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Micromagnetic simulations are used to study the effect of thermal fluctuations in domain wall motion driven
by either an external field or an in-plane spin-polarized current in ferromagnetic nanowires of rectangular cross
section. For wires with no edge roughness, simulations reveal that thermal effects do not significantly modify
field-driven and current-driven domain wall dynamics at T=0 if nonadiabatic contributions are taken into
account in the latter. If the perfect adiabatic approximation is assumed, however, no-null velocities are obtained
for currents smaller than the critical value below which there is no domain wall propagation in the determin-
istic case. In order to mimic experimental conditions and carry out more realistic simulations, we have
introduced some edge roughness in the nanowire, which leads into a characteristic pinning force for domain
walls. If the driving force, either field or current, is large enough to overcome the roughness pinning force, the
wall velocities are found to be similar to those at T=0. However, finite positive velocities are obtained for
fields and currents smaller than the deterministic depinning threshold when thermal perturbations are included.
In this thermally activated regime, the velocity increases exponentially with both field and current. Moreover,
our results are found to be in good quantitative agreement with some experimental data. In the last part of this
work, the one-dimensional model for domain wall motion derived by Li et al. �J. Appl. Phys. 99, 08Q702
�2006�� is extended to include thermal perturbations following the Langevin formalism of the Brownian
motion. The predictions of the model are compared with those of micromagnetic simulations finding good
agreement between them.

DOI: 10.1103/PhysRevB.75.174409 PACS number�s�: 75.75.�a, 75.40.Mg, 75.40.Gb, 75.10.Hk

I. INTRODUCTION

In recent years, domain wall motion �DWM� along thin
ferromagnetic strips has become a source of much
theoretical1–28 and experimental29–41 research. Its potential
technological applications include magnetic random access
memory29 and logic devices.30 Understanding and control-
ling the dynamics of a domain wall �DW� means, on a me-
soscopic level, understanding and controlling magnetization
reversal: except for thin samples of reduced lateral dimen-
sions, in which the precessional switching dominates, do-
main wall propagation is the most effective way to revert
magnetization.

The traditional way to move a DW is by applying a mag-
netic field Hext. In Ref. 25, Thiaville et al. showed that, if the
transverse dimensions of the strip are small enough, DW
velocities obtained from micromagnetic simulations agree
well with those predicted by Walker’s one-dimensional ana-
lytical model.1,2 A more realistic approach was carried out in
Ref. 23 including roughness along the wire edges. The re-
sults were found to fit well with experimental data33 in an
intermediate viscous field range, where the velocity increases
with field. For large fields, the simulations predict a saturat-
ing behavior up to the breakdown Walker field HW, whereas
experimental DW velocities are found to increase monotoni-
cally in the range analyzed. On the other hand, for small
fields, the simulations predict a threshold value of the ap-
plied field Hunp below which the DW ends up pinned at some
local defect, whereas a smooth transition toward the linear

regime is found experimentally. In this work, we will extend
this investigation including the effect of thermal fluctuations
which, to our knowledge, has not been done so far. In par-
ticular, we will show how thermal fluctuations smooth out
the abrupt transition from the pinned to the viscous regime,
yielding a better agreement with the experimental data.

It is also possible to move a DW by means of an electrical
current flowing through the wire. This phenomenon was
theoretically predicted by Berger4 and Slonczewski5 and later
on verified experimentally.38–41 However, the final theory for
describing the spin torque mechanism still remains as a chal-
lenging problem. Some authors have claimed that if the do-
main wall width is larger than a typical characteristic length,
adiabatic conditions are fulfilled and, consequently, the spin
of conduction electrons become fully polarized due to the
local magnetization. The typical characteristic length to
which the DW width has to be compared is, depending on
the on the model, the spin-diffusion length,7 the Larmor pre-
cession length,8 or the Fermi wavelength.9 If this perfect
adiabatic approximation is assumed, the simulations predict
a critical current jcri below which DWM is not observed,
which is more than ten times larger than those measured in
the experiments.38,40 For this reason, other authors have
claimed that nonadiabatic corrections must be included for a
finite wall width.13,16,27 Taking into account a nonadiabatic
term in the formalism leads to no-null velocities for the
current-density values used in the experiments,27 but the
computed velocities are one or two orders of magnitude
larger than those measured experimentally.38,40 In this work,
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we will show that thermal fluctuations have a significant im-
pact on spin torque driven DWM and how taking them into
account help us in reducing the gap between theory and ex-
periments.

