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The filling fraction limits �FFLs� of various impurities for the intrinsic voids in the lattice of CoSb3 are
studied by combining the density functional method and thermodynamic analysis. The FFL for the voids is
shown to be determined by both the interaction between the impurity and the host atoms and the secondary
phase formation ability of the impurity atoms with one of the host atoms. The FFLs predicted for impurities
Ca, Sr, Ba, La, Ce, and Yb in skutterudite CoSb3 agree very well with the experimental values. Several models
are proposed to explain the various formation energies quantitatively, which unveil the physics behind the
FFLs. The correlation between various energies and chemical bonding, lattice strain, and the effective charge
state of impurities is investigated systematically. A simple selection rule for forming stable filled skutterudites
is discovered, and it agrees with the experimental observations.
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I. INTRODUCTION

CoSb3-based skutterudites are among the most important
thermoelectric materials that have been studied extensively
in recent years.1 The chemical formula of a binary skutteru-
dite is MX3, where the metal atom M can be Co, Rh, or Ir,
and the pnicogen atom X can be P, As, or Sb. Binary skut-
terudite compounds crystallize in a body-centered-cubic
structure with space group Im3 and have interstitial voids at
the 2a positions �12-coordinated� in the lattice. Each M atom
is octahedrally surrounded by X atoms forming a MX6 octa-
hedron. Binary CoSb3 is a semiconductor with small band
gap ��0.5 eV�, high carrier mobility, and modest ther-
mopower. However, it also possesses high thermal conduc-
tivity values ��10 W/m K at room temperature� that limit
its thermoelectric performance.

It has been proven to be an effective way of reducing the
lattice thermal conductivity of CoSb3-based skutterudites to
fill the lattice voids with impurity atoms to form partially
filled skutterudites IyCo4Sb12, where I represents an impurity
atom and y is its filling fraction.1 The filler atoms show large
atomic displacement parameters, rattle inside the 12-
coordinated sites surrounded by Sb atoms, interact with low-
frequency lattice phonons, and significantly reduce the lattice
thermal conductivity of filled skutterudites. The reduced
thermal conductivity results in a substantial improvement of
thermoelectric performance at elevated temperatures. The
demonstration of thermal conductivity reduction over a wide
temperature range due to the presence of fillers was first
reported in Ce-filled skutterudites.2 Subsequently, similar ef-
fects were observed in skutterudites filled with various other
filler atoms.1 CoSb3-based filled skutterudites with various
filler atoms �Ce, La, Nd, Eu, Yb, Tl, Sn, Ge, Ca, and Ba�
without charge compensation have been intensively studied
in an effort to search for better n-type thermoelectric mate-
rials. Currently, the best experimental values of the thermo-
electric figure of merit ZT are in the range of 1–1.3 at el-
evated temperatures.3–12

The filling fraction of filler atoms in skutterudites greatly
influences both the electrical and thermal transport.1–12 Ex-

perimentally it was found that there exists a maximum filling
fraction for each impurity in the host skutterudite
structure.3–12 It is, however, not clear whether the maximum
filling fraction is really a filling fraction limit �FFL� intrinsic
to the impurity or a value determined inadvertently by ex-
trinsic factors. It is believed that the FFL is controlled simul-
taneously by several factors such as the valence state, the
electronegativity, and the atomic radius of the filler. It is
evident that filling the crystal structure voids results in a
drastic reduction of the lattice thermal conductivity, and that
the concomitant effect of doping is very beneficial to ther-
moelectric properties. The existence of the FFL in the host
skutterudite structure, however, limits further reduction of
the lattice thermal conductivity.

Theoretical aspects of skutterudites have been studied in
numerous previous works. For example, CoP3 and NiP3 have
been studied by using the linear muffin-tin orbital method in
the atomic sphere approximation.13 Singh and co-workers
have used the linearized-augmented-plane-wave method
within the local-density approximation to calculate various
properties of IrSb3, CoSb3, CoAs3, CoP3, LaFe4P12, and
�La,Ce�Fe4Sb12.

14–16 Løvvik et al. and Bertin et al. have
investigated the thermodynamic stabilities and some elec-
tronic properties of CoP3- and CoSb3-based filled skutteru-
dites, respectively.17,18

In our previous work, the FFLs for Ca, Sr, Ba, La, Ce, and
Yb filled skutterudites have been studied by density func-
tional theory, and the most important results have already
been reported.19 This paper represents an extension of the
work on the FFL problem. After a brief overview of compu-
tational details and summary of the method that leads to
FFL, we mainly focus on the physical understanding of the
FFL problem in detail.

