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We present a theoretical description of electron irradiation of single-walled carbon and boron nitride nano-
tubes. In a first step, the anisotropy of the atomic emission energy threshold is obtained within extended
molecular-dynamics simulations based on the density-functional tight-binding method. In a second step, we
numerically derive the total Mott cross section for different emission sites as a function of the incident electron
energy. Two regimes are then described: at low irradiation energies �below 300 keV�, the atoms are preferen-
tially ejected from the upper and lower parts of the tube, while at high energies �above 300 keV�, the atoms are
preferentially ejected from the side walls. Typical values from a fraction of barn �at side wall for 150 keV
electron� up to around 20 barn �for 1 MeV electrons� are obtained for the total cross section of knock-on
processes for both C and BN nanotubes. These values are smaller than those previously reported using
isotropic models and the main reasons for the discrepancies are discussed. Finally, in boron nitride nanotubes,
we report that the emission energy threshold maps show boron sputtering to be more favorable for low
irradiation energies, while nitrogen sputtering is more favorable at high energies. These calculations of the total
knock-on cross section for various nanotubes can be used as a guideline for transmission electron microscopy
experimentalists using high energy focused beams to shape nanotubes, and also more generally if electron
irradiation is to be used to change nanotube properties such as their optical behavior or conductivity.
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I. INTRODUCTION

The influence of defects on the mechanical, chemical, and
electronic properties of organic and inorganic nanotubes has
been underlined in recent years by a large number of
studies.1–3 Transmission electron microscopy �TEM� appears
to be a suitable technique for studying defects in carbon
nanotubes. Recent improvement in TEM techniques has
shown the possibility of direct imaging of single defective
structures in single-walled nanotubes4,5 and of monitoring
their evolution over time under homogeneous irradiation.6

Electron bombardment presents three main advantages
due to the low-energy transmitted between the incident elec-
tron and the knocked atom. First, the transfer of energy and
the irradiation dose can be so low that in a first approxima-
tion only individual defects are generated. Second, the en-
ergy of the incident electron can be finely tuned around the
threshold value where defects can just be created. Finally,
electron beams in a TEM can be focused to form a nanomet-
ric probe, allowing control of the irradiated area with high
spatial resolution.7 Compared to other irradiation methods
electron irradiation presents the additional advantage that de-
fect production can be easily observed and controlled in situ.

In this context, a correct derivation of the sputtering cross
section and subsequently of the emission probability could
bring important new insights for the design and interpreta-
tion of future experiments. Total knock-on cross sections for
carbon atoms in nanosystems have already been derived un-
der the hypothesis that atoms lie in an isotropic potential
well.8 However, the strong anisotropy of nanotubular sys-
tems requires us to go beyond this simple approximation. In
their work, Crespi et al.9 reported several values of the es-
cape threshold energy as a function of the direction of the

kinetic energy of the escaping carbon atom. A threshold en-
ergy at around 17 eV was estimated for the radial escaping
direction while energies of approximately 40 eV were ob-
tained for tangential ejection. Nevertheless, these calcula-
tions, based on tight-binding molecular-dynamic techniques,
were only performed for a limited number of angular direc-
tions, and the knock-on cross section was then only esti-
mated on the basis of an isotropic potential well estimated at
different atom positions around the tube circumference. They
concluded that for 800 keV electrons, knock-on displace-
ments are two to three times more common for carbon atoms
located on the front and back side of the tube than for carbon
atoms located at the wall side.

More recently, Smith and Luzzi,10 taking into account a
more complex scattering geometry, have shown that the
threshold energy of the incident electron required to generate
a knock-on carbon atom depends on the position of the car-
bon atom around the nanotube circumference. A minimum
incident energy of 86 keV is required to remove carbon at-
oms from the tube section perpendicular to the electron
beam. Higher energies exceeding 139 keV were estimated in
order to generate knock-on carbon atoms from the tube wall
section parallel to the beam. Nevertheless, the displacement
energies were strongly approximated in their calculations
and no local emission probabilities were calculated.

Despite the large interest shown in recent years for nano-
tube electron irradiation, a complete description of the sput-
tering cross section is still missing. In the present paper, we
will derive the total knock-on cross section as a function of
the atom position along the tube circumference. Furthermore,
the knock-on cross section obtained for different electron
beam energies will be presented for carbon and boron nitride
nanotubes. The present paper is divided into four sections.
After this short introduction, we illustrate in Sec. II the
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theory of the knock-on process and of the scattering geom-
etry. In Sec. III we derive through extended molecular-
dynamics simulations the anisotropy of the emission energy
threshold in a graphitic layer and a h-BN layer. Finally, in
Sec. IV we report the total knock-on cross section for carbon
and boron nitride single-walled nanotubes.

