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Density functional calculations of the atomic coordinates in crsytalline lead pyrophosphate �Pb2P2O7� are
reported. These calculations yield atomic positions differing from a prior x-ray refinement by up to 0.2 Å. The
main difference is a change in the orientation of the �P2O7�4− units to bring certain O ions closer to Pb. An
analysis of the resulting structure in terms of pair distribution functions is presented. These show that the most
significant changes are in the local Pb coordination. The electronic structure is not significantly affected by the
change in crystal structure.
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Phosphate crystals and glasses are of interest for several
reasons. Activated orthophosphates �e.g., LuPO4:Ce� are
useful scintillators for �- and x-ray detection.1 Phosphate
catalysts, based on vanadyl phophate, are widely used in the
chemical industry. The combination of high optical quality,
chemical stability, and radiation hardness found in many
phosphate glasses makes them amenable to applications
ranging from optical elements to forms for long-term storage
of radioactive waste.2,3 These materials have flexible saltlike
structures composed of very strongly bonded anionic phos-
phate groups or pyrophosphate chains �these are phosphate
groups linked by shared O� and cations in the interstices.
Orthophosphates �compounds based on �PO4�3−� are typi-
cally crystalline, while materials based on longer phosphate
chains often form glasses. Such glasses activated by appro-
priate luminescent centers are used as active laser elements,
and there is current interest in the use of activated phosphate
glasses as scintillators for radiation detection. As mentioned,
many crystalline phosphates are good scintillators when ac-
tivated, typically with rare-earths metals �especially Ce3+�.
However, effective activation of phosphate glasses to obtain
light yields comparable to high-quality crystalline materials
has yet to be reported. Microscopic understanding of the
structural differences between the various phosphate crystals
and corresponding glasses may be helpful in formulating
strategies for making good phosphate glass scintillators.

Lead pyrophosphate Pb2P2O7 is a particularly interesting
compound because it forms a line compound with a well-
ordered crystalline phase when cooled normally, but forms a
bulk glass when cooled quickly from melt. The structure of
the glass phase is not known in detail, although it is known
that it is essentially different from the types of structure that
can be formed by amorphizing the crystalline form using
radiation damage4 and that the distribution of phosphate
chain lengths differs from the crystalline form,5 in which all
chains have length 2: i.e., �P2O7�4−. The crystalline form is
triclinic and micaceous. The crystal structure was determined

by Mullica and co-workers6 in 1986 using Mo K� x-ray dif-
fraction. They found a complex structure, spacegroup P1,
with 44 atoms per unit cell, all of which are on general sites:
4 inequivalent Pb, 4 inequivalent P, and 14 inequivalent O
positions, for a total of 66 internal coordinates. Refinement
of such a structure by x-ray diffraction is extremely difficult,
especially considering the combination of Pb and O, which
have very different x-ray scattering cross sections. A similar
challenge was presented by the structure of PbZrO3, which
has a 40-atom orthorhombic cell. In that case, structural re-
laxations using density functional calculations were helpful.
In particular, local density approximation �LDA� calculations
yielded a structure with different O coordinates than the ac-
cepted experimental structure,7 but were confirmed by sub-
sequent neutron experiments that yielded a crystal structure
in close agreement with the LDA structure.8,9 It was noted in
recent LDA calculations of the electronic properties of vari-
ous phosphates,10 including Pb2P2O7, done with experimen-
tal crystal structures, that the forces on some atoms in this
material were substantial. The largest of these was
�0.17 Ry/a0 on the O�5� atom and �0.15 Ry/a0 on the
P�2� atom, using the notation of Ref. 6. These forces are
larger than those normally found in LDA calculations for
non-transition-element-containing oxides with experimental
crystal structures.

The present paper presents calculations of the structure of
Pb2P2O7. These were done by relaxing the internal coordi-
nates of all inequivalent atoms in the unit cell using the
calculated LDA forces. The lattice parameters were held
fixed at their experimental values a=6.941 Å, b=6.966 Å,
c=12.751 Å, �=96.82°, �=91.14°, and �=89.64° and tri-
clinic P1 spacegroup, as determined by Mullica and
co-workers.6 These are obtained experimentally from the po-
sitions of the Bragg peaks and are no doubt much more
accurate than values that can be obtained from LDA calcu-
lations. The structure relaxation was done using the general
potential linearized augmented plane-wave �LAPW� method,
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with local orbital extensions.11,12 This is an all-electron
method, with no shape approximations to the potential or
charge density and a flexible basis set in all regions of space.
As such, it is well suited to complex open structures, like that
of Pb2P2O7. Core states were treated relativistically, while
valence states were treated in a scalar relativistic approxima-
tion, similar to our prior studies of PbZrO3.7,9 The calcula-
tions were done using LAPW sphere radii of 2.1a0, 1.38a0
and 1.33a0 for Pb, P, and O, respectively. Well-converged
basis sets consisting of more than 10 300 LAPW functions
plus local orbitals were employed. The relaxation was done
starting from the structure of Mullica and co-workers and
using a single k point for the Brillouin zone sampling. When
finished, the structure was checked by calculating the forces
with a set of four special k points. The largest force in this
calculation was �0.02 Ry/bohr. We also performed pseudo-
potential calculations of the forces in this structure, both in
the LDA and with the generalized gradient approximation
�GGA� of Perdew, Burke, and Ernzerhof �PBE�,13 but found
similarly small forces. This agreement between the LDA and
GGA structures is significant in view of the trend that LDA
calculations underestimate bond lengths in light-atom solids,
while GGA calculations yield longer bond lengths that are
often, but not always in better agreement with experiment.
The trends for molecules are often different, so that in light-
element molecules the LDA sometimes overestimates bond

