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At a Fano resonance in a quantum wire, there is strong quantum-mechanical backscattering. When identical
wave packets are incident along all possible modes of incidence, each wave packet is strongly scattered. The
scattered wave packets compensate each other in such a way that the outgoing wave packets are similar to the
incoming wave packets. This is as if the wave packets are not scattered and not dispersed. This typically
happens for the kink-antikink collision of the sine-Gordon model. As a result of such nondispersive behavior,
the derivation of semiclassical formulas, such as the Friedel sum rule and the Wigner delay time, are exact at
Fano resonance. For a single-channel quantum wire, this is true for any potential that exhibits a Fano reso-
nance. For a multichannel quantum wire, we give an easy prescription to check for a given potential if this is
true. We also show that the validity of the Friedel sum rule may or may not be related to the conservation of
charge. If there are evanescent modes, then even when charge is conserved, the Friedel sum rule may break
down away from the Fano resonances.
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I. INTRODUCTION

The Landauer-Buttiker approach to mesoscopic physics is
rather novel. One of the great successes of this approach is
the Landauer-Buttiker conductance formula. To understand
this approach further, the key to generalize this approach is
the Friedel sum rule �FSR�. It has been the subject of much
study recently. While exact proofs can be given for bulk
samples,1–3 in low-dimensional systems, some attempts to
derive it ignore the effects of the leads.4,5 Buttiker and co-
workers emphasize the effects of the leads and find a correc-
tion term to the FSR.6–8 They state that in quantum regimes,
FSR will break down.8 When the system is in the WKB
limit, then FSR works very well.8 Recent explicit
calculations9 for an impurity in a quantum wire contradicted
this result. A single attractive impurity in a quantum wire can
produce many resonant states that can all be classified as
Fano resonances.10,11 Such an impurity in a quantum wire
has attracted many theoretical investigations.12–15 Reference
9 finds that the Friedel sum rule is exact at the Fano reso-
nance which is a pure quantum interference phenomenon
�and not a WKB regime� and worse in the regimes away
from the Fano resonance �that are in the WKB regime�. Ref-
erence 16 shows that other semiclassical formulas such as
the Wigner delay time �WDT� also become exact at the Fano
resonance. An analysis of charge conservation and the origin
of semiclassical behavior in a quantum regime is missing in
Refs. 9 and 16. In this work, we show that there is no con-
nection between charge conservation and validity of FSR in
the sense that FSR can be violated even when charge is con-
served. We shall also show that although such an impurity in
a quantum wire gives strong backscattering that is quantum
mechanical in nature, such scattering does not disperse a
wave packet. We shall also show that this explains why semi-
classical theories are exact in a purely quantum-mechanical
regime.

When one considers transport in mesoscopic systems,
then one typically considers a system as shown in Fig. 1. The

system between the points A and B is a grand canonical
system coupled to reservoirs. The way we study grand ca-
nonical systems in textbooks is that the reservoir Hamil-
tonian and the system Hamiltonian can be decoupled. This
allows one to construct a grand canonical partition function,
but mesoscopic samples are so small that the actual modeling
of the coupling to the reservoirs is necessary.17–20 The leads
�here we show only two leads but there can be many� are
ideal wires that connect the system to the reservoirs. They
inject and absorb electrons and also define the correct bound-
ary conditions for the system. The region between A and B is
an elastic scatterer. A particle injected by reservoir 1 will
freely propagate along lead 1 and will be incident on the
scatterer between A and B. The reflected part will be ab-
sorbed by reservoir 1, and the transmitted part will be ab-
sorbed by reservoir 2. The absorbed electrons are completely
thermalized inside the reservoirs and their coherence is de-

FIG. 1. A grand canonical system, extending from A to B,
connected to two reservoirs on two sides with ideal leads.
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stroyed. Phase shifts are defined with respect to points A and
B and not with respect to ±�.6 Density of states �DOS� is
also the local density of states �LDOS� integrated between
the points A and B.6 The scattering problem is completely
defined with the points A and B,6 provided the total charge in
the region between A and B �or the integrated LDOS in the
region between A and B� is conserved. The region outside
that can be parametrized with chemical potential ��� and
temperature �T�. If � and T are the same for the two reser-
voirs, then we get an equilibrium situation, and if they are
different, then we get a nonequilibrium situation. All this will
become explicit in our model calculation.

