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A systematic study of the structural and electronic properties of the 17 Si38 fullerene cage isomers, which are
constructed by making all possible permutations among their pentagons and hexagons, is presented. For the
full optimization of these structures, a tight-binding molecular-dynamics method is firstly applied, and the
resulting structures were further optimized with two more accurate but more time-consuming methods, namely,
the generalized tight-binding molecular dynamics and a density-functional theory calculation at the B3LYP
level. In addition, the Si20 fullerene cage, optimized with the same methods, is also presented for comparison.
The results of all these methods are in good agreement with each other, and they all predict the same isomer
as the energetically most stable structure among these 17 isomers. In all the fullerene isomers, half of the atoms
are nearly coplanar with their three neighbors, and half lie on sharp corners of the polyhedral cage, coinciding
with a distinction between half of the atoms adopting an sp2-like hybridization and the other half using
essentially pure p orbitals in their bonding to nearest neighbors.
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I. INTRODUCTION

The interest in fullerene structures can be traced to the
discovery of buckminsterfullerene in 1985 by Kroto et al.1

By definition, a fullerene cage is a polyhedron with faces
consisting only of hexagons and pentagons.2 As a conse-
quence of Euler’s theorem, it can be shown that a fullerene
containing N vertices can be constructed from exactly 12
pentagons and N /2–10 hexagons. Fullerenes can be con-
structed with any even number of atoms greater than or equal
to 20, with the sole exception of N=22.2

By gluing together the pentagons and hexagons in all pos-
sible different ways, isomers can be constructed, the number
of which increases rapidly with the number of atoms �see
Ref. 2, p. 32�. Amongst the carbon fullerenes, the most well
known and most abundant is buckminsterfullerene, C60, in
the isomer possessing Ih �icosahedral� symmetry. This is the
only isomer of C60, out of 1812, that obeys the “isolated
pentagon rule” �IPR�,2,3 and 60 is the smallest atom number
at which isolation of pentagons is possible. Isolation is next
possible at 70, and for all even atom counts thereafter. The
IPR states that the most stable carbon fullerenes are those
with all their pentagons separated by hexagons. More gener-
ally, the stability of carbon fullerenes correlates well with the
number of pentagon-pentagon fusions Np, the total energy
increasing approximately linearly with the number of adja-
cencies �see Ref. 3 and references therein�, and for the lower

fullerenes �N�68�, the most stable isomer identified in sys-
tematic calculations is generally one that contains the mini-
mum possible number of pentagon adjacencies.

Owing to their many unusual properties, carbon fullerenes
and their derivatives �nanowires, nanotubes, etc.� are seen as
very promising materials for nanotechnology applications.

Silicon is an element in the same group as carbon, but
with quite different behavior in forming chemical bonds. For
example, the geometrical structures of silicon and carbon
clusters are radically different. In the bulk phase, Si prefers
to form sp3 bonds, while C is versatile and exhibits sp2 and
sp3 bondings and sometimes even sp bonding.

There have been a number of calculations on Si fullerenes
�see Refs. 4 and 5 and references therein�, from which it
emerges that at least some of the cages occupy local minima
on the potential-energy surface.

Si fullerenes are interesting structures not only for the
better understanding of the properties of the Si trivalent
bonding systems but also as possible candidates for the con-
struction of new materials with exotic properties. In addition
to Si fullerenes, the Si trivalent bonding behavior has also
been seen in some novel nanostructures such as Si
nanowires,6–8 Si nanotubes �see Ref. 9 and references
therein�, Si surfaces,10 Si endohedral clusters,7,11 Si-C
heterofullerenes,12 clathrates,13,14 etc., all of which are ex-
pected to have potential for applications in nanotechnology.