The paper is organized as follows. First, the basic features
of our micromagnetic model are discussed along with the
numerical details of the simulations �Sec. II�. In Sec. III,
DWM driven by an external field applied along the wire axis
is studied for both perfect and rough wires, comparing the
deterministic results �T=0 K� with the ones at finite tem-
perature. Later on, current-driven DWM is discussed �Sec.
IV�. Both adiabatic and nonadiabatic approaches will be dis-
cussed for both perfect and rough wires. Finally, in Sec. V,
we show that the micromagnetic results can be qualitatively
explained from an analytical point of view using a simple
one-dimensional model �1DM� that includes thermal effects.
The main conclusions of our work are presented in Sec. VI.

II. MICROMAGNETIC MODEL AND NUMERICAL
DETAILS

Our model is based on numerically solving the dynamic
equation for the magnetization by discretizing the computa-
tional region by means of a finite-difference scheme. Ther-
mal fluctuations are included by adding a random-fluctuating

thermal field H� th to the effective field H� ef f in Gilbert’s dy-
namic equation42,43

dM�

dt
= − �0M� � �H� ef f + H� th� +

�

Ms
�M� �

dM�

dt
� , �1�

where �0 is the gyromagnetic ratio and � is the Gilbert

damping constant. The thermal field H� th is assumed to be a
Gaussian random process verifying the following statistical
properties:42,43

�Hth,i�r�,t�� = 0, �2�

�Hth,i�r�,t�Hth,j�r�� ,t��� = 2D�M�ij��r� − r�� ���t − t�� . �3�

The strength of the thermal field, which follows from the
fluctuation-dissipation theorem, is given by

D�M =
�KBT�M

�0�0Ms�x3 , �4�

where �x is the cell size and KB is the Boltzmann constant.
T�M represents the effective micromagnetic temperature.
Therefore, the thermal field can be expressed as

H� th�r�,t� = �� �r�,t�	 2�KBT�M

�0�0Ms�x3�t
, �5�

where �t is the time step used to numerically integrate the
Langevin equation, and �� is an stochastic vector whose Car-
tesian components i :x ,y ,z are Gaussian-distributed random
numbers satisfying the following statistical properties:

��i�r�,t�� = 0, �6�

��i�r�,t�� j�r�� ,t��� = �ij��r� − r�� ���t − t�� . �7�

The effective field H� ef f in Eq. �1� includes exchange, self-
magnetostatic, and external field contributions. The first one
is computed by means of the six-neighbor representation,44

whereas the second one is evaluated assuming that the mag-
netization is uniform inside each computational cell.45

Equation �1� is the dynamic equation to be solved when
the external field is the driving force.46 For current-driven
DWM, Eq. �1� must be modified to take into account for the
spin-transfer torque contribution16 as follows:

dM�

dt
= − �0M� � �H� ef f + H� th� +

�

Ms
�M� �

dM�

dt
� + bJ�u�x · ��M�

−
cJ

Ms
M� � �u�x · ��M� , �8�

where the coefficients bJ and cJ are given by bJ=
�japp�BP�

eMs
and

cJ=	bj, with japp being the electrical current density, �B the
Bohr magneton, P the spin polarization of the current, and e
the electron’s electric charge. The coefficient 	 is a dimen-
sionless constant describing the degree of nonadiabaticity be-
tween the spin of conduction electrons and the local
magnetization.16

A schematic representation of the problem under study is
displayed in Fig. 1. The computational region is a 2-�m-long
portion of an infinite wire of transverse dimensions Ly �Lz
with a head-to-head domain wall initially located in the
middle separating two semi-infinite opposite domains. The
infiniteness of the wire is simulated by removing the mag-
netic charges appearing at both ends of the computational
region. Also, in order to minimize spurious effects that ap-
pear when the domain wall approaches the artificial end, a
moving computational region is considered in such a way
that the wall is always at the center. On the other hand,
natural edge roughness is simulated following a similar pro-
cedure done in Ref. 23 by randomly removing regions from
the wire edges with a uniform probability distribution char-
acterized by the typical roughness size Dg. A 40-�m-long
edge roughness pattern is generated at the beginning of the

FIG. 1. Schematic representation of the simulated geometry. �a�
Perfect wires. �b� Wires with edge roughness.
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simulation to be used by the moving 2-�m-long computa-
tional region.

