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On the basis of Ginzburg-Landau theory we investigate order-parameter �OP� nucleation in superconducting
films of a finite thickness in the presence of inhomogeneous magnetic fields induced by ferromagnetic nano-
particles. In particular, we consider a generic system, consisting of a small perpendicularly magnetized nano-
particle, placed at a height h above the disk center. We study the oscillatory dependence of the critical
temperature Tc of the disk on an external magnetic field H, similar to the classical Little-Parks effect �Phys.
Rev. Lett. 9, 9 �1962��. Two OP nucleation regimes have been found: an appearance of superconductivity
either near the disk center �under the magnetic particle� or near the disk edge. Switching between these regimes
at varying the external field has been shown to result in an abrupt modification of the Tc�H� dependence—both
the amplitude and the period of the Little-Parks oscillations become much larger, provided that the OP pattern
is localized under the particle and R�h, R is the disk radius. The OP nucleation near the magnetic particle is
strongly suppressed by increasing the film thickness. Using both analytical and numerical approaches we have
found the range of system parameters that are optimal for the experimental observation of the different regimes
of localized superconductivity in this hybrid system.
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I. INTRODUCTION

The Little-Parks effect,1 i.e., the oscillations of the critical
temperature Tc of multiply connected superconducting
samples in an applied magnetic field H, is one of the striking
phenomena that demonstrate the coherent nature of the su-
perconducting state. Such oscillatory behavior of the Tc�H�
has been shown to be inherent also to singly connected me-
soscopic samples2 �with a lateral size of the order of several
coherence lengths �� and to hybrid superconductor/
ferromagnet �S/F� systems with magnetic dots3–10 that create
the “magnetic template” for the nucleation of superconduct-
ing order parameter �OP�. In all these cases the oscillations
in the Tc�H� line are caused by phase transitions between
states with different vorticities L, characterizing the circula-
tion of the phase of the OP. Fluxoid quantization, peculiar to
all superconducting systems, could provide not only critical
temperature oscillations, but also quantized levitation states
in S/F hybrids.11

Recent theoretical investigations of vortex matter and lo-
calized superconductivity in hybrid S/F structures were in
most cases based on an idealized assumption of an infinitely
small thickness D of superconducting films.6–10,12,13 Such a
simplification allows the spatial variation of the OP over the
sample thickness and the influence of the in-plane compo-
nent B� of the magnetic field on the superconductivity nucle-
ation both to be neglected. As a result, the OP patterns and
the phase-transition line Tc�H� are fully determined by the
spatial distribution of the transverse B� component, perpen-
dicular to the film plane. Depending on the particular geom-
etry of the stray field, these OP patterns can take the form of
open-ended or closed channels,10,12–16 located near the re-
gions where the component B� is close to zero.

However, as the thickness of the superconducting film
increases it can become comparable to the characteristic

length scale of the OP variation imposed by both the out-of-
plane and in-plane components of the magnetic field. Thus,
the OP distribution in superconducting films of a finite thick-
ness is expected to be inhomogeneous both in the lateral and
transverse directions. As a result, the critical temperature of
the OP appearance and the OP patterns are strongly affected
by all components of the magnetic field. In addition, both
field components B� and B� cannot be considered as uniform
over the film thickness if the D value is of the order of the
typical length scales characterizing the magnetic landscape
�either the interdomain wall distance, the magnetic dot diam-
eter, or the thickness of the ferromagnetic films and dots�.
The influence of the sample thickness on OP nucleation in
planar, large-area S/F hybrids containing certain stripe-type
domain structures inside the ferromagnetic film was studied
recently in Ref. 17. A similar effect �an effective weakening
of the influence of the nonuniform magnetic field on the OP
nucleation due to a finite thickness of the superconducting
film� can also be expected in hybrid S/F systems with mag-
netic dots. Thus, the increase in the D value is expected to
suppress superconductivity localized near the magnetic dot,
and to promote the appearance of alternative OP patterns,
localized at sample imperfections, boundaries, cavities, etc.
As a result, the phase boundary Tc�H�, corresponding to the
formation of the OP pattern with the highest Tc for any H
value, could have quite exotic shape due to the possible in-
terplay between various OP structures with particular depen-
dencies of the critical temperature on the external field and
the sample thickness.