II. THEORY

Irradiation of electrons in matter can induce atom dis-
placement, either through radiolytic processes related to elec-
tron excitation and ionization, or through direct knock-on
collisions with the nuclei. Due to the delocalization of exci-
tations in metals or small gap semiconductors, deexcitations
are not translated into single atom energy transfer, and radi-
olysis cannot occur. Thus, since pure carbon nanotubes are
metals or small gap semiconductors, we can assume that un-
der irradiation, defects appear mostly through direct
knock-on collisions.

The theoretical cross section for Coulomb scattering be-
tween a relativistic electron and a nucleus has been derived
by Mott11,12 as a solution of the Dirac equation. McKinley
and Feshbach expanded the original Mott series in a power
series13 obtaining an approximate formula accurate up to the
middle Z elements,

���� = �R�1 − �2 sin2 �/2 + �
Ze2

�c
� sin �/2�1 − sin �/2�� ,

�1�

where �=v /c, � is the electron scattering angle, and �R is
the classical Rutherford scattering cross section,

�R = � Ze2

4��02m0c2�21 − �2

�4 csc4 �/2. �2�

Under the approximation of pure elastic collisions, the
maximum energy transfer Tmax, corresponding to a scattering
angle �=�, can be written as

Tmax =
2ME�E + 2mc2�

�M + m�2c2 + 2ME
, �3�

where m is the electron mass, M the atom mass, and E the
energy of the incident electron. The angular dependence on
the scattering angle � of the transferred energy to the atom is
then expressed as

T��� = Tmax sin2��/2� . �4�

Considering this notation, Eq. �1� can then be rewritten,
after a few algebraic steps, as a function of the emission
energy T,

��T� = � Ze2

4��02m0c2

Tmax

T
�21 − �2

�4 �1 − �2 T

Tmax

+ �
Ze2

�c
��� T

Tmax
−

T

Tmax
�� . �5�

In a monatomic gas, all the energy transferred from the
electron to the atom is converted into kinetic energy. It is

rather similar for an atom in a crystalline system if the trans-
ferred energy is much higher than the bonding energy of the
atom. However, if the transferred energy is of the same order
of magnitude as the bonding energy, the interaction between
the knocked atom and its neighbors should be explicitly
taken into account. Then, a simple model is usually assumed
whereby damage can occur if the transfer of energy between
the electron and the atom is larger than an emitting energy
threshold Ed. For a transferred energy below the emitting
energy threshold, the energy absorbed by the atom is con-
verted into vibrational energy of the lattice.

To interpret experimental irradiation, the important quan-
tity to consider is the total displacement cross section. It can
be obtained by integrating the cross section of Eq. �5� inside
the energy domain S over which emission conditions are
satisfied,

�d = �
S�T�Ed�

��T�
4�

Tmax
dT . �6�

Despite the fact that crystalline solids usually have pref-
erential directions for atom emission, Ed has been considered
in many cases as an isotropic function. Under this hypoth-
esis, Seitz and Koehler14 have derived the following formula
for the emission cross section:

�d = 4�� Ze2

4��02m0c2�21 − �2

�4 	Tm

Ed
− 1 − �2 ln�Tm

Ed
�

+ �
Ze2

�c
��2�Tm

Ed
�1/2

− ln�Tm

Ed
� − 2�
 . �7�

Equation �7� can be useful to evaluate the total knock-on
cross section.8,9 Nevertheless, this approximation is not valid
for strongly anisotropic systems where an angular depen-
dence of the emission energy threshold occurs. In this case it
is necessary to explicitly consider the emission energy
threshold as a function of the emission angle and to integrate
numerically Eq. �6� after having derived the correct integra-
tion energy domain S.

In Fig. 1�a� the scattering geometry during the irradiation
process is represented for a layered material such as a
graphene sheet. We consider an atom sitting in the center of
the referential. The layer of material lies in the XY plane. e�,
the incidence direction of the electron, lies within the XY
plane at an angle 	 to Z, defined as the normal to the layer of
material. It is then possible to describe the emission energy
threshold for an atom emitted along an arbitrary direction v�
as a function of Ed�
 ,��, whose direction is defined in polar
coordinates in terms of the polar angle 
 and azimuthal angle
�.

