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Within the t - t� -J model, the electron spectrum and quasiparticle dispersion in doped bilayer cuprates in the
normal state are discussed by considering the bilayer interaction. It is shown that the bilayer interaction splits
the electron spectrum of doped bilayer cuprates into the bonding and antibonding components around the
�� ,0� point. The differentiation between the bonding and antibonding components is essential, which leads to
two main flatbands around the �� ,0� point below the Fermi energy. In analogy to the doped single layer
cuprates, the lowest energy states in doped bilayer cuprates are located at the �� /2 ,� /2� point. Our results also
show that the striking behavior of the electronic structure in doped bilayer cuprates is intriguingly related to the
bilayer interaction together with strong coupling between the electron quasiparticles and collective magnetic
excitations.
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I. INTRODUCTION

Cuprate materials are unusual in that the undoped cu-
prates are insulators with an antiferromagnetic �AF� long-
range order �AFLRO�, and changing the carrier concentra-
tion by ionic substitution or increase of the oxygen content
turns these compounds into correlated metals, leaving short-
range AF correlations still intact.1–5 The single common fea-
ture of cuprate superconductors is the presence of the two-
dimensional CuO2 plane,1–5 and it seems evident that the
unusual behaviors of doped cuprates are dominated by the
CuO2 plane.6 This layered crystal structure stems from the
fact that cuprate superconductors are highly anisotropic ma-
terials, so the electron spectral function A�k ,�� is dependent
on the in-plane momentum.1–5 After 20 years of extensive
studies, it has been shown that many of the unusual physical
properties have often been attributed to particular character-
istics of low-energy excitations determined by the electronic
structure.3–5

Although the electronic structure of doped cuprates is
well established by now,3–5 its full understanding is still a
challenging issue. Experimentally, angle-resolved photo-
emission spectroscopy �ARPES� experiments have provided
rather detailed information on the electronic structure of the
doped single layer and bilayer cuprates.3–5,7–12 An important
issue is whether the behavior of the low-energy excitations
determined by the electronic structure is universal or not.
The early ARPES measurements5,7,8 showed that the charge
carriers doped into the parent compounds first enter into the
k= �� /2 ,� /2� �in units of inverse lattice constant� point in
the Brillouin zone. Moreover, the electron spectral function
A�k ,�� has a flatband form as a function of energy � for
momentum k in the vicinity of the �� ,0� point, which leads
to the unusual quasiparticle dispersion around the �� ,0�

point with anomalously small changes of electron energy as
a function of momentum.5,7,8 Furthermore, this flatband is
just below the Fermi energy. Recently, the improvements in
the resolution of the ARPES experiments3,4,9–11 allowed one
to resolve additional features in the electron spectral function
A�k ,��. Among these achievements is the observation of the
bilayer splitting �BS� in doped bilayer cuprates in a wide
doping range.3,9–11 In this case, whether or not the electronic
structure of doped cuprates can be influenced by the interac-
tion between CuO2 planes has been an interesting issue. The
study of the electronic structure is complicated by the BS,
that is, the BS of the CuO2 plane derived the electronic struc-
ture in the bonding and antibonding bands due to the pres-
ence of CuO2 bilayer blocks in the unit cell of doped bilayer
cuprates.9–11 The magnitude of the BS is doping independent
and increases upon approaching the �� ,0� point, where the
BS exhibits the largest value. As a result of the maximal BS
at the �� ,0� point, there are two main flatbands around the
�� ,0� point.9–11 Moreover, it has been shown that a well
pronounced peak-dip-hump structure in the electron spec-
trum of doped bilayer cuprates in the superconducting state
is partially caused by the BS.13,14 Theoretically, the electron-
removal spectral functions at the �� ,0� point and the quasi-
particle dispersion of the multilayer cuprates in the normal
state have been discussed15 within the two-dimensional
multilayer t - t� - t� -J model based on the resonating valence
bond wave function and Gutzwiller approximation, in par-
ticular, their results show that there are two main flatbands
around the �� ,0� point in the bilayer system. However, the
resonating valence bond wave function and Gutzwiller ap-
proximation can only be applied to discuss the zero-
temperature physical properties of doped cuprates. To the
best of our knowledge, the doping and temperature depen-
dence of the electron spectrum and quasiparticle dispersion
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in both doped single layer and bilayer cuprates have not been
treated from a unified point of view for the normal state.