II. COMPUTATIONAL DETAILS

The projector-augmented-wave �PAW� method,20 as
implemented in the Vienna ab initio simulation package
�VASP�,21 is utilized for this study, which uses a plane-wave
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basis set for the expansion of the single-particle Kohn-Sham
wave functions. The Perdew-Burke-Ernzerhof generalized
gradient approximation �GGA�22 for the exchange-
correlation potential is used for all the calculations. Exten-
sive tests by us and others have shown the effectiveness
of the VASP package,19,23,24 a popular plane-wave electronic
structure calculation program. The criterion used for self-
consistency in the electronic structure calculations was that
two consecutive total energies differed by less than
0.0001 eV. All calculations are performed using the cutoff
energy as high as 350 eV for the plane-wave basis set,
1�1�1 Monkhorst-Pack uniform k-point sampling for in-
tegrals over the Brillouin zone of filled CoSb3 to save
computational time, and 4�4�4 Monkhorst-Pack uniform
k-point sampling for other compounds. Smearing factor
of 0.1 eV is used for the Fermi integral. Switching the
smearing factor from 0.1 eV to 0.05 eV and then to 0.02 eV
at 1�1�1 k points and the 132-atom supercell approach
for Ba0.5Co4Sb12 �50% filling� system affect slightly the
total energies of the filled system and related phases. In
addition, those only change the defect formation energies
�H1 �see Sec. III� by about 0.01 eV. Switching the k points
from 1�1�1 to 2�2�2 and then to 4�4�4 for the filled
supercell with smearing factor of 0.1 eV only leads to the
change of �H1 by about 0.02 eV. So, it is reasonable to
assume that the numerical error in our calculations is very
small. The ionic coordinates and the unit cell size were op-
timized simultaneously to eliminate structures with internal
stress. A structure was considered relaxed when all the forces
exerted on atoms were less than 0.01 eV/Å. A single calcu-
lation using high accuracy was performed after the comple-
tion of the structure relaxation to obtain the total free energy.

The skutterudite structure contains two large intrinsic
voids in the conventional unit cell �Fig. 1�. Within one unit
cell, there are three different ways for impurities to fill the
voids, and the corresponding filling fractions are 0, 0.5, and
1. These do not match well the experimental FFL values
between 0 and 0.44. To ensure a direct comparison with the
experimental results, all calculations were carried out in a
supercell �2�2�2 primitive cell� with a total of 128 atoms
and eight voids of pure CoSb3 �see Fig. 1�. There are alto-
gether nine different filling fractions as listed in Table I, and
more than one possible filling configuration for each filling
fraction. For each possible filling configuration, the corre-
sponding number of different total energies due to various
filler distributions in the voids of the host skutterudite struc-
ture is also listed in Table I. Electronic structures for all these
configurations are calculated and the ones with the lowest
total energy are employed for further analysis.

III. RESULTS AND DISCUSSION

The method for determining the FFL in filled skutteru-
dites has been given in Ref. 19. Briefly, we demonstrated that
the FFL is determined by the competition between the for-
mation of a filled skutterudite and that of secondary phases,
i.e.,

nI + 4CoSb3 →
�2 − n�
�2 − y�

IyCo4Sb12 +
2�n − y�
�2 − y�

ISb2

+ 4
n − y

�2 − y�
CoSb2. �1�

The Gibbs energy of reaction ��G3� for the above equation
can be expressed as a combination of that for forming filled
skutterudites ��H1� and that for forming secondary phases
��H2�. The FFL of an impurity corresponds to the filling
fraction y that gives rise to the minimum of �G3. It was
shown that the calculated FFLs are in good agreement with
the experimentally measured ones for Ca,9 Sr,25 Ba,10 La,4

Ce,3 and Yb7 in CoSb3. Readers who are interested in this
problem may go to Ref. 19 for details.