We call � the emission angle defined by the angle be-
tween the electron incidence direction e� and the atom emis-
sion vector v� . We can then rewrite Eq. �4� as a function of
the emission angle � instead of the scattering angle �, ob-
taining

T = Tmax cos2��� . �8�
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The total knock-on cross section �d is then obtained by
integrating Eq. �5� within the energy domain S for which the
emission conditions are satisfied, i.e.,

Tmax cos2���  Ed�
,�� . �9�

Transmission electron microscopy experiments are usu-
ally performed with nanotubes deposited onto a lacey carbon
grid placed perpendicular to the TEM axis. Electron irradia-
tion is then primarily performed in a nontilted case where the
tube axis lies perpendicular to the direction of the electron
beam. In this configuration, the position of the atoms around
the tube circumference can be identified using the angle 	
defined by the direction of incidence of the electron and the

local normal Z to the tube wall �see Fig. 1�b��. If the tube
diameter is large enough the structure can locally be consid-
ered as equivalent to a single graphene sheet. As described
earlier with the irradiation geometry, the emission energy
threshold function Ed�
 ,�� shows a dependence on the polar
angle 
 and the azimuthal angle �. Nevertheless, this depen-
dence disappears during the calculation of Eq. �6� since these
two angles define the integration domain, and the total
knock-on cross section �d only depends on the angle 	 and
the value of the incident electron energy E. We can then
define a function �d�	 ,E� that gives the total knock-on cross
section for each atom of the nanotube as a function of the
incident electron energy and its angular position 	 around
the tube circumference.

III. EMISSION ENERGY THRESHOLD ANISOTROPY

A. Computational method

The characteristic time of interaction of a relativistic elec-
tron with a nucleus is several orders of magnitude lower than
the time of emission of the atom. The interaction of the elec-
tron with the atom can thus be reasonably considered as a
punctual event. Under this hypothesis, the ejection mecha-
nism can be obtained through the time evolution of the total
system after an initial energy T has been transferred to the
knocked atom. The ejection is achieved when the initial en-
ergy is sufficient to extract the atom from the plane. To map
this emission energy threshold including the local anisotropy
Ed�
 ,��, we have adopted a molecular dynamics approach in
a canonical ensemble. Energetics and forces have been com-
puted within the framework of the density-functional tight-
binding theory15,16 �DFTB� as implemented in the DEMON2K

code.17 The DFTB technique is an ideal tool for these ex-
tended molecular dynamics calculations, since phenomena
far from equilibrium can be described with the accuracy of a
quantum method, while the benefit of the reduced computa-
tional cost of TB-based techniques is kept. This approach has
been used by Krasheninnikov et al.18 and by Loponen et al.19

to calculate the radial emission of atoms in carbon nanotubes
and nitrogen-doped carbon nanotubes. The radial emission
condition gives the minimum emission energy threshold but
in our calculation the whole emission energy threshold func-
tion is needed.

We first derive speeds and positions of all the atoms,
equilibrating the system by molecular dynamics at a tem-
perature of 300 K. In a second step, we simulate the
knock-on process changing progressively the momentum of
one of the atoms. For a fixed emission direction defined by
the angles 
 and �, we perform a series of molecular-
dynamics simulations varying the initial speed of the scat-
tered atom in steps of 0.002 Å/fs until we reach the speed at
which the atom is emitted. The characteristic time for an
atom to escape from the system is few tenths of femtosec-
onds. Molecular-dynamic simulations are performed for a
total time of 150 fs. When the final position of the scattered
atom is more than 5 Å far from its initial equilibrium posi-
tion, we consider that the atom is freestanding and that the
initial momentum is above the emission threshold. We have
followed this procedure for a carbon atom in a graphene

FIG. 1. �Color online� �a� Schematic representation of the irra-
diation geometry for a layered structure lying in the XY plane. The
target atom sits at the center of the referential. v� is atom emission
direction and e� is the incidence direction of the electron lying in the
XZ plane. �b� Schematic representation of the irradiation geometry
for a carbon nanotube, radius R, projected onto the XZ plane. The
nanotube has its axis along Y perpendicular to the incident electron
beam. The projection of v� is represented as a dashed vector in this
figure, although we note that in the general geometry assumed in
our calculation the direction of the emitted atom v� is not confined to
the XZ plane.
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plane, as well as for boron and nitrogen atoms in a h-BN
layer. Calculations have been performed using periodic
boundaries conditions in a 7�7 supercell; test calculations
with larger supercells give similar results for the emission
energy threshold. In order to obtain a map of the emission
energy threshold Ed�
 ,��, the total procedure is then re-
peated for a large set of angles 
 and � describing a total of
526 nonequivalent emission directions. A finer angular mesh
is then obtained by a linear interpolation of the DFTB calcu-
lated energies. Finally, this mesh is used in the numerical
integration of the total cross section to obtain the �d�	 ,E�
which are discussed in Sec. IV.

