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We elucidate the role played by defective icosahedra on the stability of undercooled copper by using
molecular-dynamics simulations. Our approach is substantiated by the level of agreement with experiments on
a variety of structural properties. We show that not only perfect but also defective icosahedra, embedded in a
disordered matrix, lower the local cohesive energy. This has the effect of stabilizing the liquid structure against
crystallization. Our work rationalizes experimental findings by identifying the nature of those icosahedral
subunits that contribute to the stability of the undercooled liquid.
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The remarkable stability of undercooled metals against
crystallization has fostered intense research efforts since the
pioneering studies of Turnbull.1 The physical nature of this
phenomenon has proved to be largely elusive, calling for
interpretations based on atomic-scale arguments. In the
search of the microscopic origins underlying this stability,
the role played by the icosahedral short-range order �ISRO�
has been frequently invoked.2,3 A conclusive assessment of
the ISRO has proved to be challenging for both experiments
and theory.4–8 In this paper, we provide a quantitative de-
scription of ISRO in a prototypical undercooled metal �cop-
per� and a rationale for its stability against crystallization.
Our calculations settle the controversy on the number of
icosahedral structural units by substantially enriching the in-
dications of previous phenomenological analysis.5,8 We use
extensive molecular-dynamics �MD� simulations, based on
an n-body interatomic potential derived by a second-moment
approximation of the tight-binding scheme for d-band tran-
sition metals.9 The topology of the local structure is charac-
terized in terms of a common-neighbor analysis and total-
energy calculations. This allows us to identify �a� the nature
of ISRO in terms of defective icosahedral clusters, �b� the
role played by the ISRO to stabilize the undercooled liquid,
and �c� the driving force for this stabilization in terms of
atomic energy contributions.

MD simulations are widely used to characterize both the
glassy and the liquid phase of metals10–14 in terms of ISRO.
The classical version of MD, based on empirical potentials,
has proved to be highly reliable in describing the structural
features of metals in very diverse thermodynamic conditions,
including undercooled metals.9,10,15,16 A recent paper on liq-
uid nickel has demonstrated that effective-pair potentials can
lead to a close agreement with first-principles molecular-
dynamics simulations.17 In the specific case of liquid copper,
no intrinsic loss of accuracy is encountered since the perfor-
mances of potentials and first-principles schemes have been

found comparable.12 In the present work, we rely on classical
interatomic potentials to afford system sizes and temporal
trajectories not currently achievable within the first-
principles MD approach.11,12,18 We are able to collect a sta-
tistically significant number of configurations involving at-
oms participating to ISRO.

Three systems of 4000 atoms, initially arranged in fcc
crystal structures in cubic cells of linear sizes L=38.47 Å,
L=38.14 Å, and L=30.01 Å, were subsequently melted to
reproduce liquid and undercooled copper at zero pressure
and at the temperatures T=1623 K, T=1400 K, and T
=1313 K. In each simulation, the average distance covered
by the atoms in the liquid �more than 40 Å� ensures that the
final configurations retain no memory of the initial geom-
etries. The quench from the equilibrated liquid states �T
=2000 K� down to the three temperatures has been per-
formed in the NPT ensemble using the Parrinello-Rahman
and Nosé19 scheme. For the liquid �at T=1623 K and T
=1400 K� and the undercooled �T=1313 K� liquid copper
structures, the densities agree with the experimental values20

within 5%. After 100 ps of annealing at the final tempera-
ture, statistical averages and relevant data for structural
analysis have been calculated over time trajectories of
200 ps. Hereafter, we shall concentrate on the results at T
=1623 K and T=1313 K.

Recent experimental studies have confirmed the presence
of ISRO in simply undercooled metals, with no consensus on
the fraction of atoms involved and on the nature of the sub-
structural icosahedral units.4–8 By following an alternative
strategy, the reverse Monte Carlo �RMC� method, combined
with accurate x-ray-absorption spectroscopy �XAS�, led to an
estimate for the fraction of nearly icosahedral clusters.5,8

These results substantiated the presence of defective icosa-
hedra units. Given these pieces of evidence, unambiguous
theoretical tools are expected to bring new, compelling infor-
mation.
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The calculated static structure factor reproduces the
neutron-scattering measurements21 over the entire range of
wave vectors �Fig. 1, upper panel�. This proves that all inter-
atomic distances are well described by our model at the in-
dicated temperatures in the liquid regime. With respect to the
behavior in the undercooled liquid regime, convincing evi-
dence comes from Fig. 1 �lower panel�, where the calculated
radial correlation functions g�r� at T=1313 K are compared
with the g�r� obtained by RMC modeling of XAS and dif-
fraction data.5 The calculated self-diffusion coefficient D �
D=3.90�10−5 cm2/s at T=1400 K� is in very good agree-
ment with the experimental value of D=3.97�10−5 cm2/s at
the melting temperature T=1356 K.22 The same holds for the
bond-angle distribution N���, for which the comparison with
RMC data is shown in Fig. 2 �upper panel�. At each tempera-
ture, N��� shows two main peaks: one at 60° �equilateral
triangles� and another broad maximum around 110°. By low-
ering the temperature, the height of the peak at 60° increases,
giving indications about the onset of icosahedral order in the
atomic structure. In Ref. 5, the occurrence of ISRO was
monitored using a cubic invariant of spherical harmonics

