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Generalizing the notion of composite fermions to the case of “pseudorelativistic” quantum Hall phenomena
in graphene, we discuss a possible emergence of compressible states at the filling factors �= ±1/2 , ±3/2. This
analysis is further extended to the nearby incompressible states viewed as integer quantum Hall effect of
composite Dirac fermions, as well as those at �=0, ±1 that occur as a result of �pseudo�spin-singlet pairing
between the latter.
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The traditional interest in quantum Hall effect has been
rekindled by the recent experiments on monolayers and bi-
layers of graphene where the interplay between unscreened
Coulomb interactions and pseudorelativistic kinematics of
the Dirac quasiparticles has long been expected to harbor a
host of novel phenomena.1

In graphene monolayers, the integer quantum Hall effect
�IQHE� plateaus were found at the integer values �xy =�
= �4n+2�, n=0, ±1, ±2, . . .2 �hereafter, we choose �=e=c
=1 and measure all the conductivities in units of e2 /h
�1/2��. Elaborating on the earlier insight of Ref. 1, this
observation was readily explained3 by treating the low-
energy excitations in graphene as �pseudo�relativistic Dirac
fermions with linear dispersion and speed vF�106 m/s.
These quasiparticles carry a physical spin s=1/2 and possess
an additional orbital �“pseudospin” or “valley”� quantum
number �hereafter referred to as R and L� corresponding to
the double degeneracy �at zero field� of the electronic Bloch
states in graphene.

The resulting SU �4� symmetry of the noninteracting
Hamiltonian survives the long-range Coulomb interactions,
although it gets broken in the presence of the Zeeman and
various short-range �Hubbard-like� interaction terms. A num-
ber of implications of this symmetry which generalizes inde-
pendent rotations in the spin and valley subspaces have been
recently explored.4

For one, by drawing a parallel with the previous studies of
spin-unpolarized bilayer quantum Hall systems, it was ar-
gued that, apart from the Dirac kinematics, the situation in
graphene is similar to that occurring in the bilayers in the
limit of vanishing interlayer tunneling. Therefore, a graphene
analog of the quantum Hall ferromagnet was predicted to
occur, which type of strongly correlated states would mani-
fest itself through the emergence of interaction-induced pla-
teaus at all the integer filling factors.4

In a recent experiment, additional plateaus were indeed
observed, but only at �xy =0, ±1, . . .,5 thus suggesting a lift-
ing of the valley degeneracy at the lowest �n=0�, but not any
other, spin-split relativistic Landau level �LL�. As an alterna-
tive interpretation, it was pointed out6 that such a behavior
appears to be fully consistent with the “magnetic catalysis”
scenario of Ref. 7.

Still awaiting its observation, however, is a graphene
counterpart of the fractional quantum Hall effect �FQHE�.
Nevertheless, by analogy with FQHE in the conventional
�“nonrelativistic”� two-dimensional electron gas �2DEG�

with parabolic quasiparticle dispersion, one might expect
that its graphene analog can also be studied by adapting the
idea of statistical flux attachment to the case of the Dirac
fermions.

In the present Brief Report, we discuss such a procedure,
thereby setting the stage for a systematic analysis of the �po-
tentially, much richer than in the case of the conventional
2DEG� variety of FQHE phenomena in graphene.

The flux attachment recipe would usually be applied to a
half �or, more generally, 1 /2p, where p is an integer� filled
uppermost LL, while the rest of the system would be treated
as an inert incompressible background. In a generic SU
�N�-invariant system, the Chern-Simons Lagrangian imple-
menting a transformation from the original electrons to
N-component composite Dirac fermions �CDFs� takes the
form
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Here, g0=2�e2 /
0vF�3 is the bare Coulomb coupling, the
vector potential Ai= �0,−By /2 ,Bx /2� represents an external
magnetic field, and the matrices �̂�= �1 , �̂x , �−1���̂y	 act in
the space of spinors �� composed of the values of the CDF
wave functions on the two sublattices of the bipartite lattice
of graphene.