A. Interaction between filler atoms and crystal environment
in CoSb3

Details on the definitions and analysis of the impurity
formation enthalpy ��H1�, the formation energy of an
isolated impurity ��E1�, the interaction energy between
impurity atoms ��E2�, and the formation energy of the sec-
ondary phases were given in Ref. 19. By expressing �H1
=�E1+y�E2, the FFL of an impurity in CoSb3 can be given
analytically at 0 K as19

ymax = 2�1 −�1 +
�E1 − �H2

2�E2
� , �2�

or

ymax −
ymax

2

4
=

�H2 − �E1

2�E2
. �3�

FIG. 1. �Color online� The conventional unit cell �dotted line�
and the primitive cell �solid line� of the skutterudite structure. All
calculations for filled CoSb3 were done with a 2�2�2 supercell of
the primitive cell.
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According to Eq. �2�, the FFL is determined by three param-
eters: �E1, �E2, and �H2. The impurity atom can fill the
voids in CoSb3 only when �E1��H2. A high FFL requires a
low formation energy of an isolated impurity in CoSb3, high
formation energies of secondary phases, and a small interac-
tion between impurity atoms. The interplay amongst these
various energies determines ymax.

1. What determines �E2?

Physical analysis leads us to express �E2 as a screened
Coulombic interaction �Eq. �5� in Ref. 19� between impuri-
ties with an effective charge state qI, the number of lost
electrons when filling into the voids in CoSb3. The estimated
effective charges are listed under qI in Table II. The charge
states of all impurities in CoSb3 can also be estimated by
integrating the density of states �DOS� of the filled CoSb3
system up to the Fermi level. The DOS is readily obtainable
from electronic structure calculations, and the effective
charges from the DOS integrals are also listed in Table II.
The effective charge states calculated by these two methods
show good agreement. More importantly, a perfect linear
dependence of �E2 on the qI

2 is also obtained. Therefore,
it is reasonable to conclude that qI can be taken as the real
valence charge of the impurity in CoSb3. In fact, our calcu-
lated qI values do agree reasonably well with the experimen-
tal ones estimated based on carrier concentration
measurements,3–10,26 which are also listed in Table II.

Equations �2� and �3� show that a lower �E2 corresponds
to a higher FFL. Therefore, a lower valence charge state of
an impurity is likely associated with a higher FFL. Both the
measured and the calculated data show that Ba and Sr have
effective valences of +2, lowest among all the impurities
studied in this paper, in agreement with their high FFL val-

ues �40%. In fact, Ba has the highest FFL amongst all im-
purities that have been studied so far. Ce has a relatively
higher valence charge state between +2.5 and +3, which is
also consistent with its relatively low FFL �10%.3

2. Effective charge states of impurities in CoSb3

Because impurities in this study are metals, they have the
tendency to lose their valence electrons after being inserted
into the voids of the lattice. The valence electrons of the filler
atom, however, are not completely transferred to the neigh-
boring Sb atoms, because the chemical bonds between impu-
rity and Sb atoms are not purely ionic. Hall measurements on
some filled skutterudites also indicate that valence electrons
of the filler atom are not completely lost. For example, the
estimated charge state deduced from the measured carrier
concentration is between +2.4 and +2.9 for Ce,3 +2.91 for
La,5 +1.87 for Ca,9 and +2 for Ba.10

The valence charge state +2 of Ba is chosen, in this study,
as a reference due to its well-defined ionized state for nearly
all Ba-containing compounds.27 XPS measurements for
BayCo4Sb12 compounds28 and related systems17 also show
that the valence state for Ba in CoSb3 is +2. Thus the effec-
tive charges of other impurities in CoSb3 can be obtained
using Eq. �5� in Ref. 19, with the value of �E2 obtained from
fits to Eq. �7�. The calculated effective charges are listed in
Table II.

The charge states of the impurities are also estimated by
integrating the calculated electronic density of states �DOS�
to the Fermi level. Figure 2 shows the projected density of
states for the impurities in filled CoSb3. The states of 4s
electrons for Ca, 5s electrons for Sr, and 6s electrons for Ba
are all above the Fermi level, indicating that all the outer s
electrons are stripped off. It is, therefore, obvious that the
effective charge states for Ca, Sr, and Ba in filled CoSb3
should be close to +2. The electronegativity value of Ca is
larger than those of Sr and Ba, and thus, the covalent portion
of the Ca-Sb chemical bonds should also be the highest
amongst the three alkaline earths. The effective charge for
Ca is, as expected, slightly smaller than those of Sr and Ba
�Table II�. According to Fig. 2, all 6s electrons for La in
CoSb3 are stripped off and one 5d electron is almost lost
with some 5d orbitals below the Fermi level, indicating that
the effective charge of La is smaller than, but close to +3.
The density of states for Ce in CoSb3 is similar to that for La.
The electronegativity value of Yb is close to those of La and
Ce; all 4f energy levels and a few 6s energy levels of Yb are
below the Fermi level as shown in Fig. 2. Based on our
calculations using the projected DOS, the effective charge of
Yb in CoSb3 is less than +2, consistent with the previous
estimates using �E2. It, however, does not agree with the