�Ŵ6�.23 This quantity is particularly sensitive to the presence
of icosahedral subunits. In Fig. 2 �lower panel�, we report the
comparison between the present MD results and the RMC

data analysis for Ŵ6. The good level of agreement demon-
strates that the essential features of short-range ordering are
well reproduced by our calculations. Some differences be-
tween RMC and MD calculation data remain noteworthy in
Fig. 2 �lower panel�. The origin of these differences has to be
ascribed, at least partially, to the nonunique character of the
RMC fit to the XAS data.

A deeper insight into the presence and the nature of icosa-
hedral units in the atomic configurations can be obtained
from the common-neighbor analysis introduced in Refs. 24
and 25. Each pair of nearest-neighbor atoms is classified by
using a set of three indices jkl: j is the number of nearest
neighbors common to both atoms, k is the number of bonds
between the common neighbors, and l is the number of
bonds in the longest continuous chain formed by the k bonds
between common neighbors. For example, 421 and 422 pairs
are peculiar of fcc and hcp orders. The icosahedral order, in
turn, is characterized by bonded pairs of type 555. In a per-
fect icosahedron, deformations causing the presence of a bro-
ken bond between a pair of outer atoms transform 2 of the
555 pairs into 544 and 433 pairs.

To highlight the impact of defective icosahedra, we la-
beled each atom by the number N555 of its 555-type nearest
neighbors. Accordingly, for an atom at the center of an icosa-
hedron, N555 is equal to 12 �hereafter, termed perfect icosa-
hedra, distortions notwithstanding�. In Table I, we report the
percentage of atoms in the supercooled liquid with N555
� �0,12� and, for the sake of comparison, the corresponding
values in the liquid case �T=1623 K�. Atoms involved in 421
pairs, reminiscent of crystalline fcc structures, are also found
in the undercooled system, as well as those arranged in a bcc
fashion �also given in Table I�. Perfect icosahedra are present
both in the liquid and undercooled systems: in the latter, only
0.26% of the atoms has N555=12, whereas in the former,
there is a marked decrease �0.11%�. One notes that the num-
ber of units with N555=11 and N555=10 is very small. Inter-
estingly, the inclusion of atoms for which N555�6 in the
counting of those responsible of defective icosahedra yields
9.15% for the undercooled liquid. Much smaller values are

FIG. 1. Upper panel: comparison between calculated neutron
structure factor S�q� and experimental nuclear diffraction results
�Ref. 21�. Lower panel: comparison between pair correlation func-
tions calculated using MD and RMC-XAS results �open circles, see
Ref. 5�.

FIG. 2. Upper panel: comparison between calculated and RMC-
XAS �open circles, see Ref. 5� bond-angle distributions N���.
Lower panel: frequency density of the Ŵ6 cubic invariant obtained
by MD in this work compared with the results of previous RMC
data analysis �Ref. 5�.
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obtained for fcc and bcc seeds. This agrees with recent ex-
perimental results reporting about 10% of atoms involved in
the icosahedral order.5 To validate this comparison, we intro-
duce in what follows an argument based on the potential
energy which allows us to identify which atoms do contrib-
ute to defective icosahedral order and why. This allows us to
go beyond recent achievements obtained through similar
techniques where no quantitative correlations between topol-
ogy and energetics were established.26

In Fig. 3, we have reported relative atomic potential en-
ergies Earel as a function of N555, the number of 555-type
neighbors for each atom in the undercooled liquid. These
quantities have been calculated with respect to the average
potential energy, i.e., the cohesive energy of the system. Earel
is given by �Eat−Eco� /Eco, where Eat is the mean potential
energy of atoms with a given number of 555-type neighbors
and Eco is the average cohesive energy of the system. The
two sets of data refer to the potential energies at T
=1313 K and to the potential energies of the quenched sys-
tem resulting from rapid cooling to T=0 K. The second set
of configurations �dashed line� has been created to extract the
contributions due to the potential energy, devoid of any en-
tropic effect at finite temperatures. Error bars are smaller
than 0.1% throughout. The trend of Earel reveals that the
stabilization due to the energy is a decreasing function of
N555 for N555�6. For N555�6, the nonmonotonic behavior
features values smaller �or not significantly higher� than the
one pertaining to the perfect icosahedra �N555=12�. There-
fore, atoms with N555�6 have a more favorable environment
in terms of potential energy. This proves that defective icosa-
hedra are at very origin of the structural stability of the un-
dercooled liquid. We reiterate that by using our rationale for
the count of the relevant units, we obtain a fraction of icosa-
hedral defective configurations �9.15%� very close to that

obtained in Ref. 5 by using the �Ŵ6� invariant.
The remarkable similarity between the two trends shown

in Fig. 3 highlights the predominance of energy effects over
the entropic ones. The role of entropy and temperature
amounts to increasing the range of the energy variation, with
no effect on the identification of the relevant defective icosa-
hedra. Also, shell closing geometric effects are at the origin
of maxima and minima observable for N555�6 when energy
and entropy are taken into account. However, these features
largely disappear when one focuses on the pure contribution
of the potential energy �dashed line�.

