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We discuss the mechanism of pairing-symmetry selection in the weakly electron-doped t-J model on the
honeycomb lattice. Our analysis is motivated by some recent suggestions that due to charge ordering, which
may take place in the unconventional superconductor NaxCoO2·yH2O at doping levels near x=1/3, the physics
of CoO2 planes may be effectively described in terms of a model for a weakly electron-doped antiferromagnet
on the honeycomb lattice. By applying the so-called string picture, we demonstrate that spin fluctuations may
induce in the honeycomb lattice the formation of an unconventional two-particle bound state. This mechanism
may give rise to unconventional pairing upon the condensation of bound particles. We do not evaluate the
critical value of the ratio J / t, which is sufficient to induce binding. We assume instead that, in the case of
cobaltates, some additional isotropic attractive interaction, for example, phonon mediated, is active. Neverthe-
less, the symmetry of the paired state is selected by the anisotropic interaction mediated by spin fluctuations.
The relevant point group for the t-J model on the honeycomb lattice is C3v. We argue that the bound state of
two additional electrons doped to the half-filled antiferromagnetically ordered system has zero total momentum
and p-wave symmetry of the irreducible representation E. Since the honeycomb lattice does not possess the
inversion symmetry, the expected paired state is a mixture of a singlet and a triplet. This is an explicit
prediction for the form of the superconducting order parameter in a weakly doped antiferromagnet on the
honeycomb lattice.
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I. INTRODUCTION

The discovery of superconductivity �SC� in a hydrated
sodium cobaltate NaxCoO2 yH2O �Ref. 1� draws a lot of at-
tention nowadays. Besides cuprates, cobaltates are the sec-
ond class of layered 3d transition-metal oxides in which this
phenomenon has been observed. A crucial difference be-
tween cuprates and cobaltates is that Cu ions form the square
lattice in a single layer of the former system, while Co ions
form the triangular lattice in a single layer of the latter sys-
tem. Results of some experiments suggest triplet pairing2–5 in
cobaltates. Other measurements have resulted in contradict-
ing conclusions which indicate singlet pairing.6,7 In any case,
there seems to be no controversy about the suggestion that
pairing in layered cobalt oxides is unconventional.8,9 The
mechanism of SC in those systems has been discussed in
several theoretical papers,10–19 but no final conclusions re-
garding the symmetry and the total spin of the paired state
have been drawn. On the other hand, even before the discov-
ery of superconductivity in hydrated cobaltates, a theoretical
analysis which may be relevant to that phenomenon has been
performed.20 That analysis concerned the t-J model �tJM� on
the triangular lattice. Some arguments have been provided
later that the electron-doped t-J model on the triangular lat-
tice formed by cobalt ions is indeed suitable for analyzing
them.10

Recently, the emergence of spin and charge ordering in
NaxCoO2 at the doping level near x=1/3 has been
suggested.21–25 That ordering may be related to the appear-
ance of SC, which occurs in the range 0.22�x�0.47. Some
experimental evidence that the scenario of charge modula-
tions may be realized for x=1/3 has also been provided.

Namely, an angle-resolved photoelectron spectroscopy
study26 shows that, in this case, all parts of the Fermi surface
have the nesting property for some fundamental reciprocal
lattice vectors which are related with a well-defined superlat-
tice structure. According to that observation, a natural as-
sumption is that in the charge-ordered state exactly at x
=1/3, cobalt atoms which are in the valence state Co3+ and
in the spin-0 state form a new triangular lattice with a larger
elementary cell. In the framework of the tJM, those sites are
doubly occupied and therefore they do not influence mag-
netic and transport properties of the system at the doping
level x=1/3 and slightly above that value. The rest of the
cobalt atoms which are in the valence state Co3+ and in the
spin-1

2 state forms the honeycomb lattice. Upon additional
doping, some sites which belong to that newly effectively
formed honeycomb lattice will become doubly occupied.
Therefore, it seems that the analysis of the tJM on the hon-
eycomb lattice in the limit of weak electron doping may give
some insight into the physics of SC cobaltates for doping
levels slightly higher than x=1/3. Since the honeycomb lat-
tice is bipartite, the tJM on that lattice is invariant with re-
spect to the particle-hole transformation for the filling of one
electron per site, which may be proved by performing the
particle-hole transformation and by changing additionally the
sign of fermion operators for sites which belong to one of the
sublattices. Therefore, it is, in principle, possible to analyze
the equivalent hole-doped version of that model with the
same number of holes created in the half-filled system as the
number of additional electrons in the relevant electron-doped
version of it. In fact, we will perform the calculation for the
hole-doped system because, in that case, the graphical visu-
alization of some relevant process involving doped holes is
easier.
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Recently, the properties of a single hole in the tJM on the
honeycomb lattice have been analyzed by means of several
methods27 which have been before applied to the tJM
on the square lattice, namely, an exact diagonalization
based on the Lanczos method, the self-consistent Born
approximation,28–33 and the series expansion.34 The spin po-
laron approach35,37–40 based on the string scenario41,42 is an-
other method which is applicable to the analysis of weakly
hole-doped antiferromagnets described by the tJM. In par-
ticular, the mechanism of hole binding in the tJM on the
square lattice,37 the origin of the d-wave symmetry which
appears in the two-hole ground state of that model,38 and the
full hierarchy of low-energy two-hole eigenstates transform-
ing according to different irreducible representations of the
C4v point group for the square lattice43 have been clarified by
means of some analyses based on the spin polaron approach.
That approach44 also allows one to analyze the relation be-
tween hole binding and the formation by the current-current
correlation function of a pattern,45,46 which corresponds to
the so-called staggered flux phase.47