TABLE I. Possible configurations for impurities occupying the eight voids in a 2�2�2 CoSb3 supercell and the corresponding number
of different total energies.

Filling fraction 0 12.5% 25.0% 37.5% 50.0% 62.5% 75.0% 87.5% 100.0%

Possible configurations 1 1 3 3 5 3 3 1 1

Number of different energies 1 1 2 2 2 2 2 1 1

TABLE II. Effective charges for various impurities in CoSb3

determined by Eq. �10�, electronic density of state �DOS�, x-ray
absorption near edge spectroscopy �XANES�, and experimental car-
rier concentration �n�.

q1 Ca Sr Ba La Ce Yb

Eq. �10� 1.86 1.94 2 2.82 2.51 1.73

DOS 1.9 2 2 2.75 2.49 1.76

XANES 2.45a

n 1.87b 2c 2.91d 2.4–2.9e

aReference 26.
bReference 9.
cReference 10.
dReference 4.
eReference 3.
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value obtained by XANES measurement.26 We do not know
the exact cause of this discrepancy, but plan to investigate it
in the future.

Effective charges of impurities in CoSb3 estimated by
various methods, listed in Table II, are generally in good
agreement. Therefore, it is reasonable to conclude that the
effective charges can be taken as the real valence charges of
impurities in filled CoSb3. These values are also consistent
with the picture that the interaction between an impurity and
host CoSb3 material is predominantly ionic in nature.

3. What determines �E1?

When impurity atoms are inserted into the voids of CoSb3
to form a filled skutterudite, the crystal lattice is expanded.
At the same time, these impurity atoms lose their valence
electrons and form bonds �interact� with the surrounding host
atoms. In addition, the interaction may change the original
positions of the host atoms. �E1 is defined as the formation
energy of an isolated impurity defect.19 There are two parts
that contribute to �E1. One is from the strain effect, i.e., the
lattice expansion and structure deformation due to the inser-
tion of an impurity into the lattice void of CoSb3. Another
arises because of the extra chemical bonding formed between
the filler atom and the surrounding CoSb3 lattice environ-
ment. We can write �E1 as

�E1 = �Eb + �Es, �4�

where �Eb is the contribution from the extra chemical bond-
ing between an impurity and the neighboring host atoms, and
�Es represents the strain energy that comes from the lattice
expansion and the local strain of the host crystal environ-
ment.

The strain energy �Es can be calculated in the following
way. First the relaxed structure of filled skutterudite is ob-
tained. By removing the impurity atom from the relaxed
filled CoSb3, an expanded and distorted CoSb3 is then ob-
tained. The total energy difference between the unstrained
CoSb3 and the strained CoSb3 structures gives the strain en-
ergy for a particular impurity, i.e.,

�Es = ECoSb3
�s� − ECoSb3

, �5�

where ECoSb3
�s� means the total energy for CoSb3 with ex-

panded and distorted structure after removing the filler atom.
Figure 3 plots the strain energy as a function of the filling
fraction y for SryCo4Sb12. �Es is reasonably linear in y when
y�0.5, suggesting that the strain energy per Sr is a constant.
Calculations for Ba and Yb show a similar trend in �Es vs y.
Therefore, the strain energy per impurity atom can be esti-
mated from the total energy calculations for filled CoSb3 at a
specified y. In this paper, the filled CoSb3 with filling frac-
tion y=0.125 is used for the estimation of the strain energies
for all impurities. The bonding contribution �Eb can be es-
timated by subtracting the strain energy �Es from �E1.