The main goals of the paper are as follows:
�i� to demonstrate that an appearance of superconductivity

in hybrid S/F systems can occur in different ways �e.g., the
formation of the OP either at the superconducting sample
perimeter or close to a magnetic dot�;
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�ii� to investigate the shape of the phase-transition line
Tc�H� in a system with two competing regimes of the OP
nucleation; and

�iii� to study the transformation of the Tc�H� line at vary-
ing the parameters of the magnetic dot and the thickness of
the superconductor.

The paper is organized as follows. Firstly, we introduce
the set of basic equations in Sec. II. In Sec. III we discuss
qualitatively two possible regimes of OP nucleation in the
system under consideration prior to starting detailed calcula-
tions. In Sec. IV we present the results of an approximate
analytical analysis of OP nucleation in thin and thick large-
area superconducting films in the presence of a small mag-
netic particle and the estimates of the phase boundary Tc�H�
in this limits. The competition between two nucleation re-
gimes, based on direct numerical calculations using linear-
ized Ginzburg-Landau theory, is studied in Sec. V. Finally,
we make some concluding remarks.

II. MODEL

We consider a small magnetic dot, placed at a height h
above the center of a superconducting disk of a finite radius
R and thickness D �Fig. 1�. The opposite case, when both the
lateral size of the superconductor and the diameter of the
magnetic dot are of the same order of magnitude, was con-
sidered in Refs. 7–9. For the sake of simplicity, we choose
the magnetic moment m0=m0z0 of the dot as well as the
external field H=Hz0 to be perpendicular to the disk plane
�here �r ,� ,z� is the cylindrical reference system�. As an ex-
ample, perpendicularly magnetized magnetic dots can be
prepared using multilayered Co/Pt films.18 Due to the non-
zero distance h between the particle and the top surface of
the superconducting disk we can exclude the exchange inter-
action �for a review, see Refs. 19–21� and focus on the or-
bital effect.

The conditions for the appearance of superconductivity as
well as the spatial profile of the OP wave function ��r�
follow from the linearized Ginzburg-Landau equation,

− ��−
2�i

�0
A�r��2

� = ��, � =
1

�2�T�
. �1�

Here A�r� is the vector potential corresponding to the total
magnetic field B�r�=rot A�r�, �0=�	c /e is the flux quan-
tum, ��T�=�0�1−Tc0 /Tc�−1/2 is the superconducting coher-
ence length, and Tc0 is the critical temperature of the bulk

superconductor at B=0. Note that in Eq. �1� we neglect the
corrections to the vector potential caused by the screening
currents, since the supercurrents are proportional to ���2 and
result in higher-order terms omitted in our approximation.22

Hence the superconductor cannot affect the ferromagnet near
the phase-transition line and the magnetization of the dot
remains unaltered.

Provided that the dot size is smaller than the other rel-
evant length scales �the point magnetic dipole approxima-
tion�, the vector potential am�r�, corresponding to the stray
field of the dot, can be written as

ar,z
m = 0, a�

m�r,z� =
m0r

�r2 + �z − h�2�3/2 .

Choosing the gauge A��r ,z�=a�
m�r ,z�+Hr /2, Ar=Az=0, it

can be seen that the Schrödinger-like Eq. �1� does not depend
on the � coordinate, and the solution of Eq. �1� can generally
be found in the form of giant �multiquanta� vortices ��r�
= fL�r ,z�exp�iL��, where L is the angular momentum of the
Cooper pairs.23

The absolute value of the OP wave function, fL�r ,z�, can
be determined from the following two-dimensional equation:

−
�2fL

�r2 −
1

r

�fL

�r
−

�2fL

�z2 + U�r,z�fL = ��L�fL,

U�r,z� = �2�

�0
A��r,z� −

L

r
�2

. �2�

A set of eigenvalues �n�L� of Eq. �2� for any H values gives
us a set of critical temperatures Tc

L,n=Tc0�1−�0
2�n�L��, corre-

sponding to the appearance of various OP patterns �L,n
= fL,n exp�iL��. We will define the critical temperature as the
highest possible value Tc=maxL,n	Tc

L,n
.
Assuming that the superconducting sample has an insulat-

ing coating, boundary conditions corresponding to zero nor-
mal derivatives of the OP at all surfaces �the Neumann-type
boundary conditions� should be applied;

� �fL

�z
�

z=0,−D
= 0, � �fL

�r
�

r=R
= 0. �3�

Following Ref. 10 we will use the parameter Nf
=4�m0 / �3�3�0h� characterizing the dipole moment in di-
mensionless units and the value B0=2m0 /h3 as a unit for the
magnetic field.

