hand,
when either the imaginary self-energy or the real self-energy
contribution dominates Eq. �5� over a specific temperature
range, the function W1

2 /kBT may, respectively, be increasing
or decreasing with temperature in this temperature range,
yielding a nonlinear temperature dependence of W1

2. The
former situation is very well known for the delocalized Ps in
crystalline SiO2 �Ref. 19� and in MgF2,3 whereas the latter
one seems to be the case for Ps in CaF2 as one can see in Fig.
6 above �150 K.

We have estimated the temperature dependence of the de-
localized Ps effective mass from Eq. �6� using the experi-
mental values of W1�T� �shown in Fig. 6� and M**�T� given
by Eq. �5� under the assumption that ba1,21. The result
is shown in Fig. 8 with the solid straight line representing the
linear dependence M**�T�=15.9�1−2.12�10−3T��2m. We
further used this M**�T� to fit the data for the fractional
intensity of the delocalized Ps component shown in Fig. 7 in
terms of the model that takes into account the self-trapping
potential barrier and the under-barrier tunneling effect be-
tween the delocalized and the self-trapped Ps states �see Fig.
1�. The model was proposed by Bondarev and Hyodo20 to
explain the low-temperature behavior of the self-trapped Ps
fraction of the delocalized Ps atoms in alkali halides, and
was recently adapted to explain the temperature dependence
of the delocalized Ps fraction of the self-trapped Ps in SrF2.10

The delocalized Ps fraction is given within this model by

fF =
� f

SA� f

�t
SA�� f + �t� + � f

SA� f

, �7�

where � f
SA, �t

SA, �t, and � f are the self-annihilation rate of Ps
in the free delocalized state, that in the self-trapped state, the

trapping rate from the delocalized state to the self-trapped
state, and the detrapping rate from the self-trapped state to
the delocalized state, respectively. � f�=� f

SA+� f
PO� is the an-

nihilation rate of Ps in the delocalized state with the pick-off
annihilation process �� f

PO� taken into account. The self-
trapping rate is contributed by the �classical� activation type
over-barrier self-trapping mechanism and by the tunnel
under-barrier self-trapping mechanism, yielding �t in the
form

�t = � exp�−
Ub

kBT
� + � , �8�

where �=
 /2� is the typical phonon frequency associated
with the local lattice deformation, Ub is the height of the
self-trapping barrier seen by the delocalized Ps �see Fig. 1�
and � is the rate of the under-barrier tunnel escape �tunnel
self-trapping rate� of the delocalized Ps into the ground self-
trapped state. The detrapping rate � f can then be estimated
from the statistical detailed balance equation

� fgt = �tgf�T�exp�−
�

kBT
� , �9�

yielding

� f =
gf�T�

gt
�� exp�−

Ub + �

kBT
� + � exp�−

�

kBT
� , �10�

with �=ELR−B�0 being the energy difference between the
delocalized and the self-trapped Ps states �see Fig. 1�,
gf�T�=�p exp�−p2 /2M**�T�kBT�=V�M**�T�kBT /2��2�3/2

representing the effective number �the statistical weight� of
the delocalized Ps states occupied at temperature T, and gt
=x�V /v0� standing for the number of possible localization
sites for the Ps in the crystal of volume V, where v0=a3 is
the elementary cell volume with a=5.46 Å �Ref. 21� and x is
the number of possible trapping sites in an elementary cell.
The two items in the brackets represent the contributions of
the classical activation type detrapping mechanism and that
of the tunnel detrapping mechanism, respectively.

We simplified Eq. �7� by assuming that � f =8�109 s−1

�same as the free para-Ps annihilation rate in vacuum�, � f
SA

=�t
SA, and �=
D /2� where the Debye frequency 
D

=kBTD /� with TD=508 K.22 The delocalized Ps fraction fF
was then fitted to the data with �, Ub, �, and x being adjust-
able parameters. The least-squares-fitting gives

� = 6.6 ± 0.5 meV,

Ub = 0.17 ± 0.01 eV,

� = �2.9 ± 0.1� � 1010 s−1,

and x=0.30±0.01. The corresponding fitting curve is shown
by the solid line in Fig. 7. The dashed curve and the dotted
curve show the contribution of the under-barrier tunnel de-
trapping and that of the over-barrier classical detrapping, re-
spectively. The tunnel detrapping mechanism is seen to be
very important in the temperature range from several tens K
up to 250 K, whereas the classical detrapping mechanism
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dominates at higher temperatures above 250 K. The tunnel
detrapping parameters obtained, Ub and �, are very close to
those in SrF2.10

The energy difference, �, between the lowest delocalized
state and the self-trapped state of Ps in CaF2 is more than
two orders of magnitude larger than that for Ps in SrF2,10

indicating, according to Fig. 1, that ELR is larger and B is
smaller in CaF2 than those in SrF2, thereby yielding the
stronger Ps-phonon coupling in CaF2 compared to that in
SrF2, according to Eq. �1�. The fact that the delocalized Ps
half-bandwidth B in CaF2 is smaller than that in SrF2 is
consistent with the experimental observations of the larger
“visible” effective mass of the delocalized Ps in CaF2 than
that in SrF2 ��20m in CaF2, see Fig. 8, against �12m in
SrF2 �Ref. 9��. The fact that the lattice relaxation energy ELR
is larger in CaF2 than that in SrF2 is supported by the obvi-
ous argument that ELR is inversely proportional to the el-
ementary cell mass of the crystal lattice11 which is smaller in
CaF2 than in SrF2.

The localized Ps state in CaF2 is the intrinsic self-trapped
state, judging from the fitted number of the self-trapped
states gt=x�V /v0��0.3�V /v0� which is of the order of the
lattice cells in the crystal. Extrinsic self-trapping is associ-
ated with defects;12 it would yield much smaller number of
self-trapping sites than that we obtained.

We neglected the temperature dependence of the tunnel
self-trapping rate � in the considerations above. This is
partly justified by the large Debye temperature of 508 K of
crystalline CaF2. According to the instanton approach to the
theory of nonradiative transitions �see Ref. 23�, the tunnel

self-trapping rate by the acoustic mode of lattice vibrations at
T�TD is of the form ��T���0�1−T /TD�−3/2exp�C�T /TD�4�
with C being a constant depending on elastic properties of
the crystal. Thus, for T�100 K the tunnel self-trapping rate
in CaF2 can be roughly regarded to be temperature-
independent to simplify the analysis of experimental data.

V. SUMMARY

We have investigated the temperature dependence of the
momentum distribution of the positronium in CaF2 single
crystal in the temperature range from 10 to 297 K. The tem-
perature activated transition of Ps from the stable self-
trapped state to the metastable delocalized state, which was
earlier observed in SrF2,9,10 has been now observed in CaF2.
The parameters of the Ps self-trapping process, such as the
self-trapping barrier height and the under-barrier tunnel self-
trapping rate, have been determined to be 0.17 eV and 2.9
�1010 s−1, respectively, and an important role of the under-
barrier tunneling has been demonstrated. The bottom of the
delocalized Ps band is about seven meV higher in energy
than the ground state of the self-trapped Ps. The observed
effective mass of delocalized Ps is considerably larger than
the free Ps mass in vacuum and linearly decreases with tem-
perature. We interpret this effect in terms of the Ps interac-
tion with long wavelength longitudinal acoustic lattice vibra-
tions.
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