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The excitonic and vibronic spectra of a molecular chain have been studied on using a complete vibronic
approach �without separation in Hilbert subspaces� which has been developed in this paper. The methods of
canonical transformations and Green’s functions are applied to find out analytical expressions as continued
fractions for the linear optical susceptibility near the frequencies of the Frenkel exciton and its first and/or
subsequent three vibronic replicas. The approximation of the dynamical theory, i.e., the case of a narrow
exciton band compared with the energy of the vibrational quantum, is modified to treat vibronic spectra with
totally symmetric phonons by considering both the linear and quadratic exciton-phonon coupling. The exci-
tonic and vibrational parameters for anthracene, naphthalene, and benzene crystals as well as for three other
models of molecular chains have been used in calculating the linear absorption spectra of the one-dimensional
models of those crystals. The main results concern the shape of the absorption maxima and the manifestations
of joint and unbound exciton-phonon configurations in the one-, two-, and three-phonon vibronic spectra
depending on the dominant impact of the linear or �and� quadratic exciton-phonon coupling. The picture of the
calculated spectra has been compared with the data of previous theoretical studies. It agrees with the available
experimental data on the linear absorption in the three aromatic crystals.
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I. INTRODUCTION

The spectra of the electronic excitations of molecular
systems studied over several decades manifest both pure
excitations �excitons� as well as their vibronic replicas.1–3

The molecular linear absorption spectra contain the well-
known vibronic progression which corresponds to electronic
excitations of the molecule, electronic excitation plus one-,
two-, three-, etc., quanta of intramolecular vibrations.4–7 The
excitonic and vibronic spectra of the molecular crystals are
more complicated because of Davydov’s splitting1 and the
various configurations of the exciton and vibrational quanta,
notably joint configurations in which the electronic excita-
tion and the intramolecular phonons propagate through the
crystal as a whole1 and configurations of many-particle �MP�
states associated with separate unbound propagation of
quasiparticles.2,3,8,10 The structure of vibronic spectra and
their manifestation in the linear and nonlinear optical
phenomena3,8,9,11,12 of molecular crystals are governed by the
exciton-phonon coupling. However, the treatment of a mul-
tiparticle problem such as the vibronic spectra of molecular
crystals and helical polymers9,13 needs some approximations
such as the approximation of joint configurations,1 the ap-
proximation of the dynamical theory of vibronics, and the
separation of the vibronic region on Hilbert subspaces of
pure excitons, one-phonon, two-phonon, three-phonon, and
so on vibronics,3,8 as well as calculations of the vibronic
coupling9 and those of the phonon clouds’ distribution14 and
other approaches.

In this paper, we avoid the vibronics’ separation into com-
plexes of fixed number of vibrational quanta. Such a separa-
tion neglects the mutual influence of different complexes.
Our approach might be called a vibronic approach and it
connects the excitonic and vibronic spectra, but preserves
and modifies the assumptions of the dynamical theory of
vibronic spectra.3,8 Our complex treatment of the vibronic

spectra follows also the ideas of the well-known paper by
Philpott;9 however, we use a different formalism and con-
sider multiphonon vibronics.

In our paper, we consider a linear problem for connected
excitonic �Frenkel exciton� and vibronic spectra in a one-
dimensional molecular stack. The most essential approxima-
tion is the assumption for relatively weak intermolecular
transfer of the Frenkel exciton �the corresponding transfer
integral is supposed to be several times smaller compared
with the energy of the vibrational quantum�. This assumption
only is sufficient for calculating the vibronic spectra near the
frequencies of a pure Frenkel exciton and its vibronic repli-
cas on using the methods of the canonical transformations
and Green’s functions �at T=0�. As usual, we study the linear
exciton-phonon coupling as the main coupling mechanism
but the quadratic exciton-phonon coupling is taken into ac-
count, too, through the changes of the vibrational frequency
in the excited molecule.2,3,8,10

The organization of the paper is as follows: Sec. II is
devoted to the canonical transformation of the vibronic
Hamiltonian and the operator of the transition dipole mo-
ment. Sections III and IV contain the core of our vibronic
approach, notably the calculation of the Green’s functions
which enter the expressions for the linear optical susceptibil-
ity and the linear absorption spectra near the frequencies of
Frenkel exciton and its first three vibronic replicas �Sec. IV�.
In Sec. V, we use those expressions and the excitonic and
phonon’s parameters of the most studied aromatic crystals—
anthracene, naphthalene, and benzene2,3—to model their lin-
ear absorption spectra. In Sec. VI we apply the same expres-
sions in calculating the vibronic spectra of three hypothetical
one-dimensional models studied in Ref. 9. Section VII sum-
marizes the results obtained. In the Appendix, we introduce
the main formulas of Ref. 10 used in an alternative calcula-
tion of the absorption spectra.
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II. VIBRONIC HAMILTONIAN

We consider the excitations in a linear chain of regularly
arranged molecules n=1,2 , . . . ,N. It corresponds to those
stacks in which the molecules are situated at a distance b,
closer than their neighbors in the perpendicular plane.15 We
treat the case of one excited electronic state of the molecule
which forms in the stack a Frenkel exciton �FE� of excitation
energy EF and transfer integral L between the neighbor mol-
ecules, as well as the case with one intramolecular vibration
of frequency �0 in a nonexcited molecule. Our initial Hamil-
tonian can be represented as follows:

Ĥ = �
n

EFBn
+Bn + �

n,n�

L��n�,n+1 + �n�,n−1�Bn
+Bn� + �

n

��0an
+an

+ Ĥex-phon. �1�

Here, Bn �Bn
+� is the annihilation �creation� operator of Fren-

kel exciton on molecule n, and an �an
+� is the annihilation

�creation� operator of one vibrational quantum on the same
molecule n.