III. TWO DIFFERENT OP NUCLEATION REGIMES:
QUALITATIVE ANALYSIS

We start with a preliminary consideration of the simplest
case D→0 in order to better reveal the effects expected to
arise from the possible switching between different OP
nucleation regimes.

Obviously, there are only two favorable regimes of the OP
nucleation in the system under consideration �without any
defects inside the superconductor�, which can be clearly
separated in the particular case D
h
R and described as
follows:

FIG. 1. A schematic representation of the S/F system under
consideration.
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�i� The formation of the OP in the central part of the disk
under the dipole �magnetic-dot-assisted superconductivity�.

�ii� The formation of the OP at the outer perimeter of the
superconducting disk �edge superconductivity�. Edge nucle-
ation takes place even in the absence of the magnetic dot and
this regime is weakly influenced by the presence of a mag-
netic dot provided R�h.

The mechanism of the magnetic-dot-assisted supercon-
ductivity is associated with the field compensation effect and
it appears to be important only for negative H values.10 For
positive H values, edge superconductivity becomes the
dominant regime. This regime should also dominate for large
negative H values. Indeed, for quite large, negative H values,
the z component of the field has its minimum at the disk
center. If the size of the center OP nucleus is much smaller
than the other relevant length scales, the critical temperature
can be estimated as

1 −
Tc

cent

Tc0



2��0
2

�0
�H + B0� .

The value Tc
cent should be compared with the standard expres-

sion for the critical temperature for the edge nucleation re-
gime in the limit R�h

1 −
Tc3

Tc0

 0.59

2��0
2

�0
�H� ,

which corresponds to the Hc3�T� field �see, e.g., Ref. 22�.
Due to the different slopes dTc

cent /dH and dTc3 /dH and the
different offsets, we get a point H=H1

* where both critical
temperatures are equal: H1

*
−2.44B0. The edge OP nucle-
ation regime therefore apparently dominates both at positive
and large negative field values. Hence we conclude that there
is a second switching field H2

* somewhere between H=−B0
and H=0. The above arguments allow us to separate three
field regions characterized by different types of OP nucle-
ation.

Only in the intermediate field range H1
*�H�H2

* does the
highest critical temperature corresponds to a giant vortex lo-
cated near the magnetic particle. It is the only regime in
which the field inhomogeneity and the finite sample thick-
ness should affect the spatial structure of such vortices and
the critical temperature of their appearance. Outside this
range, i.e., at H�H1

* and H�H2
*, the OP nucleation in a

large-area disk should take place near the edge of the disk
and it should be practically independent of the parameters of
the magnetic particle �if R�h�. The dependence of the
threshold fields H1

* and H2
* on the magnetic dot parameters

and on the sample thickness will be considered in Sec. V.
It should be noted that we cannot exclude the scenario in

which patterns with different OP profiles and different L val-
ues will coexist. Normally, as soon as the OP structure cor-
responding to the highest critical temperature appears in the
sample, the amplitude of this solution starts to grow as the
temperature decreases. Generally speaking, it should prevent
the appearance of OP structures with the lower critical tem-
peratures. However, in the important particular case R�h
two eigenfunctions of the linearized Ginzburg-Landau equa-
tion, corresponding to the different nucleation regimes, are

strongly spatially separated and their nucleation can occur
almost independently. Therefore, the resulting phase bound-
ary, measured experimentally, will significantly depend on
the experimental conditions, the locations of the contact
pads, etc., since the geometry of the sample and the measur-
ing methods determine the sensitivity of the setup to the
appearance of certain types of localized superconductivity.
The formation of giant vortex states mentioned above could
certainly be possible if the critical temperature corresponding
to some particular solution exceeds the critical temperature
Tc2 of the appearance of the delocalized superconductivity

1 −
Tc2

Tc0
=

2��0
2

�0
�H� ,

which corresponds to the conventional Hc2�T� line in the H-T
diagram. So in order to understand the possibility of observ-
ing the magnetic-dot-assisted superconductivity experimen-
tally, the predicted phase boundary Tc�H� should be com-
pared with the reference lines Tc2�H� and Tc3�H�.