The purpose of this paper is to understand the mechanism
of pairing-symmetry selection in the cobaltates in the frame-
work of the spin polaron approach applied to the hole-doped
tJM on the honeycomb lattice. We will use the spin bipo-
laron �SBP� approach, which is the most basic version of this
method. The SBP scenario is based on the assumption that
antiferromagnetic �AF� spin fluctuations give rise to the for-
mation of a tightly bound two-hole state and on the assump-
tion that the problem of two holes in the honeycomb lattice
may be reduced to the analysis of hopping performed by a
single boson which represents a bound hole pair. A similar
task has been successfully performed before for the tJM on
the square lattice43 where the bound state has been observed.
We will not try to find out for what critical value of the ratio
J / t hole binding starts to take place on the honeycomb lat-
tice. In order to find this parameter, a calculation performed
by means of a different method, as for example, an exact
diagonalization, is necessary. On the other hand, an exact
diagonalization usually does not give much insight into the
underlying physics, the understanding of which is our aim;
therefore, in this paper, we will concentrate on an analysis
based on the SBP approach. In addition, it is not clear now if
electron correlations alone can drive pairing in cobaltates or
if a different source of attraction, as for example, phonon
exchange, is involved in this process. Provided that the ad-
ditional moderate effective attraction induced by phonons in
the form of a density-density interaction is isotropic, it can
be expected that the spin fluctuation mechanism will still
decide the symmetry of the paired state. It is likely a similar
situation we also encounter in the case of cuprates, where the
phonons also seem to play an important role,48 but the sym-
metry of the SC order parameter is most probably deter-
mined by the exchange of spin fluctuations.

The tJM which we will study is defined by the Hamil-
tonian,

H = − t �
�i,j�,�

�ci,�
† cj,� + H.c.� + J�

�i,j�
�SiS j −

ninj

4
� . �1�

�i , j� denotes nearest-neighbor �NN� sites in the honeycomb
lattice. The action of H is restricted to the subspace of states

in which there are no doubly occupied sites. Since our inten-
tion is to apply the tJM to cobaltates, in agreement with
some recent estimations,10 we choose t to be negative, t=
−1, and J / t=−0.2. On the other hand, it is worth mentioning
that, since the honeycomb lattice is bipartite, the sign of the
hopping integral is irrelevant in the tJM on that lattice with
NN hopping only.

The outline of the paper is as follows. In Sec. II, we
define SBPs and derive the lowest-order term in the SBP
model. In Sec. III, we derive some higher-order terms which
play a crucial role in determining the symmetry of the paired
state. Next we find that symmetry. Finally, in Sec. IV, we
present some conclusions.

II. SPIN BIPOLARONS IN THE WEAKLY DOPED
ANTIFERROMAGNET ON THE HONEYCOMB LATTICE

The SBP model has been used before to analyze hole
binding43 and pairing49 in the hole-doped antiferromagnet on
the square lattice. Here, we will construct such a model for
the honeycomb lattice. The scenario which underlies this
construction is as follows. Since the honeycomb lattice is
bipartite, we assume that at least short-range AF correlations
exist in the weakly doped tJM on that lattice. This assump-
tion is made while having in mind that, according to our
scenario, the cobalt oxide plane may be modeled for doping
levels slightly above the value 1/3 by the weakly electron-
doped tJM on the honeycomb lattice.

A hole which hops in the locally AF spin background
shifts spins and creates defects in that background. This pro-
cess, which has been depicted in Figs. 1�a�–1�c�, gives rise to
the increase of the exchange energy, due to the formation of
“ferromagnetic” bonds at NN sites, and brings about tempo-
ral confinement of the hole by the defects. Defects which we
discuss here can be also interpreted as fluctuations of the AF
background. We will use those two notions interchangeably.
Slanted crosses in Fig. 1 denote ferromagnetic or, in other
words, “broken” bonds, the contribution of which to the di-
agonal Ising-like part HI of the exchange term in the tJM,

FIG. 1. �Color online� A process which gives rise to single-hole
propagation in the tJM on the honeycomb lattice. Spin fluctuations
induced in the antiferromagnet by a shift of a hole created at site i
�a� to site j �b�, and later to site m �c� have been removed by flips of
spins at sites i and j �d�.
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HI = J�
�i,j�

�Si
zSj

z −
ninj

4
� , �2�

is higher by J /2 in comparison to the contribution from a
pair of sites occupied by antiparallel spins.

Defects form chains which lie on paths along which holes
have traveled. Since the exchange energy grows linearly with
their number, those chains act on holes as strings. Thus it is
reasonable to assume, as we have actually done, that only
short chains should be considered in detail, while details re-
garding longer strings can be neglected, for example, the
possibility of path crossing. That assumption is true provided
that the radius of regions in which holes are temporarily
confined is shorter than the correlation length of the AF or-
der. A stringlike chain of defects is shortened if the hole
moves back along the same path towards the initial site
where it has been created. An example of such a process is
represented by the series of diagrams in Figs. 1�a�–1�c�, ana-
lyzed in the inverse order. The retraceable hopping of a hole
forth and back along a chain plays an important role because
charge dynamics is much faster than spin dynamics for t
�J. The formation of strings determines the properties of the
low-energy sector in the Hilbert space of a weakly doped
antiferromagnet.28,29,35,41 In the string picture or, equiva-
lently, within the spin polaron approach, that sector consists
of spin polaron states representing holes quasiconfined by
strings in regions around some sites. Spin polaron states are
ground states of a trial “unperturbed Hamiltonian,” which by
construction does not contain matrix elements that give rise
to deconfinement of holes. In the case of a single hole, the
trial Hamiltonian acts on string states obtained by the motion
of it in all possible directions, with a starting point at an
initial site. We will describe the construction of spin polarons
with more details when we start to discuss the behavior of
two holes.

