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We investigate the magnetoelectric (or inverse spin-galvanic) effect in the two-dimensional electron gases
with both Rashba and Dresselhaus spin-orbit couplings using an exact solution of the Boltzmann equation for

electron spin and momentum. The spin response to an in-plane electric field turns out to be highly anisotropic,
while the usual charge conductivity remains isotropic, contrary to earlier statements.
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I. INTRODUCTION

Spin phenomena in semiconductor structures lie at the
very heart of the emerging field of spintronics and are to a
major and still growing direction of solid-state research.
Among the plethora of concepts and ideas, the magnetoelec-
tric effect in the two-dimensional electron gas (2DEG),
sometimes also referred to as the inverse spin-galvanic ef-
fect, has attracted particular interest from both
experimental'~ and theoretical®'? points of view. This effect
amounts in spin accumulation as a response to an applied
in-plane electric field and is, therefore, a possible key ingre-
dient toward all-electrical spin control in semiconductor
structures, a major goal in today’s spintronics research.

We find it important to emphasize that the phenomenon
studied below is not the intrinsic spin Hall effect,'"!> though
it would manifest in a very similar manner. The mechanisms
involved in these two phenomena are, however, very differ-
ent. In particular, the momentum relaxation due to the impu-
rity scattering is necessary for the spin accumulation inves-
tigated in present paper, contrary to the intrinsic spin Hall
effect where ballistic regime is preferred.!'!"!?

In this paper, we investigate the magnetoelectric effect in
2DEG’s with both Rashba and Dresselhaus spin-orbit cou-
plings. Our study is based on an exact analytical solution to
the Boltzmann equation for electron spin and momentum in
the presence of o-function shape static impurities. Regarding
the spin degree of freedom, our solution neglects off-
diagonal elements of the semiclassical distribution matrix in
the eigenbasis (or helicity basis) of the single-particle Hamil-
tonian, an approximation which is shown to be valid at suf-
ficiently high temperatures common in experiments.

As a result, the magnetoelectrical effect, i.e., the magnetic
response to an in-plane electric field, turns out to be highly
anisotropic, whereas the usual charge anisotropy remains iso-
tropic, contrary to earlier statements.!?

The paper is organized as follows. First, we present an
analytical solution of the semiclassical spin-incoherent Bolt-
zmann equation. Second, we solve the spin-coherent kinetic
equation. Finally, we discuss the plausibility of solutions ob-
tained and apply them for investigations of the electric cur-
rent and spin accumulation.

II. SOLUTION OF THE KINETIC EQUATION

We consider the Hamiltonian as a sum of the kinetic en-
ergy and two spin-orbit coupling terms: Rashba'* and
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Dresselhaus.!® Then, the Hamiltonian takes the form

by PG +K)

. +alok, - ok) + Blok, —ak,). (1)

Here, o, are the Pauli matrices, k,, are the electron wave
vectors, and m is the effective electron mass. Introducing the
angle ,, so that

X 7Y (2)

we obtain the following spinors as the eigenfunctions of the
Hamiltonian H:
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The energy spectrum has the form

272

E.= +\(ak, + Bk,)* + (Bk, + ak,)?, (4)
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where k= \,’kf+k§. The velocity matrix in the helicity basis
(3) is not diagonal, and its elements read

v}clm) =hk/m = (B cos vy, + asin y)/h, (5)
Ui2(21) = = i(Bsin y, — acos y)/h, (6)
0;1(22) = fiky/m = (@ cos y, + Bsin y)/h, (7)
0;2(21) = xi(asin y, — Bcos y)/h. (8)

For the diagonal elements of the velocity matrix, we also use
simplified notations v'!?? =v,.

In the following, it will be convenient to use polar coor-
dinates k,=k cos 6, k,=k sin 6. Then, the spectrum read E.

=h%k>/(2m) £|k| kg where

kg=\a? + B* +4afsin fcos 6

is the generalized spin-orbit interaction constant for a given
direction of motion. The wave vectors for a given energy
read
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and the expression for 7, takes the form

acos 6+ Bsin 0
tan = ———————.
B cos O+ asin

We model the influence of impurities using J&-potential
scattering V={48(x,y). The scattering probability between the
states with k,s and k’,s’ then read

2

wiks;k's") = ——[1+ 55" cos(y = %) |0 Eg = Egrir).s
mr

(10)

where 7 is the relaxation time which relates to { as 7
=h3/(m{*). Note that the spin-dependent factor in Eq. (10)
does not depend on the particular form of V(x,y) in the Born
approximation. We expect, therefore, that such a simple scat-
tering model as S-function shape static impurities is quite
reliable for the description of spin-dependent transport phe-
nomena.