In a multicomponent system, the statistical flux provided
by the Chern-Simons fields a�

i can be attached in a number
of different ways, the choice between which should ulti-
mately be determined by the nature of the ground state in
question. Accordingly, there exist different choices of the

integer-valued matrix K̂, the only condition imposed upon
which is that the transformed CDFs retain their �mutual� fer-
mionic statistics. This requirement can be readily satisfied,

provided that all the matrix elements of K̂ are even integers,
though.

By varying Eq. �1� with respect to the Lagrange multipli-
ers a�

0 , one obtains a set of constraints,
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��
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which determine the average values of the effective fields
b�=B− 
��a�� experienced by the CDF � species.
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In the FQHE states viewed as the CDF IQHE, each of the
CDF species occupies an integer number ��=2��� /b�=m�

of the effective LLs. The total electronic filling factor is then
given by the expression

� = �
�

N
2���

B
= Tr�1 + K̂m̂�−1m̂ , �3�

where m̂=diag�m1 , . . . ,mN�.
Integrating the CDFs out in the standard manner, one ob-

tains a quadratic Lagrangian for the vector fields,
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where ij
��� ,q� is the CDF polarization operator.

Next, by eliminating all the statistical fields, one derives
the RPA-like formula for the physical electromagnetic re-

sponse function �̂ij
−1�q�=̂ij

−1�q�+2�K̂
ijkq
k /q2, where qk

= �� ,q�. Quantized values of the Hall conductivity corre-
sponding to the putative FQHE plateaus are given by the
formula
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where �̂H= �2� /���Im ̂xy��,q→0 is a tensor of the CDF Hall
conductivities.

As one important example of this general construction,
attaching two units of the �-type flux ��r
��a��= ±4�� to

the CDFs of the same type is equivalent to choosing K̂
= ±diag�2, . . . ,2�, in which case Eq. �3� yields

�xy = �
�

N
��

2�� ± 1
. �6�

Notably, the overall Hall conductivity �Eq. �6�	 is given by a
“parallel” combination of the conductivities of the individual
species �each of which is, in turn, given by a “series” com-
bination of the responses to the physical electromagnetic A
and the corresponding statistical field a��. This composition
rule should be contrasted against the naive one, �xy
=��

N�� / �2��
N��+1�, corresponding to a series connection be-

tween the response to A and a parallel combination of all the
statistical fields, which would have resulted from using a
single Cherns-Simons field coupled symmetrically to all the
fermion species, the applicability of which approach would
be, a priori, limited to the conventional Jain’s FQHE states
�see Eq. �7� below	.

A more general case of the diagonal matrix K̂
=diag�2p1 , . . . ,2pN� gives rise to a formula similar to Eq. �6�
�with the factor of 2 replaced by 2p� in the denominator of
the � term�. Furthermore, any “entangled” way of attaching

the fluxes described by a nondiagonal K̂ matrix yields an
expression different from Eq. �6�. Such alternative choices of

the K̂-matrix �which we do not consider in this work� would
be physically appropriate if different CDF species formed

mutually coherent states. In the spin-polarized �N=2� case,
one example of this sort is provided by the matrix

K̂ = 0 2

2 0
�

which has been previously discussed in the context of the
double-layer �=1/2 system.

The SU �4� symmetry of Eq. �1� gets lowered in the pres-
ence of various symmetry-breaking terms of the form �L
=��,	

N �r��
†��	�	 which can be of both single-particle and

many-body natures �observe that these terms retain their

form after the statistical transformation, if the matrix �̂ is
diagonal�.