II. SCATTERING SOLUTION

As a simple realization of such a system �as shown in Fig.
1� in one dimension �1D� we can consider �see Fig. 2� a
double delta function potential in 1D between x=−l �this
point is equivalent to point A of Fig. 1� and x= l �this point is
equivalent to point B of Fig. 1�. The free regions x�−l and
x� l are the leads. For a symmetric scatterer in 1D, the scat-
tering matrix is

S = �R T

T R
� , �1�

where R is the reflection amplitude and T is the transmission
amplitude of the scatterer.

Recent developments in fabrication techniques allow us to
fabricate a two-dimensional �2D� quantum wire. This is es-
sentially done by making the confinement potential in the
third direction so narrow that only one mode is populated
and there are no degrees of freedom in the third direction. In
the following, when we refer to quantum wire, it means a 2D
quantum wire where transverse modes are quantized like that
of a square well potential and modes along the length of the
wire are propagating plane waves.

If we consider a two-channel quantum wire with a delta
function potential, the scattering matrix will be 4�4 as
shown below,

S = �
R11 R12 T11 T12

R21 R22 T21 T22

T11 T12 R11 R12

T21 T22 R21 R22

� . �2�

We are using a notation where S11=R11 as it is a reflection
amplitude for an electron incident along the first transverse

mode from the left lead �lead 1� and scattered back to the
first transverse mode in the left lead. Similarly, S12=R12 as it
is a reflection amplitude for an electron incident along the
first transverse mode from the left lead and scattered back to
the second transverse mode in the left lead. Similarly, S13
=T11 as it is a transmission amplitude for an electron incident
along the first transverse mode from the left lead and scat-
tered forward to the first transverse mode in the right lead
�lead 2�. One can easily understand the rest. One can solve
the scattering problem11 to find that for � and � taking val-
ues of 1 or 2,

R�� = −
i	��

2d�k�k�

. �3�

If ���, then

T�� = −
i	��

2d�k�k�

. �4�

If �=�, then

T�� = 1 + R��. �5�

Here,

	�� =
2m


�2 sin���

W
�yj +

W

2
�	sin���

W
�yj +

W

2
�	 , �6�

d = 1 + 



	

2�

+ i

�

	��

2k�

, �7�

	 =
2m


�2 sin��

W
�yj +

W

2
�	sin��

W
�yj +

W

2
�	 . �8�

 can take any integer value greater than 2 �i.e., 
=3,4 ,5 , . . .�. 
 is the strength of the delta function potential
situated at x=0 and y=yj. m is particle mass, and W is the

width of the quantum wire. k1=�2m
�2 E− �2

W2 is the wave vector

for the first propagating channel. k2=�2m
�2 E− 4�2

W2 is the wave

vector for the second propagating channel. �=�2�2

W2 − 2mE
�2 is

the wave vector for the th evanescent channel. E is the
incident energy.

In principle, the sum over the evanescent modes includes
an infinite number of evanescent modes. If all the infinite
evanescent modes are included, then the delta potential can-
not scatter. However, the higher evanescent modes involve
such a high amount of transverse energy given by �22�2

2mW2 that
such high-energy electrons cannot be realized in a quantum
wire. They will either dissipate or overcome the work func-
tion of the wire to be ejected from the wire. So, there is a
natural cutoff for the infinite series. Given any cutoff, there
are potential strengths for which our results discussed below
are valid. This is essentially because the finite number of
evanescent modes just renormalize the strength of the delta
function potential. Given such an energy cutoff, we can still
take the 2D limit by making W→� and then the above ex-
pressions �3�–�8� do give the 2D result wherein a delta func-
tion potential cannot scatter.21

FIG. 2. A realization of the system shown in Fig. 1 in one
dimension. x=−l corresponds to the point A in Fig. 1 and x= l
corresponds to the point B.
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The nth quasibound state or the Fano resonance occurs at
energies that satisfy the following equation:

1 + 

=n

=�
	

2�

= 0. �9�

At such an energy, there will be a large amount of charge
localized around the impurity and decaying away from the
impurity. One has to define the points A and B as described
in Ref. 9. Also, in real systems,  will have some cutoff as
discussed above. The �th injectivity at a point q��x ,y ,z� is
due to the incident electron of velocity v� �or −v��. It is
defined as �one can easily see that if we sum both sides of
Eq. �10� over �, then we get LDOS and hence Eq. �10�
defines injectivity, and an alternate definition can be found
from Eq. �18�



�

����q� =
1

h�v��
������q��2, �10�

where h is Plank’s constant, v�=
�k�

m , k� is incident wave
vector, m is particle mass, q represents coordinate, and
�����q� is quantum-mechanical wave function due to unit
current incident in the �th channel. ����q� is known as the
partial local density of states �PLDOS�. For different pos-
sible values of incident wave vector, we get different injec-
tivities. Summing up for all the injectivities, we get the local
density of states �LDOS�. Integrating LDOS over entire spa-
tial coordinates, we get DOS. So DOS will be

��E� = 

�=1

M �
−�

� 1

h�v��
������q��2dq �11�

and

�GC�E� = 

�=1

M �
A

B 1

h�v��
������q��2dq . �12�

Here, suffix GC stands for “grand canonical.” Here, M is
the total number of incident channels possible.

III. FRIEDEL SUM RULE

If the charge in the region between A and B is conserved,
then the scattering problem is completely defined with re-
spect to the points A and B. FSR suggests that the DOS in
Eq. �12� can be calculated from the S matrix, without any
knowledge of the �����q� as the S matrix elements can be
determined experimentally22,23 as well as theoretically.24,25

The FSR can be stated as9,26,27

d� f

dE
� ���GC�E� − �0

GC�E� , �13�

where

� f =
1

2i
log�Det�S� . �14�

S is the scattering matrix of a system, and E is the incident
electron energy. �GC�E� is the integrated LDOS of a system

in the presence of a scatterer, as defined in Eq. �12�, and
�0

GC�E� is the integrated LDOS of the same system in the
absence of a scatterer, which naturally requires that impurity
scattering conserves the total charge in the grand canonical
system �or else �GC need not be related to �0

GC at all�. In Eq.
�13�, we have used an approximate equality as there will be
a correction term which we will discuss later. The beauty of
Eq. �13� is its universality. At any resonance �or quasibound
state�, ��GC�E�−�0

GC�E� change by unity and hence � f will

change by �. Moreover,
d� f

dE can be determined from
asymptotic wave function �x→��, and so one can com-
pletely avoid integrating the LDOS to find the DOS.

The purpose of this section is to explain the discrepancy
observed in Ref. 9 about the FSR. Namely, the FSR becomes
exact in a purely quantum regime such as the Fano regime
and worse away from the Fano regime. According to our
previous understanding �see, for example, Ref. 8�, it should
have been the opposite. Such an explanation requires a de-
tailed analysis of charge conservation and quantum behavior
as follows. A physical origin of such a behavior will become
clear in the next section.

To understand where FSR may go wrong, we first inspect
a derivation of the FSR.26 We present it for 1D as the steps
can be repeated for quasi-one-dimension �Q1D�. Suppose
there is an extended potential V�x�. Assuming that
S�,�(E ,V�x�) is analytic, we can make an expansion as

S�,�„E,V�x� + �V�x�…

= S�,�„E,V�x�… + �
−�

�

dx�� �S�,�„E,V�x��…
�V�x��

�V�x��	 + ¯ .

