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We theoretically examined the reentrant spin-glass transition in a dilute ferromagnetic �FM� system. Results
show that clusters of fluctuating spins exist in the FM phase. As the temperature is decreased, the spins in those
clusters freeze in conjunction with all other spins in the system. This freezing breaks up the FM order into
ferromagnetic clusters. These results are compatible with those of a phenomenological random field model that
was proposed for experimentation.
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I. INTRODUCTION

Reentrant spin-glass �RSG� transition is a well-known
phenomenon of spin glasses �SGs�. The RSG transition is
found nearby, but it is on the ferromagnetic �FM� side of the
phase boundary between the SG phase and the FM phase.1,2

As the temperature is decreased from a higher temperature,
the magnetization increases; it then ceases at a lower tem-
perature. Finally, the SG phase, which is characterized by
FM clusters, is realized. However, no theoretical model has
yet been given that explains the RSG transition. A phenom-
enological random-field �RF� model was proposed to explain
experimental observations of quasielastic neutron scattering
of RSG systems.3–5 The essential point of that conception is
the decomposition of the system into a FM part and a part
with frustrated spins �SG part�. At low temperatures, the
spins of the SG part freeze yielding random fields to the
spins of the FM part, and the FM phase is destroyed due to
the random-field effect.6 Evidence of decomposition into two
parts was given in various experiments of both
quasielastic3–5,7,8 and inelastic7–11 neutron scatterings, of
Mössbauer measurements,12 and of time variations of the
magnetization.13 However, no evidence of the RF hypothesis
has yet been given from a microscopic perspective.

The purpose of this paper is to examine the RF model of
the RSG transition. A special attention is paid to whether the
system is really decomposed into two parts or not and, if it is
decomposed, whether it occurs due to a clustering effect of
magnetic atoms or scattering, which inevitably occurs in ran-
dom magnets. We theoretically examine the RSG transition
in a dilute ferromagnet.14,15 Results show that the system is,
in fact, decomposed into a FM part and a SG part, together
with an interface �IF� part between them. Majority spins be-
long to the FM part and form a network over the lattice. The
SG part consists of isolated clusters that are located in do-
mains with a lower spin concentration. As the temperature is
decreased from a high temperature, the spins in the FM part
order ferromagnetically, whereas the spins in the SG part are
weakly magnetized under the influence of the FM order in
the FM part. As the temperature is decreased further, the
spins in the SG part freeze in cooperation with all other spins
in the system; subsequently, the FM order breaks up into FM
clusters. We conclude that the RF model is a concept that can
explain the RSG transition. However, further studies are

necessary to reveal the role of the SG part in the RSG tran-
sition. We emphasize that the appearance of clusters of fluc-
tuating spins is essential in the RSG transition and that the
scattering of local spin concentrations yields those clusters.

The paper is organized as follows. We present the model
and the method in Secs. II and III, respectively. In Sec. IV,
we will show that the system is decomposed into the FM,
SG, and IF parts. In Sec. V, the temperature dependence of
the magnetization and the site magnetization for those parts
will be examined. Section VI is devoted to conclusions.

II. MODEL

We begin with a dilute FM Heisenberg system with anti-
ferromagnetic next-nearest-neighbor interactions on a simple
cubic lattice with periodic boundary conditions.14,15 The
Hamiltonian is

H = − �
�ij�

nn

J1xixjSi · S j − �
�kl�

nnn

J2xkxlSk · Sl, �1�

where Si is the classical Heisenberg spin of �Si�=1; J1��0�,
and J2��0� respectively represent the FM nearest-neighbor
and antiferromagnetic next-nearest-neighbor exchange inter-
actions; xi=1 or 0 when the lattice site i is occupied respec-
tively by a magnetic or nonmagnetic atom. The average
number of x���xi	� is the concentration of a magnetic atom,
where �¯	 indicates an average over the lattice. Note that an
experimental realization of this dilute FM model is
EuxSr1−xS,16 in which magnetic atoms �Eu� are located on the
fcc lattice sites. Here, for simplicity, we consider the model
with J2=−0.2J1 on a simple cubic lattice.