IV. SUPERCONDUCTIVITY ASSISTED BY MAGNETIC
DOT: ANALYTICAL APPROACH

In this section we focus on the consideration of the
magnetic-dot-assisted superconductivity in large-area disks,
assuming that the superconducting OP is located in the cen-
tral part of the disk. In this case the critical temperature of
the sample depends on the characteristics of the inhomoge-
neous magnetic field produced by the dot and the sample
thickness D rather than on the lateral size of the disk R. So,
one can neglect the effect of the disk edge and consider the
problem of Eq. �2� with the boundary condition

�fL�r,z��r→
 = 0.

A. Thin superconducting films

Provided that the film thickness D is smaller than the
characteristic length scale of the OP variation in the z direc-
tion, the OP distribution can be considered almost uniform
over the film thickness. Thus, we can develop a perturbation
theory in order to take into account the effect of the in-plane
magnetic-field components on the critical temperature.

For this purpose we expand the vector potential distribu-
tion A��r ,z�=a�

m�r ,z�+Hr /2 into Taylor series near the
middle plane of the superconducting film �at z*=−D /2�

A��r,z� 
 �A��r,z*� − Br�r,z*�z − z*�

+
1

2
� �Br

�z
�

r,z*
�z − z*�2 + … . �4�

After substitution of expansion �4� into Eq. �2� and averaging
over the film thickness, we get the following Sturm-Liouville
problem:

−
d2gL

dr2 + V�r�gL =
1

�2�T�
gL,

gL�r� =
�r

D
�

−D

0

fL�r,z�dz . �5�
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The potential-well profile V�r�=V0�r�+V��r� in Eq. �5�
averaged over the thickness consists of two contributions.
The dominant term

V0�r� =
�L

2�r�
r2 −

1

4r2 , �L�r� =
2�rA��r,z*�

�0
− L

is determined by the vector potential distribution A��r ,z*�,
i.e., the V0�r� profile is sensitive to the z component of the
magnetic field only. This term is definitely D dependent,
since the variation in the D value results in a change of the
distance between the magnetic particle and the middle plane
z=z*. The perturbation term

V��r� =
�2D2

3r2 � r2Br
2

�0
2 −

r�Br�z�

�0

�L�r�
2�

�
allows us to study the effects of the in-plane field component
Br on the nucleation of superconductivity. The limit D→0
and Nf �1 has been previously considered in Ref. 10. Pro-
vided that −B0�H�0, the OP is localized in the region
close to the circle of the radius r0, where the z component of
the total magnetic field vanishes, Bz�r0�=0. This local ap-
proximation is valid when the typical width �r of the OP
structure is much less than the characteristic scale of the
magnetic-field distribution,

� �Bz�r�

�Bz�r�
�r�

r=r0


 1 and
�r

r0

 1.

Following Ref. 10 we expand the value �L�r� in powers
of r−r0,

�L�r� 
 �L�r0� +
�r0�Bz�r�

�0
�r − r0�2,

and rewrite the potential wells V0�r� and V��r� in the vicinity
of the point r0,

V0�r� 

1

�r
2� �r − r0�2

�r
2 − QL�2

−
1

4r0
2 ,

V��r� 
 V��r0� =
D2

6�r
4QL +

�2D2Br
2

3�0
2 ,

where the field Br and the derivative �Bz�r�= �Br�z� are taken at
the point r=r0, z=z* and the parameters �r and QL are given
by the expressions

�r =�3 �0

���Bz�r��
, QL = − �L�r0��3 �0

�r0
3�Bz�r�

.

Note that the characteristic width �r of the OP pattern is
determined by the applied magnetic field, while the param-
eter QL depends on both H and L values.