�15�

We have chosen the electronic charge e to be the unit of
charge. Equation �15� means breaking up the increment
�V�x� �although an infinitesimal perturbation, it is an ex-
tended potential� into many local increments �V�x�� and in-
tegrating the effect of all these local increments. �V�x�� is
therefore a delta function potential at x�. Now, without any
loss of generality, we can say that �V�x�=V0 for all x. In
other words, �V�x� is a constant potential. Since �V�x�=V0

for all x, the local perturbation �V�x�� is also equal to V0

numerically. One has to remember that the two perturbations
�V�x�=V0 and �V�x��=V0��x�� are actually different. One of
them is a global perturbation or an extended perturbation,
while the latter is a local perturbation. However, for V0→0,
one can neglect this difference between them to write

S�,�„E,V�x� + V0… − S�,�„E,V�x�…
V0

� �
−�

�

dx�� �S�,�„E,V�x��…
�V�x��

	 . �16�

Note that now we have an approximate equality, and this can
be further justified by explicit calculations as shown below.

Now, one may propose that instead of increasing the po-
tential everywhere by an infinitesimal amount V0, one may
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keep the potential constant and instead decrease the incident
energy by �E=V0. Thus,

S�,�„E − �E,V�x�… − S�,�„E,V�x�…
− �E

=
S�,�„E,V�x� + �V�x�… − S�,�„E,V�x�…

V0

� �
−�

�

dx�� �S�,��E,V�x���
�V�x��

	 . �17�

One can prove that26

−
1

4�i
�S��

† �S��

�V�x��
− HC� = ����x� , �18�

where ��� is the PLDOS. The partial density of states
�PDOS� is therefore ���� �E�=�−�

� ����x�dx. One can take any
potential in 1D and check that this equation is exact as done
in Ref. 6. Therefore, from Eqs. �17� and �18�,

1

4�i
�S��

† dS��

dE
− HC� � ���� �E� . �19�

This, on summing over � and � and further simplification,
gives

1

2i

d

dE
log�Det�S� � ����E� − �0�E� . �20�

Thus, we have derived FSR.
Replacing �dx�

�S�,�

�V�x��
by −

�S�,�

�E is an approximation. Thus,
d� f

dE is not exactly equal to ����E�−�0�E�, and so naturally

one can expect that
d� f

dE is also not exactly equal to ��GC�E�
−�0

GC�E�. In fact,7

d� f

dE
= ���GC�E� − �0

GC�E� − Im
�RLL + RRR�

4E
. �21�

We have used suffixes LL and RR, instead of � and �. The
reasons are obvious as RLL is for the electrons incident from
the left and reflected back to the left lead, while RRR is for
the electrons incident from the right and reflected back to the
right lead. One may consider Eq. �21� as another FSR, but
the correction term Im��RLL+RRR� /4E is not very universal.
It can be different for different kinds of resonances. Sec-
ondly, in Q1D, we will see that this correction term will also
depend on internal details of the potential and can vary from
sample to sample.

So, the correction term is Im��RLL+RRR� /4E. Reference
7 and others state that this term is due to the nonconservation
of charge in the grand canonical system. They state �see Eqs.
�11� and �12� in Ref. 7 that this term can be related to
self-energy due to the escape probability of an electron into
the leads. So, according to Refs. 7 and 8, in quantum re-
gimes, this term can be large. An essential component of this
work is to establish that this correction term is not due to
nonconservation of charge in the grand canonical system.
Although in one, two, and three dimensions the correction
term is large when the escape probability to the leads is large

�that is, charge is not conserved in the grand canonical sys-
tem� and vice versa, this is not true in Q1D. We show below
that the correction term can be large in Q1D even when
charge is conserved in the grand canonical system, and also
the correction term can be zero in the Fano regime which is
a quantum regime.

It is shown in the Appendix that

���E� − �0�E� − ��GC�E� − �0
GC�E�

= −
sin�2kl

k
�RLL + RLL

* � +
cos�2kl

k
�iRRR − iRRR

* � .