We briefly summarize the magnetic ordering of this
model: the model exhibits a FM phase transition for
x�0.79 at a finite temperature; it exhibits a SG phase tran-
sition for x�0.95 at a lower temperature; and the magneti-
zation at T
0 has a finite value only for x�0.84. Then the
model exhibits the RSG phenomenon for 0.79�x�0.83.
Hereafter, we mainly consider a system with x=0.80 for
which the transition temperatures are given as TC /J1
0.27,
TR/J1
0.12, and TSG/J1
0.10,14 and where TR is the tem-
perature at which the FM phase disappears.
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III. METHOD

We use a conventional heat-bath Monte Carlo �MC�
method. We have examined, as well as the magnetization M
of the system, a site magnetization mi for each spin i:

mi���Si�� =
1

Ms
�
t=1

Ms

Si�t� , �2�

where Ms is the time window �MC steps in the measurement
of mi�. For calculating mi, we should pay special attention to
the thermal drift �uniform rotation� of the system, which al-
ways occurs in a finite system without anisotropy. In
a conventional MC simulation, even in the FM phase,
mi���mi��→0 when Ms becomes large. Of course, we want
to know the value of mi for a large Ms in an infinite system
where the thermal drift is absent. In the present study, the
simulation is made as follows. For each sample and at each
temperature, we first prepare an equilibrium spin configura-
tion �Si�0�� using the conventional MC method. Then start-
ing with this spin configuration, we update the spin configu-
ration �Si�t�� �t�0� step by step using the MC method. For
every MR=20 MC steps,17 to bring the system back to
�Si�0��, a uniform rotation R�t� is applied to the system so
that

�S = �
i

�R�t�Si�t� − Si�0��2 �3�

becomes minimum.18 Figures 1�a� and 1�b� respectively
show typical examples of Ms dependence of the distribution
P�mi� of the site magnetization in the conventional MC
method and the present MC method without the thermal
drift. Indeed, the results in Fig. 1�b� imply that P�mi� con-
verges to a nontrivial distribution as Ms increases, in contrast
to P�mi� in the conventional MC method �Fig. 1�a�	.

The simulation has been made under the following condi-
tions. The lattice size is L�L�L �L=24, 32, and 40�. The
MC steps are Ms=1�105, 2�105, and 4�105 for L=24,
32, and 40,19 respectively, and for each L, the same MC steps
are spent for preparing �Si�0��. Numbers of samples with
different distributions of the magnetic atoms are Ns=16 for
each lattice size. We measure the temperature in units of
J1�kB=1�.

IV. FM PART AND SG PART

We first consider the site magnetizations of individual
spins. Figure 2 shows the distribution functions P�mi� for
x=0.80 at T /J1=0.19, together with those for x=0.75 and
0.85. The shapes of P�mi� for x=0.75 and 0.85 are approv-
able; at T /J1=0.19, the system is in the paramagnetic �PM�
phase for x=0.75 and in the FM phase for x=0.85.15 In con-
trast, for x=0.80, P�mi� is strange: it has a large but rather
broad peak at mi
0.5 and a hump at mi
0, which suggest
that different kinds of spins coexist in the system. Some
behave like those in the FM phase, whereas others fluctuate
like those in the PM phase. Figures 3�a�–3�f� show P�mi� for

x=0.80 at different temperatures. The hump is apparent for
T /J1�0.16. As the temperature is decreased, it diminishes
and disappears at T /J1
0.10. Below this temperature, the
peak becomes sharper and its position moves toward the
large mi side. These clearly reveal that two kinds of spins
behave in different manner at intermediate temperatures of
TC�T�0.13J1 and that both freeze at lower temperatures.

FIG. 1. Distributions of the site magnetizations mi���mi�� cal-
culated in various time windows Ms in the system with x=0.80: �a�
a conventional MC method and �b� the present MC method which
removes the thermal drift of the system. Note that drift effect be-
comes prominent for Ms�10 000.