lengths, while GGAs often improve these values.14,15 Both
the GGA and LDA stress tensors were nearly diagonal and
isotropic �to within 10% for the GGA and 5% for the LDA�.
The corresponding pressures were −109 kbar �LDA� and
−24 kbar �GGA�. These values are consistent with normal
LDA and GGA errors and support the experimental lattice
parameters, which as mentioned follow directly from the po-
sitions of the diffraction lines and are no doubt accurate.

Table I gives our calculated internal coordinates for
Pb2P2O7 along side the prior x-ray structure. As may be seen,
there are significant shifts of 0.1 Å and more in the positions
of many atoms. The final structure is shown in Fig. 1. Quali-
tatively, it is as described in Ref. 6. The calculated total
energy of the relaxed structure, as determined from the cal-
culations with four special k points, was 21 mRy per cell
�73 meV per formula unit� lower in energy than that obtained
with the structure of Ref. 6. On a per atom basis, this is of
the same order as the energy difference between the relaxed
and prior experimental structures for PbZrO3 �8 meV per
atom in that case�,7 although it should be noted that Pb2P2O7
has shorter stiffer bonds than PbZrO3.

Structural information for glasses is normally available
only in the form of pair distribution functions �PDFs�. Analy-
sis in terms of PDFs is also convenient for complex crystals.

TABLE I. Atomic positions in lattice coordinates of Pb2P2O7

from x-ray diffraction �Ref. 6�, LAPW structural relaxation, and the
difference between experimental and calculated positions �R �in
Å�. The notation is as in Ref. 6.