The operator Ĥex-phon of exciton-phonon coupling can be
represented by using the dimensionless phonon normal coor-
dinate

Xn = an + an
+. �2�

The linear and quadratic exciton-phonon coupling is ex-
pressed in the following way:15

Ĥex-phon = �
n

��0Bn
+Bn�dXn + eXn

2� . �3�

The dimensionless parameter d describes the displacement of
the nuclei’s equilibrium positions in a molecule with FE,
while the parameter e describes the changes of the parabolic
potential of vibrating nuclei in the excited molecule.

The operator �3� can be eliminated by using the canonical
transformation8,10

Ĥ1 = exp�Q�Ĥ exp�− Q� , �4�

where

Q = �
n

�Bn
+Bn�an

2 − �an
+�2 + ��an − an

+�� , �5�

in which

exp�− 4�� = �1 + 4e, � = −
2d

�1 + 4e��exp�2�� − 1�
. �6�

We introduce the vibronic operators

Vn = exp�Q�Bn exp�− Q� �7�

and find the following vibronic Hamiltonian:

Ĥ1 = �
n
�EF −

d2

1 + 4e
��0 +

1

2
����Vn

+Vn + �
n

��0an
+an

+ �
n,n�

L��n�,n+1 + �n�,n−1�Vn�
+ Vn + �

n

���Vn
+Vnan

+an,

�8�

where

�� = �0��1 + 4e − 1� . �9�

In this way, the magnitudes of the parameter e of the
quadratic coupling are correlated with the relative frequency
shift �� /�0 of the vibration in the excited molecule. In aro-
matic solids, that relative shift �more frequently �� /�0�0�
exceeds 10% very rarely2,3 and thus

��/�0 	 2e, 
e
 � 1. �10�

The Hamiltonian Ĥ1 is basic for our studies. Using Eq. �6�
and inequality �10�, we reduce the quantity Q to an expres-
sion which contains only linear terms in the operators an, an

+,
i.e.,

Q 	 �
n

Bn
+Bn	�an

+ − an� �11�

since �	−e /2 and for aromatic solids ��0.02. The quantity

	 = − �� 	 d/�1 + 4e� �12�

can be interpreted as a renormalized constant of the linear
exciton-phonon coupling. Accordingly, in expression �8� we
substitute d2 / �1+4e�		2.

For calculating the linear optical susceptibility, we need
the operator of transition dipole moment which in the case of
a dipole active FE can be expressed as

P̂1 = �
n

PF�Bn
+ + Bn� �13�

and it is transformed to the operator

P̂ = �
n

PF�Vn
+ + Vn� . �14�

Then, the linear optical susceptibility 
ij can be presented1,16

through the operator �14�


ij = lim
�→0

�−
1

2�V
��ij�� + i�� + �ij�− � + i���� , �15�

with

�ij = − i��t�0
Pi�t�Pj�0� + Pj�t�Pi�0�
0� , �16�

where V is the crystal’s volume. The Green’s function �16�
has been calculated as average over the ground state 
0� tak-
ing into account the large values of the FE’s energy and that
of the vibrational quantum, EF ,��0kT.
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III. CALCULATION OF THE VIBRONIC GREEN’S
FUNCTIONS

For calculating the linear optical susceptibility �15�, we
need the Fourier component in the frequency and momentum
space of the following Green’s function:

Gn�t� = − i��t�0
Vn�t��
n1

Vn1

+ �0�
0� , �17�

which can be calculated using the standard procedure of dif-
ferentiation of Eq. �17� with respect to time and bearing in
mind the Hamiltonian �8�. It is not difficult to find out the
following commutation rules for operators Vn, Vn

+, an, an
+ �see

Ref. 17�:

VnVn1

+ − Vn1

+ Vn = �nn1
, �18a�

Vnan1
− an1

Vn = 	�nn1
Vn, �18b�

Vnan1

+ − an1

+ Vn = 	�nn1
Vn �18c�

�recall that an and an
+ are boson operators�.

We obtain the following chain for the Fourier components
of Green’s functions:

��� − EF��Gn = 1 + L�Gn+1 + Gn−1� + ��1	Gn,n
�1� , �19�

��� − EF� − ��0�Gn,n1

�1� = L�Gn+1,n1

�1� + Gn−1,n1

�1� � + ���Gn,n
�1��nn1

+ ��1	�Gn + Gn,n1n
�2� � , �20�

��� − EF� − 2��0�Gn,n1n2

�2� = L�Gn+1,n1n2

�2� + Gn−1,n1n2

�2� �

+ ����Gn,nn2

�2� �nn1
+ Gn,n1n

�2� �nn2
�

+ ��1	�Gn,n1

�1� + Gn,n2

�1� + Gn,n1n2n
�3� �

�21�

�and similar equations for G�3� ,G�4� , . . .�. In these expres-
sions, Gn,n1n2¯nm

�m� is the Fourier component of the following
Green’s function:

Gn,n1n2¯nm

�m� = − i��t�0
an1
an2

¯ anm
Vn�t��

n1

Vn1

+ �0�
0� .

�22�

EF� and �1 are equal to

EF� = EF + ����	2 + 1/2�, �1 = �0 + �� . �23�

As usual, we introduce the spatial Fourier components of
Green’s functions:

Gn,n1n2¯nm

�m� =
1

Nm+1 �
k1¯km,k

G�m��k1,k2, . . . ,km;k�exp�i�k1n1

+ ¯ + kmnm + kn�� . �24�

In the processes of linear absorption, because of the
smallness of the wave vector of the absorbed photon, the
following relation holds:

k1 + k2 + ¯ + km + k = 0. �25�

We find the following equations for the Fourier compo-
nents of Green’s functions �19�–�21�:

��� − EF� − 2L�G�k = 0� = 1 + 	��1�
k

G�1��k,− k� , �26�

��� − EF� − 2L cos kb − ��0�G�1��k,− k� = 	��1G�k = 0�

+ ����
k

G�1��k,− k� + 	��1�
k2

G�2��k,k2;− k − k2� ,

�27�

��� − EF� − 2L cos kb − 2��0�G�2��k1,k2;k� = 	��1�
k3

G�3�

��k1,k2,k3;k� + 	��1�G�1��k1;− k1� + G�1��k2;− k2��

+ �����
k2�

G�2��k1,k2�;− k1 − k2��

+ �
k1�

G�2��k1�,k2;− k1� − k2�� , �28�

��� − EF� − 2L cos kb − 3��0�G�3��k1,k2,k3;k�

= 	��1��
k4�

G�4��k1,k2,k3,k4�;k� + G�2��k1,k2;− k1 − k2�

+ G�2��k1,k3;− k1 − k3� + G�2��k2,k3;− k2 − k3��
+ �����

k3�

G�3��k1,k2,k3�;− k1 − k2 − k3��

+ �
k1�

G�3��k1�,k2,k3;− k1� − k2 − k3� + �
k2�

G�3��k1,k2�,k3;

− k1 − k2� − k3�� . �29�

Now, we turn to the dynamic approach and suppose that
the inequality


2L cos kb
 � ��0 �30�

holds. As a first step, we will look at the solutions to Eqs.
�26�–�29� in the frequency region of one-phonon vibronic, as
a second step, of two-phonon vibronic, and so forth. Hence,
only one coefficient would be resonant, e.g., 
��−EF�
−2L cos kb−��0
���0 for the one-phonon vibronic,
whereas the other coefficients like ��−EF�−2L cos kb
−2��0 or ��−EF�−2L cos kb−3��0 and so on possess ab-
solute values 	��0, 2��0 , . . . and thus they vary weakly
with k �see inequality �30��. We preserve the dispersion term
2L cos kb in that equation which describes a particular fre-
quency region, i.e., in Eq. �27� for one-phonon vibronic, in
Eq. �28� for two-phonon vibronic, etc., and neglect the same
terms in all other equations �Eqs. �26�–�29��. In such a way,
we take into account the influence of the excitonic transfer
on the vibronic with one phonon, then with two phonons,
and so on.

Modified according to this approach, Eqs. �26�–�29� rep-
resent an infinite chain of degenerate integral equations
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which can be truncated for some number m if ratios

	��1/��� − EF� − m��0� and ���/��� − EF� − m��0�

could be considered as negligible ones. Supposing that
G�m�	0, we find solutions for G�m−1�, G�m−2� up to G�k=0�
which enters the expression for the linear optical susceptibil-
ity. The expression for G�k=0� represents a terminated con-
tinued fraction. In the most simple case of a nontransferable
electronic excitation �L�0� function G�k=0� has the follow-
ing form:

G�k = 0� =
1

�� − EF� −
	2��1

2

� − EF�/� − �1 −
2	2�1

2

� − EF�/� − 2�1 − ¯

.

�31�

We recall again the main features of our vibronic ap-
proach.

�1� We use the modified dynamic approach �see inequality
�30��, but without an entire separation of vibronics with zero,
one, two, and so on phonons.

�2� The linear exciton-phonon coupling must be domi-
nant, whereas the quadratic coupling influences the vibra-

tional frequency in the excited molecule only. There are no
limitations on the values of the linear coupling constant;
however, in the case of a strong linear coupling we need the
longer chain of equations �26�–�29�.

�3� The different solutions are valid for the vibronics with
a fixed number of intramolecular vibrational quanta. This
approach can effectively be applied in calculating vibronics
with one, two, three, and four phonons simultaneously with
pure excitonic spectra. Hence, the vibronic approach makes
the applications of the dynamic theory wider �compare with
Refs. 3, 8, and 10�.

IV. GREEN’S FUNCTIONS FOR VIBRONICS WITH ONE,
TWO, AND THREE VIBRATIONAL QUANTA

This section contains expressions for the Green’s func-
tions G�k=0� derived by the methods of the previous section
and applicable in the following three frequency regions.

�i� One-phonon vibronic spectrum:

G1p�k = 0� =
1

�� − EF� − 2L −
	2��1

2S1

1 − MS1

, �32�

where

S1 =
1

N
�

k

1

�� − EF� − ��0 − 2L cos kb −
�	2�1

2

� − EF�/� − 2�0 − �� −
2	2�1

2

�33

, �33�

�33 = � − EF�/� − 3�0 − 2�� −
3	2�1

2

� − EF�/� − 4�0 − 3�� −
4	2�1

2

¯

, �34�

M = ��� + 	2��1
2� 2

� − EF�/� − 2�1 −
3	2�1

2

�34

−
1

� − EF�/� − 2�0 − �� −
2	2�1

2

�33
� , �35�

�34 = � − EF�/� − 3�1 −
4	2�1

2

� − EF�/� − 4�1 −
5	2�1

2

¯

. �36�

�ii� Two-phonon vibronic spectrum:

G2p�k = 0� =
1

�� − EF� − 2L −
	2��1

2

� − EF�/� − �1 −
2	2�1

2S2

1 − FS2

, �37�

where
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S2 =
1

N
�

k

1

�� − EF� − 2��0 − 2L cos kb −
	2��1

2

� − EF�/� − 3�0 − �� −
2	2�1

2

�41

, �38�

�41 = � − EF�/� − 4�0 − 2�� −
3	2�1

2

� − EF�/� − 5�0 − 3�� −
4	2�1

2

¯

, �39�

F = 2��� + 	2��1
2�

3

� − EF�/� − 3�1 −
4	2�1

2

� − EF�/� − 4�1 −
5	1�1

2

¯

−
1

� − EF�/� − 3�0 − �� −
2	2�1

2

� − EF�/� − 4�0 − 2�� −
3	2�1

2

¯

� .