FIG. 2. Distributions of the site magnetizations mi���mi�� for
various spin concentrations x. Filled symbols are P�mi� for L=32;
open symbols are those for L=40.
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Figures 4�a� and 4�b� respectively show the structures
of mi for x=0.80 at T /J1=0.19 and 0.04. In fact, at
T /J1=0.19, the FM correlation of the spins extends over the
lattice; clusters of fluctuating spins also exist �ones with
smaller values of mi�. At a lower temperature of T /J1=0.04,
those fluctuating spins are frozen and the FM order breaks up
to FM clusters.

To proceed with the consideration of the spin ordering
process, let us classify the spins. For each sample, we clas-
sify them according to the magnitudes of mi at T /J1=0.19
�Ref. 20�: a FM spin for mi� r̃FM, a fluctuating �FL� spin for
mi� r̃SG, and a border �BD� spin for r̃SG�mi� r̃FM, where
r̃FM�rFM�mi	 and r̃SG�rSG�mi	. For this illustration, we
choose rFM=1 and rSG=0.6.21 We designate the part com-
posed of FM spins as a FM part, the part composed of FL

spins as a SG part, and the part composed of BD spins as an
interface �IF� part. Note that the name of SG part comes
from the RF model,5 in which it is suggested that the FL
spins freeze randomly at a low temperature, which triggers
the RSG transition. We denote the numbers of the spins in
the FM, SG, and IF parts, respectively, as NFM, NSG, and NIF,
and their ratios to the total lattice site N as xFM, xSG, and xIF.
Majority spins belong to the FM part and a fraction of the
spins to the SG part, e.g., for a lattice with L=32, xFM
=0.468�2�, xIF=0.214�2�, and xSG=0.118�2�. However, xSG

increases slightly with lattice size L,22 implying that, in the
thermodynamic limit, a finite ratio of the spins actually be-
longs to the SG part.

The appearance of SG parts will arise from scattering of
the spin concentration in domains. To explore this conjec-

FIG. 3. Distributions of the site magnetizations mi���mi�� for various temperatures for x=0.80 in the system with L=32.
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ture, we calculate for each lattice site j the average value of
mi, Sj, and the average spin concentration of x̃j: Sj
= �1/nj�R1�	�i��j�R1�mi and x̃j =nj�R2� /N�R2� with R2 ��R1�,
where � j�R� is a sphere of radius R centered at j, and N�R�
and nj�R�, respectively, indicate the number of lattice sites
and the number of spins inside the sphere. Because x̃j has
discrete values xs, for each of those values xs, we calculate
the average value of Sj �S�xs�	. Figure 5 shows �S�xs�	 as
function of xs for R1=2 and for various R2 in a typical
sample with L=32. In fact, considerable dependence of
�S�xs�	 on xs is apparent. In particular, when R2�R1, this
dependence becomes strong.

We suggest, hence, that for x
0.80, the system is decom-
posed into the FM part and the SG part together with the IF
part between them, and the SG part is composed of clusters
of the FL spins which appear inside domains with a lower
spin concentration.

V. PARTIAL MAGNETIZATIONS AND PARTIAL SITE
MAGNETIZATIONS

We consider roles of respective parts on the spin ordering
process of the system. We define for the FM, SG, and IF
parts, respectively, the partial magnetizations MFM, MSG, and
MIF, and the partial site magnetizations mFM, mSG, and mIF,
as follows:

MC =  1

NC
���

i�C

Si���
s

, �4�

mC =  1

NC
�
i�C

mi�
s

, �5�

where C=FM, SG, and IF, and �¯	s denotes the sample
mean. In the PM and FM phases, mC
MC��0�. On the
other hand, in the SG phase, mC�0 and MC
0. Then the
partial SG order parameter may be defined as