In our earlier work using the charge-spin separation �CSS�
fermion-spin theory,16 the electronic structure of the doped
single layer cuprates has been calculated within the single
layer t - t� -J model,17 and the obtained doping dependence of
the electron spectrum and quasiparticle dispersion are con-
sistent with the corresponding ARPES experiments.5,7,8 In
this paper, we show explicitly that if the bilayer interaction is
included, one can reproduce some main features in the nor-
mal state such as observed experimentally on doped bilayer
cuprates.3,9–11 The differentiation between the bonding and
antibonding components is essential. Two main flatbands
around the �� ,0� point are rather similar to the scenario ar-
gued in Refs. 9, 10, and 15 for the normal state, and the
quasiparticle dispersion we derive from the bilayer t - t� -J
model �without additional terms and adjustable parameters�
demonstrates explicitly this energy-band splitting. In com-
parison with the case of the doped single layer cuprates,17

our present results also show that the striking behavior of the
electronic structure in doped bilayer cuprates is intriguingly
related to the bilayer interaction, together with strong cou-
pling between the electron quasiparticles and collective mag-
netic excitations.

The rest of this paper is organized as follows. In Sec. II,
we introduce the bilayer t - t� -J model that includes the bi-
layer hopping and bilayer magnetic exchange interaction.
Within this bilayer t - t� -J model, we calculate explicitly the
longitudinal and transverse components of the electron
Green’s functions based on the CSS fermion-spin theory by
considering charge-carrier fluctuations, and then obtain the
bonding and antibonding electron spectral functions accord-
ing to these longitudinal and transverse components of the
electron Green’s functions. The doping and temperature de-
pendence of the electron spectrum and quasiparticle disper-
sion of doped bilayer cuprates in the normal state are pre-
sented in Sec. III. Section IV is devoted to a summary and
discussions.

II. THEORETICAL FRAMEWORK

The basic element of cuprate materials is a two-
dimensional CuO2 plane, and it is believed that the unusual
behaviors of doped cuprates are closely related to the doped
CuO2 plane as mentioned above.1–5 It has been argued that
the essential physics of the doped CuO2 plane is contained in
the t - t� -J model on a square lattice.6 In this case, the t - t� -J
model in the bilayer structure is expressed as

H = − t �
i�̂a�

Cia�
† Ci+�̂a� + t��

i�̂a�

Cia�
† Ci+�̂a� − �

i�

t��i��Ci1�
† Ci2�

+ H.c.� + ��
ia�

Cia�
† Cia� + J�

i�̂a

Sia · Si+�̂a + J��
i

Si1 · Si2,

�1�

where �̂= ± x̂ , ± ŷ, �̂= ± x̂± ŷ, a=1,2 is the plane index, Cia�
†

�Cia�� is the electron creation �annihilation� operator, Sia

=Cia
† �� Cia /2 is the spin operator with �� = ��x ,�y ,�z� as Pauli

matrices, � is the chemical potential, and the interlayer
hopping,18

t��k� =
t�

4
�cos kx − cos ky�2, �2�

describes coherent hopping between the CuO2 planes. This
functional form of the interlayer hopping in Eq. �2� is pre-
dicted on the basis of the local-density approximation
calculations,18 and, as will be shown later, the experimentally
observed BS agrees well with it.3,9–11 The t - t� -J Hamil-
tonian �1� is supplemented by the single occupancy local
constraint ��Cia�

† Cia��1. This local constraint can be
treated properly in analytical calculations within the CSS
fermion-spin theory,16 where the constrained electron opera-
tors in the t -J type model are decoupled as Cia↑=hia↑

† Sia
− and

Cia↓=hia↓
† Sia

+ , with the spinful fermion operator hia�

=e−i	ia�hia keeping track of the charge degree of freedom
together with some effects of the spin-configuration rear-
rangements due to the presence of the doped hole itself
�dressed holon�, while the spin operator Sia keeps track of the
spin degree of freedom. The advantage of this CSS
fermion-spin theory is that the electron local constraint for
single occupancy, ��Cia�

† Cia�=Sia
+ hia↑hia↑

† Sia
− +Sia

− hia↓hia↓
† Sia

+

=hiahia
† �Sia

+ Sia
− +Sia

− Sia
+ �=1−hia

† hia�1, is satisfied in
analytical calculations, and the double spinful fermion occu-
pancies hia�

† hia−�
† =ei	ia�hia

† hia
† ei	ia−� =0 and hia�hia−�

=e−i	ia�hiahiae−i	ia−� =0, are ruled out automatically. It has
been shown16 that these dressed holons and spins are gauge
invariant, and in this sense, they are real and can be inter-
preted as the physical excitations.19 Although in common
sense hia� is not a real spinful fermion, it behaves like a
spinful fermion. In this CSS fermion-spin representation, the
low-energy behavior of the bilayer t - t� -J Hamiltonian �1�
can be expressed as

H = t�
i�̂a

�hi+�̂a↑
† hia↑Sia

+ Si+�̂a
− + hi+�̂a↓

† hia↓Sia
− Si+�̂a

+ �

− t��
i�̂a

�hi+�̂a↑
† hia↑Sia

+ Si+�̂a
− + hi+�̂a↓

† hia↓Sia
− Si+�̂a

+ �

+ �
i

t��i��hi2↑
† hi1↑Si1

+ Si2
− + hi1↑

† hi2↑Si2
+ Si1

−

+ hi2↓
† hi1↓Si1

− Si2
+ + hi1↓

† hi2↓Si2
− Si1

+ �

− ��
ia�

hia�
† hia� + Jeff�

i�̂a

Sia · Si+�̂a + Jeff��
i

Si1 · Si2,

�3�

where Jeff=J�1−
�2, Jeff�=J��1−
�2, and 
= �hia�
† hia��

= �hia
† hia� is the hole doping concentration. As a result, the

magnetic energy term in the bilayer t - t� -J model is only
considered to form an adequate spin configuration,20 while
the kinetic energy part has been expressed as the interaction
between the dressed holons and spins; this interaction domi-
nates the essential physics of doped cuprates.16

Within the CSS fermion-spin theory, the electron spectral
function and related quasiparticle dispersion of the doped
single layer cuprates in the normal state have been discussed
by considering the dressed holon fluctuations around the
mean-field �MF� solution,17 where the spin part is limited to
first order �the MF level�, while the full dressed holon
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Green’s function is treated self-consistently in terms of
Eliashberg’s strong-coupling theory.21 For doped bilayer cu-
prates, there are two coupled CuO2 planes in the unit cell.
This stems from the fact that the energy spectrum has two
branches, so the dressed holon and spin Green’s functions
are matrices and can be expressed as g�k ,��=gL�k ,��
+�xgT�k ,�� and D�k ,��=DL�k ,��+�xDT�k ,��, respec-
tively, where the longitudinal and transverse parts correspond
to the in-layer and interlayer Green’s functions.22 In this
case, we follow the previous discussions for the single layer
case17 and obtain explicitly the longitudinal and transverse
parts of the full dressed holon Green’s functions of the doped
bilayer system as �see the Appendix�

gL�k,�� =
1

2 �
�=1,2

ZFA
���

� − �̄�k

, �4a�

gT�k,�� =
1

2 �
�=1,2

�− 1��+1 ZFA
���

� − �̄�k

, �4b�

with the renormalized dressed holon excitation spectrum

�̄�k=ZFA
�����k, where the MF dressed holon excitation spec-

trum is given as

��k = Zt1�k − Zt�2�k� − � + �− 1��+1�t��k�; �5�

with the spin-correlation functions 1= �Sia
+ Si+�̂a

− �,
2= �Sia

+ Si+�̂a
− �, and �= �Si1

+ Si2
− �; �k= �1/Z���̂eik·�̂,

�k�= �1/Z���̂e
ik·�̂, and Z is the number of the nearest-

neighbor or second-nearest-neighbor sites. The quasiparticle
coherent weights ZFA

�1�−1=ZF1
−1 −ZF2

−1 and ZFA
�2�−1=ZF1

−1 +ZF2
−1,

with ZF1
−1 = �1−�L

�ho��k0 ,����=0, ZF2
−1 = ��T

�ho��k0 ,����=0, and
k0= �� /2 ,� /2�, where �L

�ho��k ,�� and �T
�ho��k ,�� are the

corresponding antisymmetric parts of the longitudinal and
transverse dressed holon self-energy functions,

�L
�h��k,i�n� =

1

N2�
p,q
	Rp+q+k

�1� 1

�
�
ipm

gL�p + k,ipm + i�n�

��LL�p,q,ipm� + Rp+q+k
�2�

�
1

�
�
ipm

gT�p + k,ipm + i�n�

��TL�p,q,ipm�
 , �6a�

�T
�h��k,i�n� =

1

N2�
p,q
	Rp+q+k

�1� 1

�
�
ipm

gT�p + k,ipm + i�n�

��TT�p,q,ipm� + Rp+q+k
�2�

�
1

�
�
ipm

gL�p + k,ipm + i�n�

��LT�p,q,ipm�
 , �6b�

with Rk
�1�= �Z�t�k− t��k���2+ t�

2 �k�, Rk
�2�=2Z�t�k− t��k��t��k�,

and the spin bubbles ��,���p ,q , ipm�= �1/���iqm
D�

�0�

��q , iqm�D
��
�0��q+p , iqm+ ipm�, where �=L ,T and ��=L ,T.

The longitudinal and transverse parts of the MF spin Green’s
functions are

DL
�0��k,�� =

1

2 �
�=1,2

B�k

�2 − ��k
2 , �7a�

DT
�0��k,�� =

1

2 �
�=1,2

�− 1��+1 B�k

�2 − ��k
2 , �7b�

with B�k=��2��1
z +1��k−2��2

z�k�−Jeff���+2�
z �−1���

���k�−����1+21
z�+��2−Jeff��2�

z +��−1���, �=2ZJeff,
��=4Z�2t�, �� =1+2t�1 /Jeff, ���k�=1+4��t��k� /Jeff�; the
spin-correlation functions 1

z = �Sia
z Si+�̂a

z �, 2
z = �Sia

z Si+�̂a
z �, and

�
z = �Si1

z Si2
z �; the dressed holon particle-hole order param-

eters �1= �hia�
† hi+�̂a��, �2= �hia�

† hi+�̂a��, and ��= �hi1�
† hi2��;

and the MF dressed spin excitation spectrum,

��k
2 = �2	�A2 − ���1

z�k −
1

2Z
���1�1 − ���k� +

1

2
���A1 −

2

Z
�1

z − �1�k��� − �k�
 + ��2	��2
z�k� −

Z − 1

2Z
2�k�

+
1

2
�A3 −

2

Z
�2

z
 + ����	1
z�1 − ���k��k� +

1

2
�1�k� − C2���� − �k� + �k��C2

z − ��2
z�k� −

1

2
���C2 − 2�k�


+ �Jeff���1

2
C����k���� − �k� +

1

2
�����k��C� − ��k� + C�

z �1 − ���k� + �C�
z − ���

z �k� + �− 1��	1

2
1���k���� − �k�

+
1

2
���C� − ��k� + 1

z���k��1 − ���k� + ���k��C�
z − ���

z �k�
� + ��Jeff������k��1

2
��k� − C��  + �C��

z + �
z ��k�

+ �− 1��	���k��2
z + �

z ��k� −
1

2
�2���k� − ��k�� −

1

2
C�� 
� +

1

4
Jeff�

2 ����k� + �− 1���2, �8�
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where A1=�C1+ �1−�� /2Z, A2=�C1
z + �1−�� /4Z, A3=�C3

