
Normal and Dirac fermions in graphene multilayers: Tight-binding description
of the electronic structure

B. Partoens* and F. M. Peeters†

Departement Fysica, Universiteit Antwerpen, Groenenborgerlaan 171, B-2020 Antwerpen, Belgium
�Received 5 February 2007; published 8 May 2007�

Within a tight-binding approach we show that around the K point of the energy spectrum Dirac fermions are
present in AB stacked graphene multilayers if they have mirror plane symmetry. In other words, Dirac fermions
are present in graphene stacks with an odd number of layers. For an even number of stacked graphene layers,
only normal fermions with a parabolic energy dispersion are found near the K point.
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Recently, there has been an increased amount of experi-
mental and theoretical interest in the electronic properties of
ultrathin graphite films. Based on an analysis of the quantum
Hall effect and Shubnikov de Haas oscillations in a single
graphene layer it was concluded that around the Fermi en-
ergy the carriers are Dirac fermions with a linear energy
spectrum.1,2 Remarkably, in quasi-two-dimensional �2D�
highly oriented pyrolytic graphite �HOPG� both conventional
electrons with parabolic type of energy spectrum and Dirac-
like electrons with linear spectrum were observed. This was
based on quantum de Haas–van Alphen and Shubnikov–de
Haas oscillations3 and the quantum Hall effect4 in bulk
HOPG samples, and angle resolved photoemission spectros-
copy experiments on AB-stacked graphite,5 which proved the
coexistence of Dirac-like holes and normal �massive� elec-
trons located at H and K points of the Brillouin zone, respec-
tively.

These results suggest that Dirac fermions should also be
present in other multilayer structures of graphene. But in
Refs. 6 and 7 it was shown that Dirac fermions are not

present in bilayer graphene, indicating that the story is much
more complicated. Previous theoretical works8–11 already in-
dicated that charge carriers in bilayer graphene exhibit a
parabolic spectrum. On the other hand, in Ref. 12 a clear
Dirac nature of the charge carriers in ultrathin epitaxial
graphene systems was observed from magnetoresistance and
quantum Hall measurements, and angle resolved photoemis-
sion spectroscopy experiments. The authors of Ref. 12
claimed that this observation is due to the response of the
electrons in the single graphene layer at the graphite-SiC
substrate interface.

However, in this work we will show that Dirac fermions
are present in all AB stacked graphene multilayers consisting
of an odd number of layers. Our proof is based on a tight-
binding description of the electronic structure. The latter was
used earlier to investigate the evolution of the electronic
structure around the K point when we go from a single
graphene layer to bulk graphite.9

As shown in Ref. 9, the tight-binding Hamiltonian for an
arbitrary number of AB stacked graphene layers is given by

�
� + �5 �0f �1 − �4f* �5/2 0 0 0 ¯

�0f* �2 − �4f* �3f 0 �2/2 0 0 ¯

�1 − �4f � + �5 �0f* �1 − �4f �5/2 0 ¯

− �4f �3f* �0f �2 − �4f �3f* 0 �2/2 ¯

�5/2 0 �1 − �4f* � + �5 �0f �1 − �4f*
¯

0 �2/2 − �4f* �3f �0f* �2 − �4f* �3f ¯

0 0 �5/2 0 �1 − �4f � + �5 �0f*
¯

0 0 0 �2/2 − �4f �3f* �0f �2 ¯

] ] ] ] ] ] ] ] �

� , �1�

where the rows and columns are ordered according to atom A
from layer 1, atom B from layer 1, atom A from layer 2, atom
B from layer 2, etc. In Eq. �1� �0, �1, �2, �3, �4, �5, and � are
the Slonczewski-Weiss-McClure parameters and the function
f stands for

f�kx,ky� = eikxa/�3 + 2e−ikxa/2�3 cos kya/2, �2�

with a the length of the in-plane lattice vector. The six pa-
rameters �0, �1, �2, �3, �4, and �5 express the couplings

between the different atoms �for details see Ref. 9�.
After diagonalizing the Hamiltonian �1� we obtain the en-