OC = mC − MC. �6�

Figure 6 shows temperature dependences of MC and mC
for the FM and SG parts for different sizes of the lattice. We
first note that qualitative behaviors of those quantities de-
pend little on the lattice size L.23 Two remarkable points are
apparent. One is that MFM is much larger than MSG and ex-
hibits a temperature dependence that is similar to that of the
magnetization of the system.14,15 That is, the spins in the FM
part mainly assume the magnetization of the system. The
other is that mFM and mSG begin to increase at T
0.12J1
�
TR�, implying that spin freezing occurs at lower tempera-
tures. Figure 7 shows temperature dependences of the SG
order parameters OSG and OFM for different sizes. In fact,
they increase rapidly around T
0.10J1 �
TSG�. In particu-

FIG. 4. �Color online� Structures of mi in the
system for x=0.80 at �a� T /J1=0.19 and �b�
T /J1=0.04 on the same plane of the 32�32
�32 lattice. Sizes of the arrows indicate the mag-
nitudes of mi and colors of the cells indicate their
directions. Positions of the nonmagnetic atoms
are represented in white.

FIG. 5. The relationship between the �S�xs�	 and xs for R1=2
and for various R2 in a typical sample. Two arrows indicate from
above r̃FM���mi	� and r̃SG. The deviations of S�xs� for these R2 are
of the same order and we present them only for R2=R1.

FIG. 6. The magnetizations MFM and MSG �open symbols� and
the site magnetizations mFM and mSG �filled symbols� for the FM
and SG parts, respectively, in the L�L�L lattice. Note that we
present those values only for FM and SG parts because those for the
IF part have intermediate values.

S. NIIDERA AND F. MATSUBARA PHYSICAL REVIEW B 75, 144413 �2007�

144413-4



lar, for T�TSG, OFM of a larger size becomes larger than that
of a smaller size, in contrast to that for T�TSG; the spin
freezing will really occur for T�TSG. This result is compat-
ible with that of a previous study.14 It is noteworthy that the
increase of mFM below TR involves the decrease of the mag-
netization MFM. That is, the spins freeze and thereby break
the FM order.

To examine the roles of the FM and SG parts further, we
performed additional simulations in two systems 	FM+IF and
	SG+IF: the former is constructed from the original system
	��	FM+SG+IF� by removing the SG part, and the latter by
removing the FM part. Figure 8 shows results of those simu-
lations. In 	FM+IF, as the temperature is decreased, MFM in-
creases rapidly at TC� /J1
0.34 ��TC /J1� and continues to
increase down to a very low temperature. Moreover, MFM is
much larger than that of 	. These results clearly reveal that
the SG part plays no role in the FM order, but disturbs it.
That is, a competition occurs between the FM part and the
SG part in the occurrence of the FM phase. In 	SG+IF, mSG
increases rapidly at around a lower temperature of TSG� /J1

0.05 ��TSG/J1�.24 This result reveals that the SG part
brings the spin freezing of the system. It should be noted,
however, that the spins of the SG part will freeze in conjunc-
tion with all other spins of 	, because TSG of 	 is higher than
TSG� .25 This speculation is, of course, compatible with the
result given in Fig. 7: OSG and OFM increase together at low
temperatures. These results seem to be incompatible with the
sequential scenario of the RSG transition in the RF model,
i.e., the spins of the SG part freeze first, then they yield

random effective fields to the spins of the FM part and the
FM order breaks down, realizing the SG phase. However, if
a feedback from the FM part to the SG part exists, the spin
freezings in both parts would occur simultaneously. Further
studies are necessary to elucidate the mechanism of the RSG
transition.

VI. CONCLUSIONS

We have examined the spin ordering of a RSG system. We
have found that the system is decomposed into a FM part and
a SG part, together with an interface �IF� part between them.
The FM part mainly assumes the magnetization of the sys-
tem and the SG part brings the spin freezing at low tempera-
tures. Thus, we conclude that the RF model is a concept that
can explain the RSG transition. However, further studies are
necessary to reveal the role of the SG part in the RSG tran-
sition.
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