Processes which give rise to hole deconfinement are con-
sidered at the next stage of the analysis, after spin polarons
have been constructed. Those processes are often related to
some path details neglected during the construction of spin
polarons. They determine the coupling between spin po-
larons. For example, a single hole may escape from the po-
tential well formed by strings because the transverse part of
the Heisenberg model flips spins and removes defects formed
in the AF spin arrangement by the hopping hole. This se-
quence of events has been presented in Figs. 1�a�–1�d�. Such
a mechanism gives rise to single-hole propagation. Within
the common perturbation theory, the propagation of a single
hole is governed by a third-order process which involves
twice the action of the hopping term in the Hamiltonian with
the prefactor t and once the action of the exchange term with
the much smaller prefactor J. In reality, an object which
propagates is not a bare hole but rather a spin polaron. The
process of a hole escaping from the potential well formed by
strings is complex because spin dynamics is much slower
than charge dynamics and processes involving the exchange
term are much less “frequent” than processes involving hole
hopping.

The propagation of two holes together seems to be easier.
We will analyze it now. The object which propagates is again

more complex than just a bare hole pair. It may be called an
AF SBP because a deformation of the spin background ac-
companies it. We define a SBP wave function ���i,j�� as a
combination of states which may be created by independent
hopping of holes created at a pair of NN sites �i , j�,

���i,j�� = �
Pi,Pj

�Pi,Pj
�Pi,P j� . �3�

Examples of such states have been depicted in Figs.
2�a�–2�c�. The zero-length string state representing two holes
created in the Néel state at NN sites also contributes to the
superposition defining the SBP wave function. It is a matter
of convention to assume that this initial state has been ob-
tained by the action of the fermion annihilation operator first
on a site which belongs to the even sublattice and next on a
site which belongs to the odd sublattice, and that hole hop-
ping which creates different components of the SBP wave
function is induced by operators in the form ci,�cj,�

† , where i
and j are NN sites. Pi parametrizes the geometry of a path,
along which the hole that starts from the site i has been
moving and �Pi ,P j� is a state which has been created in this
way. At this stage of considerations we prohibit, by defini-
tion, each hole from following the accompanying hole along
the trace left by the latter. By means of that restriction, we
achieve that SBP states are confined in the region around the
pair of sites on which a bare hole pair has been initially
created, which is a property useful for constructing an effec-
tive Hamiltonian for the weakly doped tJM on the honey-
comb lattice.

FIG. 2. �Color online� Some states which contribute to the su-
perposition defining the wave function for the SBP created at sites i,
j: �a�–�c� and �e�. Also a process giving rise to the hopping of the
SBP, which is represented in our effective model by a hard-core
boson. One of two holes created in the Néel state at sites i, j �a� is
being shifted from site j to site n �c�. The move of the second hole
from site i to site j gives rise to a state representing two holes
created at sites j, n in the Néel state �d�.
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Within the applied approximation, the coefficients �Pi,Pj
in Eq. �3� depend only on the lengths � and � of paths Pi and
P j, �Pi,Pj

	��,�. ��,� are solutions of the Schrödinger equa-
tion, which describes a hole pair in a potential well formed
by stringlike lines of defects,

t
��−1,� + �z − 1���+1,� + ��,�−1 + �z − 1���,�+1�

+
J

2
�6 + � + � − ��+�,0���,� = E2��,�, �4�

where z=3 is the coordination number. Since the lengths �
and � cannot be negative, we also assume that ��,�=0 for
�	0 or �	0. The form of this equation which defines the
SBP is easy to understand. The first term originates from the
fact that longer paths may be obtained from a given path by
extending it during a hop in z−1 different directions. On the
other hand, there exists only one possible hole move by
means of which a string may be shortened by one step. The
second term counts the number of pairs of NN sites which
are not occupied by antiparallel spins. Every such broken
bond raises the energy by J /2 in comparison to the energy of
the Néel state. An additional normalization condition which
should be obeyed by factors ��,� is

�
�=0,�=0

�z − 1��+���,�
2 = 1. �5�

The factor �z−1��+� in the above formula represents the
number of different paths obtained by means of � and �
nonretraceable hops of the first and second holes, respec-
tively.

The Schrödinger equation �4� represents a trial Hamil-
tonian, which does not describe all the processes contained
in the tJM. We construct an effective Hamiltonian repre-
sented in terms of SBPs by analyzing matrix elements of the
full tJM between SBP states defined as the ground state of
Eq. �4�. Therefore, processes responsible for SBP deconfine-
ment are also considered now. They give rise to off-diagonal
terms in the effective Hamiltonian.

The mechanism of hole-pair deconfinement in the AF spin
background is actually rather simple. Let us consider two
holes created at NN sites i, j in the honeycomb lattice 
Fig.
2�a��. A single hop of a hole from site j to site n gives rise to
the creation of a defect in the AF spin background on site j

Fig. 2�c�� and to the increase of the exchange energy. That
defect is removed when the hole initially created at site i
moves to site j 
Fig. 2�d��. It turns out that during this pro-
cess the hole pair has moved from the pair of sites i, j to the
pair of sites j, n, while no defects in the AF environment
have been left. Again, as in the case of a single hole, the
hole-pair propagation is, in reality, more complex because it
involves not only bare holes but also the cloud of spin fluc-
tuations around them and longer strings, as one depicted in
Fig. 2�e�, which means that an object that moves is actually
a SBP. Now, we will perform a quantitative analysis of the
process depicted in Figs. 2�a�, 2�c�, and 2�d�. Figures 2�a�
and 2�c� depict string states which contribute to the SBP state
���i,j�� because they have been obtained by means of nonre-
traceable hopping of two holes, which started from sites i, j.
The state depicted in Fig. 2�d� does not belong to this group.