The lattice expansion that takes place upon an impurity
atom entering the void may be regarded as an isotropic pro-
cess, so that the deviation from the equilibrium position for
each atom in the host structure is uniform. Assuming that the
absolute deviation from the equilibrium position for each
atom in the strained structure is very small, a parabolic ap-
proximation should be a good description for the strain
energy,29 i.e.,

�Es =
1

2
C0

�d − d0�2

d0
2 . �6�

The distance between the impurity I and a nearest Sb atom is
used as a measure of the lattice expansion, where d0 is the

FIG. 2. Projected density of states �DOS� of the filler atoms in
filled CoSb3. Dashed lines represent the Fermi level.

FIG. 3. Strain energy of SryCo4Sb12 as a function of the filling
fraction. The solid line represents a linear fit to the data.
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equilibrium I-Sb distance, d−d0 is the deviation from equi-
librium, and C0 is a parameter playing the role of the force
constant. Because different fillers expand the lattice to differ-
ent extents �depending on the ionic radius�, C0 is approxi-
mately a constant and d−d0 should be proportional to the
ionic radius of the impurity. Therefore, it is rational to expect
that the strain energy is proportional to the square of the
ionic radius for similar impurities. Figure 4 plots the rela-
tionship between �Es and the square of the ionic radius �r2�
of impurities in CoSb3. For alkaline-earth-metal-filled skut-
terudites, all impurities have almost the same valence charge
�2+ �, and thus �Es should be proportional to r2. A linear
trend �solid line� shown in Fig. 4 further corroborates the
arguments.

Depending on the characteristics of chemical bonds
formed between the filler impurity and the surrounding Sb
atoms, the host crystal may also undergo an anisotropic
structural distortion. Its contribution to the strain energy is
usually complicated. It is expected that rare-earth �RE� im-
purities would give rise to the anisotropic strain effect be-
cause both d and f electrons have preferred bonding direc-
tions that are different from those of s electrons in alkaline
earths. This may explain the relatively large strain energy of
RE impurities in comparison with the alkaline-earths with
comparable ionic radii. According to our calculations, there
is more structural distortion of the dodecahedral Sb cages in
La- and Ce-filled CoSb3 than in Ca-filled CoSb3, despite
their nearly the same ionic radii �1.36 Å for La, 1.34 Å for
Ce, and 1.34 Å for Ca�.30 Yb is a particularly interesting
filler atom with a very small ionic radius �1.18 Å�. Figure 4
shows that the Yb-induced strain energy is larger than that
estimated from the strain energy trend of Ca-, Sr-, and Ba-
filled CoSb3 for a comparable ion size. Notice that the effec-
tive charges of Yb and alkaline-earths in filled CoSb3 are
comparable; therefore, we attribute the difference in the
strain energy to the anisotropic structural distortions of REs.

Overlaps between the valence orbitals of the filler atom
and those of the Sb and Co atoms at the nearest or next
nearest positions are close to zero. This indicates that the
chemical bonds between the filler and the host atoms are
mostly ionic. Because of the charge screening effect of the

irregular dodecahedral Sb cage surrounding the filler, the
Coulombic interactions between the impurity and Co atoms
are expected to be very weak.

The strong Coulombic interaction between the filler and
Sb atoms at its nearest-neighbor positions and the weak Cou-
lombic interaction between the filler and Co atoms at its
second nearest-neighbor positions can also be revealed in the
electron charge density redistribution as a consequence of the
filler entering the void. The electron charge density redistri-
bution is defined as

�� = �IyCo4Sb12
− ��Co4Sb12

− y�I, �7�

where �IyCo4Sb12
, ��Co4Sb12

, and �I are the electron charge
density distributions of the filled skutterudite IyCo4Sb12, the
pure CoSb3, and an isolated impurity I, respectively. Because
the structure relaxes after the filler is inserted, the lattice
structures for IyCo4Sb12 and Co4Sb12 used for the electron
charge density calculations are all based on the final relaxed
structure of IyCo4Sb12.

Figure 5 plots �� for various filler impurities. Only re-
sults for y=0.125 are shown here. Calculations for higher
filling fractions show the same trend. Data in Fig. 5 show
that upon insertion of a filler impurity, the charge density is
altered only in regions close to the boundary of the irregular
dodecahedral Sb cage surrounding the filler, and around the
filler impurity. Areas around the Sb atom closest to the filler
show electron accumulation. Other Sb atoms that form the
irregular dodecahedral cage around the filler display the
same pattern of charge distribution. The accumulated elec-
trons can only come from the filler, and thus the area around
the filler is depleted of electrons. These results, along with
the number of missing valence electrons obtained from the
integral of the projected DOS of the impurities discussed
above, clearly show that the inserted filler loses its valence
electrons to the nearest-neighbor Sb atoms, leading to a
strong ionic interaction.