A. Spin-incoherent kinetic equation

In general, the equation has the form

If(k)  df(K) Jf,(k) (i)
a Vg T\ ol (1)

Here, s=+ is the spin index, and v are the diagonal elements
(5) and (7) of the velocity matrices.

To solve Eq. (11), we follow the standard procedure
widely spread in literature (see Ref. 16, or any textbook on
solid state physws) We write down the distribution functlon
as f fo + f + fs, where fo is the Fermi distribution and f
< fo Then, at zero temperature gradient and constant electric
field in the linear-response regime, Eq. (11) takes the form

af (£
—EEVS|:— fO( sk)
OE

Assuming elastic scattering, fullfilling the microreversibility
condition, the scattering operator can be written as

] = Stlf,(k)]. (12)

A2k’
Stf,(k)]= > f w{w(ks;k's')vimnf?(k)—fL(k’)

- Fo (&), (13)

where w(ks;Kk’s’) is given by Eq. (10).

We would like to emphasize that besides above-
mentioned conventional assumptions, our solution is exact. It
means that in contrast to a number of previous works, we do
not make any further approximation from this point.

The solution of Eq. (12) has the form

If°(Ey) ]

14
’?Esk ( )

fS1 =- TEEVS|:—
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E If (E.
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fi==s3 OF
Ky sk V
+ <51n0e . 1
b, sin 6)e, ] (15)

Here, f is the conventional solution of the Boltzmann equa-
tion, whereas an addition f is usually discarded since it is
much smaller than f However, this anisotropic addition
plays an important role in the spin accumulation mechanism,
as it is shown below.

In order to define the unknown coefficients a,,, b, ,, we
substitute f1-* into Eq. (12) (see Appendix for details) and get
the following equations:

a2+ﬁ2—|a2—ﬂ2| bx
a _ X
* 4apB 2

(@’ + (|~ B
a4a232 (Zz+,32_1 . (169

x:|a2_182|' (17)

=a,8{1+

, @B -ld = f
* 2apB

The equations for a, and b, can be obtained from Egs. (16)
and (17) by the substitution a,—b,, b,—a,. From these
equations, one can easily find that a,=b,=—(a’+p%) and
a,=b,=-2ap.

Fmally, we substitute (5) and (7) into Eq. (14), sum up f!
and fv, and write down the solution of Eq. (12) in the fol-

lowing elegant form:

fw{_ o (Ey) (s

fi=10+ (- eE)k— T

This solution should be compared with the expression in the
absence of spin-orbit coupling which can be formulated in
terms of the velocity as follows:

fi=f+ (= eE)v, 7{— YAE

, 19
OE (19)

where v,=fik/m is the velocity. Note that this latter relation
holds only in the absence of spin-orbit coupling.

B. Spin-coherent kinetic equation

Since we deal with the constant electric field only, the
equation reads'’

(— ep) LK) 3 (k)

o
R CE ( )Con. 20)

ot

Following Ref. 17, we rewrite Eq. (20) in the helicity basis
where the Hamiltonian is diagonal, and the equation takes
the form

@i(fn f12>+

@%(fu—fn fzz—fn)
h K\fo1 [

20 K \fi1=frn fio—fu

L 0 B, ~E)\ .
+ﬁ(le(E_—EJr) 0 )‘St[f(k)], (21)

where
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d o - B s h? . .
D _ 2'8 (e, sin 6—e, cos 6). (22) K = ——[1+ss"ss| + ss' e ) 4 slsie_’(yk_yk')].
ok kky S0 dmr
The collision term reads'” (24)
R d*’ Equation (24) was derived for &-potential scattering intro-
SR, =~ (2m)? 2 AL E = E) + Ao duced above, and each K',!, contains either sin(y,— ;) or
5! s's|
! 1+cos(y;— yur), depending on the product of ss's;s;.
—E)IK i fors1 (k') = OEg = Egri) In order to simplify Eq. (21), we assume kk,<T, where T
, ' , is the temperature. This assumption will be discussed later in
X [K‘:S, s (k) + K ()T} (23) detail. Now, we expand the Fermi distribution function
R RREE fUEy) in terms of kk,/T, so that Eq. (21) in the linear-
where response regime takes the form
|
11‘9f0(E+k) @ 12 afO(E"'k) &fO(E‘k) i
eEv v + f]z(E+ - E_)
IE,, 2 IE,, IE_, % SHIL @5)
, =St .
E | SfNEL  UEL | i nf(E_)
-V + + _fZI(E— - E+) eEvi——
2 IE,, JE_, f JE_,
|
Though Eq. (25) is still quite cumbersome, it is easy to check A’k
that f,=f>;=0 and f;y) given by Eq. (18) represent the (Sey) = > (27T)2Sx,y(k’s)fs(k)’ (26)

solution. The details of calculations can be found in Appen-
dix. Thus, the solution for the spin-incoherent Boltzmann
equation is the same as for the spin-coherent kinetic equation
at high temperatures. This can be explained in what follows.

