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We present an ab initio theory of inelastic electron tunneling spectroscopy along with the theoretical analysis
of recent experiments on inelastic transport in molecular tunneling junctions involving C60 molecule. We
present a self-consistent procedure for calculating electron charge density and tunneling current in the presence
of the electron-phonon interaction. We find that electron tunneling is significantly influenced by several specific
vibrational modes. Inelastic scattering suppresses resonance transmission peak and substantially redshifts the
peak position. We investigate the microscopic origin of this behavior by calculating the relevant vibrational
modes and resonance wave functions under nonequilibrium transport conditions.
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Understanding charge transport in molecular tunnel junc-
tions �MTJ’s� is a major problem of single molecule science.
When a steady-state current is driven through a metal-
molecule-metal �MMM� structure by an external bias volt-
age, the value of the current is influenced by many micro-
scopic details of the system. It is generally expected that
electron-phonon �e-p� interaction plays a vital role1–4 in
transport. Here, “phonon” refers to quantized molecular vi-
brational modes which couple to scattering states that
traverse the device. These modes can be triggered by current
even at low temperature �if the bias voltage is sufficiently
large�, inducing various effects in molecular devices such as
atomic rearrangements and structural changes, and may be
responsible for the heat dissipation. Experimentally, detec-
tion of single molecule vibrations in a transport measurement
is a major challenge. The inelastic tunneling spectroscopy
�IETS� is a powerful tool with spectroscopic sensitivity suf-
ficient for identifying individual vibrations of a single
molecule.1–4 However, since the signal is not a direct mea-
surement �second derivative of the current with respect to
bias voltage�, one needs a theoretical model to interpret the
results.5–7 Unfortunately, a comprehensive ab initio theory of
e-p interaction in molecular transport has not been satisfac-
tory established.8,9

The quantitative analysis of e-p effects for realistic de-
vices requires atomistic first-principles calculations.10–14 A
particularly difficult theoretical challenge is to quantitatively
analyze phonon effects for molecular devices during non-
equilibrium quantum transport, i.e., during current flow,
without any phenomenological parameters. In this case, it is
necessary to calculate vibrational spectra, electron-phonon
coupling, and its effect on the charge flow, in a self-
consistent nonequilibrium formalism. At present, a very use-
ful formalism is the density-functional theory �DFT� carried
out within the Keldysh nonequilibrium Green’s function
�NEGF� framework.15 In the NEGF-DFT formalism, the de-
vice Hamiltonian and electronic structure are determined by
DFT, the nonequilibrium quantum statistics of the device is
determined by NEGF, and electron-phonon effects are in-
cluded self-consistently.13,14 The role of self-consistency is
twofold. The first is its appearance in the relationship be-
tween the electronic Green’s function and e-p self-energy.
Brandbyge and co-workers13,14 implemented this in a self-

consistent Born approximation. The second, and in our opin-
ion the more important, is its appearance in the relationship
between the electronic Green’s function, electron charge den-
sity, and electronic Hamiltonian. This second self-
consistency is absolutely necessary in the theory of IETS
because the e-p coupling changes under current flow and
thus depends on nonequilibrium physics.16

Unlike previous theoretical attempts reported to date,13,14

in our theory of IETS we seek self-consistency between the
device Hamiltonian including the e-p potential, NEGF, and
phonon self-energy, while calculating phonon modes at non-
equilibrium. We suggest that this is a crucial step in order to
correctly obtain physical quantities such as electron density
and tunneling current with the phonons included. This theory
allows us to treat electrons and molecular vibrations on equal
footing and calculate �i� electron density, �ii� vibrational
spectrum, �iii� e-p coupling, and �iv� elastic and inelastic
transmission coefficients and current. We use our theory to
simulate IETS of metal-C60-metal MTJ. C60 is one of the
best studied molecules, and is commonly used
experimentally5,6,17,18 as a model system that is far beyond
trivial and yet theoretically tractable. We find that for C60
contacted by Al leads, quantum transport is resonance medi-
ated and electron tunneling is significantly affected by strong
e-p coupling. Since the work function of most metals is sub-
stantially less than the ionization potential of C60, qualita-
tively similar charge transfer from metal to the lowest unoc-
cupied molecular orbital �LUMO� states of C60 is expected
for many different metal leads.