At the mean-field �Hartree-Fock� level, the list of such

terms includes the exchange-enhanced Zeeman term ��̂Z

=EZ1̂ � 1̂ � �̂z� and a parity-odd mass term ��̂M =��̂z � 1̂

� 1̂ or ��̂z � 1̂ � �̂z�, where the first, second, and third fac-
tors refer to the sublattice, valley, and spin subspaces, respec-
tively. These two terms lift, respectively, the spin and valley
degeneracies of the zeroth LL, thereby splitting it into four
individual sublevels. Note that the parity-even mass terms

���̂z � �̂z � 1̂ or �̂z � �̂z � �̂z� which have been previously
discussed in the context of spin-orbit coupling and Spin Hall
Effect in graphene can only split the zeroth LL into two
sublevels �even with the Zeeman term present�.

The symmetry-breaking terms appear to be instrumental
for describing, e.g., the plateau transitions 0→ ±1, in which
case all the four sublevels of the zeroth LL are fully spin and
valley resolved, as suggested by the strong-field �B�20 T�
data of Ref. 5.

The nearby FQHE states at ����1 can then be constructed
with the use of single-component �N=1� CDFs which oc-
cupy an integer number of the effective LLs. Naturally, these
states fall into the standard Jain’s series,

�xy
N=1 = ± �m

± = ±
m

2m ± 1
, �7�

converging toward �= ±1/2 �here, m=1,2 , . . . and the over-
all � sign is not correlated with that in the definition of �m

± �.
Similar fractions can occur near �= ±3/2, thereby giving rise
to the FQHE plateaus at �xy = ± �1+�m

± �.
In the case of a residual SU �2� degeneracy of either spin

or valley origin, the number of relevant CDF species be-
comes N=2. Conceivably, such a situation can occur at the
0→ ±2 plateau transitions �where, say, �L,R

↑ =1/2 or �L
↑,↓

=1/2, depending on the relative magnitude of EZ and ��.
The data of Ref. 5 suggest that at moderately strong fields

�10�B�20 T�, the spin degeneracy gets lifted first �at least,
at the n= ±1 LLs�. In this scenario, the residual valley de-
generacy gives rise to a series of valley-singlet IQHE states
of the N=2 CDFs at the fractions

�xy
N=2 = ± �1 − �m±1

� + �m
± � = ±

2m

2m ± 1
, �8�

where �m
± was defined in Eq. �7�. The series �Eq. �8�	 con-

verges toward �= ±1 and is analogous to the so-called “com-
pound” states in bilayer systems.9
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In Eq. �8�, we took into account the fact that the numbers
of occupied �spin-polarized� effective LLs for the L- and
R-type CDFs differ by one as a result of the spectral anomaly
at the zeroth CDF LL �the R-type states reside at the energy
E=�, whereas the L-type ones are at E=−��. As a result, the
partial Hall conductivities of the R and L species as functions
of the chemical potential � obey the relation �xy

R �−��
=−�xy

L ���, although their sum �xy
R +�xy

L is, of course, an odd
function of �. It is worth noting that, from a formal stand-
point, the anomalous IQHE observed in Ref. 2 has the very
same origin.

Lastly, SU �4�-invariant spin- and valley-singlet states can
be naturally described in terms of N=4 CDFs which provide
a mean-field picture of the −2→2 plateau transition in terms
of the half-filled zeroth LL ��L,R

↑,↓ =1/2�, which is appropriate
at relatively weak fields �B�10 T�, according to the data of
Ref. 5.

Incompressible spin- and valley-singlet N=4 CDF states
would then correspond to the plateaus

�xy
N=4 = 2��m

± − �m±1
� � = ±

2

2m ± 1
. �9�

Notably, series �9� includes the singlet states at �=2/3 and
2/5, thus providing a possible CDF picture of the exact
ground states found at these filling factors in the recent nu-
merical studies.10

By analogy with the conventional 2DEG,8 one might
conjecture that the parent CDF states at ��N=1�=k−1/2
�k=−1,0 ,1 ,2�, ��N=2�= ±1, and ��N=4�=0 for N=1,2, and 4,
respectively, would then behave as compressible “CDF met-
als” characterized by the presence of a Fermi surface of ra-
dius kF