Work related to Si fullerenes to date has been focused on
�a� silicon fullerenes which include a core of some Si
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atoms,15–19 with special attention devoted to Si45 �see Ref. 15
and references therein and Refs. 16 and 19�; �b� Si20 and Si60
fullerenes encapsulating a core of a metallic cluster �such as
Al12X@Si60, X=Si, Ge, Sn, Pb, or Ba@Si20@Si60 �Ref. 17��
or a metal atom �such as M@Si20, M =Ba, Sr, Ca, Zr,
Pb,11,20,21 or X@Si60, X=Zn, Zn+2, Pd, Be, Be+2 �Refs.
22–24��; �c� Si fullerenes hydrogenated to terminate the dan-
gling Si bonds �such as Si20H20 �Refs. 20 and 25��; �d� Si
fullerene-based extended systems such as Si clathrates �see,
for example, Refs. 13 and 14�, nanowires,6–8 and nanotubes;9

and �e� empty Si fullerenes with special attention devoted to
icosahedral Si60 �Refs. 4, 5, 17, 22–24, and 26–31, also see
references therein�, although there is still debate about the
Si60 fullerene structure. Some work has dealt with other
types of Si fullerenes, such as Si20 �Refs. 21 and 32, also see
references therein�, Si24,

6 Si26 and Si28,
18,32 Si30 and Si32,

32

Si36,
33 Si50,

26,27 and Si70.
27 A recent work by Han et al.34 has

presented a systematic theoretical study of some Sin �n
=26–36,60� cages, though not all true fullerenes in that
many include four-valent atoms.

Calculations on Si fullerenes often begin with highly sym-
metrical starting structures, which are usually reduced in
symmetry upon relaxation. Most isomers will, in fact, have
low symmetry: structures such as Ih Si60 or Si20 are excep-
tions. The general conclusions arising from these studies are
the following: �a� all the Si fullerenes are thermodynamically
unstable, representing local rather than global energy

minima, and �b� their structures are distorted “puckered”
balls.27 What is lacking so far is a systematic study of all the
possible Si fullerenes with a given nuclearity. The present
work reports a detailed consideration of the 38-atom Si
fullerenes, allowing all mathematically possible arrange-
ments of their 12 pentagons and nine hexagons. There are 17
such isomers.2 For comparison, a study of Si20, made using
the same methods, is also presented.

II. THE OPTIMIZATION METHOD

Bearing in mind the fact that our interest is in the
fullerene structures and that we intend to use molecular-
dynamics method for this purpose, it is not necessary to
make an extensive search over the entire configuration space
of the Si38 system, but only on the configuration space of the
particular fullerene of interest. In other words, our search
might be restricted to a small part of the Si38 configuration
space where the fullerene network of each particular isomer
is preserved during the molecular-dynamics procedure. For
this restrictive search, an alternative molecular-dynamics
method has been developed,35 for which more details can be
found in Ref. 36. An initial trivalent connection list is con-
served by freezing atoms whenever their separation from
nominal neighbors threatens to exceed a specified cutoff dis-
tance.

To expedite the search for the optimum structure, a simple
orthogonal tight-binding Hamiltonian with a fitted repulsive

FIG. 1. �Color online� The op-
timum structures of the 17 iso-
mers of Si38 and the optimum
structure of Si20 obtained with the
three methods.
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pair potential �see, for example, Ref. 37 and references
therein� was used to describe the potential-energy surface of
the 17 isomers. The optimum structures found within this
method were further optimized with the generalized tight-
binding molecular-dynamics �GTBMD� scheme38 and a
density-functional theory �DFT� calculation at the B3LYP
level, using a DZP basis set, as implemented in the GAMESS-

UK program package.39

III. RESULTS AND DISCUSSION

A. Geometrical structure

In Fig. 1, the optimum structures of the 17 Si38 fullerene
isomers and the Si20 fullerene, obtained with the three meth-
ods mentioned above, are presented. The numbering for the
17 Si38 isomers is identical to the one used in the face-spiral
system for carbon fullerenes �see Ref. 2, p. 185�. As can be
seen, the structures obtained for a given isomer with the
three methods differ only slightly from each other. This im-
plies that all the methods can give useful information on
structural patterns, although the DFT/B3LYP method may be
expected on general grounds to be more accurate than the
semiempirical tight-binding methods. As will be discussed
below, in comparison with an imagined spherical structure,
half of the atoms of every optimized structure have moved
radially outward, while the other half have moved inward.
This is shown in Fig. 1: atoms that have moved inward are
dark colored, and those that have moved outward are light
colored. The coordinates of all the structures presented in
Fig. 1, can be found in the supplementary information files.
�See Ref. 40�.