�22�

This has two implications. First is that since ���GC�E�
−�0

GC�E�−Im��RLL+RRR� /4E�����E�−�0�E�, it follows
from Eq. �21� that

d� f

dE
� ����E� − �0�E� . �23�

It can only be an approximate equality as shown in Eq. �20�.
The second implication is that the correction term
−Im��RLL+RRR� /4E is not due to the lack of charge conser-
vation in the grand canonical system. This is explained be-
low. When we integrate over all energies, then we get that
the right-hand side �RHS� of Eq. �22� goes as ��k�. The
global charge has to be conserved, implying �−�

� dE���E�
−�0�E�=0. Hence, from Eq. �22�,

�
−�

�

dE���GC��E� − �0
�GC��E�

goes as ��k�. Since only positive energy states are propagat-
ing states that we are interested in, one can always take the
integration over E in the positive energy regime instead of
taking it from −� to �. As k=0 is a nonpropagating state, in
the propagating regime, ��

�dE���GC��E�−�0
�GC��E�=0. So,

charge is conserved in the grand canonical system. So, the
correction term in Eq. �21� is arising due to the error in-
volved in the substitution in Eq. �17� and has nothing to do
with charge conservation in the grand canonical system. It is
just an error due to an approximation in the algebra.

Although in the Appendix we have considered a one-
dimensional system, all the steps can be repeated for a
single-channel Q1D system. Only the expressions for RLL

and RRR will be different and k1=�2me

�2 E− �2

W2 . So, for a
single-channel quantum wire,

d� f

dE
= ���GC�E� − �0

GC�E� − Im
RLL + RRR

4�E −
�2�2

2mW2� . �24�

First of all, note the presence of sample specific parameter
�2�2

2mW2 in the correction term. This equation is the same
whether evanescent modes are included or not included.
However, only the expressions for RLL and RRR changes
completely if we include or exclude the evanescent modes.
From Eq. �3�,
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− Im�RLL + RRR =

	11

k1
�1 + 


�1

	

2�
�

�1 + 

�1

	

2�
�2

+ �	11

2k1
�2 . �25�

For a delta function potential in 1D,

− Im�RLL + RRR =

	1D

k1

1 + �	1D

2k1
�2 , �26�

where 	1D= 2m


�2 . In comparison with the 1D case, the only
difference in Q1D �compare Eqs. �25� and �26� is the term



�1

	

2�

, �27�

which is due to the evanescent modes. If we remove this
term, then the correction term is negligible for k1�	11,
which is the semiclassical regime. Complications in Q1D
arise because of the series term 
�1

	

2�
. Even for k1�	11,

�1+
�1
	

2�
� can become zero and then the correction term

can become 0 in a purely quantum regime. At the Fano reso-
nance, this is exactly what happens, i.e., RHS of Eq. �25�
becomes 0 precisely due to the fact that �1+
�1

	

2�
�=0 at

the Fano resonance �see Eq. �9�. Alternately, one can also
see this from the Fisher-Lee relationship, but Eqs. �24�–�26�
help us to demonstrate the difference between 1D and Q1D
and hence argue in terms of quantum behavior or semiclas-
sical behavior. Also, note that although each term in the se-
ries in Eq. �27� decreases with energy, the sum does not
decrease as the series is a divergent series. It goes as log�N,
where N is the total number of terms in the series or the total
number of evanescent modes.13 One can make the transverse
width w→� to create an infinite number of evanescent
modes, and then one can see from Eq. �25� that the correc-
tion term goes to zero implying that FSR is exact in two-
dimensions. In real quantum wires, we have to truncate the
series at some value N. For any arbitrary number of evanes-
cent modes, the correction term can be as large as

d� f

dE or
����GC��E�−�0

�GC��E�, making the two qualitatively and
quantitatively different, except in a narrow energy regime
close to the upper band edge. At the upper band edge,

n�1

	

2�
diverge as the first term in it �i.e.,

	22

2k2
� diverges and

hence the RHS of Eq. �25� becomes 0.