+ �1−�� /2Z, and the spin-correlation functions

C1= �1/Z2���̂��
ˆ �Si+�̂a

+ S
i+��̂a

−
�, C2= �1/Z2���̂�̂�Si+�̂a

+ Si+�̂a
− �,

C3= �1/Z2���̂��
ˆ �Si+�̂a

+ S
i+��̂a

−
�, C1

z = �1/Z2���̂��
ˆ �Si+�̂a

z S
i+��̂a

z
�,

C2
z = �1/Z2���̂�̂�Si+�̂a

z Si+�̂a
z �, C�= �1/Z���̂�Si1

+ Si+�̂2
− �,

C��= �1/Z���̂�Si1
+ Si+�̂2

− �, C�
z = �1/Z���̂�Si1

z Si+�̂2
z �, and

C�z
�= �1/Z���̂�Si1

z Si+�̂2
z �. In order not to violate the sum rule

of the correlation function �Si
+Si

−�=1/2 in the case without
AFLRO, the important decoupling parameter � has been in-
troduced in the above MF calculation, which can be regarded
as the vertex correction.23

For discussions of the electronic structure of doped bi-
layer cuprates in the normal state, we need to calculate the
electron Green’s function G�i− j , t− t��=Š�Ci��t� ;Cj�

† �t���‹
=GL�i− j , t− t��+�xGT�i− j , t− t��, which is a convolution of
the spin Green’s function and dressed holon Green’s function
in the CSS fermion-spin theory, and reflect the charge-spin
recombination.20 In the present bilayer system, the longitudi-
nal and transverse parts of the electron Green’s function can
be obtained explicitly in terms of the corresponding MF spin
Green’s functions �7� and full dressed holon Green’s func-
tions �4� as

GL�k,�� =
1

8N
�
p

�
��

ZFA
��� B�p

��p

�	 L��
�1��k,p�

� + �̄�p−k − ��p

+
L��

�2��k,p�

� + �̄�p−k + ��p

 ,

�9a�

GT�k,�� =
1

8N
�
p

�
��

�− 1��+�ZFA
��� B�p

��p

�	 L��
�1��k,p�

� + �̄�p−k − ��p

+
L��

�2��k,p�

� + �̄�p−k + ��p

 ,

�9b�

where L��
�1��k ,p�=nF��̄�p−k�+nB���p�, L��

�2��k ,p�=1

−nF��̄�p−k�+nB���p�, and nB��� and nF��� are the boson and
fermion distribution functions, respectively. Then the longi-
tudinal and transverse electron spectral functions AL�k ,��=
−2 Im GL�k ,�� and AT�k ,��=−2 Im GT�k ,�� are obtained
from the above longitudinal and transverse electron Green’s
functions as

AL�k,�� = �
1

4N�
p

�
��

ZFA
��� B�p

��p
�L��

�1��k,p�
�� + �̄�p−k − ��p�

+ L��
�2��k,p�
�� + �̄�p−k + ��p�� , �10a�

AT�k,�� = �
1

4N�
p

�
��

�− 1��+�ZFA
��� B�p

��p

��L��
�1��k,p�
�� + �̄�p−k − ��p�

+ L��
�2��k,p�
�� + �̄�p−k + ��p�� . �10b�

With the help of the above longitudinal and transverse elec-
tron spectral functions, the bonding and antibonding electron
spectral functions of doped bilayer cuprates are obtained as

A+�k,�� =
1

2
�AL�k,�� + AT�k,��� , �11a�

A−�k,�� =
1

2
�AL�k,�� − AT�k,��� , �11b�

respectively.