The question arises on the comparative behavior of the
atomic potential energy as a function of other sets of con-
figurations, such as N421, N422, and N555+N666. In Fig. 4, we
show that N555 is the only configuration featuring two dis-
tinct trends, i.e., a stabilization regime followed by non-
monotonic variations for larger values. In addition, the
atomic energy is systematically lower for N555 �the only ex-
ception being N555+N666=8�. This confirms the predominant
role played by N555 in stabilizing defective icosahedral order.

Our analysis is supported by a visual inspection of Fig. 5
where we focus on the subset of atoms for which N555�6.
Such subset is spread all over the simulation cell exhibiting
chains and clusters that delimit regions of high stability. Per-
fect icosahedral clusters of higher order, such as dodecahe-
dra, supposed to be present4 are not detected. The total num-
ber of atoms involved in the icosahedral order is obtained by
computing the number of atoms that are at the center of
icosahedral units �i.e., atoms with N555�6� plus the first
shell of their nearest neighbors with N555�6. Thus, we esti-

TABLE I. First column: percentages of atoms with a selected
number of nearest neighbors Nxxx and a given symmetry xxx. Sec-
ond and third columns: the icosahedral �ICO� symmetry is identi-
fied by counting N555. Fourth and fifth columns: fcc and bcc sym-
metries are identified by counting N421 and N444+N666 nearest
neighbors, respectively.

Nxxx

ICO
T=1623 K

ICO
T=1313 K

fcc
T=1313 K

bcc
T=1313 K

0 30.32 20.90 43.62 33.58

1 24.67 22.27 24.70 23.94

2 17.57 18.40 16.94 17.25

3 11.33 13.63 9.08 11.34

4 7.19 9.77 3.39 6.59

5 3.92 5.85 1.54 3.55

6 2.53 4.26 0.53 1.97

7 1.10 2.03 0.12 1.04

8 0.93 1.86 0.06 0.39

9 0.14 0.29 0.01 0.14

10 0.20 0.48 �0.01 0.11

11 �0.01 �0.01 �0.01 0.04

12 0.11 0.26 �0.01 0.02

FIG. 3. Full line: relative atomic potential energy Earel as a
function of the number of 555-type nearest neighbor N555 for each
atom. The temperature is T=1313 K. Dashed line: the same quan-
tity for a sample quenched at T=0 K. The zero value corresponds to
the cohesive energies of the systems. By calling the atomic potential
energy Eat and the cohesive energy of the system Eco, Earel is given
by �Eat−Eco� /Eco. Values of Eco are −3.21 eV at T=1313 K and
−3.39 eV after quench at T=0 K.
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mate that the spatial extension of icosahedral short-range or-
der involves more than 70% of the whole undercooled sys-
tem. The picture emerging reveals that the undercooled
liquid is composed by complex and large structures charac-
terized by icosahedral ordered regions of high stability.
These regions are embedded in a disordered atomic structure
where fragments reminiscent of the crystalline phase can also
be found.

Table I shows that a large fraction of icosahedral atoms
forms below the melting point. Their higher stability with
respect to fcc �or bcc� atoms may prevent the formation of
large units reflecting fcc �or bcc� arrangements, ultimately
leading to crystallization. Clustering of icosahedral regions
shown in Fig. 5 leads to a growth of the icosahedral seeds
which will systematically increase their size from a few tens
to a few hundreds atoms.27 The growth mechanism would
also be favored by an enhancement of the fraction of the
icosahedral atoms in the sample. However, it is commonly

accepted that the relative stability of perfect and isolated
icosahedral clusters with respect to fcc-based ones is a de-
creasing function of their size.28 Therefore, as soon as the
number of atoms forming the icosahedral cluster overcomes
a critical threshold, fcc-based clusters become energetically
favored.

A careful analysis of atomic configurations generated by
MD simulations has proved able to rationalize experimental
data on undercooled liquid copper. Within the limits of a
theoretical description based on effective potential, this has
allowed us to elucidate the role played by defective icosahe-
dra through a precise identification of the geometric environ-
ment of each atom. This work shows that the energy associ-
ated with defective icosahedra, embedded in the disordered
system, lowers the overall energy and stabilizes the under-
cooled metal preventing crystallization.

*Also at Ylichron s.r.l., C.R. Casaccia, CP 2400, 00100 Roma,
Italy.

†Permanent address: CNISM, CNR-INFM CRS SOFT, Diparti-
mento di Fisica, Università di Camerino, Via Madonna delle
Carceri 62032, Camerino �MC�, Italy.
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