We begin by briefly outlining our inelastic NEGF-DFT
formalism. For a two-probe MMM device under bias Vb, its
electron density matrix and Kohn-Sham Hamiltonian are first
calculated self-consistently within NEGF-DFT.15,16 The elas-
tic transport properties �no e-p interaction� are obtained by
the NEGF-DFT �Refs. 15 and 19� together with the total
energy E��Ri� ,Vb� of the device scattering region. Here, Ri is
the coordinate of atom labeled i �see Fig. 1�. Next, we cal-
culate vibrational frequencies ��, with � the mode index, and
vibrational eigenvectors e� by diagonalizing the dynamical
matrix which is the second derivative of E��Ri� ,Vb� with
respect to Ri. Since E��Ri� ,Vb� is evaluated by NEGF-DFT
at nonequilibrium during steady-state current flow, �� ob-
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tained this way reflects the nonequilibrium physics,20 as dis-
cussed in Ref. 16. The strength of the e-p interaction is given
by a coupling matrix which is contributed to by all the rel-
evant vibrational modes. Using �� and e�, e-p coupling ma-
trix g� can be obtained by standard formulation.16

A “full” theory describing the e-p interaction should in-
clude the following ingredients: from the electronic Hamil-
tonian, one computes phonons; from the phonons, a new
electronic Hamiltonian is determined; and the process is it-
erated by NEGF-DFT until self-consistency. Unfortunately,
this is computationally prohibitive for realistic device simu-
lations. Instead, we proceed in three steps: �i� we calculate
phonons by NEGF-DFT at nonequilibrium from the elec-
tronic Hamiltonian without including the e-p interaction; �ii�
with these phonons, we compute e-p self-energy from elec-
tronic Green’s function, this self-energy provides an e-p po-
tential to the electron Hamiltonian that gives a new elec-
tronic Green’s function, and this process is iterated to self-
consistency; �iii� finally, we calculate transport properties
including inelastic transmission coefficients and inelastic
current. Compared with the full theory, our approximation
lies in fixing the nonequilibrium phonon physics in step �i�
without further e-p renormalization during the self-consistent
iteration thus considering only first-order phonon processes.

After the inelastic NEGF-DFT is iterated to self-
consistency, we calculate the total current,19

IL/R =
e

h
� dE Tr��L/R

� �E�G��E� − �L/R
� �E�G��E�� , �1�

where subscripts L /R indicate left or right lead. The NEGF
G� are given in terms of the retarded and advanced Green’s
functions,

G��E� = GR�E���L
��E� + �R

��E� + �e-p
� �E��GA�E� . �2�

Here, �L/R
� �E� is the self-energy describing charge injection

from the left/right leads15 and �e-p
� �E� is the self-energy due

to e-p interactions.21

Using the lowest-order Feynman diagrams for the e-p
self-energy,22 at zero temperature �the phonon occupation
numbers N�=0� the total current can be written in terms of
transmission functions as a sum of elastic and inelastic con-
tributions,

IL/R = IL/R
el + IL/R

inel =
e

h
� dE�TL/R

el + TL/R
inel��fL/R − fR/L� , �3�

where the elastic transmission is obtained from Green’s func-
tions via the Fisher-Lee relationship,23

TL/R
el = Tr��L/RGR�R/LGA� . �4�

Here, fL/R are the Fermi functions of the leads and �L/R are
the linewidth functions describing the coupling between the
scattering region and leads. Note that although TL/R

el is called
“elastic,” it includes phonons through the Green’s function.
The inelastic transmission function can be written in a simi-
lar manner,

TL/R
inel = Tr��L/RGR�e-p,R/LGA� , �5�

where �e-p=�e-p,L+�e-p,R is the linewidth function due to e-p
interactions. These functions are calculated by standard
NEGF theory.24 We emphasize that in our theory, the elec-
tronic Hamiltonian is self-consistently renormalized by non-
equilibrium phonons, although only first-order phonon pro-
cesses are included in the self-consistent numerics. The
solution of the inelastic NEGF-DFT equations is imple-
mented in our numerical package MCDCAL.15 In what fol-
lows, we use localized atomic orbitals as a basis set and the
nonlocal pseudopotentials to treat atomic cores.