B. Results

The map of anisotropy of the emission energy threshold,
Ed�
 ,��, for a carbon atom in a graphitic layer is given in
Fig. 2. Table I gives numerical values for specific angles. Ed

shows little significant variance except for emission angles
close to the plane.

The minimum value of Ed is 23 eV, for emission orthogo-
nal to the plane ��=0�. For initial momenta imparted within
the graphene plane, i.e., �=90°, Ed shows a strong depen-
dence on the angle 
. Initial nucleus momentum toward a
hexagon center ��=0, 
=60� gives Ed of 43 eV. However,
initial momentum in the direction of a nearest-neighbor atom
��=0, 
=0� induces a large distortion of the lattice during
the ejection process and thus high kinetic energies of the
knocked atom, Ed up to 780 eV, are necessary for emission.

As discussed in Sec. II, irradiation defects can be pro-
duced when the transferred energy of an electron collision is
larger than the displacement energy of an atom, i.e., Tmax
must be greater than min�Ed�
 ,��� for knock-on processes to
occur. Equation �3�, relating the Tmax and the velocity of the
incident electron, can then be used, after inversion, to esti-
mate the minimum electron energy needed to sputter an
atom. In the case of a carbon atom in a graphene plane, we
found by DFTB that min�Ed�
 ,���=23 eV implies an elec-
tron beam energy threshold of 113 keV.

Smith and Luzzi10 have experimentally demonstrated by
changing the accelerating voltage on a TEM that the electron
energy threshold for damaging single-walled carbon nano-
tubes lies between 80 and 100 keV. More accurate values are
not available in the literature, but 100 keV seems to be none-
theless regarded as the upper limit by other authors.20 Thus,
the present DFTB calculations appear to overestimate the
electron energy threshold by around 10–20% which corre-
sponds to an overestimation of the atom emission energy
threshold of around 2–4 eV. As has been demonstrated by
Krasheninnikov et al.18 curvature and chirality can reduce
the emission energy threshold by a few eV. For a tube diam-
eter of 10 Å, the threshold energy is 20.5 eV for an armchair
tube and 18 eV for a zigzag tube. These energies increase
with increasing diameter, tending asynthotically to the limit
of 23 eV for a graphene plane. Another possible cause of the
overestimation of the theoretical emission energy threshold
energies comes from considering the atom sputtering mecha-
nism as a pure knock-on process without any beam-induced
electronic excitations. Their effect, as for radiolytic phenom-
ena, is to reduce the bonding energy between the knocked
atom and the lattice, in turn, reducing the kinetic energy
necessary for atom emission. However, molecular-dynamics
simulations based on DFT consider the ground-state elec-
tronic wave function and are not able to reproduce any cou-
pling between the dynamical matrix and electronic excita-
tions. A corrective term could be derived from a precise
experimental measurement of the electron energy at which
irradiation-induced defects start to appear. However, it is
preferable to consider slightly overestimated values for the
emission energy threshold derived from pure DFT-based
molecular-dynamics simulation instead of adding any correc-
tive term derived from the available experimental values
which are only known with low accuracy.

Similarly to the case of a graphene sheet, we have derived
Ed�� ,
� for a boron and a nitrogen atom in a h-BN plane.
The global trend of Ed is comparable with the results ob-
tained for graphene. Table I gives Ed for different values of
the angles � and 
. There is a small difference, less than

FIG. 2. �Color online� Three-dimensional representation of the
map of the emission threshold function Ed�
 ,�� for a carbon atom
in a graphitic layer as a function of the spherical coordinates 
 and
�. The color scale indicates the emission energy values from 20 eV
to more than 100 eV. The sphere indicates the emission direction
for the ejected carbon atom. The sphere is centered on the initial
position of the targeted C atom.

TABLE I. Calculated emission energy threshold for a carbon
atom in a graphene sheet and for a boron and nitrogen atom in a
h-BN sheet as a function of different sets of the spherical angles �
and 
.