�40�

�iii� Three-phonon vibronic spectrum:

G3p�k = 0� =
1

�� − EF� − 2L −
	2��1

2

� − EF�/� − �1 −
2	2�1

2

� − EF�/� − 2�1 − D3

, �41�

where

D3 =
3	2�1

2S3

1 − ES3
, �42�

S3 =
1

N
�

k

1

�� − EF� − 3��0 − 2L cos kb −
	2��1

2

� − EF�/� − 4�0 − �� −
2	2�1

2

�51

, �43�

�51 = � − EF�/� − 5�0 − 2�� −
3	2�1

2

� − EF�/� − 6�0 − 3�� −
4	2�1

2

¯

, �44�

E = 3��� + 	2��1
2�

4

� − EF�/� − 4�1 −
5	2�1

2

� − EF�/� − 5�1 −
6	2�1

2

¯

−
1

� − EF�/� − 4�0 − �� −
2	2�1

2

� − EF�/� − 5�0 − 2�� −
3	2�1

3

¯

� .

�45�

The denominators �¯� in Eqs. �32�–�45� represent con-
tinuation of the expressions for the corresponding quantities
changing the numerical coefficients by one at each next step
of the ladder. The lowest step �after the truncation of Eqs.

�26�–�29�� does not contain the term with 	2�1
2.

In all the cases, the linear optical susceptibility is ex-
pressed �with axis x being directed along the transition dipole
moment PF� as follows:
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xx = −
PF

2N

�V
G�k = 0� . �46�

The linear absorption spectra will be calculated in the
next section as imaginary parts of the Green’s functions �31�,
�32�, �37�, and �41� providing frequency � with a small
imaginary part which determines the final width of the exci-
tonic and vibrational levels.

V. MODEL OF ABSORPTION SPECTRA OF SOME
AROMATIC CRYSTALS

In modeling the absorption spectra of aromatic crystals,
we introduce their excitonic and vibrational parameters �see
Table I� evaluated as a result of analysis of both experimental
data and theoretical arguments.2,3,5–7,18 We stress on the lim-
ited applicability of our one-dimensional model to the three-
dimensional anisotropic aromatic crystals. Nevertheless, our
calculations make clearer the general structure of the exci-
tonic and vibronic spectra, as well as the magnitude of the
absorption coefficient, especially near the frequencies of vi-
bronics with one, two, and three phonons of the totally sym-
metric vibrations of aromatic compounds.

The calculations at L�0 �see formula �31�� can be con-
sidered as a checking point because their results must coin-
cide with the vibronic progression in the spectra of isolated
molecules. We have calculated the values of the vibronic
Green’s function �31� for the parameters of three aromatic
compounds using ten steps in the denominator of Eq. �31�.
The amplitudes of the maxima n=0,1 ,2 , . . . really follow the
progression rule �n is the number of vibrational quanta�

An � exp�− 	2�	2n/n!, �47�

but the equal distance between the successive vibronic levels
�n ,n−1�, which must be equal to �1=�0+��, can be ob-
tained by introducing in Eq. �31� a longer ladder, especially
in the cases with 	2�1.

Our results at L�0 for the frequencies of the Frenkel
exciton and of its three vibronic replicas �Eqs. �32�, �37�, and
�41�� have been compared with the results of Ref. 10 which
concern excitonic and one-phonon vibronic spectra in one-
dimensional molecular chain. Davydov and Serikov10 make,
in fact, a transformation of the Hamiltonian �8�, expanding
the operator exponents �7�, of the vibronic operators and re-
ducing that Hamiltonian to one which preserves the total

numbers of excitons and of phonons in the crystal �see also
Refs. 3 and 8�:

Ĥ2 = �
n
�EF − 	2��0 +

1

2
����Bn

+Bn + �
n

��0an
+an

+ �
nn�

L��n�,n+1 + �n�,n−1�Bn�
+ Bn�1 + 	2�an

+an� + an�
+ an

− an
+an − an�

+ an��� + �
n

���Bn
+Bnan

+an. �48�

The corresponding formulas for the linear optical suscep-
tibility are given in the Appendix.

In our calculations, the normalized excitonic level EF� is a
free parameter and we fit its value according to the following
rule: the excitonic level, calculated from formula �32�, occu-
pies position EF

�0�+2L which corresponds to the experimen-
tally observed excitonic level. We introduce that value of EF�
in the other two formulas �Eqs. �37� and �41�� and obtain
practically the same position and amplitude of the excitonic
absorption line �see Fig. 1�.

TABLE I. Model parameters of Frenkel excitons and of totally symmetrical vibrations of some aromatic
crystals.

Crystal

Excitonic level
of a molecule
�experiment�

EF
�0�

�cm−1�

Excitonic
transfer
integral

L
�cm−1�

Vibr. freq. in
nonexcited
molecule

�0

�cm−1�

Constant of
linear

coupling
	2

Shift of the
vibr. freq. in

exc. molecule
��

�cm−1�

Anthracene 25 000 117 1400 0.9 0

Benzene 37 800 15 992 1.4 −69

Naphthalene 31 500 45 760 0.4 −58

0

0.05

0.1

0.15

0.2

0.25

25220 25225 25230 25235 25240 25245 25250

Im
χ x

x

ω (cm-1)

1

2

3
4

FIG. 1. Linear absorption spectra for one-dimensional model of
anthracene’s crystal calculated as the imaginary part of Eq. �46� �in
arbitrary units; PF

2N / ��V� is taken to be equal to 1�. The spectrum
of FE, EF

�0�+2L �EF
�0�=25 000 cm−1, L=117 cm−1�, is calculated by

using the following formulas: Eq. �A1� for curve 1, Eq. �32� for
curve 2, Eq. �37� for curve 3, and Eq. �41� for curve 4. The quantity
EF� in formula �32� is fitted and thus the frequencies of absorption
maxima of curves 1 and 2 coincide.
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We calculate the absorption spectra for three crystals in-
troducing data from Table I, the imaginary part i���
=2 cm−1� of the frequency �, and positive and negative signs
of the quantity L.