Since the state presented in Fig. 2�d� represents two holes
created at another pair of sites j, n, it is a string state which
is a component of another SBP state ���j,n��. On the other
hand, the state depicted in Fig. 2�d� can be obtained by the
action of a term in the hopping operator in Eq. �1� on the
state represented by Fig. 2�c�. As we know, the latter state is
a component of the SBP ���i,j�� created at sites i , j. Within
the SBP formalism, this fact gives rise to the coupling of
wave functions for SBPs created at different pairs of sites i,
j and j, n by the hopping operator in the tJM and to a
nonzero contribution to the matrix element ���i,j��H���j,n��.
Longer strings which start at site i and lead through sites j
and n but do not end at the latter site also contribute to the
coupling between wave functions of SBPs formed on pairs of
sites i, j and j, n. Those strings may be obtained by shifting
in the nonretraceable way the hole which occupies the site n
in Fig. 2�c�. By applying a term in the hopping operator of
the t-J model to one of such longer string states which are
components of ���i,j��, we can create a string state which is a
component of ���j,n��. Thus we see that the above-discussed
process during which a bare hole pair has been shifted from
the pair of sites i, j to the pair of sites j, n and which is
represented by the sequence of diagrams in Figs. 2�a�, 2�c�,
and 2�d� is an example of a whole class of analogous pro-
cesses involving many different pairs of string states. In the
same way as described above, a SBP may move between all
bonds which share one end point. Thus, the appropriate con-
tribution to an effective Hamiltonian Hef f defined in terms of
operators bi,j

† and bi,j, which create and annihilate SBPs at
links between NN sites i, j, is

Hef f
�1� = 
1 �

�i,j,m�
bi,j

† bj,m. �6�

To be more specific, the operators bi,j
† and bi,j transform the

ground state ��� of the Heisenberg model on the honeycomb
lattice into the wave function �3� of the SBP created at sites
i, j and vice versa, respectively. It is clear that ��� plays, in
our description, the role of the vacuum state. The summation
in Eq. �6� is carried over all sets containing three different
sites �i , j ,m�, the first and third of which are NN of the
second. The order of indices i and m in the sum is relevant.
Since no more than one SBP which corresponds to a fermion
pair can be created at a given pair of NN sites, operators b
obey the hard-core constraint. In addition, it follows from the
construction of SBPs that two of them cannot occupy two
different links which end in the same site, which means that
the effective Hamiltonian which we will derive actually be-
longs to the class of dimer models. The latter constraint that
additionally restricts the Hilbert space in which Hef f is de-
fined also originates from the Pauli principle and follows
from the fact that a SBP created at the link between NN sites
i, j has its origin in the state in which two holes have been
created at this pair of sites. Since we concentrate here on
single-particle properties of a SBP, the above remarks are not
of great importance to our purposes.

The hopping integral 
1 in Hef f
�1� is
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1 = − t�
�=1

�z − 1��−1�0,��0,�−1. �7�

We easily recognize the first term in the sum, which defines

1 as a product of the bare hole-hopping integral t and the
prefactors �0,1 and �0,0. States depicted by Figs. 2�c� and
2�d� appear with those prefactors in the sums �3� represent-
ing bipolarons created at bonds i– j and j–n. Thus the first
term in the sum �7� originates from the above-discussed pro-
cess represented by the sequence of diagrams in Figs. 2�a�,
2�c�, and 2�d�. The rest of the terms stems from similar pro-
cesses which involve longer strings. The overall sign which
appears in the formula �7� has its origin from the convention
which defines the form and the phase of components contrib-
uting to the wave function of the SBP �3�. That sign has been
determined by the form of quadratic fermionic operators cre-
ating in the AF background the bare hole pair on NN sites
and by the form of operators applied to shift holes between
NN sites during the construction of string states. It seems to
be reasonable to state here that the change of the bare hop-
ping integral induced by the gauge transformation supple-
menting the particle-hole transformation does not imply that
the sign of hopping integrals for terms describing hopping of
SBPs are differed in the case of holes and in the case of
electrons. For example, the sign change induced in 
1 by the
sign change of t is compensated by the sign change of some
prefactors �, which are given by a solution of Eq. �4� in
which t also appears.

The SBP model which describes a weakly doped antifer-
romagnet on the honeycomb lattice is actually defined on the
kagome lattice because midpoints of bonds between NN sites
on which SBPs can be created form the latter type of lattice.
After a little thought, it is easy to realize that the contribution
�6� to the effective Hamiltonian represents the hopping be-
tween NN sites in the kagome lattice. The unit cell which
reflects the periodicity of both the initial honeycomb lattice
and the effective kagome lattice has been depicted in Fig.
3�a�. Its basis vectors are a and b. The index “i” refers to the
cell position. Disks shown in Fig. 3�a� are located in mid-
points of bonds between NN sites. In each unit cell there are
such three translationally nonequivalent midpoints. They are
labeled by means of Greek letters. Instead of using the indi-
ces to refer to pairs of NN sites to label a bipolaron created at
those sites, as we have done in Eq. �6�, it is more convenient
to use, for that purpose, those Greek indices which refer to
midpoints between those sites. The advantage of the different
convention will become obvious after we start to analyze
more complicated contributions to the effective Hamiltonian
than a term representing hopping of a SBP between pairs of
NN sites. According to that convention, the first contribution
to Hef f

�1� can be written as

Hef f
�1� = 
1�

i

�bRi,�
† bRi,�

+ bRi+a−b,�
† bRi,�

+ bRi,
† bRi,�

+ bRi−b,
† bRi,�

+ bRi,
† bRi,�

+ bRi−a,
† bRi,�

� + H.c. �8�

In the above formula, the first part of the index in operators
b is a vector and labels elementary cells, while the second
part of the index refers to the position of midpoints between

NN sites on which SBPs are created or annihilated in a given
elementary cell. The form of the single-particle ground state
of Hef f should give us some information about the form of
the two-hole bound state, which, as we expect, will be gen-
erated on the honeycomb lattice in the t-J model supple-
mented by some isotropic short-range interaction term. The
Hamiltonian �8� can be easily diagonalized by means of the
Fourier transformation. The lowest band obtained in this way
is dispersionless, which means that the analysis of the sim-
plest process represented by the sequence of diagrams in
Figs. 2�a�, 2�c�, and 2�d� is not sufficient to find out the form
of the two-hole bound state in the t-J model on the honey-
comb lattice. At k= �0,0�, the ground state of Eq. �8� is dou-
bly degenerate and transforms according to the irreducible
representation E of the point group C3v for the honeycomb