X-ray Relaxed

Atoms x y z x y z �R

Pb�1� 0.246 0.205 0.650 0.245 0.198 0.644 0.09

Pb�2� 0.673 0.211 0.860 0.668 0.217 0.860 0.06

Pb�3� 0.091 0.811 0.853 0.087 0.819 0.860 0.10

Pb�4� 0.652 0.624 0.633 0.650 0.624 0.631 0.04

P�1� 0.233 0.897 0.400 0.237 0.891 0.397 0.06

P�2� 0.185 0.698 0.590 0.184 0.697 0.589 0.01

P�3� 0.835 0.699 0.086 0.833 0.698 0.087 0.02

P�4� 0.579 0.707 0.899 0.583 0.715 0.897 0.07

O�1� 0.087 0.920 0.313 0.093 0.900 0.307 0.15

O�2� 0.391 0.763 0.361 0.412 0.766 0.360 0.15

O�3� 0.305 0.089 0.464 0.295 0.084 0.458 0.10

O�4� 0.112 0.787 0.485 0.119 0.772 0.478 0.14

O�5� 0.017 0.636 0.641 0.998 0.646 0.640 0.15

O�6� 0.300 0.855 0.657 0.306 0.855 0.651 0.09

O�7� 0.313 0.525 0.548 0.315 0.520 0.563 0.20

O�8� 0.992 0.819 0.043 0.998 0.824 0.054 0.15

O�9� 0.919 0.535 0.138 0.907 0.522 0.134 0.13

O�10� 0.700 0.830 0.155 0.694 0.832 0.153 0.05

O�11� 0.706 0.608 0.987 0.714 0.613 0.981 0.10

O�12� 0.704 0.854 0.855 0.706 0.872 0.857 0.13

O�13� 0.402 0.797 0.955 0.401 0.797 0.951 0.05

O�14� 0.525 0.539 0.818 0.548 0.547 0.812 0.19

FIG. 1. �Color online� Relaxed crystal structure of triclinic
Pb2P2O7, viewed along the a axis. Pb, P, and O are depicted by
large blue, medium green, and small red spheres, respectively. The
light gray lines denote the unit cell.
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FIG. 2. �Color online� Total PDFs for the experimental and re-
laxed structures.
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Although, to our knowledge, there are no PDF structural data
for Pb2P2O7 glass, we present the PDFs for crystalline
Pb2P2O7 both to compare the x-ray and LDA structures and
to provide a reference for comparison with the PDF of the
glass when it becomes available. The total PDF and PDFs as
a function of distance for Pb, P, and O with respect to all
other atoms in the lattice are shown in Figs. 2–5, respec-
tively. These were calculated from the structure with a broad-
ening factor of 0.1 Å. It is interesting to note that the mag-
nitudes of the PDF for P and O with the x-ray and relaxed
structures are very similar for the first- and second-neighbor
shells, but that the difference is more pronounced for larger
distances. On the other hand, for Pb the distortion is visible
throughout the PDF profile, for example, in the second peak
showing a lengthening of the nearest-neighbor distance. This
comparison reflects the fact that the LDA relaxed structure
differs from the experimental structure mainly by a change in
the direction out of the stacking plane of pyrophosphate �or
diphosphate� groups with respect to the experimental posi-
tions; there are rather small changes in P-O nearest-neighbor
distances within pyrophosphate layers. As may be seen in the
PDF, the main difference between the two structures is a
redistribution of the neighboring O around Pb to have a nar-
rower bond length distribution and shorter average Pb-O dis-

tance. The other main change is a shift in the bridging O of
�P2O7�4− groups, which makes it such that the two bonds
become practically equal in length.

It may be noted that the structure has very short Pb-O and
O-O distances. In the relaxed structure the shortest Pb-O
bond is 2.384 Å, while the shortest O-O bond is 2.418 Å.
The x-ray values are similar: 2.460 Å and 2.428 Å, respec-
tively. Such short bond lengths would be highly unusual in
an ionic material like PbZrO3 and reflect the chemistry of
phosphates, in particular the fact that these are salts of Pb
with very strongly covalently bonded pyrophosphate groups.
In comparison, lead orthophosphate, Pb3�PO4�2, has a mini-
mum Pb-O distance of 2.38 Å, based on the neutron structure
of Angel and co-workers.16 Sr2P2O7 has a reported minimum
Sr-O distance of 2.39 Å.17 �N.B. The ionic radius of Sr2+ is
very similar to that of Pb2+.� The internal structure of the
�P2O7�4− groups is very similar between the two structures
and with other pyrophosphates. The minimum O-O distances
are 2.487 Å in Sr2P2O7 �Ref. 18�, 2.451 Å in �VO�2P2O7

�Ref. 19�, 2.438 Å in � -Ca2P2O7 �Ref. 20�, 2.398 Å in
� -Ca2P2O7 �Ref. 21�, and 2.454 Å in Na4P2O7 �Ref. 22�.
The calculated structure also shares similarly bent P-O-P py-
rophosphate bridges. The bond angles are 131.3° and 132.8°
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FIG. 3. �Color online� Pb PDFs with respect to all other atoms
for the x-ray and relaxed structures.
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FIG. 4. �Color online� P PDF with x-ray and relaxed structures,
as in Fig. 3.
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FIG. 5. �Color online� O PDF, as in Fig. 3.
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FIG. 6. �Color online� Calculated electronic density of states
�per formula unit, both spins� for Pb2P2O7 with the x-ray �Ref. 6,
denoted Expt.� and relaxed atomic positions. The zero is at the
valence-band edge. A Gaussian broadening of 0.08 eV was applied.
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for the relaxed structure, as compared to 130.4° and 132.0°
in the x-ray structure. For comparison the P-O-P bond angle
in Sr2P2O7 is 130.4° �Ref. 18�.

Next we compare the electronic structure based on the
density of states �DOS�. The calculated DOS for the experi-
mental and relaxed structures is given in Fig. 6. As may be
seen, these are very similar in their large-scale features and
the gaps and shapes of the DOS at the valence- and
conduction-band edges are almost the same. The DOS re-
flects the bonding and chemical makeup of the compound.10

Examining the DOS in more detail, we note four visible
energy manifolds, two of which are valence and two are
conduction bands. In both cases, there are very narrow states
appearing at the lower energy �roughly at 10 eV�. These are
from the symmetric bonding states of the pyrophosphate
units. This involves the p� orbital of the O bridging the two
P atoms in the pyrophosphate units, hybridized with P orbit-
als �but note that the P-O-P bond is bent away by 180°�. The
occupied states come from bonding orbitals of the pyrophos-
phate anion, with the �-bonding orbitals in the lower-energy
region, while the states near the valence-band edge come

from O � orbitals. The conduction manifold derives from Pb
6p states, while the higher-energy �above �7 eV� conduction
manifold is from antibonding states of the pyrophosphate
group. It is not surprising that a structural change that affects
mainly the orientation of the pyrophosphate will not have a
large effect on the large scale structure of the DOS.

To summarize, we present a structure for Pb2P2O7 based
on LDA relaxation. This differs from the prior x-ray structure
of Mullica and co-workers by shifts in the atomic positions
of as much as 0.2 Å, the difference consisting mainly of
changes in the orientation of the pyrophosphate groups.
These changes have only minor effects on the electronic
structure, but are clearly visible in the PDF, especially in the
coordination of the Pb atoms. This PDF provides a reference
that can be used to compare with the PDF of glass when it is
measured.
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