B. Symmetry

Although the 17 isomers, considered as graphs embedded
on the sphere, have various maximum point-group symme-

tries, D3h�1�, C3v�1�, D3�1�, C2v�1�, C2�5�, and C1�7�,2 on
optimization, all distort to C1 symmetry. The Si20 fullerene
structure, with topologically maximum Ih symmetry, is re-
duced to C2 in the orthogonal tight-binding molecular-
dynamics �OTBMD� optimization, and on further optimiza-
tion using the GTBMD and DFT methods, its symmetry is
lowered to C1. These results are in contrast to the findings of
Li and Cao32 who, using a full-potential linear-muffin-tin-
orbital molecular dynamics, have reported that the relaxed
Si20 belongs to the Ih point group. In view of the electron
count, which implies a Jahn-Teller distortion for the neutral
cluster in Ih symmetry, this reported retention of symmetry is
difficult to rationalize.

C. Bond lengths

Figure 2 presents the distributions of bond lengths in the
optimized fullerene structures: the number of bonds with
length less than a given cutoff is plotted against bond length
for the 17 isomers of Si38 and the unique Si20 for all three
methods. From the figure, it is clear that, in terms of bond
length, the 17 Si38 fullerene isomers do not exhibit any
strong variations. The figure identifies 57 �i.e., 3 /2�38� and

TABLE I. Range of the bond lengths of the Si38 and Si20

fullerenes �in Å�.

Method

Si38 Si20

From To From To

OTBMD 2.28 2.40 2.31 2.39

GTBMD 2.27 2.51 2.31 2.45

DFT/B3LYP 2.23 2.53 2.29 2.50

FIG. 2. �Color online� Distri-
bution of bond lengths for the 17
optimized Si38 fullerene isomers
�solid lines� and for the Si20

fullerene �dashed� computed with
the three methods �see text for
details�.
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30 �i.e., 3 /2�20� nearest-neighbor bonds for Si38 and Si20,
respectively, although in a few Si38 isomers, the shortest dis-
tances between some �very few� second-nearest neighbors
and the longest distances between nearest neighbors are
close. The trivalent fullerene network is still preserved, even
though the geometry is distorted. The range of bond lengths
is presented in Table I. In the DFT/B3LYP calculation, the
bonds of the Si38 fullerene isomers fall in a range of 0.30 Å,
between 2.23 and 2.53 Å, and the bonds of the Si20 fullerene
themselves span 0.21 Å. The corresponding ranges obtained
with the GTBMD and the OTBMD methods are even
smaller. GTBMD bond lengths are on average 1.5%–2.5%

larger than those obtained in the DFT/B3LYP calculations.

D. Cohesive energy and optimum isomer

Optimization of the 17 Si38 fullerene isomers with the
three methods and calculation of the cohesive energy �i.e.
binding energy per atom� lead to the prediction of number
38:9 �Ref. 41� �initially of D3 point-group symmetry� as the
most stable of the 17. The relative cohesive energies, as ob-
tained by the three methods, are presented in Table II. These
differences are also plotted in Fig. 3, which shows the energy
profiles for the GTBMD and DFT/B3LYP methods, illustrat-
ing the clear preference for isomer 38:9.

As seen from the plot, the results of the GTBMD and
DFT/B3LYP methods are in good agreement with each other.
The calculated cohesive energies are concentrated in a range
of less than 60 meV, but the difference in cohesive energy
between optimum Si38 isomer is typically at least 20 meV. It
seems that details of the arrangement of pentagonal and hex-
agonal faces do not, in general, greatly affect their cohesive
energy and/or stability. However, isomer 38:9 is clearly pre-
ferred over the others. Is there a qualitative explanation for
this?

E. On the stability of Si fullerenes

Marsen and Sattler,6 accounting for their experimental ob-
servations of Si nanowires, proposed a model for Si
fullerenes. In contrast to carbon fullerenes, it is proposed that
the most stable Si fullerenes will be those that maximize the
number of pentagon adjacencies. A corollary6 is that Si20,
where Np takes the maximum possible value of 30, should be
the most stable of all Si fullerenes. The present results do not
support this inference: the best isomer of Si38 is intermediate
in cohesive energy between Si20 and bulk silicon �Table III�.
Other workers too have found more that loss of pentagon
adjacencies does not always lead to improvement in cohesive
energy.