Introducing a coordinate �= �r−r0� /�r we can reduce Eq.
�5� to the following universal form:

−
d2gL

d�2 + ��2 − QL�2gL = ��QL�gL, �6�

where

��QL� =
�r

2

�2�T�
+

�r
2

4r0
2 −

D2

6�r
2�QL + 2���r

2Br

�0
�2� . �7�

Thus, the critical temperature, which enters into the first
term in the right-hand side of Eq. �7�, is expressed via the
parameters of the field distribution and the lowest eigenvalue
�0�QL� of the model equation �6� as follows:

1 −
Tc�H�

Tc0
=

�0
2

�r
2 min

L
��0�QL� −

�r
2

4r0
2

+
D2

6�r
2�QL + 2���r

2Br

�0
�2�� . �8�

As was shown in Ref. 10, the function �0�QL� is character-
ized by the following asymptotical behavior: �0�QL�
QL

2

+�−2QL when QL
−1, and �0�QL�
2�QL when QL�1.
The typical Tc�H� dependencies, obtained from Eqs. �6� and
�8� for the different D values, are shown in Fig. 2. The in-
crease in the film thickness reduces the number of the Tc�H�
oscillations lying below Tc2�H� and Tc3�H� lines.

Note that the local approximation used above fails for
L=0, when the maximum of the OP wave function is located
at r=0 and hence Eq. �8� cannot correctly describe the OP
nucleation and the phase boundary Tc�H� at negative H val-
ues close to −B0. Nevertheless, our model is certainly valid
for nonzero L values for the description of the switching
between giant vortex states with different vorticities that re-
sults in the oscillatory Tc�H� dependence. Actually, the varia-
tion in the external field H changes the r0 value �i.e., the
position of the OP maxima�, as well as the flux through the
circle of radius r0 and hence it changes the energetically
favorable winding number L. The number of Tc oscillations
in the interval −B0�H�0 is controlled by the parameter Nf,
which is the dimensionless flux of the dot’s field through the
area with the positive field component bz

m�r ,z=z*�, the radius
of which is of the order of h. Strictly speaking, the period
�H of the Little-Parks oscillations, caused by the transition
between the vortex states localized near the magnetic dot, is

FIG. 2. �Color online� The phase boundaries Tc�H� for the S/F
hybrid with Nf =10 and D /h→0 ���, D /h=0.15 ���, and D /h
=0.30 ���, obtained from Eq. �8�. The dashed lines show the ref-
erence dependencies Ec2�H�= �h2 /�0

2��1−Tc2�H� /Tc0� and Ec3�H�
= �h2 /�0

2��1−Tc3�H� /Tc0�, corresponding to OP nucleation either far
from the edges in a bulk sample or near the sample edges,
respectively.
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field dependent. However, the typical period �H of these
oscillations can be roughly estimated as B0 /Nf 
�0 /h2.

B. Thick superconducting films

Let us now discuss the opposite limit of a large film thick-
ness. From the results of the perturbation theory presented
above, we can expect that for D values of the order of h and
larger the vortex states with nonzero vorticities become en-
ergetically unfavorable. The particular case of zero vorticity,
L=0, should be examined separately. It is clear that there is a
point

r0/h = 0, z0/h = 1 − �3 B0/�H� , �9�

where the total field vanishes. Provided that

− 1 � H/B0 � − �1 + D/h�−3, �10�

this point �r0 ,z0� is located inside the superconducting disk
and it seems to be favorable for OP nucleation to occur due
to the complete compensation effect. Assuming that the typi-
cal widths �r and �z of the OP along the r and z axes are
much smaller than the field length scales, we can expand the
vector potential A��r ,z� in a Taylor series near the point
�r0 ,z0�, keeping only the leading term

A��r,z� 

3m0

h4 � �H�
B0

�4/3

r�z − z0� . �11�

Substituting expression �11� into Eq. �2� we introduce dimen-
sionless variables �=r / ��h� and �= �z−z0� / ��h� and put
�6= �4/243�Nf

−2��H� /B0�−8/3. As a result, we get the follow-
ing dimensionless equation:

−
�2f0

��2 −
1

�

�f0

��
−

�2f0

��2 + ����2f0 = �f0, �12�

where �= ��h /��2. This approximation is correct if the OP is
located far from both the top and the bottom film surfaces:
�z
 �z0� and �z
 �D−z0�. Thus, we can neglect the effect of
the boundaries and consider the problem of Eq. �12� with the
boundary conditions

�f0��,����→
 = 0, �f0��,����→±
 = 0.