To investigate e-p effects in quantum transport, we now
turn to the Al�100�-C60-Al�100� MTJ shown in Fig. 1. With
the lead-lead separation at 12.2 Å, C60 is well bonded to the
leads so that Coulomb blockade can be neglected. Total-
energy geometrical relaxation of the molecule plus two near-
est lead layers is carried out by DFT �Refs. 15 and 25� at
equilibrium. Significant charge transfer by more than two
electrons from the Al leads to the LUMO of C60 is found,
and transport is mediated by LUMO-derived molecular or-
bitals; these results are in agreement with previous
studies.25–27 As a further check, we calculate vibrational
spectrum of an isolated C60, and the obtained frequencies are
within 10% of Raman and IR spectroscopy results.28,29 When
C60 is placed between the leads, rotational symmetry is bro-
ken and the lead-molecule interaction causes a slight change
of geometry. As a result, we find that degeneracies of C60
vibrational modes are lifted and several low-frequency
modes softened. The vibrational frequencies are found to
range from 212 to 1590 cm−1 �26–200 meV�.

Figure 2 plots total transmission function at zero bias ver-
sus energy in the presence of e-p interaction �dashed line�,
obtained by adding Eqs. �4� and �5�. This is to be compared
with that of no e-p coupling �solid line�. The sharp peak of
the transmission near E= 0.2 eV, which is due to resonance
mediated tunneling by one of the LUMO-derived states, is
suppressed by e-p interaction and redshifted by �50 meV
toward the Fermi energy of the device. This is an unusually
strong shift due to e-p coupling.

To shed light on this unusually large redshift of a trans-
mission feature, we first project scattering states responsible
for transmission near the Fermi energy onto the C60 molecu-
lar orbitals �MO’s�. These molecular orbitals are obtained by
diagonalizing the submatrix corresponding to the C60 inside
the full NEGF-DFT Hamiltonian of the device. The MO’s
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FIG. 1. �Color online� Schematic plot of the Al-C60-Al tunnel-
ing junction. The scattering region of the device includes the mol-
ecule and four layers of the lead atoms.
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calculated this way describe the molecule interacting with
the open environment and can be referred as “renormalized
molecular orbitals” �RMO’s�.30 In general, the projection is
defined as

P̂RMO	sc�
,k� = 	
i

ai�
,k�
RMOi� , �6�

where 	sc�
 ,k� is the scattering state of the tunneling junc-
tion with energy 
 and wave number k. Here, the summation
is over the target renormalized molecular orbitals. One can
well consider that 	sc�
 ,k� is a linear combination of these
RMO’s weighted by the coefficients ai�
 ,k�. We find that
only three LUMO-derived states contribute to tunneling near
the Fermi level. It appears that the molecular orbitals are
renormalized not only by the interaction with the electrodes
but also by e-p interaction. Indeed, comparing the energy of
LUMO-derived states with and without e-p coupling, we find
these states to be redshifted in energy, as shown in Fig. 2
with the triangles. Importantly, this effect results from the
self-consistency between the electron charge density and the
electronic Hamiltonian. This is a key feature of our theory:
keeping these variables self-consistent yields the correct
treatment of molecular orbitals. Next, we plot the derivative
of the inelastic transmission Tinel with respect to energy in
Fig. 3 �upper panel�, and compare it with the e-p coupling
strength �lower panel� which is defined as

� j
� �


LUMOj
g�
LUMOj�
���

, �7�

where g� is the e-p coupling matrix and LUMOj is one of
three LUMO-derived orbitals responsible for transmission.