IV. WIGNER DELAY TIME

The fact that FSR becomes exact at the Fano resonance is
very counterintuitive. FSR is similar to WDT, and so it was
also checked that WDT at the Fano resonance becomes
exact.16 The similarity between WDT and FSR can be seen
from Eqs. �19� and �20�,



��

1

4�i
�S��

† dS��

dE
− HC	 = 


��

1

2�
��S���2

d

dE
arg�S���	

� 

��
�

−�

�

����x�dx . �28�

�
d

dE arg�S��� is the WDT for particles transmitted from the
�th channel to the �th channel, and there are �S���2 of such
particles. One can choose �=1. Here, arg�S���

=arctan� Im�S��

Re�S��. We have also seen that the left-hand side

�LHS� in Eq. �28� is the semiclassical limit of the LHS of Eq.
�18� integrated over x�, �, and �. So, in the semiclassical
limit, WDT times the number of particles involved gives the
PDOS. It was shown in Ref. 9 that in the Fano regime, also,
the WDT � 1

2� �S���2 d
dE arg�S��� gives the PDOS

��−�
� ����x�dx exactly, in spite of the fact that Fano reso-

nance is a quantum phenomenon. This happens for single-
channel quantum wires as well as for multichannel quantum
wires. Another way to see that the WDT is semiclassical is
that its derivation is based on nondispersive wave packets.
Below we show how nondispersive wave packets are real-
ized in the quantum regime of Fano resonance and as a result
WDT becomes exact �that is, WDT gives the PDOS cor-
rectly�.

We start by presenting a derivation of the WDT based on
nondispersive wave packets. Let us consider an incident
Gaussian wave packet in 1D representing an ensemble of
noninteracting particles. a�k� is the weight of the kth Fourier
component in the incident Gaussian wave packet,

�in�x,t� = �
−�

�

a�k�exp�ikx − iwtdk . �29�

After the wave packet traverses a distance L, its form will be

�tr�x,t� = �
−�

�

a�k�T�k�exp�ik�x + L� − iw�t + t0 + �t�dk .

�30�

Here, T�k� is the transmission amplitude of the potential in
the region of length L. t0 is the time that the free wave packet
would have taken if the potential was zero in the region of
length L. t0+�t is the time that the wave packet takes in the
presence of the potential. If we go to the semiclassical limit,
then we should get close to classical behavior that implies
�T�k��=1 and �tr�x , t� is also a Gaussian wave packet like
�in�x , t�. From this, one can derive WDT. Normally, T�k� is
complex and energy dependent. This is the essential cause of
dispersion. The weight of the kth component in the transmit-
ted wave packet is a�k�T�k� and, hence, �tr is no longer a
Gaussian wave packet. If T�k� is a real number, then the
dispersion will be like a free particle as k and w in �tr are
identical to that of a free particle �w= �k2

2m
�. One simple ex-

ample where this happens is when the incident energy is
much smaller than the potential height, wherein one gets
T�k�→0 and R�k�→−1. In this case, R�k� is real. One finds
the WDT
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�t = �
d

dE
arg�R� =

d

dw
arg�R� , �31�

and it correctly gives the PDOS, that is, 1
2� �R�2 d

dE arg�R�
=�����x�dx.

This explains why FSR is exact in the case of single-
channel Fano resonance where the particle is completely re-
flected back due to an effective potential that is infinite. At
the single-channel Fano resonance, R�k�=−1 and WDT give
the correct PDOS. This also shows that the correctness of
WDT and, hence, FSR at Fano resonance is always true in
single-channel quantum wires. It requires the presence of a
zero transmission that is always there for all potentials that
support a Fano resonance. However, the correctness of FSR
or WDT does not only occur in the case of single-channel
quantum wires where R�k�=−1 as in the semiclassical limit,
but it also happens in multichannel quantum wires where
�R11�k���1 and �T11�k���0. So how for such a system WDT
or FSR remains exact?

In order to show how one can get nondispersive wave
packets in the presence of quantum scattering, we take a clue
from the kink-antikink solution of the sine-Gordon equation.
Suppose we have a delta function potential in a two-channel
quantum wire. Let us have four identical Gaussian wave
packets incident on it along all possible channels. That
means two will be incident from the left and two will be
incident from the right. Among the two that are incident from
the left, one will be in the first channel or in the fundamental
transverse mode and one will be in the second channel, that
is, the first excited transverse mode, and similarly for the two
that are incident from the right. All these wave packets are
scattered at the same time and we call this time t. After
scattering, the resultant wave packet on the right in the fun-
damental mode �say� and moving away from the potential
and at a distance L from the delta function potential will be