The Co sites are not the nearest-neighbor sites to the filler
and, moreover, the large carrier density in filled skutterudites
results in the charge screening effect. Thus the charge distri-
bution at the Co sites is barely affected by the presence of
filler. The insertion of filler atoms does cause a small amount
of electron transfer between different orbitals of the same Co
atom due to the lattice strain effect upon insertion of an
impurity into the lattice void and the impurity-ion-induced
polarization effect. The integrated electron numbers for the s
and p orbitals of the Co atom at the nearest-neighboring
positions are basically unchanged upon filling, but a few
electrons of Co d orbitals are lost. It is known that Co-Sb
covalent bonds are determined by Co d orbitals and Sb p
orbitals.1 Because the Sb atoms are affected by a strong Cou-
lombic interaction with the filler ion, we believe that the
change of the Co electrons is also due to the electron transfer
from a Co atom to an Sb atom close to the filler. The inte-
grated electron numbers for a Co atom at the non-nearest-
neighboring positions are almost equal to that of strain-free
CoSb3, indicating that the picture of weak long-range direct
interaction between impurity and Co atoms is reasonable.

FIG. 4. Relationship between the ionic radius r of various filler
impurities and the corresponding lattice strain energy �Es of filled
CoSb3. The lines are guides for the eye.

THEORETICAL STUDY OF THE FILLING FRACTION… PHYSICAL REVIEW B 75, 235208 �2007�

235208-5



The ionic radius of the filler impurity significantly affects
the electron density redistribution. Figures 5�a�–5�c� and
5�e�–5�h� are arranged so that the ionic radius of the RE and
alkaline-earth impurities are in ascending order, respectively.
Yb has the smallest ionic radius among all RE impurities
studied here. The large blank region between the Yb and Sb
atoms in Fig. 5�a� suggests a rather complete electron trans-
fer from Yb to Sb, consistent with its small lattice expansion.
As the ionic radius increases from Yb to Ce, and then to La,

the electron accumulation between the filled impurity and the
nearest-neighboring Sb becomes more and more noticeable.
This is consistent with the increased lattice expansion and
increased strain energy �Fig. 4� as the ionic radius increases.
A similar trend is also observed in Figs. 5�e�–5�h� for
alkaline-earth-metal-filled skutterudites. It is very interesting
to note that the electron density redistribution due to filling
with Cs �Fig. 5�h�� is different from that for other impurities.
As is well known, Cs has a very large ionic radius �1.88 Å�

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

FIG. 5. Electron-density difference contour
plots for the plane containing I, Co, and Sb atoms
for �a� Yb0.125Co4Sb12, �b� Ce0.125Co4Sb12, �c�
La0.125Co4Sb12, �d� La0.125Co4Sb12 using LDA,
�e� Ca0.125Co4Sb12, �f� Sr0.125Co4Sb12, �g�
Ba0.125Co4Sb12, and �h� Cs0.125Co4Sb12. The plot
represents the space distribution of the charge
density difference calculated using Eq. �7�. The
relatively dark area with solid lines indicates
electron accumulation, and the light area with
dashed lines indicates electron depletion. The
black points label the positions of atoms.
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�Ref. 30� even in comparison with Ba �1.61 Å�.30 The charge
redistribution pattern seems to suggest that the Cs ion is too
large to fit into the void in CoSb3. The Cs-filled skutterudite
is unstable, and the calculated FFL for Cs in CoSb3 is zero.
Note that the electron density distribution for La in CoSb3
calculated using LDA is also shown in Fig. 5�d� and shows
the same pattern as that obtained in the GGA approach.