TABLE II. Cohesive energies �in meV� of the Si38 fullerene
isomers, given relative to that of the most stable isomer �9�.

Isomer
No.

Initial
point group OTBMD GTBMD DFT/B3LYP

1 C2 34.5218 30.1795 22.5986

2 D3h 38.7466 22.9934 41.8480

3 C1 19.2899 39.7223 28.9318

4 C1 33.1120 21.1251 23.6871

5 C1 7.4140 34.6560 29.5995

6 C2 15.9544 41.0044 27.8750

7 C1 37.0243 51.4068 44.0675

8 C1 24.7143 17.9728 14.3652

9 D3 0 0 0

10 C2 26.8155 52.9022 38.9243

11 C1 6.0325 34.3963 28.0246

12 C2v 58.8272 55.5103 42.7501

13 C2 4.0532 39.3364 23.3851

14 C1 25.4870 29.3113 22.0791

15 C2v 25.0986 25.6212 34.6025

16 C3v 4.6854 36.9426 27.3989

17 C2 2.9096 43.9919 20.9670

FIG. 3. �Color online� Cohesive energies of
the 17 Si38 isomers found with �a� DFT/B3LYP
�solid line� �b� GTBMD �dashed line�. The fused-
pentagon-quadruple motif is shown in the inset
�p, pentagon; h, hexagon�.
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A comparison between the cohesive energies in the work
of Cao and co-workers,4,26,32 using a full-potential linear-
muffin-tin-orbital molecular dynamics, for Sin, n
=20,24,26,28,30,32,50,60, shows that the cohesive ener-
gies do not fall monotonically as the number of atoms in-
creases. In addition,26 the Ih Si60 fullerene �with isolated pen-
tagons� and the Si50 fullerene �with five pentagon pairs� are
almost isoenergetic, with Si60 being more stable than Si50 by
only 0.01 eV/atom. Also, from our findings in the present
work, isomers 2, 3, and 6, which contain more fused penta-
gons than other Si38 isomers, were found to be less stable
than other isomers with fewer fused pentagons. Clearly, Si
fullerenes tolerate pentagon adjacencies more easily than
carbon fullerenes, but it seems that the model of Marsen and
Sattler is not predictive in any useful way.

The following question remains: what distinguishes iso-
mer 38:9 from the others? This isomer has a very specific
arrangement of its 12 pentagons in the form of three sepa-
rated fused quadruples �as illustrated in the inset panel of
Fig. 3�. A Si38 isomer, with its nine hexagons, is the smallest
in which three such motifs can be separated. Isomer 38:8,
which is the second most stable of the 17 isomers, has one
such motif. It is tempting to associate the presence of the
fused quadruple with stabilization. Investigation of more ex-
amples would be needed before any firm conclusion could be
drawn.

F. Pentagon and hexagon angle distribution

In the ideal case, a fullerene �seen as a geometrical struc-
ture� contains regular pentagons and hexagons, with angles
equal to 108° and 120°, respectively. However, such a struc-
ture can be constructed only in the cases of highest symme-
try: the dodecahedral 20-atom and the truncated icosahedral
60-atom fullerene. For the other cases, edge lengths have
some distribution. The distributions of pentagon and hexagon
bond angles �i.e., the number of bond angles with values
between � and �+��, with ��=1°� for the 17 Si38 fullerene
isomers are found to be bimodal, peaking near the values of
90° and 115° �for pentagons� and 100° and 125° �for hexa-
gons�, as shown in Fig. 4.

If the pentagon distribution is shifted by +12° �i.e., by the
difference of the ideal hexagon angle �120°� from the ideal
pentagon angle �108°�� and scaled for the difference between
the numbers of 5�12=60 pentagon angles and the 6
� �N /2−10�=54 hexagon angles, then the two distributions
almost coincide �Fig. 4�c��. It is worth noting that the num-
ber of pentagon angles is always 60 �i.e., 5�12� for any
fullerene, but the number of hexagon angles depends on the
number of the fullerene nuclearity, i.e., 6� �N /2−10�=3N
−60. In our case �N=38�, the number of hexagon angles is
54. Thus, the reduction of the two distributions to the same
number of angles may be achieved by multiplying the hexa-
gon angle distribution by 60/54.