�tr
QW =� a1�k1�T11�k1�exp�ik1�x + L� − iw1�t + t0 + �tT11

�dk1

+� a2�k2�T21�k2�exp�ik1�x + L�

− iw1�t + t0 + �tT21
�dk1

+� a1�k1�R11�k1�exp�ik1�x + L� − iw1�t + t0

+ �tR11
�dk1 +� a2�k2�R21�k2�exp�ik1�x + L� − iw1�t

+ t0 + �tR11
�dk1. �32�

Here, t0+�tT11
is, for example, the time taken by a particle in

going from the first channel in the left lead to the first chan-
nel on the right lead, and so on. One has to start with an
infinitesimal potential so that with a small probability, a par-
ticle goes from channel 2 on the left to channel 1 on the right
and traverses the region of length L in time t0. It is easy to
show that a1�k1�=a1�−k1� and a2�k2�=a2�−k2�. Also, note
that T21�k2�=T12�k1�, R21�k2�=R12�k1�, and �tT21

=�tR11
fol-

low from unitarity and time reversibility. So, FSR as well as
WDT will be correct if �tr

QW is also a Gaussian wave packet.
Now, nondispersive behavior does not only mean that a
Gaussian wave packet is transmitted as a Gaussian wave
packet, but a wave packet of any shape �Lorentzian, square,
etc.� will be transmitted without changing its shape. Hence,
without any loss of generality, we can take the initial weights
a2�k2� or a1�k1� to be constants, which implies

�tr
QW =� T11�k1�exp�ik1�x + L� − iw1�t + t0 + �tT11

�dk1

+� �T12�k1� + R11�k1� + R12�k1�exp�ik1�x + L�

− iw1�t + t0 + �tR11
�dk1. �33�

One way to get that �tr
QW is the same as the initial incident

wave packets is that if T11�k1�, T21�k2�, R21�k2�, and R11�k1�
are simultaneously real, because then the weight of the kth
component is a real number. The main source of dispersion is
always the phases of scattering amplitudes, with the energy
dependence of their absolute values being always weak. Be-
sides, there could be some fluctuation in �T11�k1��, �T21�k2��,
�R21�k2��, and �R11�k1�� individually in the quantum regimes,
but their sum is weakly energy dependent in all regimes
�classical or quantum� and becoming constant at the Fano
resonance. Similarly, the four wave packets in Eq. �32� com-
pensate each other to make �tr

QW a Gaussian wave packet.
One can also show that T21=R21, and arg�T21�=arg�R21�
=arg�R11�. In Fig. 3, we show that T11, T21, R21, and R11 are
simultaneously real at the Fano resonance. Since they are
real, their squares add up to make 1. So, they are also
complementary to each other and compensate each other.
Actually, all the phase shifts vary strongly with energy as is
expected in a quantum regime, but the variations are around

FIG. 3. This figure is for a delta function potential in Q1D �

=−4.6, yi=0.45, the number of propagating modes is 2, and the

number of evanescent modes is 17�. Here, G=1+
=n
=� 	

2k
, that is,

the LHS of Eq. �9�. It is shown by the solid line. When it crosses the
energy axis then we get a bound state. arg�T11� �dashed curve� and
arg�R11� �dotted curve� become simultaneously 0 at the bound state
or at the Fano resonance. This implies that T11, R11, T21, and R21 are
simultaneously real at the Fano resonance.
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0 and becoming exactly 0 at the Fano resonance.
One can check the outgoing wave packets in the other

channels also. They all show similar behavior at the Fano
resonance. Although the individual wave packets get
strongly scattered, the four scatterings compensate each other
in such a way that the outgoing waves are similar to the
incoming waves. So, the derivation of WDT holds good and
so naturally the WDT also holds good. Then, summing over
all the particles making the wave packets, one naturally gets
that FSR holds good. This provides a physical picture that
helps us to understand why semiclassical formulas based on
undispersed wave packets hold good in an extreme quantum
regime. Semiclassical formulas are always much simpler and
easy to understand as they have classical analogies.