The overlap orbitals and electron density redistribution
analysis for various impurities in CoSb3 lead us to conclude
that �Eb is mainly determined by the I-Sb interactions that
are of predominantly ionic nature. Pauling proposed that the
ionic character of a chemical bond is proportional to
�1−e−0.25�xSb−xI��,27 �Eb is phenomenologically approximated
as

�Eb = B1qI
2�1 − e−0.25�xSb−xI�� + B2e−0.25�xSb−xI�. �8�

The first and second terms represent the ionic and covalent
parts of chemical bonds around an impurity I, with B1 and B2
being constants. The electronegativity of the filler and Sb
atoms are designated as xI and xSb, respectively. The fitted B1
and B2 values according to Eq. �8� are −1.80 V/e and
−0.2 eV, respectively. Since B2 is small, the second term in
Eq. �8� can be neglected without altering the physical trend.
This is also consistent with the picture that the I-Sb
bonds are predominantly ionic in nature. Figure 6 plots
�Eb / �1−e−0.25�xSb−xI�� vs qI

2 for all impurities. The data show
a good linear relationship between the two, suggesting that
Eq. �8� �without the second term� is a good approximation.

B. Factors determining �H2

The crystal structures of the possible secondary phases
�MSb2� are not the same. For instance, CaSb2,31 SrSb2,32 and
BaSb2 �Ref. 33� crystallize in the space group P121/m1,
while that for LaSb2,34 CeSb2,34 and YbSb2 �Ref. 35� is
Cmcm. There are, however, two common features amongst
these secondary phases. First, the difference between the

electronegativity of any one of the impurities and that of Sb
atom is so large that the chemical bonds of these secondary
phases are predominantly ionic. Second, they all have a simi-
lar chemical formula of ISb2. For clarity, the formation en-
ergy of a secondary phase can be expressed as

�H2 = �EISb2
− 2ESb − EI� + 2�ESb + ECoSb2

− ECoSb3
� . �9�

The terms in the first parentheses represent the cohesive
energy of ISb2, and the second is a constant. Due to the
nearly pure ionic character of the chemical bonds in ISb2
and in filled CoSb3 between I and Sb, we assume that
the charge states of the impurities in both chemical environ-
ments are approximately the same. Therefore, the term
�EISb2

−2ESb−EI� should approximately be proportional to
qI

2, where qI is the effective charge state of a filler in the void
of CoSb3. The formation energy for the secondary phases can
be rewritten as

�H2 = �EISb2
− 2ESb − EI� + 2�ESb + ECoSb2

− ECoSb3
�

= C1q2 + C2, �10�

where C1 and C2 are constants. In fact, the charge states of
the impurities in ISb2 may be slightly different from those in
CoSb3, and this may lead to errors in Eq. �10�. Figure 7 plots
the correlation between �H2 and qI

2, and it shows a reason-
ably good linear relationship. The fitted C1 and C2 values are
−0.25 V/e and −0.54 eV, respectively. Equation �10� is by
no means a rigorous description; we use it merely to illus-
trate the physical trend.

C. Filling fraction limit

1. FFL and a selection rule

Combining Eqs. �3�–�10� we have

FIG. 6. Relationship among the bonding energy �Eb of an iso-
lated impurity, valence charge, and electronegativity of the impurity
atom in CoSb3. The solid line is a guide for the eye.

FIG. 7. Relationship between the formation energy �H2 of the
secondary phases and the square of filler valence. The solid line is a
linear fit.
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ymax − � ymax

2
�2

= D1�1 − e−0.25�xSb−xI�� + D2 +
D3 + D4qI

qI
2 . �11�

Quantitatively the third term on the right-hand side of Eq.
�11� is much smaller than the first two terms and, therefore,
can be neglected. Figure 8 shows a good linear relationship
between ymax− �ymax/2�2 and 1−e−0.25�xSb−xI� at 0 K. The con-
stants D1 and D2 can be estimated by the linear fitting in Fig.
8. The fitted D1 and D2 values are 7.60 and −1.53 at absolute
zero temperature, and the ratio between D1 and D2 is 5.7, in
good agreement with the ratio between B1 �Eq. �8�� and C1
�Eq. �10��. This further demonstrates that neglecting the last
term on the right-hand side of Eq. �11� is reasonable.