* = �2�B /N�1/2.
In the mean-field approximation, the CDF dispersion re-

lation remains linear and the effective CDF velocity deter-
mined by the strength of the Coulomb interaction, vF

*

�gvFN1/2, is comparable to vF for g and N of the order of 1.
Due to their inherited Dirac kinematics, the Subnikov–de
Haas oscillations of the CDF resistivity at small deviations
from the compressible fractions ��N� can be expected to show
the same Berry phase of � as that of the original Dirac qua-
siparticles in weak fields.2

The CDF Fermi energy EF
* =vF

*kF
* �gvFB1/2 appears to be

of the same order as the distance E1−E0=vF�2B�1/2 between
the zeroth and ±1th original �electronic� LLs, suggesting that
in graphene the LL mixing effects would be more important
than those in the conventional 2DEG where they get sup-
pressed with increasing field. Moreover, the LL mixing be-
comes stronger with an increasing number n of the occupied
LLs, the distance between which decreases as ��n�−1/2.
Therefore, we surmise that the most favorable for the forma-
tion of the parent CDF metals and their incompressible de-
scendants is the zeroth electronic LL.

In the CDF IQHE states �Eqs. �7�–�9�	, the energy gaps
for well separated particle-hole excitations

�m � Em
* − Em−1

* = vF
*�2B�1/2m1/2 − �m − 1�1/2

�2m − 1�1/2 �10�

scale as �B1/2 /m for large m, which dependence is similar to
that found in the conventional case of nonrelativistic com-

posite fermions where the effective mass varies as �B1/2 �see
Ref. 8�. However, for m�4 the true lowest-energy excita-
tions are likely to be represented by pairs of spin and/or
valley �anti�skyrmions.4,10

However, despite the general possibility for the compress-
ible states to emerge at any of the aforementioned fractions
��N�, a relative stability of these states depends on the number
N of the CDF species involved. In order to proceed with the
stability analysis, one has to go beyond the mean-field pic-
ture by including fluctuations of the statistical fields a� con-
trolled by the CDF polarization operator.

In the regime where the typical CDF energies and mo-

menta are small compared to kF
* and EF

* , respectively, ̂ij�q�
is similar to that of a “nonrelativistic” system with the same
kF and vF. In particular, its transverse �with respect to the

transferred momentum q� component ��� ,q�=q��̄
�q /q2=aq2+ ib� /q, where a�vF

* /kF
* and b�kF

* account
for the Landau diamagnetism and damping in the CDF
metal.

For N�1, the CDF interactions are dominated by N−1
linear combinations of the transverse components of the sta-
tistical fields orthogonal to the “in-phase” mode ��

Na�
i . Un-

like the latter, these combinations are not affected by the
unscreened Coulomb interactions, and the effective coupling
between different CDF species �here Vq=g /q, �v�v�� �
= �vv��− �vq��v�q� /q2	

U�	 = �v�v�� �
q2Vq

�Nq2Vq + ���
� �v�v�� �

1

N�
�11�

is always attractive in the Cooper channel �v=−v��. For N
=2, this interaction can facilitate the onset of s-wave valley-
singlet pairing.11 Moreover, for N=4, there exists a possibil-
ity of more exotic �spin-valley coupled� patterns of the SU
�4� symmetry breaking.

By contrast, for N=1, the effective interaction is repulsive
in the Cooper channel, as it is between any CDF species of
the same kind for N�1,

U�� = − �v�v�� �
�N − 1�q2Vq + �

�Nq2Vq + ���
� − �v�v�� �

N − 1

N�
.