FIG. 3. �Color online� �a� The elementary cell in the honeycomb
lattice and the first Brillouin zone, together with basis vectors in the
reciprocal space �b�. Greek letters and filled small circles in centers
of links refer to three different positions of SBPs, which can be
created at those links. Those SBPs are labeled by Greek letters and
by the position vector of the presented elementary cell. Due to the
fermionic character of particles, it is important to keep in mind that
in order to form, for each SBP, the initial state representing two
holes created at NN sites in the Néel state, the annihilation operator
is, in all cases, first applied to the even site located in the center of
the triangle formed by small filled circles. 
�c� and �d�� A process
which enables hopping of SBPs to second NN sites in the effective
kagome lattice formed by midpoints between NN sites in the hon-
eycomb lattice. �c� is a string state which is a component of the
wave function for the SBP at link m– i. After the hole shift from site
m to site i, a component of the wave function for the SBP at link
j–n is obtained. �e� The energy dispersion of a single SBP obtained
by the diagonalization of a Hamiltonian, which consists only of
terms representing hopping to first and second NN sites in the ef-
fective kagome lattice.
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lattice, with a fixed point at a given site. We will see later,
after analyzing higher-order processes, that the unique
ground state of the full effective model is formed at k
= �0,0� and also transforms according to the irreducible rep-
resentation E.

III. GROUND-STATE ANALYSIS

Now, in an attempt to find a mechanism which lifts the
degeneracy of the lowest band and in an attempt to find the
unique form of the ground state, we start to discuss other
processes which contribute to the effective Hamiltonian and
involve only a small number of defects in the initial AF spin
background. The state depicted in Fig. 3�c� can be obtained
by the double action of some terms in the hopping operator
of the t-J model on the state which represents two holes
created at sites m and i in the AF background. Therefore,
according to the definition �3�, the state depicted in Fig. 3�c�
contributes to the wave function of the SBP created at those
sites. On the other hand, the state depicted in Fig. 3�d� is a
component of the wave function of the SBP created at sites j,
n because it has been obtained by shifting to a NN site one of
two holes initially created in the AF background at sites j, n.
Since string states depicted in Figs. 3�c� and 3�d� are coupled
by the hopping term which moves the hole in Fig. 3�c� from
site m to site i, the coupling between whole wave functions
of two different SBPs created at pairs of sites m, i and j, n is
generated. The amplitude of that coupling is t�0,2�1,0, which
may be easily understood by realizing that states depicted in
Figs. 3�c� and 3�d� contribute with prefactors �0,2 and �1,0 to
wave functions �3� of SBPs created at pairs of sites m, i and
j, n, respectively. Longer strings may also take part in the
process of moving the SBP from the bond m– i to the bond
j–n. Those longer strings may be obtained by shifting fur-
ther the hole which occupies site n in Figs. 3�c� and 3�d�.
The new type of coupling, the origin of which we have just
described, involves all pairs of sites which lie next to each
other in the honeycomb lattice and thus it gives rise to a new
term in Hef f,

Hef f
�2� = 
2�

i

�bRi+a−b,�
† bRi,�

+ bRi+b,�
† bRi,�

+ bRi+a,�
† bRi,�

+ bRi−b,�
† bRi,�

+ bRi+a−b,
† bRi,�

+ bRi−a,
† bRi,�

+ bRi+a,�
† bRi,�

+ bRi+a−b,�
† bRi,�

+ bRi−a+b,
† bRi,�

+ bRi−b,
† bRi,�

+ bRi+a,
† bRi,

+ bRi+b,
† bRi,

� + H.c.

�9�

The hopping integral 
2 is given by


2 = t�
�=2

�z − 1��−2�0,��1,�−2. �10�

Hef f
�2� represents the hopping to second NN sites in the

kagome lattice formed by centers of bonds which can be
occupied by SBPs. Since the operator of hopping to second
NN sites is a combination of the second power of the opera-
tor of hopping to first NN sites and the identity operator, the
ground-state degeneracy of Hef f

�1�, which represents hopping to

first NN sites, is not lifted when Hef f
�2� is added to the effective

Hamiltonian. Figure 3�e� depicts the band structure obtained
by the diagonalization of the operator Hef f

�1� +Hef f
�2� originating

from lowest-order processes which we have just described.
The energy dispersion has been drawn along lines connecting
some points. Their positions in the first Brillouin zone have
been presented in Fig. 3�b�. Those points are �= �0,0�, K
= �2� /3 ,0�, and W= �2� /3 ,2� /3�3�. Figure 3�b� also de-
picts basis vectors of the reciprocal lattice. Those basis vec-
tors are �4� /3 ,0� and �−2� /3 ,2� /�3�. It is worth mention-
ing here that Fig. 3�e� also depicts the true energy dispersion
of the SBP in the case of the antiferromagnet on the honey-
comb lattice doped with two electrons. The particle-hole
transformation, supplemented by the gauge transformation
which changes the sign of fermions at sites belonging to one
of the sublattices, does not influence the energy dispersion of
the SBP because the initial state used in the construction of
the SBP wave function represents two holes created at NN
sites, one at a site belonging to an even sublattice and one at
a site belonging to odd sublattices, and thus the influence of
the sign change on the matrix elements of a Hamiltonian
represented in the basis of SBP wave functions is compen-
sated.