� �deg� 
 �deg� Ed �eV�

Carbon 0 0 23

90 0 780

90 60 43

BN sheet: B atom 0 0 15

90 0 90

90 60 29

BN sheet: N atom 0 0 14

90 0 234

90 60 27
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1 eV, between the most favorable emission energy Ed�0,0�
for boron and nitrogen. This corresponds to the small differ-
ence in formation energy for the vacancies: boron and nitro-
gen vacancies in planar h-BN have formation energies of
11.22 and 8.91 eV,5 respectively. However, the atomic mass
dependence of the transmitted energy �see Eq. �3�� results in
a different threshold for the electron beam energy at which
atom emission occurs. A beam energy of 74 keV corresponds
to a maximum energy transfer of 15 eV for a boron atom and
the emission conditions are satisfied. However, for the same
beam energy, the maximum energy transferred to a nitrogen
atom is only 11.6 eV, lower than the minimum emission en-
ergy threshold. Emission conditions for nitrogen are only
satisfied by increasing the incident electron energy to
84 keV. Thus, for beam energies between 74 and 84 keV,
emission conditions are only satisfied for boron atoms,
whereas above 84 keV, nitrogen atoms can also be sputtered.
No accurate experimental data are available on electron irra-
diation in h-BN-based systems but as for the case of carbon
we can suppose that our values for the atom emission energy
thresholds in boron nitride are slightly overestimated due the
curvature and induced electron excitation effects. This sec-
ond effect should be stronger in h-BN than in carbon due to
the partial ionic character of the BN bonding and the wide
band gap of this material, which results in stronger localiza-
tion of electron excitations.21

It is important to bear in mind that these results have been
obtained for perfect graphene and hexagonal BN sheets;
however, after some irradiation, a certain number of single
vacancies will be present in the system. For vacancies in
both graphite and h-BN, the first neighboring atoms have a
lower coordination; the vacancy in graphite induces a Jahn-
Teller distortion forming a weak C-C bond between two of
the vacancy neighbors,22 whereas in BN sheets there is no
local reconstruction of dangling bonds.5 During sputtering of
an atom neighboring a vacancy, two bonds break instead of
three for a fully coordinated atom. The case of a carbon
nanotube has been treated in the works of Crespi et al.9 and
Krashenninikov et al.,18 where the minimum of Ed for an
�8,8� armchair nanotube was shown to drop from
20 to 14 eV. In the case of boron nitride nanotubes, we ex-
pect a similar lowering of the minimum electron beam en-
ergy at which atoms are sputtered, related to the reduced
formation energy of vacancies neighboring a preexisting
vacancy.5 In this context, we can suppose that irradiating a
BN nanotube with a beam energy between 74 and 84 keV
will first generate a boron vacancy, but once these primary
defects are created, nitrogen atoms on neighboring sites can
also be emitted.

IV. TOTAL KNOCK-ON CROSS SECTIONS

A. Carbon nanotubes

In the previous section, we mapped the emission energy
threshold for a carbon atom in a graphene layer. These re-
sults can be used to evaluate the cross section in the case of
carbon nanotubes. The energy domain of integration S of the
knock-on cross section ��T� in Eq. �6� has to be derived as a
function of the angle 	 defining the position of the atom

around the tube circumference. In the case of a nontilted
nanotube imaged within a TEM, key angles are those corre-
sponding to atoms located in tube region perpendicular �	
=0° � and parallel �	=90° � to the incoming electron beam.
We refer to these general orientations hereafter as the tube
base �applying equally to the top and bottom tube surface�
and tube sides, respectively.

The total knock-on cross section �d for a carbon atom in
a single-walled nanotube is plotted in Fig. 3 as a function of
the polar angle 	 for different values of the incident electron
energy in the range of 100 keV–1 MeV. The small high-
frequency fluctuations on the curves is due to numerical
noise introduced by the reduced sampling in the integration
routine.