In the results that will be presented in the forthcoming
sections, the following values have been considered as the
intrinsic parameters of the model, all of which are typical of
permalloy: Ms=8.6�105 A/m, A=1.3�10−11 J /m, K=0,
�=0.02, P=0.4, and 	=0.04. In order to compare our results
with the experiment,33 the transversal dimensions used for
studying field-driven DWM are Ly �Lz=200�5 nm2,
whereas for current-driven DWM, a cross section Ly �Lz
=50�5 nm2 is considered. The dynamic stochastic equa-
tions �Eqs. �1� and �8�� are solved numerically using a
fourth-order Runge-Kutta scheme interpreted in the Stra-
tonovich sense.47 The time step is 0.5 ps, and it was verified
in several test cases that a value of 0.2 ps did not change the
presented results. On the other hand, most of the results pre-
sented here were obtained by using a two-dimensional spa-
tial discretization mesh of cubic cells with �x=5 nm, but it
was confirmed that the results do not significantly change
when the cell size was refined to half in a three-dimensional
mesh for several tested cases.

III. FIELD-DRIVEN DOMAIN WALL MOTION

A. Perfect wires „Dg=0…

Starting from the initial state, which consists of a trans-
verse head-to-head wall in equilibrium, an external field is
instantaneously applied and the time evolution of the domain
wall velocity is monitored. The results for different values of
Hext are collected in Fig. 2�c�. As can be observed, the ve-
locity increases with the field strength up to the so-called
micromagnetic Walker field HW. For smaller fields �Hext


HW�, the wall, after a short transient period, reaches a con-
stant velocity at T=0 K �Fig. 2�a��. At T=300 K, however,
the DW instantaneous velocity v�t� does not reach a constant
value but fluctuates due to the thermal noise �see Fig. 2�a��.
Nevertheless, the time-averaged value of v�t� coincides with
the constant velocity at T=0 K, as can be observed in Fig.
2�c�. On the other hand, as depicted in Fig. 2�b�, for Hext
�HW, DWM is turbulent and the average velocity falls to a
low value for both T=0 K and T=300 K. As it has already
been discussed by Nakatani et al.,23 in this regime, the DW
velocity experiments accelerations and decelerations related
to the nucleation and annihilation of an antivortex. From the
results depicted in Fig. 2�c�, we conclude that in the absence
of surface roughness, the thermal fluctuations do not signifi-
cantly affect the DWM.

B. Rough wires „DgÅ0…

A similar analysis to the one presented in the previous
section has been carried out for wires with different degrees
of roughness. The results at T=0 K are given in Fig. 3�a�. As
can be observed, edge roughness greatly impacts DWM. On
one hand, it leads to an increase in the breakdown field HW,
from 2.75 mT �perfect wire� up to 15 mT when Dg=10 nm
�not shown�. On the other hand, an unpinning threshold field
�Hunp�0 K�� appears below which there is no DW propaga-
tion because the wall is pinned by the roughness. This un-

pinning threshold is found to increase with roughness from
�0Hunp�0 K�
2 mT for Dg=10 nm up to �0Hunp�0 K�

4 mT for Dg=25 nm. A similar analysis was already per-
formed by Nakatani et al.23 Moreover, they showed that by
choosing Dg=20 nm, the computed velocities fit well the ex-
perimental observations of Ref. 33 for a small field range,
called viscous regime, in which DW velocity increases al-
most linearly with Hext. However, their simulations at T=0,
in the same manner than ours �Fig. 3�a��, predict an abrupt
jump from the pinned to the viscous regime at Hext
=Hunp�0 K�, whereas a smooth transition is found
experimentally.33 Thermal activation over the pinning energy
barriers could lead to no-null DW velocities for Hext

Hunp�0 K� and, consequently, improve the agreement be-
tween the experiments and the simulations.

The same set of simulations described in the previous
paragraph was carried out at T=300 K. The results are col-
lected in Fig. 3�b�. Each point in the graph has been obtained
by averaging in time over the last 90 ns of the temporal
window �100 ns� and also averaging over ten stochastic re-
alizations. As can be observed, the unpinning field is slightly

FIG. 2. Time evolution of the instantaneous DW velocity driven
by an external field. �a� Below HW, �0Hext=2.75 mT and �b� above
HW, �0Hext=3.25 mT in a nanowire of 200�5 nm2 cross section.
�c� Averaged DW velocity as a function of the applied field.
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reduced with respect to the deterministic case, but the tran-
sition from the pinned to the viscous regimes continues to be
abrupt. Therefore, we are underestimating the effect of ther-
mal perturbations in our Langevin simulations with respect
to the experiments. There are at least two reasons for this. On