We can draw a conclusion from the previous consider-
ations that, in order to find the form of the unique two-hole
state in the t-J model on the honeycomb lattice, we need to
analyze low-order process contributing to the Hamiltonian
terms which are not polynomials of the NN-hopping opera-
tor. It turns out that some of those processes will involve
quantum fluctuations in the ground state of the undoped an-
tiferromagnet on the honeycomb lattice. In the framework of
the second-order perturbation analysis which determines the
correction to the ground state of H=H0+H1, ���0�, as

���0� = − �
i�0

��i
�0��H1��0

�0��
Ei

�0� − E0
�0� ��i

�0�� , �11�

where ��0
�0��, E0

�0� and ��i
�0��, Ei

�0� are the wave function and
the eigenenergy of the ground state and of an excited state i
of H0, respectively; the excited states correspond to quantum
fluctuations which take the form of spins flipped at pairs of
NN sites, as has been depicted in Fig. 4�a� in the case of sites
i and j. Here, we concentrate on the case of the undoped
antiferromagnet and treat the transverse part of the exchange
interaction as the perturbation. By calculating the fraction in
Eq. �11� for Fig. 4�a� which represents an excited state of the
operator �2� playing the role of H0, we deduce that the pref-
actor with which that state appears in the ground state of the
Heisenberg model on the honeycomb lattice is −1/4. Simi-
larly, as in the case of the square lattice,36,38 we expect that
the presence of fluctuations in the ground state of the quan-
tum antiferromagnet on the honeycomb lattice does not in-
fluence much the process of spin polaron formation. There-
fore, in the lowest-order approximation, it is sufficient to
assume that quantum spin fluctuations do not modify the
form of the wave function �3� for the spin bipolaron, and,
vice versa, that the presence of holes does not modify the
weight with which quantum spin fluctuations appear in the
ground state of the system, which means that prefactors re-

P. WRÓBEL AND W. SULEJA PHYSICAL REVIEW B 75, 174522 �2007�

174522-6



lated to string states and prefactors related to AF spin fluc-
tuations contribute as a product to the wave function repre-
senting a spin bipolaron formed in the AF background,
which includes quantum fluctuations.

We proceed now to the consideration of a process which
involves such a fluctuation. By applying twice some parts of
the hopping operator to a state which represents a bare hole
pair created at NN sites m, n and a spin fluctuation at NN
sites i, j 
Fig. 4�b��, we may transform it into the state de-
picted in Fig. 4�c� in which spins on sites m, n are turned
upside down with respect to the direction which they have in

the Néel state. That additional fluctuation, on sites m, n, of
the AF spin background may be removed by the action of the
transverse part in the exchange term, which gives rise to the
state depicted in Fig. 4�d�. Again, by applying twice some
parts of the hopping operator to the latter state, we may
transform it into a state which represents two holes created in
the Néel state 
Fig. 4�e��, which means that the hole pair has
been effectively shifted from the pair of NN sites m, n to the
pair i, j. In the framework of the SBP formalism, that process
can be interpreted in terms of coupling by the exchange term
of the string state Fig. 4�c� with the string state Fig. 4�d�. The
former state is a component of the wave function �3� defin-
ing, in the presence of the quantum spin fluctuation on sites
i, j, the SBP on sites m, n, while the latter state is a compo-
nent of the wave function defining the SBP on sites i, j. The
coupling between them gives rise to a matrix element 
3� of
the effective Hamiltonian between wave functions of SBPs
created at pairs of sites m, n and i, j,


3� = −
J

8 �
�=1,�=1

�z − 1��+�+��,1+��,1−4��,�
2 . �12�

The prefactor in Eq. �12� is the product of the halved ex-
change integral, which originates from the action of the
transverse part of the exchange term, and of the prefactor
−1/4, with which the quantum spin fluctuation on sites i, j

Fig. 4�a�� appears in the ground state of the quantum anti-
ferromagnet on the honeycomb lattice. The first term in the
sum defining 
3� is a product of prefactors with which string
states with “length” 2, Figs. 4�c� and 4�d�, appear in the
definition of the SPB �3�. Further, terms in the sum refer to
some “longer” string states which are involved in processes
similar to the process depicted in Figs. 4�b�–4�e�.

The hopping term in the tJM also couples the wave func-
tions of a SBP created on sites i, j in Fig. 4 with the wave
function of a SBP created on sites m, n. By applying a suit-
able term of the hopping operator to the state depicted by
Fig. 4�c�, we may shift a hole from site l to site j, which
gives rise to the state depicted in Fig. 4�f�. The different state

Fig. 4�f�� can also be obtained by shifting the hole in Fig.
4�g� from site i to site k. Since the state presented in Fig. 4�g�
represents two bare holes created at sites i, j in the AF back-
ground with the quantum fluctuation on sites m, n, the state
presented in Fig. 4�f� is, in fact, a component of the SBP
created at sites i, j, and finally, since both states presented in
Figs. 4�c� and 4�f� are components of SBPs created on some
pairs of sites, m, n and i, j, respectively, the coupling be-
tween those SBPs is generated. The generated matrix ele-
ment between wave functions of SBPs created on those pairs
of sites is given by


3� =
t

8 �
�=1

�z − 1��+��,1−2��,1��,0. �13�

Formula �13� may be deduced by taking into account the
prefactors for quantum spin fluctuations which are present in
states depicted in Figs. 4�c� and 4�f� and by noticing that the
prefactors related to strings which may be seen in those fig-
ures are given by �0,1 and �0,0, respectively. The fact that
there exists a symmetric process analogous to the process

FIG. 4. �Color online� States which take part in low-order pro-
cesses lifting the degeneracy of the lowest-energy band. These pro-
cesses involve sites which belong to a single hexagonal plaquette in
the honeycomb lattice and give rise to shifts of a SBP between
every second and third sides of it. The presence of a spin fluctuation
in the ground state of the antiferromagnet on the honeycomb lattice,
as at sites i, j in �a�, is a necessary prerequisite for the existence of
those processes. The first of them can be described as follows. Two
holes are created at sites m, n in the AF state with a spin fluctuation
at sites i, j �b�. Two additional fluctuations appear at sites m, n when
holes are moved to sites k, l �c�. Later, they are removed by flips
�d�. When holes jump on sites i, j, a state representing two holes
created in the Néel state is created �e�. Different sequences of
events are also possible. For example, by applying some terms in
the Hamiltonian, the intermediate state shown in �b� can be trans-
formed via the state �f�, either into the state �g� or �h� which repre-
sent holes created in the anitferromagnet at pairs of NN sites in the
presence of a spin fluctuation at sites m, n.
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which we have just analyzed should be also kept in mind.
States obtained by reflecting the states depicted in Figs. 4�c�,
4�f�, and 4�g� in the axis which leads through midpoints of
bonds between sites m, n and i, j are involved in that addi-
tional process. Two processes of the kinds which we have
just described, depicted in Figs. 4�b�–4�e� and 4�b�–4�d�,
4�f�, and 4�g�, couple SBPs created at all pairs of bonds,
which form opposite sides of hexagonal plaquettes in the
honeycomb lattice. This coupling gives rise to the following
contribution to the effective Hamiltonian:

Hef f
�3� = �
3� + 
3���

i

�bRi+a,�
† bRi,�

+ bRi+b,�
† bRi,�

+ bRi+a−b,
† bRi,

�

+ H.c. �14�

Since the state presented in Fig. 4�f� is created when the
hole on site i in Fig. 4�h�, which represents two bare holes
created at sites i, k in the Néel state with the quantum spin
fluctuation on sites m, n, moves to site j, the former state is
also a component of a SBP created at sites i, k. Furthermore,
the state depicted in Fig. 4�f� can be obtained by the action of
a suitable term in the hopping operator on the state depicted
in Fig. 4�d�, which is a component of the SBP created at sites
m, n, which means that an additional contribution to the ef-
fective Hamiltonian is generated. That contribution repre-
sents the hopping of a SBP between second nearest sides of
the plaquette in the honeycomb lattice,

Hef f
�4� = 
4�

i

�bRi+a,�
† bRi,�

+ bRi−b,�
† bRi,�

+ bRi+a−b,
† bRi,�

+ bRi−a,
† bRi,�

+ bRi−a+b,
† bRi,�

+ bRi−b,
† bRi,�

� + H.c.,

�15�

where


4 = −
t

16 �
�=0

�z − 1��+��,0−1��,1��+1,1. �16�

The prefactor in Eq. �16� contains the second power of the
prefactor, with which a spin quantum fluctuation, as depicted
in Fig. 4�a�, appears in the ground state of the antiferromag-
net on the honeycomb lattice. The sign of that prefactor
originates from the convention determining the sign of the
wave function �3� which defines the SBP, and from the fact
that during the process which gives rise to the contribution
�15�, a hole which has initially occupied a site belonging to
the even sublattice moves to a site belonging to the odd
sublattice, and vice versa. The first term of the sum in Eq.
�16� is the product of prefactors with which string states
depicted in Figs. 4�d� and 4�f� contribute to the wave func-
tions �3� of SBPs created at pairs of sites m, n and i, k,
respectively. Further, terms in that sum refer to longer string
states which are involved in processes similar to the process
which we have just described.

Figure 5�a� depicts the band structure which has been ob-
tained by the diagonalization of the full effective Hamil-
tonian Hef f. The degeneracy of states with different momenta
present in the band structure obtained by the diagonalization
of its first two terms, Hef f

�1� +Hef f
�2�, has been lifted. The single-

particle ground state of the full model appears at the wave

vector �= �0,0�, which may be also seen in Fig. 5�b� depict-
ing the contour plot for the energy dispersion of the lowest
band. The ground state transforms according to the irreduc-
ible representation E of C3v. Since that representation is two
dimensional, the ground state is degenerate. E is realized by
functions x and y, and thus, the name of p-wave symmetry
can be applied to it. The properties of the representation E
can be understood if one concentrates on one of the central
sites in Figs. 5�c� and 5�d� represented in those figures by
small squares. Signs “�,” “�,” and the number “0” nearest
to that site should be also taken into account. For example, if
we assume that the chosen site is a fixed point of the point
group C3v, it turns out that the first of two basis functions
transforming according to the representation E is represented
in Fig. 5�c� by that site and symbols around it, while the
second basis function is represented by the same site and
symbols in Fig. 5�d�. The former function is odd with respect
to the reflection in the axis forming the angle � /3 with the x
axis. The function represented by the same site and charac-
ters around it in Fig. 5�d� is odd with respect to the reflection
in the x axis. The same transformation properties have two
appropriately chosen superpositions of x and y functions,
which are x−1/�3y and y, respectively. The terminology of

FIG. 5. �a� The energy dispersion of a single SBP obtained by
the diagonalization of the full effective Hamiltonian. �b� Contour
plot of the energy dispersion inside the first Brillouin zone for the
lowest band. 
�c� and �d�� The graphical representation of the de-
generate ground state formed by two linearly independent superpo-
sitions of wave functions for SBPs created at pairs of NN sites
�links�. Symbols “�,” “�,” and the number “0” located between
those sites represent absolute values and phases of prefactors which
appear in those superposition at appropriate states.
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p-wave state may misleadingly suggest that the bound two-
hole state represented by the single SBP state can have a
triplet structure, which is impossible, because the honey-
comb lattice lacks the inversion symmetry. Later, we will
explicitly show that the obtained solution implies mixing of
triplet and singlet pairing. Figures 5�c� and 5�d� also visual-
ize two degenerate lowest-energy states at p= �0,0�. For that
purpose, the signs �, �, and the number 0 denote, now,
prefactors with which states representing SBPs created at
bonds between NN sites in the honeycomb lattice appear in
coherent sums, which define two degenerate ground states.
For example, the state symbolized by Fig. 5�c� is given by