V. CONCLUSION

For larger systems, that is, when the sample size is larger
than the inelastic mean free path, it has been argued that the
scattering matrix approach does not take into account the
conservation of charge.28 FSR can break down due to non-
conservation of charge.29 In this work, we show that even for
mesoscopic systems, that is, when sample size is smaller
than inelastic mean free path, although charge is conserved,
the scattering matrix approach does not give the DOS ex-
actly. In a quantum wire, the correction term due to the eva-
nescent modes is quite complicated and it is not possible to
make any general statement about it, such as correction term
is negligible in the semiclassical regimes and large in quan-
tum regimes. Quite counterintuitively, the correction term in
Eq. �25� becomes 0 at the Fano resonance; as a result of
which, the FSR becomes exact. We do not know of any
system where this correction term can become exactly 0. We
have shown that in a single-channel quantum wire, this is
true for all potentials that exhibit a Fano resonance as it only
requires the presence of a zero transmission. We have also
taken a scatterer in a multichannel quantum wire that has
Fano resonance, wherein all the S��’s are nonzero and also
strongly energy dependent. However, the correction term is
once again exactly 0, making the FSR exact at the Fano
resonance. We provide a physical understanding of this based
on nondispersive wave packets that are crucial for the deri-
vation of semiclassical formulas such as FSR and WDT. This
gives us a general prescription to check for a given Fano
resonance in a multichannel quantum wire if semiclassical
formulas will be exact or not. Although the quantum-
mechanical scattering can strongly disperse the different par-
tial waves, the resultant of all possible partial waves in the
Hilbert space and their scattering compensate each other in
such a way that the resultant wave packet is undispersed.

The advantage of using FSR to know the DOS of a sys-
tem has certain advantages. It makes it unnecessary to find
the local wave functions inside a scatterer and also removes
the problem of integrating the LDOS to find the DOS. Also,
FSR is expected to work in the presence of electron-electron
interactions.30 An easy way to see this is to consider the
Kohn-Sham theorem,31 which essentially means that an elec-
tron passing through an interacting system actually passes
through a one-body effective potential that accounts for ex-
change and correlation effects exactly.
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APPENDIX

Let us calculate the DOS ��E� for the system in Fig. 2.
We first consider the electron incident from the left �as
shown in Fig. 2�, with incident wave vector k. The PDOS in
this case is

��1��E� =
1

h�v���−l

l

�aeikx + be−ikx�2dx

+ �
−�

−l

�eikx + RLLe−ikx�2dx + �
l

�

�Teikx�2dx	 .

�A1�

Here, v=�k /m. T is the same whether incident from the left
or incident from the right. We next consider the electron
incident from the right, with incident wave vector −k. The
PDOS in this case is

��2��E� =
1

h�v���−l

l

�ae−ikx + beikx�2dx + �
l

�

�e−ikx + RRReikx�2dx

+ �
−�

−l

�Te−ikx�2dx	 . �A2�

Therefore, DOS is given by

��E� = ��1��E� + ��2��E� =
1

hv�2�
−�

�

dx + 2��

+ RLL
* �

−�

−l

cos�2kxdx + iRLL
* �

−�

−l

sin�2kxdx

+ RRR�
l

�

cos�2kxdx + iRLL
* �

l

�

sin�2kxdx

+ RLL�
−�

−l

cos�2kxdx − iRLL�
−�

−l

sin�2kxdx

+ RRR
* �

l

�

cos�2kxdx − iRRR
* �

l

�

sin�2kxdx	 ,

�A3�

where

�� = �
−l

l

�aeikx + be−ikx�2dx − 2�
−l

l

dx

=
hv
2�

���GC�E� − �0
GC�E�� . �A4�
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The indefinite integrals on sin�x and cos�x can be done by breaking them up in exponential functions to give

��E� =
1

hv�2�
−�

�

dx + 2�� −
sin�2kl

k
�RLL + RLL

* � +
cos�2kl

k
�iRRR − iRRR

* �	 . �A5�

Thus, we have proven that

��E� − �0�E� = �GC�E� − �0
GC�E�−

sin�2kl
k

�RLL + RLL
* � +

cos�2kl
k

�iRRR − iRRR
* � . �A6�
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