Similar pentagon and hexagon angle distributions with
those obtained from all the 17 isomers, are obtained from the
energetically optimum isomer 38:9 only �see Figs. 1 and 2 of
Ref. 40�. Nothing particular is found in those figures that
would distinguish 38:9 isomer from the others.

G. Local planarity

A measure of flatness of a fullerene structure, locally
around a particular atom, is given by the sum �=�1+�2

TABLE III. Cohesive energies �in eV� of three forms of silicon,
calculated using the three methods.

Compound OTBMD GTBMD DFT/B3LYP

Si38 �isomer 9� 3.1839 4.1160 3.3226

Si20 3.0668 4.0775 3.2417

Bulk Si 4.64a 4.27

aFitted.

FIG. 4. �Color online� Distribution of the �a�
pentagon and �b� hexagon angles for the �I� DFT/
B3LYP �solid line�, �II� GTBMD �dotted line�,
and �III� OTBMD �dot-dashed line� calculations.
�c� The pentagon �solid line� and the hexagon
�dotted line� angle distributions for the DFT cal-
culation, shifting the former by +12° and multi-
plying the latter by 60/54. These distributions
have been calculated for all the 17 Si38 fullerene
isomers.
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+�3 of the three bond angles �i associated with that atom. If
the structure is locally perfectly flat, then this sum will be
360°. For all other cases, this sum will take lower values. For
the ideal case for which the fullerene is constructed from
regular pentagons and hexagons, this sum �for any particular
atom� takes one of four values, 360°, 348°, 336°, or 324°,
depending on the number of pentagons to which that atom
belongs.

By plotting the distribution of angle sums for all atoms of
all isomers, it is found that the distribution consists of two
parts �see Fig. 5�. For the OTBMD method, these are sepa-
rated by approximately 32°, from 318° to 350°, with for
every Si38 isomer, half of the sums above and the half below
the gap. The gap is less pronounced in the GTBMD and the
DFT calculations, but the values of 341° and 348°, respec-
tively, separate the upper and lower halves of the sums. The
higher sums are concentrated near 360° and the lower sums
are dispersed around 290° with a wide dispersion �70°�120°
depending on the method�. The same picture appears for the
corresponding distribution of the 38:9 isomer. This is clearly
shown in Fig. 3 of the supplementary information �see Ref.
40�.

This clearly bimodal distribution in local flatness indi-
cates that half of the atoms �those for which the sums tend to
360°� move radially inward and become coplanar to their
nearest neighbors, while the other half �those for which the
sums are dispersed around 290°� move radially outward, cre-
ating sharp corners. These atomic movements lead to the
puckered ball structures reported earlier for the Si
fullerenes.27

Interestingly, investigations of Si surface reconstruction
yield almost the same results. For example, from the inves-
tigation on the 1�1 and the 1�2 Si�110� surface recon-
struction by Menon et al.,10 it is evident that half of the
surface trivalent atoms move inward and become almost co-
planar to their three nearest neighbors �one of which belongs
to the second layer�, while the other half move outward cre-
ating sharp corners. Using their calculated angle by which
the zigzag surface chains are rotated and the displacements
�y and �z by which they are translated �see Ref. 10�, we

have calculated the sums of the three bond angles associated
with each atom. This sum is about 356° for the atoms which
move inward, while for the atoms which move outward, it is
about 305°. These values, compared to the values found in
the present work, are consistent with the Si fullerene results,
allowing for bias toward tetrahedral angles for the bulk
caused by the presence of a neighbor in the second layer.

It is also worth noting that materials such as BaSi2 are
constructed with three-coordinated Si atoms in a puckered
planar structure, in which the sp3 hybridization has been
frustrated because of the Ba intercalation between planes.42

BaSi2 is used in the high-pressure synthesis of silicon clath-
rates, i.e., networks of small Si fullerenes. Other Si fullerene-
like networks with stronger p character have also been
described.42

H. Hybridization

For the locally planar atoms, the hybridization is clearly
close to sp2. For the other atoms, geometry and hybridization
are not tetrahedral sp3, as might be expected. The average of
the three bond angles associated with these atoms is approxi-
mately 96.7°, i.e., close to the value of 90°, which indicates
essentially pure p bonding of these atoms.