A. Model of anthracene absorption spectra

According to Table I, the linear exciton-phonon coupling
is manifesting only in the vibronic spectra of anthracene be-
cause ��=0. The estimation of exciton transfer integral L
has been done using the data for the longitudinal-transversal
splitting2,3 and shows relatively big transferability of the FE
in anthracene. Thus, the excitonic band is wide that can
cause the appearance of wide vibronic lines corresponding to

unbound propagation of the exciton and the vibrational
quanta in the crystal. Nevertheless, the authors of Refs. 2 and
3 noted relatively narrow absorption vibronic line corre-
sponding to one-particle �bound� exciton-phonon states near
the sum of FE’s frequency and one vibrational quantum ��
	EF /�+�0�. Our study confirms that conclusion about one-
particle exciton-phonon state near vibronic with one phonon;
however, the linear absorption near the frequencies of two-
and three-phonon vibronics ��	EF /�+m�0 ,m=2,3� would
exhibit wider absorption lines which correspond to MP
exciton-phonon states.

Figure 1 concerns pure excitonic absorption. We calculate
the excitonic and one-phonon vibronic spectra following
Davydov-Serikov �DS� model10 and formula �A1�. Then, we
find the value of EF� in Eq. �32� by fitting the calculated
position of the excitonic level to coincide with the supposed
excitonic level EF

�0�+2L in Eq. �A1�. Maxima 3 and 4 are
obtained by using formulas �37� and �41�, respectively,
which accordingly are valid for two-phonon and three-
phonon vibronic regions.

Figure 2 illustrates linear absorption in the one-phonon
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FIG. 2. One-phonon vibronic region of the linear absorption
spectra for anthracene. Curve 1 is calculated according to Davydov-
Serikov �DS� model with L=117 cm−1 �formula �A1�, Ref. 10�,
curve 2 is produced by using the approach of the present paper
�formula �32�, L=117 cm−1�, curve 3 is according to Eq. �32� with
L=−117 cm−1, and curve 4 is generated by the DS model for the
same negative value of L.

0

0.05

0.1

0.15

0.2

26580 26600 26620 26640 26660 26680

Im
χ x

x

ω (cm-1)

1

2
4 5

6

3

FIG. 3. One-phonon vibronic region of anthracene. Curves 1, 2,
and 3 are calculated according to the DS model with L=117 cm−1

for 	2=0.9, 1, and 1.1, respectively. The vibronic approach of the
present paper for the same values of L and 	2 yields curves 4, 5, and
6.
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FIG. 4. Two-phonon vibronic region of anthracene at 	2=0.9 for
two values of the excitonic transfer integral L equal to 117 cm−1 for
curve 1 and −117 cm−1 for curve 2, respectively.
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VIBRONIC APPROACH IN THE THEORY OF THE… PHYSICAL REVIEW B 75, 245435 �2007�

245435-7



vibronic region calculated by the DS model �curve 1 at L
�0 and curve 4 at L�0� and on using our vibronic approach
�curve 2 at L�0 and curve 3 at L�0�. The DS model pre-
dicts wide many-particle bands �approximately with mirror
symmetry with respect to the frequency �=26 634 cm−1

= �EF
�0�+L� /�+�0�. Our model leads to a different result,

namely, the narrow absorption maximum at L�0 proves to
be a Lorentzian one and it corresponds to one-particle
�bound� exciton-phonon state. The authors of Refs. 2 and 3
interpret the linear absorption one-phonon maximum as a
quasibound exciton-phonon state inside the MP band. The
relatively big linear exciton-phonon coupling �	2=0.9� en-
sures a good metastability of the quasibound state near the
sum of the frequencies of the Frenkel exciton and of the one

totally symmetrical vibrational quantum. The one-particle
feature of the vibronic absorption is better expressed at L
�0 than at L�0. In the last case, the width of the quasi-
bound level is two times bigger than in the case of L�0
�compare curves 2 and 3 in Fig. 2�.

In Fig. 3, we compare the evolution of the absorption
spectra calculated by using the DS model of a reduced
Hamiltonian �48� which preserves the numbers of excitons
and phonons in the crystal �curves 1–3� as well as by using
our approach and the full Hamiltonian �8� �curves 4–6�. All
spectra have been calculated for L=117 cm−1; however, the
exciton-phonon coupling constant 	2 has been supposed
slightly to increase �	2=0.9,1, and 1.1, respectively�. In our
model, the positions and amplitudes of the absorption
maxima vary smoothly with the increasing of 	2 without any
dramatic changes. In the DS model, the wide MP band �at
	2=0.9� is narrowed to a Lorentzian maximum at 	2=1 �the
MP band disappears�. Curve 3 �	2=1.1� exhibits again one-
particle maximum and a weak band at �	26 630 cm−1.

We also calculate the linear absorption in the two-phonon
vibronic region �Fig. 4� and in the three-phonon vibronic
region �Fig. 5�. The very small values of the calculated ab-
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FIG. 6. Linear absorption spectra for one-dimensional model of
naphthalene’s crystal. Curve 1 is calculated by using Eq. �A1� with
L=45 cm−1, curves 2 are calculated by using Eqs. �32� and �37�,
respectively, with L=45 cm−1, and curves 3 correspond to L=
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figure.
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sorption in Fig. 5 explain the difficulties in the experimental
observation of the three-phonon vibronic spectra. The ab-
sorption curves in both regions are asymmetrical ones and
relatively wide. Their shape is more typical for MP bands
deformed by the exciton-phonon coupling. In this way, our
study yields a notable result: the intermediate �	2	1� linear
exciton-phonon coupling turns out to be enough for binding
Frenkel exciton and one vibrational quantum, however, is not
sufficient to bind the exciton and two �three� vibrational
quanta.