one hand, the temporal window of the simulations �100 ns�
is much smaller than that of the experiments33 and, as it is
well known, the probability of occurrence of thermally acti-
vated processes increases with time. On the other hand, by
discretizing our computational region, we are not consider-
ing thermal perturbations occurring at length scales smaller
than our cell size. This leads to some unphysical results, such
as an overestimation of the Curie temperature by roughly 1
order of magnitude.48 Although some attempts have been
made to correct for this kind of inconsistencies,49 the inclu-
sion of thermal perturbations in micromagnetic simulations
is still a challenging problem and some aspects of it are not
well understood yet. Nevertheless, in view of what has been
said before, it is clear that, for the problem that concerns us,
the parameter T�M of our model must be significantly higher
than the real temperature T if we want to estimate the effect
of thermal perturbations correctly. Consequently, we re-
peated the simulations at higher values of T�M and found that
the best agreement with the experimental data is obtained for
T�M =3000 K and Dg=25 nm. The comparison between the
experimental data and the simulations is shown in Fig. 3�c�.
As can be observed, the thermally activated regime is repro-
duced accurately for fields up to �0Hext=4 mT.33 The com-
parison is made with the experimental measurements from
position II since, as in our case, they correspond to the DW
traveling along a straight section of the wire.50 The fact that
the value of T�M is larger than the real temperature by a
factor of 10 should not be surprising since, as we mentioned
before, the Curie temperature for our discretization is over-
estimated by roughly the same factor.48

In order to gain some understanding of thermally acti-
vated DWM, the time evolution of the DW position and
velocity is shown in Fig. 4 for a typical stochastic trajectory
at T�M =3000 K and also for the deterministic case when
the applied field is �0Hext=2.5 mT and the roughness size
Dg=25 nm. At T=0 K, the wall gets pinned after a few
nanoseconds at a region of high local roughness and
remains there for the rest of the time. On the contrary, at
T�M =3000 K, the wall also gets pinned, but after some

FIG. 3. Time-averaged DW velocity in a strip of 200�5 nm2

cross section for different grain sizes at �a� T�M =0 K, �b� T�M

=300 K, and �c� T�M =3000 K. In �c�, the experimental values �Ref.
33�, measured at room temperature, are also shown.

FIG. 4. Time evolution of DW velocity v�t� and position x�t�
along a rough wire �200�5 nm2, Dg=25 nm� driven by external
field of �0Hext=2.5 mT. Deterministic dynamics �T�M =0 K� is
compared with an individual stochastic trajectory at T�M =3000 K.
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time, thermal fluctuations lead to the depinning of the
DW. Once depinned, the wall moves at a steady velocity
�notice the constant slope in the jumps of Fig. 4�b�� until it
becomes pinned again. Therefore, the wall exhibits a jerky
motion,51 consisting of a sequence of random jumps. Al-
though the time evolution of the DW position and velocity
are not measured directly in Ref. 33, our results are consis-
tent with their measurements of the probability of non-
switching �see Fig. 2 of Ref. 33�.

IV. CURRENT INDUCED DOMAIN WALL MOTION

A. Perfect adiabatic limit „�=0…

1. Perfect wires „Dg=0…

In Fig. 5, the temporal evolution of the DW �a� velocity
and �b� position are depicted for a current density japp=2.2
�1013 A/m2 both at T�M =0 K and T�M =3000 K. In Fig.
5�c�, the averaged velocities as a function of the current den-
sity are shown. As can be observed, at T�M =0 K, there exists
a threshold current jcri�0 K�=2.4�1013 A/m2 �bJ,cri�0 K�
=650 m/s� below which no steady DW motion is observed.
Above this value, the DW moves via nucleation and disap-
pearance of antivortices, and the averaged DW velocity in-
creases as �BP�japp

2 − jcri
2 �0 K��1/2 / �eMs�1+�2�� as theoreti-

cally predicted.9,26 On the other hand, at T�M =3000 K, finite
no-null DW velocities are obtained for applied currents
smaller than the threshold jcri�0 K�. In this thermally acti-
vated regime, the averaged velocities increase exponentially
with japp. For larger currents, japp� jcri�0 K�, the computed
velocities are very similar to the ones obtained in the deter-
ministic case. The time evolution of the instantaneous DW
displacement �see Fig. 5�b�� presents an irregular staircase
behavior related to the internal changes of the DW structure.

2. Rough wires „DgÅ0…

The simulations of the previous section have been re-
peated for a wire with typical surface roughness Dg=5 nm.
The results �not depicted here� are very similar to those of a
perfect wire of the same dimensions �Fig. 5�c��. Therefore,
we conclude that, in the adiabatic approximation �	=0�, the
DW velocity is not hardly affected by the surface pinning
arising from sample irregularities for typical permalloy grain
sizes.9 In any case, the computed minimum current density
necessary to promote steady DWM �
1.2�1013 A/m2� is
far from the experimental measured values �
�2–3�
�1012 A/m2 in Ref. 38�. As it has already been pointed
out,27 the inclusion of nonadiabatic corrections is necessary
in order to reproduce experimental results quantitatively.