To quantify the hybridization of the Si fullerene orbitals,
we note that for every Si atom in the trivalent fullerene, the
directions of three hybridized orbitals are those of the bonds.
Every hybridized orbital �hi� has the form �hi�=�1−ni�s�
+�ni�pi�, ni� �0,1�, where �pi�=mx

�i��px�+my
�i��py�+mz

�i��pz� is

the p orbital in the direction m̂i=mx
�i�î+my

�i� ĵ+mz
�i�k̂, ��mx

�i��2

+ �my
�i��2+ �mz

�i��2=1�. By taking hybrids along the three bond
directions and applying orthogonality, the fourth orbital can
be constructed. These are the same considerations used in the
fullerene context in Haddon’s POAV2 model.43

In a qualitative picture of the bonding, the first three hy-
brids form strong � bonds with the hybrids of the neighbor-
ing atoms. The fourth hybrid is related to a dangling bond
and forms at best a weak 	-type bond with the correspond-
ing hybrids of the three neighbors.

FIG. 5. �Color online� Distribution of the
angle sums associated with every atom, for all the
atoms of the 17 Si38 fullerene isomers, obtained
with �a� DFT/B3LYP �solid line� and �b� GT-
BMD �dotted line�.
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The hybridized orbital �h�=�1−n�s�+�n�p� may be writ-
ten in a compact form as s1−npn, where n / �1−n� is its hy-
bridization. The corresponding values of n for the sp1, sp2,
and sp3 hybridized orbitals are 0.5, 0.666, and 0.75, respec-
tively. In addition, n=0 and n=1 correspond to the pure �s�
and pure �p� orbitals, respectively.

In Fig. 6, the distributions versus n of the three hybridized
bond orbitals and dangling-bond orbitals �OTBMD� are pre-
sented. The plot confirms that the hybridizations of the atoms
that have moved inward are sp2-like, while their correspond-
ing dangling-bond orbitals are almost pure p orbitals. In con-
trast, the bond and the dangling-bond orbitals of the atoms at
the sharp corners have a very strong p and s characters,
respectively. Their dangling bonds retain hybridization close
to sp1. Comparing the distributions shown in Fig. 5 with the
corresponding distributions of the 38:9 isomer only �see Fig.
4 of Ref. 40�, it can be seen that there is nothing particular in
hybridization which would pick out isomer 38:9 uniquely
from the others. Especially, for the atoms at sharp corners,
construction of the hybrid orbitals is not always possible
due to the restriction on bond angles �ij, i.e.,
cos �12 cos �23 cos �31
0. These cases are excluded from the
distributions of Fig. 6.

IV. SUMMARY AND CONCLUSIONS

In the present work, we have found the 17 optimum Si38
fullerene isomers, which are constructed with permutations
among their pentagons and hexagons, using a global optimi-
zation method. Within this method, the 17 Si38 isomers were
firstly optimized using an OTBMD method, and the optimum

structures found were further optimized with two more accu-
rate but more time-consuming methods, namely, the GT-
BMD and the DFT at the B3LYP/DZP level. For comparison,
the same calculations were carried out for the Si20 fullerene.
The main conclusions of our investigation are the following.

All of the Si38 fullerene isomers lie in almost isoenergetic
local minima. The cohesive energies are concentrated in an
energy range of less than 0.06 eV. On optimization, all iso-
mers have the trivial symmetry. Of the 17 Si38 fullerene iso-
mers, isomer 9, which has three distinct fused quadruples of
pentagons, is energetically optimal. Distributions of penta-
gon and hexagon bond angles, for the 17 Si38 fullerene iso-
mers, are bimodal. Half of the atoms of every Si38 fullerene
isomer move radially inward and become almost coplanar to
their nearest neighbors with sp2-like bonding, while the oth-
ers move radially outward to form sharp corners and use
p-like bonding.
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