Relationship of ymax− �ymax/2�2 vs 1−e−0.25�xSb−xI� at
1000 K also shows a good linear correlation �see Fig. 4 in
Ref. 19�, and the fitted D1 and D2 values are 5.29 and −0.96,
respectively. It is really surprising that FFL turns out to be
sensitive to the electronegativity but not directly to the
charge state of the filler ion. The experimental FFL values
for Eu and Nd in CoSb3 are also included in Fig. 8, and seem
to be also consistent with the linear trend. By comparing the
results calculated using density functional theory �Fig. 4 in
Ref. 19� with the general trend shown in Fig. 8, we believe
that we have unveiled an important factor determining the
FFL. Because the filling fraction should be greater than zero,
i.e., ymax�0, we may get a simple but a very useful selection
rule using Eq. �11� for the formation of filled CoSb3, i.e.,

xSb − xI � 0.80. �12�

By inspecting the values of electronegativity of all known
elements, it is found that only rare-earths, alkaline-earths,
and alkaline elements can fill the voids of CoSb3. Rare-earths
such as La, Ce, Nd, Eu, and Yb; and alkaline-earths Ca, Sr,
and Ba have been successfully inserted in the voids of
CoSb3. We note that the alkaline elements should also be
good candidates as fillers in CoSb3 because they satisfy the
selection rule. We have recently demonstrated both theoreti-
cally and experimentally that K has very high FFL value in
CoSb3.36

2. Effect of ion radius on FFL

The extent to which the ionic radius affects the FFL in
CoSb3 is a complicated issue. Here we give a brief summary
of how the ionic radius of the filler affects the thermody-
namic stabilities of the antimonide skutterudites.

In general, �Eb is much larger than �Es, implying that the
stability of a filled skutterudite requires a strong bonding
between I and the neighboring Sb. Crystal lattice expansion
due to the insertion of the fillers into the voids of the skut-
terudite structure increases linearly with the ionic radius of
the fillers having ionic radius between 1.34 Å and 1.61 Å.37

Below the lower limit �1.34 Å�, the size of the voids in an-
timonide skutterudite is too large for the fillers and the lattice
expansion is governed mostly by the charge state of the filler.
In contrast, fillers with ionic radii larger than the upper limit
1.61 Å �but smaller than the void radius� are too large for the
voids in CoSb3 and, therefore, the interaction between the
filler ions and antimony atoms would lead to repulsion due to
a strong overlap of the orbitals.37 The total energy of the
filled skutterudites increases sharply after the insertion of the
large filler, and thus makes the system unstable. Within the
range of the linear expansion, the lattice expansion and re-
laxation of the ionic position of the host atoms are mostly in
the elastic region and do not introduce abnormally large
strain energy into the system.

The increase of ionic radius of the filler impurity in-
creases the strain energy �Es and lowers the repulsive energy
between the impurities �E2. Therefore, the size effect of the
impurity on FFL is also expected to be small, except for
some special cases. Above the upper limit 1.61 Å, the elec-
tron density redistribution due to the presence of the filler in
CoSb3 is greatly affected by the ion radius, and a strong
charge overlap occurs between the filler and antimony atoms
�see Fig. 5�h��. This makes the filled system unstable, and the
strain energy becomes abnormally large while the repulsive
energy between the fillers is also very high. FFL is reduced
dramatically in this case. For all the filler atoms studied in
this paper, Cs has the lowest electronegativity, but the largest
ionic radius �1.88 Å� well above the upper limit ��1.61 Å�.
FFL for Cs in CoSb3 is mainly determined by the size effect
of the large ionic radius of Cs, and it is zero.

IV. SUMMARY AND CONCLUSIONS

We have studied the thermodynamic stability of filled
skutterudites, and the filling fraction limit for Ca, Sr, Ba, La,
Ce, Yb, and Cs in CoSb3 using ab initio methods. Our theo-
retically predicted FFLs show excellent agreement with ex-
perimental observations. Several detailed models are pro-
posed to explain quantitatively the bonding energy between
the filler and host atoms, the lattice strain energy of the host
structures, the formation energy of the secondary phases, and
FFLs for various impurities in CoSb3. We also systemically
studied the effective charge states of the impurities in skut-
terudite. The calculated and experimental values agree with
each other. A correlation among FFLs of the impurities in
skutterudite, the effective charges, and the corresponding
ionic radius is discussed. The FFL turns out to be sensitive to
the filler atom’s electronegativity, but not to its charge state

FIG. 8. Correlation between the FFLs of impurities in CoSb3

and their electronegativities at absolute zero temperature.
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or the ionic radius directly. A simple selection rule for an
impurity atom to be able to form a stable filled skutterudite is
discovered, and it agrees quite well with the experimental
observations.
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