The parameter � determines the localization lengths �r
and �z in the lateral and transverse directions,

�r = �z = �h 
 0.5h� B0

�H��
4/9

Nf
−1/3. �13�

Taking the lowest eigenvalue �0
1.82 of Eq. �12�, we can
estimate the phase-transition line as follows:

1 −
Tc

*�H�
Tc0


 7.15
�0

2

h2Nf
2/3� �H�

B0
�8/9

.

FIG. 3. �Color online� �a� The phase-transition lines Tc�H�, calculated numerically for R /h=5, D /h→0, and for Nf =1,10. The curves
marked by circles correspond to the center OP nucleation, while the solid curves describe the edge OP nucleation. The inset gives the zoomed
part of the Tc�H� line, calculated for Nf =10. �b� The dependence L vs H, corresponding to the case Nf =10, R /h=5, and D /h→0. The inset
represents the zoomed part of the L�H� line marked by the rectangle which corresponds to the transitions between the giant vortex states
localized under the magnetic particle. ��c1�–�c4�� The typical OP distributions ���r�� �arbitrary units�, calculated for certain H values �the
filled circles in panel �a��.
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Comparing this transition temperature with the critical
temperature Tc2 we obtain a criterion of the existence of the
magnetic-dot-assisted nucleation regime as follows:

Nf � 3� B0

�H��
1/3

. �14�

According to this criterion the optimal external fields should
be close to −B0. Thus, taking H�−B0, we find that for Nf
�3 the critical temperature of the disk in the regime of the
magnetic-dot-assisted superconductivity exceeds Tc2 even

for very thick films. For Nf �3, superconductivity under the
dot can be expected to appear only for a film thickness less
than a certain critical value. To analyze the interplay between
different OP nucleation regimes we also need to compare Tc

*

with the temperature of the edge superconductivity nucle-
ation Tc3 �see Eq. �4��. As a result, we get a critical value
Nf

c
10 that separates the nucleation regimes for thick films:
for Nf �Nf

c and Nf �Nf
c we get the magnetic-dot-assisted and

the edge nucleation regimes, respectively. In the latter case a
decrease in film thickness can result in a transition to the
magnetic-dot-assisted superconductivity.

V. INTERPLAY BETWEEN DIFFERENT NUCLEATION
REGIMES: NUMERICAL STUDY

We now proceed with the numerical analysis of the phase-
transition line Tc�H� for a superconducting disk of a finite
radius R and thickness D. The procedure for the numerical
solution of Eqs. �2� and �3� is similar to that described in
Ref. 24.

A. Phase-transition lines Tc„H…

Both regimes of OP nucleation mentioned above can be
recognized by examining the dependence of the critical tem-

FIG. 4. �Color online� Phase boundaries Tc�H�, calculated nu-
merically from Eqs. �2� and �3� for Nf =10, R /h=5, and D /h→0
�a�, D /h=0.2 �b�, and D /h=0.5 �c�, where the curves marked by
circles correspond to the formation of giant vortices localized under
the magnetic particle, while the solid curves describe the OP nucle-
ation near the disk edge. The oscillations of the critical temperature
at H�H2

* caused by the edge effects are practically invisible in this
scale. The lines marked by squares correspond to the Tc�H� depen-
dencies obtained analytically from Eq. �8�.

FIG. 5. �Color online� Phase diagrams in the H-D plane, calcu-
lated for the following parameters: R /h=5, Nf =4 �a�, and Nf =10
�b�. The thick solid lines are the threshold H1

* and H2
* lines, which

separate the OP nucleation regimes: for H1
*�H�H2

* �between these
lines� the OP nucleates near the magnetic particle, while outside this
range superconductivity appears at the edge of the sample. The
dashed lines separate the regions with different vorticities �for the
magnetic-dot-assisted regime�.
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perature Tc on the external magnetic field H. Figure 3�a�
shows typical Tc�H� dependencies, calculated numerically
for an infinitely thin superconducting disk in the presence
of the magnetic dipole. In the intermediate field range
�for H1

*�H�H2
*� OP nucleation takes place near the center

of the sample �the curve marked by circles in Fig. 3�a��.
Otherwise, i.e., for H�H1

* or H�H2
*, the superconducting

OP first nucleates at the sample edge �the solid curves in
Fig. 3�a��.