B. Nonadiabatic approximation „��0…

1. Perfect wires „Dg=0…

Temporal evolutions of both DW velocity and displace-
ment are depicted in Fig. 6 for a perfect wire �Dg=0� in the
nonadiabatic approximation with 	=0.04 and the same pa-
rameters values used in Sec. IV A. The average velocities as
a function of the applied current are plotted in Fig. 6�c�. In

contrast with the perfect adiabatic case, there is no threshold
current, and DWM is observed for any value of the applied
density current. On the other hand, the discrepancies be-
tween the deterministic �T=0 K� and thermally activated
�T�M =3000 K� cases are insignificant. Two regimes can be
observed in Fig. 6�c�. For japp
2.2�1013 A/m2, the struc-
ture and width of the DW during motion do not significantly
change from the structure and width at rest, and the DW
velocity depends linearly on the applied current. For larger
currents �japp�2.2�1013 A/m2�, the slope is reduced due to
internal changes in the wall structure. In particular, it be-
comes asymmetric and an antivortex is nucleated at one
edge. Our simulations reveal that the antivortex remains at

FIG. 5. Time evolution of DW �a� velocity and �b� displacement
in the perfect adiabatic case �	=0� for japp=2.2�1013 A/m2 �bJ

=600 m/s� and lateral dimensions 50�5 nm2. Results at T�M

=0 K are compared with a typical stochastic trajectory at T�M

=3000 K. �c� DW velocity as function of the applied current.
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the edge during motion and does not propagate transversely
in a temporal window of 100 ns.

2. Rough wires „DgÅ0…

In Fig. 7, typical deterministic and stochastic trajectories
of both DW �a� velocity and �b� position are depicted,
whereas the average DW velocities as a function of the ap-
plied current are shown in Fig. 7�c�. A typical roughness
value of Dg=5 nm has been considered. As expected, rough-
ness introduces coercivity in the system and, at T�M =0 K, a
minimum density current junp�0 K�=1.48�1013 A/m2 is re-
quired to unpin the DW. At this critical value, the DW ve-
locity curve presents an abrupt rise from 0 to 507 m/s. For
larger currents �japp� junp�0 K��, the DW velocity increases
following an almost linear law as a function of japp, but with
a reduced slope with respect to the perfect case, due to the
roughness. In this regime, the DW moves without signifi-
cantly changing its internal structure and width. When ther-

mal fluctuations are considered, a finite no-null average DW
velocity is achieved for currents smaller than the determin-
istic unpinning threshold junp�0 K�. An averaged velocity of
v
8.5 m/s is reached at the effective micromagnetic tem-
perature T�M =3000 K when the applied current is japp=3.7
�1012 A/m2, which is in good quantitative agreement with
recent experimental measurements.38 Moreover, as it was the
case in field-driven DWM �Sec. III�, in the thermally acti-
vated range �japp
 junp�0 K��, the DW velocity increases ex-
ponentially with the current, which is also in good agreement
with recent theoretical predictions10,18 and experimental
observations.38,41 Therefore, our simulations suggest that the
experimental DW velocity observations could be a conse-
quence of the thermal activation over roughness energy bar-
riers when the finite nonadiabatic corrections �	�0� are as-
sumed. The validity of this statement must be tested by
further experimental research along with more theoretical
and numerical investigations. In the next section, we present
a simple theoretical model with the aim of understanding the

FIG. 6. Time evolution of DW �a� velocity v�t� and �b� displace-
ment x�t� in the nonadiabatic case �	=0.04� at T=0 K and T�M

=3000 K for a perfect wire �Dg=0�, japp=1.11�1013 A/m2 �bJ


300 m/s�, and lateral dimensions 50�5 nm2. �c� DW average
velocity as function of the applied current.

FIG. 7. Time evolution of DW �a� velocity and �b� displacement
in the nonadiabatic case �	=0.04� at T=0 K and T�M =3000 K for a
wire of 50�5nm2 cross section and roughness given by Dg

=5 nm with an applied current density of japp=1.11�1013A/m2

�bJ=300 m/s�. �c� DW averaged velocity as function of the applied
current in the nonadiabatic case �	=0.04�.
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basic principles behind our micromagnetic results from a
more fundamental point of view.

V. ONE-DIMENSIONAL BROWNIAN MODEL

The model presented in this section treats the DW as a
rigid object in a one-dimensional wire. This model �hereafter
1DM� was originally introduced to describe field-driven
DWM �Refs. 1 and 2� and more recently extended to include
spin-transfer torque effects.9,13,16,27 Our contribution consists
on adding thermal fluctuations and roughness to it as it will
be discussed in Secs. V B and V C, respectively.