�12�

Although there is still a possibility of p-wave pairing be-
tween the like CDFs, this potential instability �which is also
present for the �=1/2 state in the conventional 2DEG� tends
to be much weaker.12

Since the inherent pairing instabilities make the N�1
CDF metals prone to becoming incompressible paired states,
it is conceivable that in experiment the ostensibly compress-
ible �mean-field� behavior at the filling factors ��2,4� can only
be observed at sufficiently high temperatures and/or frequen-
cies, in contrast to that at ��1�.

The would-be CDF metals are also sensitive to disorder.
In the presence of potential �short-range� impurities of den-
sity �i, the CDFs experience elastic scattering off of an ef-
fective random magnetic field whose vector potential is de-
scribed by the Gaussian variance 
Ai�q�Aj�−q��=16�2�i��ij

−qiqj /q2� /q2.8
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The above analysis of the pertinent symmetries and their
breaking patterns applies to the regime, where EZ, �, and
vF

*B1/2 / �m� are all large compared to the transport rate for the
CDF �-species �*�EF

*�i / ����. By the same token, disorder
makes it more difficult to resolve metallic states at fractions
��1/2p with p�1.

Evaluating the longitudinal conductivity of the CDF
�-species as �xx

* �max����� /�i ,1�, one can estimate the
physical conductivity of the CDF metals,

�xx �
1

4
min�

�

N
�i

����
,N� , �13�

which density dependence should be contrasted with that at
zero field ��xx���

N��
2�.

Interestingly enough, in the experiment of Ref. 5 the con-
ductivity at the �=0 plateau was found to be of order �xx
�0.6, possibly suggesting a formation of the �weakly
gapped� N=4 CDF metal �and providing a further evidence
against the quantum Hall ferromagnet�.

The conductivity of the CDF metals is going to be tem-
perature dependent due to quantum interference corrections
which dominate over weak-�anti�localization ones,13

��xx � − ln �xx
* ln

�*

T
or − ln2 �*

T
�14�

for N=1 and N�1, respectively, thus allowing one, in prin-
cipal, to discriminate between the single- and multicompo-
nent CDF metals.

Furthermore, despite the ostensibly Fermi-liquidlike prop-
erties of the CDF metals, their electron spectral function
Im G�p ,
� exhibits a distinctly non-Fermi-liquid behavior.
Repeating the calculations carried out in the case of the con-
ventional 2DEG,14 we find a tunneling I-V characteristics of
the CDF metal,

I�V� � exp�− const�EF
*/V��	 , �15�

where �=1 for N=1 and 1/2 for N�1.
To conclude, we show that by implementing the concept

of multicomponent composite fermions endowed with pseu-
dorelativistic kinematics, one can predict a number of novel
FQHE features in graphene.

In particular, we find that compressible CDF states are
most likely to be observed at the ����=1 plateau transitions
�e.g., 0→1� between the fully resolved sublevels of the ze-
roth LL, since a stronger-than-conventional LL mixing
makes it more difficult for such states to form at the �n��0
LLs. By contrast, the would-be CDF metals associated with
the ����=2,4 transitions appear to be generally more fragile
due to their propensity toward pairing which makes these
states incompressible. Moreover, we predict that the incom-
pressible CDF IQHE states can occur at both the standard
�Eq. �7�	 and new �Eqs. �8� and �9�	 fractions.

As far as the practical possibility of testing these predic-
tions is concerned, the detrimental effect of disorder calls for
performing experiments of Refs. 2 and 5 in samples of
higher mobility. The anticipated experimental signatures of
the CDF metals can then be probed by such well-established
techniques as bulk tunneling, acoustic wave propagation,
magnetic focusing, and other geometric resonances.8

For one, if a compressible �or, possibly, weakly gapped�
state does occur at �=0,15 its CDF excitations could be ame-
nable to conventional electrostatic gating. This prediction
should be contrasted with such a hallmark of the Dirac kine-
matics as the celebrated Klein’s paradox hindering any pos-
sibility of electrostatic confinement of the electronic Dirac
excitations with vanishing Fermi momentum at zero field.2
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