The kinks on the Tc�H� line are due to jumps in the field
dependence of the optimal vorticity L, corresponding to the
state with the highest Tc �Fig. 3�b��. The typical L vs H
dependence is shown in Fig. 3�b�. For the edge nucleation
regime, the jumps in vorticity occur with a period
�H��0 /R2. In the magnetic-dot-assisted nucleation
regime we observe jumps in vorticity with a characteristic
period close to the estimate given in Sec. IV A: �H
�B0 /Nf ��0 /h2. Thus, the preferable OP nucleation regime
can be clearly identified by analyzing the period of the os-
cillations of the critical temperature vs H, provided R�h.

The phase diagrams for different disk thicknesses are
shown in Fig. 4. Our numerical results appear to be in good
agreement with the analytical predictions �see Eq. �8�� for
relatively thin films �D /h�1� and Nf �1.

In order to describe the interplay between the two differ-
ent OP nucleation regimes, we plot H-D diagrams �see Fig.
5� calculated numerically for the fixed radius of the disk
R /h=5 and various m0 values. Shown in these phase dia-
grams are the switching lines H1

*�D� and H2
*�D�, which sepa-

rate the regions with different types of OP nucleation. Ana-
lyzing Fig. 5 we can make the following observations.

�i� An increase in the sample thickness results in a de-
crease in the set of possible vortex states localized near the
magnetic particle.

�ii� The zero vorticity state is the most stable dot-assisted
state, and it can occur even in rather thick superconducting
films. This confirms our suggestion formulated in Sec. IV B,
which has been used to estimate the Tc

*�H� line for bulk
samples.

�iii� An increase in the D value causes a shrinking of the
�H1

*−H2
*� interval.

�iv� A change of the OP nucleation regime is accompanied
by giant jumps in vorticity �see Fig. 3�b��, which take place
both at H=H1

* and H=H2
*. The amplitude �L of these jumps

near the “edge-to-center” transition can be roughly estimated
as �R2Hi

* /�0, i= 	1,2
. Similar jumps in vorticity in meso-
scopic square superconductors have been obtained numeri-
cally in Refs. 8 and 9.

�v� For relatively small Nf values there exists a critical
sample thickness Dc corresponding to the complete suppres-
sion of OP nucleation under the magnetic particle for any
external field value �see also Fig. 3�a��. For instance,
Dc=1.62h for Nf =4 and R /h=5. For Nf �1 the critical
thickness tends to infinity in qualitative agreement with our
estimates in Sec. IV B.

B. OP patterns located near the magnetic particle

Let us now discuss the spatial structure of the OP patterns.
Our numerical calculations demonstrate that in the interme-
diate H range �H1

*�H�H2
*� the OP distribution becomes

strongly inhomogeneous along the z axis as the sample thick-
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FIG. 6. �Color online� Contours of the total magnetic field �br
2+ �bz+H�2 /B0=const �the lines� and the OP distributions ���r ,z��

�arbitrary units� corresponding to the state with L=0. The filled circles and arrows indicate the points r=0, z=z0, where �B�=0. All results
correspond to Nf =10 and R /h=5, while other relevant parameters are shown in the plots. The highest ��� values are shown in darker shades
and the lowest densities in lighter shades.
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ness becomes comparable with the characteristic OP width
�z.

Figure 6 shows the OP distributions for L=0 for different
external field values. For fields �H��B0 �the left column in
Fig. 6�, the point �r0 ,z0�, determined by Eq. �9�, where the
dipole magnetic field is compensated exactly, is situated
rather close to the top film surface: r0=0 , �z0�
�z. Due to the
boundary effect, the OP nucleus is attracted to the z=0 plane
and the maximum of the OP distribution lies at the top film
surface. A decrease in the ratio �H� /B0 results in a shift of the
compensation point �r0 ,z0� from the top plane. Depending on
the film thickness, the OP maximum in this case shifts either
to an internal point close to the compensation one, or to the
bottom film surface �the middle and right columns in Fig. 6�.
In agreement with estimate �13�, we also observe an increase
in the localization lengths �r and �z in both directions with a
decrease in the amplitude of the external magnetic field.