A. Deterministic one-dimensional model „T=0 K…

Starting from the Landau-Lifshitz equation and assuming
a one-dimensional Bloch-like “tanh” profile for the domain
wall, Schryer and Walker1 derived simple analytical expres-
sions for the DW width, velocity, and tilt angle as a function
of the applied field. Moreover, assuming that the wall width
and internal structure do not depend on the applied field and
remain unchanged during motion, and also that the out-of-
plane tilt angle is small, Li and Zhang16 showed that it is
possible to linearize the equations and arrive at the following
Newton-like equation for DWM:

mw
dvx

dt
= Ffri + Fext,s, �9�

where mw is the effective domain wall mass and Ffri and
Fext,s are the friction and external forces, respectively. The
domain wall mass is given by

mw = 2�1 + �2�
�0LyLz

�0
2�Nz − Ny��0

, �10�

with Ny and Nz being the demagnetizing factors52 corre-
sponding to the wire cross-section dimensions and �0 the
domain wall width. The friction force Ffri is given by

Ffri = − ���0LyLz�
2Ms

�0�0
vx�t� , �11�

whereas the external force Fext,s has two contributions due to
the external field �FH,s� and the spin-polarized current �Fj,s�,
respectively,

Fext,s = FH,s + Fj,s = ��0LyLz��2MsHext −
2Ms

�0�0
cJ� . �12�

Equation �9� allows us to describe the DW motion as a par-
ticle with an effective mass mw subjected to both friction
�Eq. �11�� and external forces �Eq. �12�� for perfect wires in
the absence of thermal fluctuations.53,54 The solution of Eq.
�9� when time-independent external forces are instanta-
neously applied at t=0 is given by

vx�t� = vx����1 − exp�− t/tR�� + vx�0�exp�− t/tR� , �13�

where tR is the relaxation time defined as

1

tR
=

�

1 + �2�0Ms�Nz − Ny� �14�

and vx�0� and vx��� are, respectively, the initial and terminal
velocities given by

vx�0� = −
bJ

1 + �2 , �15�

vx��� =
1

�
��0����Hext − cJ� . �16�

Before introducing thermal fluctuations in the model, and
in order to check its validity range, we compare its predic-
tions with our micromagnetic simulations for a perfect wire
�Dg=0� of 200�5 nm2 cross section. Among the different
possible definitions for the domain wall width, we have veri-
fied that the best fit with the simulations is obtained for

Thiele’s3 definition �Th=2LyMs
2 / ����M� /�x�2dxdy� which, in

our case, yields a value of �Th=43 nm as computed from the
micromagnetic configuration of the DW in static equilibrium.

The solution of the deterministic 1DM for field-driven
DWM is presented in Fig. 8�a�. When the wall width is as-
sumed to be constant ��0=43 nm�, the 1DM �black circles�
predicts correct values for the terminal velocity vx��� for
small applied fields, but for �0Hext�1 mT, the discrepancies
are significant and increase with the field. However, if the
micromagnetic computed value for the terminal DW width
���� is taken into account as an input parameter for solving
the Newton equation �Eq. �9�� �black squares�, the values
predicted by the 1DM reproduce accurately the micromag-
netic ones �white circles� for all field values below the break-
down Walker field ��0HW
2.75 mT�. The steady-state DW
width using Thiele’s definition as a function of the external
field is shown in the inset of Fig. 8�a�. Above the breakdown
field, the 1DM ceases to be valid because the internal
changes of the wall structure cannot be qualitatively de-
scribed within the one-dimensional approach.

The results for the current-driven case are shown in Fig.
8�b�. The values computed from the 1DM are very close to
the micromagnetic ones for applied currents smaller than
bJ
600 m/s �	=0.04� because in this range the micromag-
netic terminal velocity does not depend on the domain wall
width. For larger values, the micromagnetic results start to
differ from the analytical ones because the internal structure
of the wall becomes asymmetric. Fortunately, the experimen-
tal accessible range for the applied current is well below this
region.