��1� = �
i

�bRi,�
† − bRi,�

† ���� . �17�

As has been stated before, the vacuum state ��� is the ground
state of the undoped antiferromagnet on the honeycomb lat-
tice. In order to analyze in detail the nature of the degenerate
bound state and the possible impact which it may have on the
form of the SC state, we will represent it in terms of opera-
tors which create single spin polarons. We concentrate here
on the case of two additional electrons added to the half-
filled system. That case is relevant to cobaltates, but due to
particle-hole symmetry at half-filling, it is equivalent to the
system with two holes. We have just found the ground state
of the latter system. Within the electron formulation, opera-
tors creating bipolarons which represent pairs of additional
electrons created at NN sites and temporarily confined in the
AF background are, by definition, equivalent to products of
operators creating at those sites two single objects which
may be called spin polarons,

bRi,�
† = pRi,A,↓

† pRi−b,B,↑
† , �18�

bRi,�
† = pRi,A,↓

† pRi−a,B,↑
† , �19�

bRi,
† = pRi,A,↓

† pRi,B,↑
† . �20�

As we have mentioned before, single spin polarons basically
represent isolated quasiconfined single electrons or, equiva-
lently, holes, but it is clear that we can also represent a pair
of electrons confined near a pair of NN sites and the related
spin bipolaron in terms of two operators pRi,A�B�,↑�↓�

† which
formally create spin polarons at those sites.38,43 The elemen-
tary cell in the honeycomb lattice 
Fig. 3�a�� contains two
sites, lower left and upper right, which belong to two differ-
ent sublattices A �spin up at half-filling� and B �spin down at
half-filling�, respectively, which explains the origin of those
letters in Eqs. �18�–�20�. The spin polaron created at a site
which belongs to the sublattice A has spin down because it is
related to a state obtained by adding an additional electron to
that site. Analogously, the spin polaron created at a site
which belongs to the sublattice B has spin up. In the momen-
tum representation, we formally have

pk,↓�↑�
† =� 2

N
eikRi�

i

pRi,A�B�,↓�↑�
† . �21�

In terms of Fourier transformed operators, the degenerate
ground state of the SBP model in the most general form is
given by

��� = �
k


C1�e−ikb − e−ika� + C2�e−ikb − 1��pk,↓
† p−k,↑

† ��� ,

�22�

where C1 and C2 are arbitrary numbers. The form of that
state gives us information about the symmetry of the two-
hole bound state, the formation of which is the prerequisite
of pairing. Since the prefactor in the sum on the right side of
Eq. �22� is neither even nor odd with respect to the parity
transformation k→−k, we expect that the paired state will
be a mixture of singlet and triplet which transforms accord-
ing to the irreducible representation E�p� of the C3v point
group for the honeycomb lattice. The singlet-triplet mixing
can be naturally attributed to the lack of the inversion sym-
metry in that lattice.

IV. DISCUSSION AND CONCLUSIONS

The aim of this paper is not to demonstrate that hole bind-
ing occurs in the t-J model on the honeycomb lattice when
the J / t ratio is given by a value which may be relevant to the
physics of layered cobalt oxides. The comparison of that
value with the minimal ratio J / t for which a bound two-hole
bound state is generated in a doped antiferromagnet on the
square lattice50–53 suggests that a supporting attractive force
should be involved in the generation of pairing in cobaltates.
Also, a general theorem59 which says that two electrons in
the t-J model on any empty bipartite lattice do not form a
bound state if �J / t�	1/2, provides an additional argument
that the ratio �J / t�=0.2 relevant to cobaltates may not be
sufficiently high to induce binding of electrons. Provided that
the attractive interaction is isotropic, it is most likely that the
exchange of spin fluctuations determines the symmetry of a
paired state. The scenario of SBP formation will also be true
in this case. Thus the prediction which we make in this paper
may be also valid if, for example, both spin fluctuations and
phonons are involved in pairing in cobaltates. In order to test
whether additional attractive interaction between charges
changes the results reported in the previous section, we have
calculated the shape of the SBP wave function �3� in the
presence of it. To be precise, we have appropriately modified
the Schrödinger equation �4� by adding to it a term represent-
ing short-range attractive density-density interaction. As can
be seen in Figs. 2�b� and 2�c�, for all strings formed by a
single overturned spin between holes, the distance between
holes at their ends is the same. Thus if we consider only
short-range additional attraction between holes forming
SBPs, we can assume that its strength depends only on string
length, which simplifies the whole calculation. The outcome
of the analysis performed along those lines suggests that the
supplementary attractive force gives rise to the increase of
the share which short string states have in the SBP wave
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function, but the symmetry of the bound state is not changed.
The influence which the lack of the inversion symmetry

may have on the symmetry and the spin of the paired state
was discussed previously.54,55 In systems without space-
inversion symmetry, the wave function cannot have well-
defined parity with respect to an interchange of the spatial
coordinates of two particles. Therefore, the other part of the
wave function, the spin part, cannot have well-defined parity
under particle interchange, which means that singlet-triplet
mixing may be induced. Since the discovery of a supercon-
ductor without a center of symmetry,56 there has been strong
revival of interest in the theory of this phenomenon.57,58 In
this paper, we present, for the layered cobalt oxide, a sce-
nario according to which the inversion symmetry in that sys-
tem is spontaneously broken owing to charge disproportion-
ation. In the presence of charge ordering, the physics of a
single CoO2 layer can be described in terms of the t-J model
on the honeycomb lattice, which is not centrosymmetric.

In summary, we have demonstrated that a bound state
formed by two electrons or, equivalently, by two holes doped
to the half-filled t-J model on the honeycomb lattice has

p-wave symmetry. The paired state which will be formed
when that bound state condenses will be a mixture of a sin-
glet and a triplet, which may be attributed to the fact that the
honeycomb lattice is not centrosymmetric. Those conclu-
sions are also valid if the exchange interaction in the t-J
model is supplemented by some effective short-range isotro-
pic attractive interaction, for example, induced by phonons.
The presence of that interaction lowers the minimal value of
the ratio J / t for which binding starts to take place. Provided
that charge ordering, which effectively gives rise to freezing
out of charge and spin fluctuations on every third cobalt
atom, takes place in the superconducting layered cobalt ox-
ide at the doping level 1 /3, the scenario presented here may
be relevant to that system.
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