Since the leading term in the series expansion of the ef-
fective potential U�r ,z��L2 /r2 for L�0 and r
h does not
contain the parameters of the magnetic particle, we note that
despite the inhomogeneity of the field in the z direction the
asymptotic behavior of the OP should be the same as for the
giant vortex in a uniform magnetic field22: �L�r ,z�
=Cr�L�eiL�, where C is a z-independent constant. Thus, the
OP distribution for nonzero L values becomes substantially
inhomogeneous in the z direction only for r /h�1, while in
the regions r /h
1 and r /h�1 the OP is almost uniform
over the film thickness �Fig. 7�.

VI. CONCLUSION

In this paper we investigated theoretically the OP nucle-
ation in a superconducting disk of finite radius R and thick-
ness D, placed in an axially symmetric, nonuniform mag-

netic field. As an example, we considered the simplest case
where such a nonuniform field is created by a point magnetic
dipole magnetized perpendicular to the disk. This problem
was studied both analytically and numerically to analyze the
peculiarities of the phase-transition line Tc�H� and the spatial
structure of the OP in such hybrid systems. Now we summa-
rize our important results.

Firstly, depending on the parameters of the magnetic par-
ticle and the external magnetic field H, there are two com-
peting OP nucleation regimes, which determine the shape of
the phase boundary Tc�H�. OP nucleation under the magnetic
particle �the magnetic-dot-assisted regime� was shown to be
energetically favorable for the intermediate H range �H1

*

�H�H2
*�. The switching fields H1

* and H2
* depend strongly

on the film thickness D and on the parameter Nf
�m0 / ��0h�. An increase in the D value causes a shrinkage
of the �H1

*−H2
*� interval. For relatively small Nf values we

find the critical thickness of the sample Dc corresponding to
the complete disappearance of the magnetic-dot-assisted OP
nucleation regime for any external field value. For magnetic
dots with relatively small Nf values, or for H�H1

* or H
�H2

* superconductivity always appears near the disk edge.
We have shown that an increase in Nf above a certain critical
value results in survival of the magnetic-dot-assisted super-
conductivity even for very thick films.

Secondly, switching between the OP nucleation regimes
leads to a strong change in the oscillatory Tc�H� behavior.
The typical periods of the Tc�H� oscillations can be estimated
roughly as �0 /R2 and �0 /h2 for OP nucleation near the disk
edge and the disk center, respectively. Thus, the shift of the
OP maximum from the center of the disk to its edge is ac-
companied by an abrupt decrease in both the period and the
amplitude of the Little-Parks oscillations for large-area
samples �R�h�. The Little-Parks oscillations in the
magnetic-dot-assisted regime are shown to result from the
switching between the giant vortex states with OP profiles
modulated both in the lateral and transverse directions. An
increase in the film thickness reduces the number of such
vortex states, so that the vortex-free state is the most stable
one over the widest range of the parameters H and D.

The superconductivity nucleates in the form of giant vor-
tices only in systems with an axial symmetry. We expect that
a variation of the sample shape can lead to a splitting of the
single giant vortex into some single-quantum vortex configu-
rations. Since the OP nucleation in thin superconducting film
is shown to occur near the lines of zeros of Bz�x ,y�, a tilt of
the dot’s magnetization will result in a deformation of the
superconducting channels, which follow such lines and re-
main closed. As a result, the fluxoid quantization is also valid
for S/F systems with nonaxial symmetry of the stray mag-
netic field. In all these cases the change of the total vorticity
of the sample will remain discrete as before. Therefore, both
types of the Little-Parks oscillations should be observed also
in more complicated S/F hybrids, e.g., in superconducting
disks and polygons with small and large magnetic dots with
an arbitrary orientation of the magnetic moment. Thus, we
believe that our simple model captures qualitatively the main
underlying physics of the OP nucleation in various S/F hy-
brids.

FIG. 7. �Color online� Contours of the total magnetic field
�br

2+ �bz+H�2 /B0=const �the lines� and the OP distributions
���r ,z�� �arbitrary units� corresponding to the vortex solution with
L=1. The results correspond to R /h=5, D /h=−0.6, H /B0=−0.22,
Nf =10 �a�, and Nf =20 �b�. The highest ��� values are shown in
darker shades and the lowest densities in lighter shades.
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