Since min�Ed�=23 eV, tubes are theoretically predicted to
be stable under electron irradiation with beam energies be-
low 113 keV. Between 120 and 150 keV, atoms from the

FIG. 3. Total knock-on cross section for carbon atoms in a
single-walled carbon nanotube as a function of their position 	
around the tube circumference. Angles 	=0° and 	=90° refer, re-
spectively, to carbon atoms in the tube base and in the tube side.
The electron beam is entering vertically from the top of the figure.
Total cross section for the full tube �0° �	�360° � can be obtained
by symmetrization of the plot. The curves are plotted for incident
electron energies between 130 keV and 1 MeV representative of the
voltages used in TEM.
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tube base can be emitted. For example, at 130 keV, 	 values
in the ranges of −80° – +80° and 100° – +260° have nonzero
cross sections. For an energy of 150 keV, there are no more
forbidden regions for the knock-on process and all the atoms
of the tube can be emitted. The maximum cross section is
3.5 barn corresponding to 	=22° and to the three other sym-
metrically equivalent positions. At this energy, atoms in the
tube base have higher sputtering probability than those in the
tube walls where cross sections are still around 1 barn. This
difference decreases with increasing incident electron energy,
and for energies of a few hundred keV, emission is largely
homogeneous around the tube circumference. For example,
at 300 keV the cross section varies between 5.5 barn at 	
=54° and 8.5 barn at 	=0°. At higher irradiation energies,
atom emission from the tube walls becomes more favorable:
at 1 MeV the total cross section is 13.3 barn for 	=0°,
12.6 barn for 	=22°, and 16.5 barn for 	=90°. This may
initially appear counterintuitive, since sidewalls are usually
regarded as low probability sites for knock-on processes,
even with high incident electron energy.9 We will discuss this
point in more detail in Sec. IV C.

In a previous work,23 the total knock-on cross section for
an electron beam energy of 300 keV was theoretically esti-
mated to be 30 barn, within the approximation of an isotro-
pic emission energy threshold equal to 15 eV. Crespi et al.9

applying a similar hypothesis also mention cross sections
from 10 to 50 bar. These values are generally higher than
those we obtain here, and the difference shows the impor-
tance of explicitly considering the anisotropy of the function
Ed. Several knock-on cross sections have been reported ex-
perimentally for carbon nanotubes and nanohorns. In both
the paper of Hashimoto et al.4 and Yuzvinsky et al.,20 a cross
section of 160 barn is reported, derived by a rough estima-
tion of the quantity of sputtered material as a function of
irradiation time. Hashimoto et al. observed defect density
obtained by a limited dose irradiation at 120 keV. Yuzvinsky
et al. investigated nanotube diameter shrinkage under higher
irradiation doses at 100 keV; they derive then an extremely
low value for the average emission energy threshold, esti-
mated at 5.5 eV.

The small theoretical overestimation of the emission en-
ergy threshold Ed for a flat graphene plane compared to a
locally curved one, previously discussed, cannot account for
this difference in the total knock-on cross section. Indeed,
tests we conducted by arbitrarily shifting the function Ed by
2–4 eV caused a variation in the corresponding total
knock-on cross section of just a few barns. The large differ-
ence between experimental and theoretical cross sections pri-
marily comes from the difficulty of precisely estimating ex-
perimentally the loss of matter after a certain irradiation time
from which cross sections can successively be derived. Fur-
thermore, the cross section measured via the carbon sputter-
ing rate will be overestimated because after the creation of
primary vacancies, any further sputtering events have a
larger probability of occurring for atoms neighboring these
preexisting vacancies. This behavior can be deduced by the
reduction of neighboring vacancy formation energies result-
ing in the formation of a dislocation line.5,24

Our calculated cross sections for knock-on processes are
primarily useful to estimate the amount of vacancies for low

irradiation intensities or to estimate the average dose for a
first vacancy to be created. Dynamics involving larger
changes of the tube structure such as tube collapses cannot
be simply understood by the knowledge of the knock-on
cross section for a perfect tubular system.

Once atoms are removed from their position in the lattice,
they can be ejected from the tube or emitted inside the tube
cavity; the relative probability of these two events depends
on the location of the atoms around the tube. Since cascade
effects are limited to high accelerating voltages,8 at normal
TEM operating voltages atoms emitted into the tube are
trapped inside the tube cavity. In a recent work of Banhart
et al.,23 it was discussed how atoms trapped inside the tube
can diffuse along the tube axis and eventually nucleate in
amorphous agglomeration. During the diffusion process, at-
oms can also recombine with existing vacancies, reducing
the total number of defective sites in the system. Experimen-
tal determinations of knock-on cross sections will also be
altered by this effect, related to the complex dynamics of the
sputtering processes.

B. BN nanotubes

Figures 4 and 5 represent the total knock-on cross sec-
tions, respectively, for a boron and a nitrogen atom in a
single-walled BN nanotube as a function of their position 	
for different incident electron energies between 80 and
500 keV. In both cases, the overall behavior is similar to that
for carbon.