B. Model of naphthalene absorption spectra

The model parameters for the crystal of naphthalene cited
in Table I illustrate the case of relatively weak linear exciton-
phonon coupling �in Ref. 3, the constant 	2 is evaluated even
as equal to 0.2� and of comparable frequency shift ��� and
excitonic transfer integral L. It seems realistic to observe

linear absorption up to the two-phonon vibronic �Fig. 6�.
One-phonon vibronic spectra turn out to be different de-

pending on whether L�0 or L�0 �see Fig. 7�. At L�0,
both models—DS model and the vibronic one—yield an ab-
sorption line shape similar to the shape of the experimental
absorption spectrum which consists of one broad MP band.2,3

Our calculations yield a band which is narrower and pos-
sesses a steeper left wing. There exists a surprising similarity
between the absorption one-phonon vibronic spectrum calcu-
lated on the basis of our vibronic approach and the experi-
mental data on the absorption in the same frequency region
of 32 200–32 400 cm−1 shown in Fig. 6.15 of Ref. 3. In the
case of L�0, these MP bands are very weak and shifted
beyond frequency �	32 350 cm−1 but the two models pre-
dict intensive and practically coinciding one-particle absorp-
tion maxima below the MP band.

The two- and three-phonon vibronics both exhibit in the
cases L�0 and L�0 narrow maxima which correspond to
single-particle exciton-phonon states. Notably, such an ab-
sorption maximum appears near the frequency sum of FE
+overtone of the totally symmetrical vibration of naphtha-
lene’s crystal at �=32 956 cm−1 �see Ref. 3�. The distance
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FIG. 10. Linear absorption spectra for one-dimensional model
of benzene’s crystal �see the parameters in Table I�.
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FIG. 12. Two-phonon �f0� vibronic region of benzene �see for-
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between two-phonon and three-phonon maxima is approxi-
mately �1	700 cm−1. The binding of the exciton and two or
more phonons is caused by the stronger impact of the qua-
dratic coupling in the many-phonon vibronic spectra of
naphthalene’s crystal because the frequency shifts 2���
�formula �40�� �Fig. 8� and 3��� �formula �45�� �Fig. 9�
strongly exceed the exciton transfer integral L.

C. Model of benzene absorption spectra

The model parameters of FE and totally symmetrical vi-
bration of benzene �Table I� illustrate the occurrence of a
narrow exciton band �L=15 cm−1� and strong linear and qua-
dratic exciton-phonon couplings. Thus, the absorption spec-
trum must be similar to the vibronic progression, namely,
several intensive vibronic maxima separated by the distance
��1	���0+���	923 cm−1 �Fig. 10�. The absorption
curves in one-phonon vibronic spectra calculated by using
the DS model �Fig. 11, curves 1 and 4� and from our model
�curves 2 and 3� have close positions and amplitudes. We
note the bigger energetic distance �approximately 25 cm−1�
between the two maxima predicted by the DS model in the

cases of L�0 and L�0, respectively. The vibronic approach
of the present paper in the case of a narrow benzene’s exci-
ton band is not sensitive to the sign of the quantity L not only
in one-phonon vibronic spectra but also in two- �Fig. 12� and
three-phonon �Fig. 13� vibronic spectra. The excitonic and
vibronic spectra of the one-dimensional model of the ben-
zene crystal exhibit maxima of the single-particle exciton-
phonon states, in agreement with the available experimental
data.2,3

VI. COMPARISON WITH THE VIBRONIC SPECTRA
CALCULATED IN REFERENCE 9

The calculations of the vibronic spectra in Ref. 9, based
on a formalism different from our vibronic approach, con-
cern the frequency regions of the Frenkel exciton and one-
and two-phonon vibronics. Here, we calculate the vibronic
spectra using formulas �32�–�45� in which we put the param-
eters for the three polymer models A, B, and C �i.e., one-
dimensional ones� from Ref. 9 but for the case of inequality
�30� that is basic in our study.

The constant 	 of the linear exciton-phonon coupling can
be expressed through Franck-Condon overlap integrals,

	00,fm =� 
�f ,m��R�
�0,0��R�dR, m = 0,1, . . . , �49�

where R is the vibrational normal coordinate, �0,0� is the
ground electronic and vibrational state of the molecule,
whereas �f ,m� is the excited electronic state with m vibra-

TABLE II. Parameters of the polymer models A, B, and C in Ref. 9. The values of L equal to −140 and
−36.19 cm−1 correspond to −0.1 and −0.05, respectively, in Ref. 9, while the values of the frequency �1,
1400 and 723.81 cm−1, correspond to 1 in the same reference.

Model

Free
exciton

level
EF�

�cm−1�

Excitonic
transfer
integral

L
�cm−1�

Vibr. freq. in
nonexcited
molecule

�0

�cm−1�

Constant of
linear

coupling
	2

Shift of the
vibr. freq. in

exc. molecule
��

�cm−1�

Vibr. freq. in
excited

molecule
�1

�cm−1�

A 26 700 −140 1400 0.3/0.7 0 1400

B 26 700 −140 1400 0.7/0.3 0 1400

C 31 800 −39.19 760 0.3/0.7 −36.19 723.81

TABLE III. Calculated integral intensities of the vibronic lines
for polymer model A.