III. RESULTS AND DISCUSSION

Note that the off-diagonal elements of the distribution
function have essentially quantum mechanical origin since
they correspond to the off-diagonal elements of the density
matrix. Classically, an electron can be in only one state of
two, and, therefore, off-diagonal terms vanish here. In con-
trast, in the spin-coherent kinetic equation, the off-diagonal
terms can be essential. However, in the real samples, the
quantum effects are negligible at room temperatures because
of the temperature smearing. Indeed, the spin-orbit coupling
constant «, is of the order of 107! eV m for typical InAs
samples. To be specific, let us take n-type InAs quantum well
containing the 2DEG used for photocurrent measurements at
room temperature.'® The parameters are as follows: a/f8
=2.15, mobility is about 2 X 10* cm?/(V s), and free carrier
density is 1.3 10'> cm™. The latter allows us to estimate
characteristic Fermi wave vector kp=v27n,=3 X 10° cm™'.
Thus, the spin-orbit splitting energy krk, is about 3 meV,
that is much smaller than 7,,,,=25 meV, and our solution is
suitable for description of a large variety of experiments.

To study the spin accumulation, we calculate the net spin
density, whose x,y components read

where S,(k,s)=3 cos y; and S, =—3 sin y, are the spin expec-
tation values. (We do not consider S, component, since it is
7e10.)

The integral over k can be taken easily, making the sub-
stitution e=E(s,k) and assuming that —df’(g)/de= S(Ep—¢).
This assumption is reasonable with respect to the system
studied in Ref. 18 from which one can deduce a Fermi en-
ergy of the order of 100 meV, which is clearly larger than
room temperature. Since our solution is valid for tempera-
tures much higher than the spin-orbit splitting energy krxg,
the inequality describing the applicability of our results ob-
tained below reads

kFK0< T< EF'

The rest integrals over the polar angle can be taken ana-
Iytically. After some algebra, we have

emt( B «
27Tﬁ3<— a —,B)E'

spin accumulation {S)

()= 27

Then, the magnitude of the
=(S)?+(S,)* is given by
eEmTt
S)=
& 2ah?

Vo + B> +2aBsin(2Ee,).

(28)

It is interesting to note that (S) depends on the direction of
the electric field (see Fig. 1), i.e., the spin accumulation is
anisotropic. To our knowledge, this interesting feature was
not noticed in the literature so far. If B=0, then (S)
=eEmTta/(27h?) that is in agreement with Refs. 6 and 8. If
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the electric field is applied along the x direction (the case
studied in Ref. 9), then the spin density is (S)
=eEmm/a*+B*/(2wh3). This result contradicts to Ref. 9,
where the spin density has some strange kinks as a function
of ma?/h? and mB*/#h2. However, one can see from Eq. (28)
that the kinks in the dependencies of (S) on «a (or B) could
not take place.

Relying on the effect depicted in Fig. 1, the following
spintronic device can be proposed. Let us attach two pairs of
contacts to the 2DEG, so that the first pair provides the elec-
tric current along the crystallographic axis corresponding to

the minimal spin accumulation (i.e., [110] axis for [001]-
grown InAs samples'®), and the second one is connected
along the perpendicular axis. Then, the spin accumulation
depends strongly on which contacts the transport voltage is
applied, and its anisotropic contribution can be extracted eas-
ily using optical methods>> or just measuring the magneti-
zation. To give an example, applying the electric field of
20 V/m (which corresponds to the current density of
1 mA/cm), we obtain the magnetization difference of the
order of 10°u,/cm?, where u is the Bohr magneton. This is
comparable to the Pauli magnetization at the magnetic fields
of a few gauss. It is also interesting to note the small char-
acteristic switching time 7=10""3 s of the device proposed.
Therefore, besides the fundamental importance of such an
experiment, our four terminal device could find some appli-
cations as a high-speed spin switch.

At the end of the discussion, let us turn to the charge
current, whose density can be found as

&’k
j=—e§ f o) (29)

The integral over k in (29) can be taken in the same manner
as in (26), and, after some algebra, the conductivity tensor o
takes the form

et (ma?+ )
Oyy(xx) = ?(T + EF P (30)

and, most surprisingly, 0,(,»=0. It is convenient to express
Oy Via the electron concentration (31) in a 2DEG with

spin-orbit interactions

mEF

e=ﬂ'ﬁ2+

(31)

n

(m)2a2+,82

#)