B. Stochastic one-dimensional model „TÅ0 K…

To include thermal perturbations in the 1DM, we adopt
Langevin’s description of Brownian motion by adding a fluc-
tuating random force Fth�t� to the deterministic Eq. �9�, con-
sequently becoming an stochastic one as follows:

mw
dvx

dt
= Ffri + Fext,s + Fth�t� . �17�

The thermal force Fth�t� is a random Gaussian-distributed
process with the following statistical properties:
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�Fth�t�� = 0, �18�

�Fth�t�Fth�t��� = 2D1D��t − t�� . �19�

The strength of the thermal force is given by D1D, which
needs to be obtained from the fluctuation-dissipation
theorem.47 If Eq. �17� is rewritten in terms of ṽx�t�=vx�t�
−vx��� as

dṽx�t�
dt

= −
ṽx�t�

tR
+

1

mw
Fth�t� , �20�

the Fokker-Planck equation corresponding to the Eq. �20�,
which determines the temporal evolution of the probability
distribution P(ṽx�t� , t) for the DW velocity, can be expressed
as the following continuity equation:47

�P„ṽx�t�,t…
�t

= −
�J„ṽx�t�,t…
�„ṽx�t�…

, �21�

where the probability density current J�ṽx�t� , t� is given by

J = �−
ṽx

tR
−

D1D

mw
2

�

�ṽx

P . �22�

By imposing Boltzmann’s distribution, PB

exp�−mwṽx

2�t� / �2KBT��, as a stationary solution of Eq. �21�,
the following expression for the D1D is obtained:

D1D =
mw

tR
KBT . �23�

With Eq. �23�, the thermal field Fth during a time interval
�t can be written as

Fth�t� = ��t�	2
mw

tR

KBT

�t
, �24�

where ��t� is a normalized zero-averaged Gaussian-
distributed white-noise process. The solution of Eq. �20� with
Eqs. �18� and �19� can be written as

ṽx�t� = ṽx�0�e−t/tR + e−t/tR�
0

t Fth�t��
mw

et�/tRdt�. �25�

Averaging over many stochastic realizations ��¯��, we
obtain an expression for the velocity ṽx�t� as follows:

�ṽx�t�� = ṽx�0�e−t/tR, �26�

which is analogous to the deterministic solution �Eq. �13��.
This is consistent with the results from micromagnetic simu-
lations for wires with no surface roughness presented in the
previous sections �see Figs. 2�c� and 6�c��. Consequently, we
can conclude that thermal perturbations have no net effect on
DWM in perfect wires.

C. Including the roughness

In the field-driven DWM case, edge roughness of charac-
teristic size Dg is introduced in the model by means of a local
pinning force Fpin�x�=−��0LyLz�2MsHpin�x�, where the local
pinning field Hpin�x� is randomly generated with a uniform
distribution of maximum value given by the unpinning field
Hunp�0 K� corresponding to the typical roughness size Dg as
calculated micromagnetically �Fig. 3�a��. The roughness is
assumed to be uniform over a distance given by the DW
width computed micromagnetically for the wire dimensions
considered.

Typical trajectories of the DW velocity and position as
predicted by our model are shown in Fig. 9. The applied field
is �0Hext=2.5 mT and the wire dimensions are the same as in
Sec. III. The maximum pinning field is �0Hpin�x�=4 mT,
which corresponds to a surface roughness given by Dg
=25 nm. The 1DM trajectories depict similar features than
micromagnetic simulations �see Fig. 4�. At T=0 K, the DW
moves until it becomes pinned at a position where the local
pinning field is higher than the external field. On the con-
trary, at room temperature �T=300 K�, due to thermal per-
turbations, the wall remains pinned at different places only
for a finite time interval.

In Fig. 10, the DW averaged velocity �over 100 stochastic
realizations in a temporal window of 100 ns� as a function of

FIG. 8. DW velocity for a perfect wire of 200�5 nm2 cross.
The micromagnetic results are compared with the asymptotic solu-
tion �t� tR� of the 1DM. �a� Field-driven DWM and �b� current-
driven DWM �	=0.04�.
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the applied field predicted by the 1DM is compared with
both micromagnetic simulations and experimental
measurements.33 As can be observed, a remarkable good
agreement among the three curves is obtained in the ther-
mally activated range �2 mT
�0Hext
3.5 mT�. It is worth
pointing out that there is no fitting parameter in the 1DM and
that the results have been obtained using T=300 K, whereas,
as it was discussed in Sec. III, an effective micromagnetic
temperature value of T�M =3000 K was used in the micro-
magnetic simulations. For larger fields, Hext�Hunp�0 K�, the
increasing discrepancy between the 1DM and the simulations
is due to the fact that, as discussed in Sec. V A, the former

assumes that the DW width is independent of the applied
field and does not take into account the changes in the DW
structure that take place in this region.