As previously discussed, at beam energies below 74 keV
perfect BN nanotubes are not damaged by electron irradia-
tion, and between 74 and 84 keV only primary boron vacan-
cies can be generated. Between 84 and 140 keV, the total
knock-on cross section of a boron atom is always higher than
that of nitrogen. For example, at an irradiation energy of
100 keV, the total cross section at 	=0° is 11.1 barn for a
boron atom and 8.9 barn for a nitrogen atom; at 	=90° it is
4.1 barn for a boron atom, whereas nitrogen atoms cannot be
emitted for 72° �	�109°.

Between 140 and 300 keV, two regimes appear: on the
tube base nitrogen sputtering becomes more favorable, while
at the walls the total knock-on cross section is still higher for
boron atoms. For example, at 190 keV, the boron knock-on
cross section is higher than that of nitrogen for angles 56°
�	�124°. Above 300 keV, nitrogen sputtering is the most
probable event for all atoms around the tube circumference.
We note that, as for carbon, at high incident electron energy
the preferential site for boron and nitrogen atom ejections
becomes the tube walls, 	=90°, whereas at low irradiation
energies it was the tube base, 	=0°.

C. Discussion

In the previous sections, we have shown how for carbon
and BN nanotubes the location of preferential sites for atom
emission depends on the electron-beam energy. Two regimes
have been described: for low energies, atoms in tube sections
perpendicular to the incident beam have the highest emission
probability, while at high energy the cross section is maxi-
mum in sections parallel to the incident beam. To explain this
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behavior, we must consider the competition between the total
integration domain S and the dependence on the transmitted
energy T of the cross section ��T�. We can clarify this point
by examining in detail the solution of integral 6 in a simpli-
fied irradiation geometry. We consider here a simple two-
dimensional case confining the atom emission direction � to
lie in the XZ plane defined by the normal to the graphene
sheet and the electron incidence direction �see Fig. 1�.

Figure 6 shows this geometry for two different zones of
tube, perpendicular to the electron beam �	=0° � in the upper
figure and parallel to the beam �	=90° � in the lower. The
three curves represent as a function of the emission angle �,
the transmitted energy T �dashed line�, the emission energy
threshold Ed �dotted line�, and the cross section ��T� �solid
line�. They have been calculated for an incident electron en-
ergy of 500 keV. In Table II we report the values of these
three curves corresponding to different choices of the angle
�.

As one can see in the dashed curves, a maximum energy
transfer Tmax of 136 eV is obtained at �=0° �i.e., when the
atom is emitted parallel to the incoming electron beam� for
an incident electron energy of 500 keV. Increasing � de-
creases the transferred energy �Eq. �4��, becoming 0 for �

=90° �atom emission perpendicular to the incoming electron
beam�.

The Ed curves show two different behaviors. For 	=0°,
the emission energy threshold has a minimum of 23 eV for
�=0°. Ed increases with �, almost diverging at �=90°.
This can be understood since in this configuration the plane
is perpendicular to the incoming beam and at high �=90°
atom emission is occurring parallel to the plane, an arrange-
ment highly unfavorable for emission.

The situation is different for the Ed curve when 	=90°
�sheet parallel to the incoming electron beam�. The function
Ed is then rotated by 90° compared to the 	=0° case. Thus,
Ed reaches its maximum at �=0° �atoms emitted parallel to
the sheet and incoming electron beam� and has a minimum
equal to 23 eV for �=90° �atoms emitted orthogonal to the
sheet and incoming electron beam�. The knock-on cross sec-
tion ��T� has been represented in Fig. 6 using a logarithmic
scale. Independently from the plane orientation, this function
has a strong dependence on �. It increases monotonically
from a minimum of 0.08 barn at �=0° and diverges at �
=90°.

In Fig. 6 we have shaded the values of � for which the
atom emission condition TEd is satisfied. Due to the high-

FIG. 4. Total knock-on cross section for boron atoms in a single-
walled BN nanotube as function of their position 	 around the tube
circumference.

FIG. 5. Total knock-on cross section for nitrogen atoms in a
single-walled BN nanotube as a function of their position 	 around
the tube circumference.
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symmetry values of 	 chosen, the integration regions are
symmetric with respect to the electron incidence direction.
For 	=0° the emission region is defined as ��61°. Inside
this region, the cross section � varies between 0.08 barn for
�min=0° and 5.08 barn at �max=61°. For 	=90°, a higher
value for �max=65.5° is found, while at low angles there is
now a forbidden zone within ��8.5°. In this case, � is
10.0 barn at �max and only 0.09 barn at �min.