Line

Integral intensity
according to Eq. �32�
�curve 1 in Fig. 14�

�arbitrary units�

Integral intensity
according to Eq. �37�
�curve 2 in Fig. 14�

�arbitrary units�

Excitonic
�zero-phonon�

2.241 2.268

One-phonon 0.704 0.683

Two-phonon 0.149 0.152

Three-phonon 0.023 0.025

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

25500 26000 26500 27000 27500 28000 28500 29000

Im
χ x

x

ω (cm-1)

1

2

2

1

FIG. 14. Absorption spectra for polymer model A of Ref. 9 near
the excitonic level �f0� �	26 000 cm−1�, one-phonon vibronic level
�f1� �	27 500 cm−1�, and two-phonon vibronic level �f2�
�	29 000 cm−1�. Curve 1 has been calculated by using Eq. �32�,
while curve 2 has been obtained from Eq. �37�.
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tional quanta. The functions 
 denote the vibrational part of
the corresponding wave functions in the Born-Oppenheimer
approximation. The well-known expression for 	2 �see, for
example, Refs. 2 and 8� has the form

	2 = 
	00,f1/	00,f0
2. �50�

Table II contains the parameters of the polymer models A,
B, and C from Ref. 9 calculated in cm−1 for hypothetical
one-dimensional crystals similar to those of anthracene and
naphthalene �see Table I�. Because of the big value of the
constant 	2 for model B, we enlarge the ladders of calcula-
tions in formulas �32�–�45� up to 20 steps.

Figure 14 illustrates absorption in the case of model A.
Curve 1, calculated by using Eq. �32�, is more adequate to
the one-phonon spectrum. The excitonic level �f0� corre-
sponds to one-particle state, while the one-phonon spectrum
�f1� represents a wide two-particle band �with width
	400 cm−1� as it is in Ref. 9. The same formula �32� yields
as a two-phonon vibronic spectrum another continuum with
a “spike” absorption near its ends �compare with Fig. 5 of
Ref. 9, calculated for the same values of the parameters but
for a three-dimensional model�. We emphasize that the ad-
equate absorption curve for the two-phonon vibronic region
is curve 2 in Fig. 14 calculated from formula �37�. It exhibits

nearly single-particle absorption spectrum near the sum of
the frequencies of the exciton plus two phonons. The cre-
ation of the single-particle state which consists of one exci-
ton plus two vibrational quanta is mainly due to the oppor-
tunity to excite a twofold vibrational excitation on the
molecule with an electronic excitation. The approach of Ref.
9 treats a case in which the two vibrational quanta are ex-
cited on different molecules �see Eq. �2.16� in Ref. 9� and
thus a multiparticle manifold like curve 1 is more probable
than curve 2.

Despite the different formulas and as a consequence the
different shapes of the vibronic lines, the integral intensities
of the zero-, one-, two-, and three-vibronic lines derived
from formulas �32� and �37� differ by several percents only
�see Table III�.

The large magnitude of 	2=2.333�3�, the constant of the
linear exciton-phonon coupling for model B, causes the ap-
pearance of several vibronic lines with m=1,2 , . . . ,5 vibra-
tional quanta �see Fig. 15�. The strong exciton-phonon cou-
pling is also the reason for the single-particle shape of the
absorption lines. Practically, the two-particle continuum
could be seen in the two-phonon region only �see Fig. 16�
but its integral intensity represents 7% of the integral inten-
sity of the single-particle state at 26 150 cm−1. We note that

TABLE IV. Calculated integral intensities of the vibronic lines for polymer model B.

Line

Integral intensity according to
Eq. �32�

�arbitrary units�

Integral intensity according to
Eq. �37�

�arbitrary units�

Integral intensity according to
Eq. �41�

�arbitrary units�

Excitonic �Zero-phonon� 0.370 0.368 0.368

One-phonon 0.797 0.800 0.802

Two-phonon 0.820 0.765 single-particle line
0.052 two-particle band

0.816

Three-phonon 0.575 0.575 0.578

Four-phonon 0.322 0.324 0.324

Five-phonon 0.151 0.152 0.156
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FIG. 15. Absorption spectra for polymer model B of Ref. 9 near
the excitonic level �	23 300 cm−1� and its five vibronic replicas
calculated by using formula �37�.
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FIG. 16. Absorption spectra for polymer model B of Ref. 9 near
the two-phonon vibronic level. Curve 1 is derived from formula
�32� and curve 2 is calculated by using formula �37� describing the
two-phonon vibronic spectrum.
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the details on curve 2 �which describes notably two-phonon
spectra� disappear on curve 1, the main view of which is that
of one-phonon spectrum. On the other hand, the wing of the
three-phonon maximum near 27 500 cm−1 is missing in cal-
culating the absorption using formula �41� that describes no-
tably three-phonon vibronic spectra.

The significant integral intensities of the several vibronic
lines have been calculated by using formulas �32�, �37�, and
�41� �see Table IV�. They confirm the self-consistency of the
different formulas with some deviations from the ratios of
the integral intensities calculating with the help of formula
�47�. These deviations are due to the intermediate values of
the exciton transfer integral L.

Polymer model C illustrates the simultaneous impact of
the linear and quadratic exciton-phonon couplings. The cal-
culations show predominantly a single-particle shape of the
absorption spectra �see Table V�. The vibronic spectrum �f1�
is the only region where a single-particle state as well as a
two-particle band could be observed in the absorption �see
Fig. 17�. In such a way, our calculations confirm the results
obtained by Philpott9 for the vibronic spectrum of model C
�see Table 4 and Fig. 11 of Ref. 9�. Moreover, the gap be-
tween the two single-particle states �f0� and �f1� according
to Ref. 9 would be

E�m = 1� − E�m = 0� = 0.954 25 − �− 0.073 28� = 1.027 53.

We choose for model C an energy span of 723.81 cm−1, so
the gap between these two states turns to be 743.37 cm−1. We
obtain for the same gap �see Table V� 745 cm−1. Practically,
the ratios of the integral intensities of the two single-particle
states obtained from our calculations and those derived in
Ref. 9 coincide, too �3.320 and 3.362, respectively�.

We conclude this section by comparing the general pic-
tures of the vibronic spectra obtained using our approach and
that developed in Ref. 9. The two ways of calculations yield
similar results concerning excitonic line �f0� and the first
vibronic replica �f1� but the vibronic approach in our study
seems to be more compact giving single-particle as well as
multiparticle spectra. It is more easy to extend the applica-
bility of our approach to more complicated vibronic com-
plexes with two, three, and so on phonons by taking into
account the excitation of one exciton and several phonons on
one molecule. Any limitations on the values of exciton-
phonon coupling constants do not appear; however, the in-
clusion of the important case of wide exciton bands �where
inequality �30� is not valid� requires a further improvement
of mathematics in both approaches.