Then, the conductivity takes much simpler form, namely,
oyy(xx)=ezne7'/ m. This is the Drude formula, i.e., the conduc-
tivity is just a number (not a tensor), though the distribution
function (18) is anisotropic. This result is in contrast with the
findings of Ref. 13, where a subtle approximation generated
off-diagonal elements in the conductivity tensor.'® This arti-
fact is absent in our truly exact solution: The electrical con-
ductivity is isotropic for any relation between « and . The
latter simplifies essentially the relation between the spin and
charge current densities, which takes the form
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FIG. 1. Spin accumulation (in arbitrary units) vs direction of the
electric field in polar coordinates for different Rashba and Dressel-
haus constants: A, @=38; B, @=2.158; C, a=p. Curve B corre-
sponds to the real situation in n-type InAs (Ref. 18).

o om* (B« )
<S>_2ﬂ'ﬁ3ene(—a -B J: (32)

We find it useful to write down Eq. (32) in the basis %(1 1),
%(1 ;—1). Then the relation between (S) and j takes the sim-
pler form

o 0 ﬂ-a)_

From this equation, one can easily see that the spin accumu-
lation is strongly anisotropic if the constants « and S are
close to each other. The reason of such an anisotropy is the
angular dependence of the dispersion law (4). Indeed, the
spin-orbit splitting is different for different direction of the
momentum. Therefore, the spin precession frequency de-
pends essentially on the direction of the electron motion.
This leads to the anisotropic spin relaxation times (see e.g.,
Ref. 20), and, thus, the anisotropy of the spin accumulation
occurs. In particular, the electric current of arbitrary strength

applied along the [110] crystallographic axis does not lead to
any spin accumulation at a=g. The latter is due to the van-
ishing spin splitting along the [110] axis (see e.g., Ref. 21).

Equations (32) and (33) are the main results of our work,
which can be applied directly to experimental studies of
current-induced spin accumulation in [001]-grown InAs
samples. The theory developed here is, of course, applicable
to arbitrary oriented heterostructures after a few minor
changes regarding the spin-orbit coupling terms in the
Hamiltonian.

IV. CONCLUSIONS

In summary, we solved the semiclassical Boltzmann equa-
tion analytically for 2DEGs with arbitrary large spin-orbit
interactions of both Rashba and Dresselhaus types. More-
over, we demonstrated that this solution is also suitable for
the spin-coherent case at sufficiently high temperatures com-
mon to experiments. Using this solution, we discovered the
anisotropy of the current-induced spin accumulation, though
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the conductivity remains isotropic. Finally, our analytical
study is expected to be a reliable starting point for further
investigations of spin-dependent electron transport.
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APPENDIX: THE COLLISION INTEGRAL
CALCULATIONS
271
([;:_)ZF(]C’ ,Eyrkr), it is
convenient to perform the substitution E ., =€’, where
F(k' ,Eg0) is a given function, and E is the dispersion
relation (4).

To take the integrals of the form [

1. Spin-incoherent case

The first term of St[f,(k)] given by Eq. (13) reads

fd ,m ) , ngr/ﬁz izb‘(E ,)
(2m)? ° ’ m\% , 2me' |mt wE
) ot g

X[l+ss

The rest terms of St[f,(k)] containing f! and f; given by Eqs. (14) and (15), respectively, read

da*’
%f(ZW)ZW(ks;k’S’)[—f;f(k')]={

27,1
S | Stk £001= [— AE)
5! m)

2 2 _p . ’
, (@ + B)cos (8 K0’1+ 2aBsin(6+ 6 )] _ %rm(k)+ff(k)]. (A1)
oKy
If°(Ey) - seExyy( |a* = B | cos 6 sin 6
N JE }X% 2hKky \ o+ 3 | sin 6 *2ap cos 0
(?+p)*(|a’ - B
X {1 + a4a2,82 e | (A2)
seE, a2+,82—|a2—ﬁz|>
IE., XEV 2ik, {cos 0<ax,y+b)c,y 2af
2,22 R
+ sin 0<bx’y+ax’ya +B2a;¥ P |>} (A3)

Substituting Egs. (A1)—(A3) into the master equation (12), one can easily establish Egs. (16) and (17) for unknown coefficients

a,,, b

Xy TXyr

2. Spin-coherent case

To prove the solution of Eq. (25), we take the integrals in its right-hand side in a similar way as before. Indeed, after the
substitution of f};(2) given by Eq. (18) and f,=f,,=0 into the collision term, we have

. fuey
StLAK) 1120 = . + EeEx,y -
xy

i(a?- B3
SCH) ] on = = =BV o

zﬁKg ’

X,y

IE, )
IE+ (-

1 (a?+ B*)cos 6+ 2aB sin 6 Al

fiky| (a? + B)sin 6+ 2aBsin Hcos 0 |’ (Aad)

sin 0 H_ o (Ew) _ o(E) ] ‘ (A3)
—cos 0 OE oE_;

Using Egs. (A4) and (A5) and the velocity matrix elements (5)—(8), one can easily prove that the spin-incoherent solution (18)

with f,=f,,=0 satisfies Eq. (25).
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