ergy spectrum. In the following, we limit ourselves to the
important region of the spectrum situated around the K point.
This narrow region of the spectrum is shown in Fig. 1 for
N=1 up to 10 layers for wave vectors in the direction of the
� and M point. Notice that only for an odd number of layers,
a linear spectrum exists around the Fermi energy. Thus only
systems which have a mirror inversion plane exhibit Dirac
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type charge carriers. Note that the effective speed of light of
these Dirac fermions is the same in all these systems �i.e.,
�3�0a /2��1.01�106 m/s�. For 2N and 2N+1 AB-stacked
layers �and N�1� there are at the Fermi energy 2N parabolic
bands around the K point, of which N are electronlike and N
holelike bands. The systems with an odd number of layers
have additionally a linear energy band. Furthermore, close to
the K point crossings and anticrossings occur.

From the form of the Hamiltonian it is not directly appar-
ent how to extract the linear energy band out of it in case of
an odd number of layers. Therefore, let us simplify Eq. �1�
such that the number of bands and the appearance of a linear
band for an odd number of layers can be recovered. If we
neglect all interactions except between the nearest neighbor
atoms in the same layer and between A-type atoms between
adjacent layers �which are on top of each other�, i.e., we put
�2=�3=�4=�5=�=0, the Hamiltonian �1� reduces to

�
0 �0f �1 0 0 0 0 0 ¯

�0f* 0 0 0 0 0 0 0 ¯

�1 0 0 �0f* �1 0 0 0 ¯

0 0 �0f 0 0 0 0 0 ¯

0 0 �1 0 0 �0f �1 0 ¯

0 0 0 0 �0f* 0 0 0 ¯

0 0 0 0 �1 0 0 �0f*
¯

0 0 0 0 0 0 �0f 0 ¯

] ] ] ] ] ] ] ] �

� . �3�

FIG. 1. The band structure of N graphene layers around the K
point and the Fermi energy in the direction of the � point and the M
point, for N=1 up to 10.

FIG. 2. The same as in Fig. 1 but with �2=�3=�4=�5=�=0.
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The corresponding energy spectrum around the K point for 1
up to N layers is given in Fig. 2. Notice that we recover
many of the features of the original tight-binding spectrum
�Fig. 1� except for the shifts and anticrossings of the bands.
The linear spectrum is indeed only present for an odd num-
ber of layers. The above Hamiltonian allows for a simple
analytical expression for its characteristic polynomial, of
which the zeros determine the energy spectrum. We obtain a
recursive relation for the characteristic polynomial CP�N�
for N graphene layers, which is given by

CP�N� = CP�1�CP�N − 1� − E2�1
2CP�N − 2� , �4�

with CP�0�=1 and CP�1�=E2−�0
2�f�kx ,ky��2. The latter char-

acteristic polynomial for a single graphene layer is respon-
sible for the linear spectrum around the K point. Indeed, by
requesting CP�1�=0 we obtain the linear spectrum E
= ± ��3/2��0� up to first order in � which is the distance of
the wave vector from the K point. From the recursive relation
�4� it is apparent that only for an odd number of layers CP�1�
can be factored out:

CP�2N + 1� = CP�1��
i=0

N

�− E�1
2�iCP	2�N − i�
 , �5�

while for an even number of layers we have

CP�2N� = CP�1��
i=0

N−1

�− E�1
2�iCP	2�N − i� − 1
 + �− E2�1

2�N.

�6�

As a consequence, only for an odd number of graphene lay-
ers, Dirac fermions are present. This result can also be de-
duced from a general dispersion relation for a system of N
graphene layers which was obtained in Ref. 11 within the
same approximation that hopping between planes takes place
only between atoms which are on top of each other in neigh-
boring planes.

In conclusion, Dirac fermions are not only present in a
single graphene layer1,2 but also in AB-stacked graphite as
recently observed experimentally in Refs. 3–5. The Dirac
fermions in graphite have a hole character due to the position
of the Fermi energy and are situated around the H point.
However, we showed that in stacks of graphene layers these
Dirac charge carriers are only present for an odd number of
layers, and thus in systems with a mirror plane. In stacked
graphene layers, these Dirac fermions are located around the
K point. The multiband structure appearing at the K point as
a consequence of the different layers of graphene can be
viewed as the discrete projection of the energy spectrum
along the K-H direction of graphite.
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