Following a similar procedure than the one described
above, in the current-driven DWM case, edge roughness of
characteristic size Dg is introduced in the model by means of
a local pinning force Fpin�x�= ��0LyLz��2Ms /�0�0�cJ,pin�x�,
where cJ,pin= jpin�x��	�BP / �eMs��. jpin�x� is a spatially de-
pendent pinning current randomly generated with a uniform
distribution of maximum value given by the unpinning cur-
rent jump�0 K� corresponding to the typical roughness size Dg

as calculated by means of micromagnetic simulations in Sec.
IV. Again, the roughness is assumed to be uniform over a
distance given by the DW width computed micromagneti-
cally for the wire dimensions considered. In the results that
follow, nonadiabatic corrections with 	=0.04 and the same
wire dimensions than in Sec. IV �50�5 nm2� are assumed.
Based on micromagnetic results at T=0 K �see Fig. 7�c��, a
local pinning current distribution with a maximum value of
junp�0 K�=1.5�1013 A/m2, corresponding to a surface
roughness given by Dg=5 nm, has been considered.

Figure 11 shows typical deterministic and room-
temperature trajectories as predicted by the 1DM for japp
=1.11�1013 A/m2
 junp�0 K�. As can be observed, the
same features of micromagnetic simulations �see Figs. 7�a�
and 7�b�� are captured by our extended 1DM. From a quan-
titative point of view, the average DW velocity over 100
stochastic realizations for a temporal window of 100 ns com-
puted by means of the 1DM at T=300 K is compared in Fig.
12 with the micromagnetic results of Fig. 7�c�. For currents
larger than the deterministic threshold �japp� junp�0 K��, the
DW velocity increases linearly with japp, but, as in the field-
driven case, the slope in this linear range is larger for the
1DM than for the micromagnetic simulations because, as
mentioned before, the former does not take into account in-

FIG. 9. DW �a� velocity v�t� and �b� displacement x�t� trajecto-
ries predicted by the 1DM for a wire with roughness given by Dg

=25 nm and lateral dimensions 200�5 nm2. The applied field is
�0Hext=2.5 mT and the maximum local pinning field is
�0Hunp�0 K�=4 mT. Both deterministic �T=0 K� and room-
temperature �T=300 K� trajectories are shown.

FIG. 10. Average domain wall velocity as a function of the
applied field for a permalloy wire of 200�5 nm2 rectangular sec-
tion. One-dimensional results at room temperature are compared
with both micromagnetic and experimental ones of Fig. 3�c�.

FIG. 11. Time evolution of DW �a� velocity v�t� and �b� position
x�t� as predicted by the 1DM for a wire of lateral dimensions 50
�5 nm2 and roughness given by Dg=5 nm. The applied current is
japp=1.11�1013 A/m2 and the maximum pinning current is
junp�0 K�=1.5�1013 A/m2. Both deterministic �T=0 K� and
room-temperature �T=300 K� trajectories are shown.
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ternal structural changes inside the DW that take place when
the driving force, either field or current, is large. On the other
hand, in the thermally activated regime �japp
 junp�0 K��, the
DW velocity follows an exponential increase with japp and a
better agreement between both models is obtained. Finally,
the inset of Fig. 12 shows the computed averaged velocities
in the experimentally accessible range of applied currents. A
DW velocity of v
6 m/s is deduced for an applied density
current of japp=1012 A/m2. This value is in good agreement
with the experimental measurements in Refs. 38 and con-
firms the key role of thermal effects.

VI. CONCLUSIONS

A systematic analysis of the motion of transverse domain
walls driven by either an external field or an in-plane current

in wires of rectangular cross section has been carried out by
means of micromagnetic simulations with emphasis on in-
vestigating the role of thermal perturbations. A one-
dimensional model has also been used to complement the
investigation. This model, originally derived by Li et al., has
been extended to include thermal perturbations and rough-
ness.

In general, it is found that, when the driving force, either
field or current, is larger than the pinning force, thermal per-
turbations have a negligible effect on the DW velocity, which
is found to depend linearly on the external force. On the
contrary, when the external force is below the deterministic
propagation threshold, thermal activation over pinning en-
ergy barriers leads to no-null velocities. In this thermally
activated regime, the DW velocity is found to depend expo-
nentially on the external force. Moreover, our results show
that the inclusion of thermal perturbations and roughness is
crucial in order to reduce the discrepancies between experi-
mental measurements and theoretical predictions.

In particular, in the field-driven case, both micromagnetic
simulations and 1DM show a good quantitative agreement
with the experimental data obtained by Atkinson et al.33 for a
wide field range using a value of Dg=25 nm for the size that
characterizes the roughness. Similarly, in the current-driven
case, the computed velocities are of the same order of mag-
nitude than those reported in Refs. 38 choosing a value Dg
=5 nm if the nonadiabatic approximation with 	=0.04 is
considered.
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