VII. CONCLUSION

In this paper, we develop the vibronic approach of inves-
tigating the excitonic and vibronic spectra of molecular crys-
tals. This approach avoids the separation of the problem into
subproblems with different numbers of assisted phonons
which is an approximate procedure. There exists only one
real limitation for applicability of that approach: notably, the
width of the excitonic bands must be smaller compared with
the energy of the vibrational quanta �which is a specific fea-
ture of the so called dynamical theory of the vibronic
spectra3,8,10�. In such a way, we make a complete and com-
pact calculation of the absorption spectra in the excitonic and
in different vibronic regions introducing the excitonic and
vibronic parameters of some well-known aromatic crystals,
anthracene, naphthalene, and benzene, as well as of the mod-
els of crystals considered in Ref. 9. Our model is one-
dimensional but it can be applied for studying three-
dimensional anisotropic crystals.

The several main results of our study are as follows.
�1� We modify the dynamical approach and find out ana-

lytical expressions for the linear optical susceptibility and the
absorption coefficients in pure excitonic and one-phonon vi-
bronic as well as two- and three-phonon vibronic spectra.
These self-consistent expressions connect the many-phonon
vibronic regions and the excitonic spectra. There are no prin-
cipal obstacles to apply the same vibronic approach to deal-
ing with four-phonon, five-phonon, and so on vibronic spec-
tra �if necessary�.

�2� The linear exciton-phonon coupling governs the inte-
gral intensity of excitonic, one-phonon, two-phonon, three-
phonon, and so forth vibronic frequency regions conforming
to the rule of vibronic progression �47�. That intensity is
distributed between the single-particle and many-particle
exciton-phonon states. An intermediate linear exciton-

TABLE V. Spectral positions and integral intensities of the ab-
sorption maxima calculated by means of formula �32� for polymer
model C.

Line
Position
�cm−1�

Integral
intensity

�arbitrary units�

Excitonic
�Zero-phonon�

31 441 2.135

One-phonon 32 186 single-particle line
32 200–32 300 two-particle band

0.123

Two-phonon 32 931 0.146

Three-phonon 33 660 0.023
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FIG. 17. Absorption spectra for polymer model C of Ref. 9 near
the one-phonon vibronic line. Curve 1 is obtained from formula
�32�, while the coinciding curves 2 and 3 have been calculated by
using formulas �37� and �41�, respectively.
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phonon coupling only can bind the exciton and one vibra-
tional quantum but it is not sufficient to create the bound
exciton-phonon states with two, three, etc., vibrational
quanta �see the absorption spectra of anthracene�. The stron-
ger linear exciton-phonon coupling creates predominantly
single-particle exciton-phonon states �model B in Sec. VI�.

�3� The role of the quadratic exciton-phonon coupling,
manifesting itself through the shift of the vibrational fre-
quency in the excited molecule, increases in the two-phonon,
three-phonon, and so on vibronic spectra. The model of
naphthalene and the calculations in Sec. VI represent an ex-
ample of relatively weak linear coupling and comparable
values of the exciton mobility parameter and vibrational fre-
quency shift. The one-phonon vibronic spectrum consists of
one broad band of unbound exciton and phonon, whereas the
stronger quadratic coupling creates Lorentzian maxima of
the bound exciton-phonon states in the two-phonon, three-
phonon, and so forth vibronic spectra.

�4� The value 	2=1 is considered as a boundary between
the intermediate and strong linear exciton-phonon couplings.
Our calculations do not demonstrate its special role in the
analytical treatment of the one-phonon vibronic spectrum as
it is in the one-dimensional DS model.10 We stress on the
adequacy of the model of the intermolecular exchange of the
whole vibronic excitations �7� and not of separate exciton-
phonon complexes �compare the Hamiltonians �8� and �48��.

The version of the vibronic approach presented in this
paper treats the vibronic excitations with the participation of
one mode of the totally symmetrical molecule’s vibration.
We mention two directions of a further development of the
present theory. �i� One is the linear absorption near vibronic
spectra of composite tones,2,3,19 i.e., near the sum of frequen-
cies of a Frenkel exciton plus two �or more� different vibra-

tional quanta �one of them can originate from non-totally-
symmetric vibrations of the molecules�. The observation of
vibronics with composite tones in naphthalene’s crystal �see
Ref. 3, Sec. 6.4.4� can stimulate a corresponding theoretical
investigation. �ii� The anharmonicity may be important in the
vibronic spectra with two or more vibrational quanta.19 The
inclusion of anharmonicity will represent an extension of the
vibronic approach �if the magnitude of anharmonicity is
comparable to the frequency shift in a molecule with FE�.

APPENDIX

The linear optical susceptibility in Davydov-Serikov
model10 has been calculated by using a method analogous to
that in the present paper, but the Hamiltonian has been modi-
fied to preserve the numbers of excitons and phonons in the
crystal and adapted for dealing with one-phonon vibronic
spectrum only �see formula �48��. Davydov and Serikov ob-
tain the following expression for the linear optical suscepti-
bility �we use the notation of the present paper�:


xx = −
PF

2N

�V
exp�− 	2�� 1

�� − EF
�0� − 2L

+ 	2� − 	2�1

2LDs
� ,

�A1�

where

Ds = 1 − �	2 + ���/�2L����t� − 	2�1�t��− 2 + t − ���/�2L�� ,

t = ��� − EF
�0� − ��0�/�2L�, �1�t� = t��t� − 1,

��t� = �− 1/�t2 − 1 if 
t + �t2 − 1
 � 1

1/�t2 − 1 if 
t + �t2 − 1
 � 1.
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