This comparison allows us to observe all features in the
transmission which correspond to excitations of the vibra-
tional modes. Indeed, the quantity dTinel /dE gives a good
measure to IETS spectra d2I /dVb

2 and it clearly reveals which
phonon modes contribute to transport. The total transmis-
sion, on the other hand, may have a cancellation between
elastic and inelastic contributions due to interference, as
shown in the inset of Fig. 2.

Comparing the upper and lower panels of Fig. 3, we ob-
serve that features in dTinel /dE coincide rather well with
phonon frequencies of the modes that strongly couple to
LUMO-derived states �i.e., those modes with high values of
� j�. Therefore, the transmission and consequently the current
and conductance undergo significant changes due to reso-
nances mediated by the MO’s. Figure 3 indicates that among
the 174 available vibrational modes included in our calcula-
tion, only a few are strongly coupled to transport. Figure 3
shows that modes contributing most to transport are those
with Hg symmetry. These modes are also Raman active. This
finding is consistent with recent IETS experiments of Pas-
cual et al.5 on single C60 molecules adsorbed on Ag�110�
substrate. In particular, Pascual et al.5 assigned a large
d2I /dV2 peak at eVb=54 meV to the Hg��2� mode. For our
system, this mode also gives large e-p coupling, as shown in
Fig. 3. In addition, our results lend strong support to the
IETS experiment of Pradhan et al.,6 suggesting that most of
the eight Hg and Ag��1� modes are strongly coupled to trans-
port �see Fig. 3�. An exception is that we could not identify
Ag��1� mode for our device, which is likely due to its sym-
metry and strong interaction with the electrodes. Indeed, ex-
periments indicate that vibrational spectra depend on the
substrate material as well as on the orientation of the C60
cage with respect to the substrate.

To understand why these modes couple more strongly
than others to transport, we investigate the spatial extent of
the MO’s participating in resonance tunneling. We find that
vibrational modes with high e-p coupling involve the motion
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FIG. 2. �Color online� Transmission versus energy with no e-p
coupling �solid line� and with e-p coupling �dashed line� �E=0 cor-
responds to the Fermi energy�. The sharp transmission peak near
E=0.2 eV is shifted toward the Fermi energy due to the strong e-p
coupling. The LUMO-derived states with and without e-p coupling
are schematically shown with the triangles. Inset: �a� Elastic and �b�
inelastic components of the total transmission function �with e-p
coupling�.
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FIG. 3. �Color online� �a� Derivative of the inelastic transmis-
sion function with respect to energy. �b�. The e-p coupling strength
computed from LUMO orbitals near the Fermi level of the device
versus frequency of the C60 vibrational modes.
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of those atoms on which the LUMO-derived orbitals are lo-
calized. An isosurface plot of one of the LUMO-derived or-
bitals, along with the eigenvectors of the dynamical matrix
corresponding to Hg��1� mode, is shown in Fig. 4. This par-
ticular vibrational mode involves “stretching” of the C60
molecule along its C2 symmetry axis. Consequently, this mo-
tion effectively changes an overlap between the molecule

and the electrodes, thus making this vibrational mode affect
transmission significantly.

In conclusion, we have developed ab initio theory of
IETS and applied it to the metal-C60-metal MTJ. Our results
confirm tentative mode assignment of recent IETS experi-
ments on C60 MTJ’s. We find that the metal Fermi-level re-
alignment to the C60 LUMO results in the LUMO mediated
transport which is very strongly affected by e-p coupling.
The physics behind the large e-p effect for this system is that
the LUMO wave functions are localized on atoms producing
relevant vibrational modes. Furthermore, the e-p interaction
causes the renormalization of the molecular orbitals, result-
ing in the significant redshift of the transmission features.
The self-consistency between the charge density, Green’s
function, and Hamiltonian in the presence of the e-p interac-
tion is found essential for capturing this nonequilibrium ef-
fect correctly.
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