Comparing the two situations �	=0° and 	=90°�, the dif-
ference in the total allowed emission angles � is small ���
are 122° and 114°, respectively�, showing larger geometrical

possibilities for knock-on events in the case 	=0°. At first
sight, this would appear to be in contradication with the pre-
vious finding where it was shown that the total cross section
is highest in tube sections parallel to the beam �	=90° � at
500 keV. However, the explanation is that the 	=90° geom-
etry allows knock-on cross sections with larger values of �
�i.e., atom emission at angles further from the incident elec-
tron beam direction�. It is precisely for such larger � values
that the cross section rapidly increases �we remind the reader
that cross section is plotted on a logarithmic scale in Fig. 6�.
In fact, although the energy threshold required to knock out
atoms at low � values may be lower, such events have such
small cross section that they do not contribute much to the
total collision cross section when larger � values are also
involved. This is the origin of the highest cross section for
tube sections parallel to the incoming electron beam for high
beam energies.

V. CONCLUSIONS

In the present paper, we have derived, through extended
DFTB-based molecular-dynamics simulations, the emission
energy threshold map for a carbon atom in a graphene sheet
and for boron and nitrogen atoms in an h-BN layer. In a
successive step, we have obtained the total knock-on cross
section for atoms in carbon and boron nitride nanotubes.

Previous theoretical studies have calculated the total
knock on cross section using the approximation of atoms
lying in an isotropic potential well. Under this hypothesis,
cross sections are overestimated and it is not possible to ob-
tain their dependence on the atomic position around the tube
circumference. Including explicitly the anisotropy of the
emission energy threshold, we have described a picture of
the sputtering process, showing a strong dependence of the
total cross section on the incident electron energy and the
circumferential position of the atoms.

Two regimes are obtained: at low irradiation energies, at-
oms are preferentially ejected from the tube regions perpen-
dicular to the incident electron beam at low emission angles,
and at high energies from the tube regions parallel to the
beam at high emission angles. This behavior can be ex-
plained through the competition between the angular depen-
dence of the cross section and its range of integration. For
BN nanotubes, we find an additional effect which promotes
boron sputtering for low irradiation energies and nitrogen
sputtering for high energies.

For all the energies and atom positions considered, the
total cross section is below 20 barn, which is much lower
than reported experimental values. The difficulty of clearly
evaluating the total amount of sputtered atoms strongly af-
fects experimentally derived cross sections. Furthermore, at
high irradiation doses, large structural modifications occur
and a model based on single vacancy formation is no longer
valid. Vacancy formation energies are drastically reduced in
the vicinity of other vacancies with a consequent increase in
their sputtering probability. Under electron irradiation, this
effect promotes the formation of defects based on extended
lines of neighboring vacancies, through a “laddering” mech-
anism of the tube lattice.

FIG. 6. �Color online� Transmitted energy T, emission energy
threshold Ed, and cross section ��T� as a function of the emission
angle �. The energy of the electron beam is 500 keV for both
orientations 	=0° �tube section perpendicular to the electron beam�
and 	=90° �tube section parallel to the electron beam�.

TABLE II. Transmitted energy T, emission energy threshold Ed,
and cross section ��T� for different values of the emission angle �.
The energy of the electron beam is 500 keV.

� T
�eV�

Ed �eV� ��T�
�barn�

	=0° 	=90°

0° 136 23 780 0.08

30° 102 24 30 0.27

60° 34 30 24 4.50

75° 9 69 24 71.82

90° 0 780 23 �
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The results presented in this paper may be helpful for the
interpretation and design of future experiments. For low
electron doses, irradiation experiments predominantly lead to
single vacancy formation. Density and spatial distribution of
vacancies around the tube circumference can then be directly
obtained with the estimated total cross sections discussed
above. At higher doses, the primary defects become seeds for
the germination of more extended defects.25 Although a full
description for these higher electron doses would need to go
beyond the single vacancy model presented here, our calcu-
lations can nonetheless be used to determine the threshold

dose to initiate such extended defects. They may thus also be
useful if, for example, one wants to shape the nanotube with
an electron beam at high spatial resolution. Experiments are
currently in progress using a dedicated scanning transmission
electron microscope.
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