III. ELECTRON SPECTRUM AND QUASIPARTICLE
DISPERSION OF DOPED BILAYER CUPRATES

We are now ready to discuss the doping and temperature
dependence of the electron spectrum and quasiparticle dis-
persion of bilayer cuprate superconductors in the normal
state. We have performed a calculation for the electron spec-
tral functions in Eq. �11�, and the results of the bonding
�solid line� and antibonding �dashed line� electron spectral
functions at �a� the �� ,0� point and �b� the �� /2 ,� /2� point
for parameters t /J=2.5, t� / t=0.15, and t� / t=0.3 with tem-
perature T=0.1J at the doping concentration 
=0.15 are
plotted in Fig. 1. Apparently, there is a double-peak structure
in the electron spectral function around the �� ,0� point, i.e.,
the bonding and antibonding quasiparticle peaks around the
�� ,0� point are located at different positions, while the bond-
ing and antibonding peaks around the �� /2 ,� /2� point are
located at the same position, which leads to the BS appearing
around the �� ,0� point and it being absent in the vicinity of
the �� /2 ,� /2� point. In particular, the positions of the anti-
bonding peaks at the �� ,0� point are more closer to the
Fermi energy than those of the bonding peaks. In this sense,
the differentiation between the bonding and antibonding
components of the electron spectral function around the
�� ,0� point is essential. In analogy to the single layer
cuprates,17 both positions of the quasiparticle peaks from the
bonding and antibonding electron spectral functions at the
�� ,0� and �� /2 ,� /2� points are below the Fermi energy, but
the positions of the peaks at the �� /2 ,� /2� point are more
closer to the Fermi energy, which indicates that the lowest
energy states are located at the �� /2 ,� /2� point. In other
words, the low-energy spectral weight with the majority con-
tribution to the low-energy properties of doped bilayer cu-
prates comes from the �� /2 ,� /2� point. In qualitative agree-
ment with the ARPES experimental data on doped bilayer
cuprates.3,9–11 The double-peak structure in the electron spec-
tral functions around the �� ,0� point is closely related to the
interlayer hopping form in Eq. �2�. With decreasing values of
t� and J�, the distance between the bonding and antibonding
peaks in the electron spectral functions decreases. When t�

=0 and J�=0, we find that the transverse part of the dressed
holon Green’s functions in Eq. �4b� �hence the transverse
part of the electron Green’s functions in Eq. �9b� and the
transverse part of the electron spectral functions in Eq. �10b��
is equal to zero. In this case, the bonding electron spectral
function in Eq. �11a� is exactly the same as the antibonding
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electron spectral function in Eq. �11b�, hence the electron
spectral functions are reduced to the doped single layer
case.17

For a better understanding of the physical properties of
the electron spectrum in doped bilayer cuprates, we have
studied the electron spectrum at different doping concentra-
tions. The result of the electron spectral functions at �� ,0�
point for t /J=2.5, t� / t=0.15, and t� / t=0.3 with T=0.1J at

=0.09 �solid line�, 
=0.12 �dashed line�, and 
=0.15 �dot-
ted line� are plotted in Fig. 2, which indicates that with in-
creasing doping concentration, both bonding and antibonding
quasiparticle peaks become sharper and the spectral weights
of these peaks increase in intensity. Furthermore, we have
also discussed the temperature dependence of the electron
spectrum. The result of the electron spectral functions at
�� ,0� point for t /J=2.5, t� / t=0.15, and t� / t=0.3 at 

=0.15 with T=0.1J �solid line�, T=0.05J �dashed line�, and
T=0.01J �dotted line� are plotted in Fig. 3. It is shown ob-
viously that both bonding and antibonding spectral weights
are suppressed with increasing temperatures. These results
are also qualitatively consistent with the ARPES experimen-
tal results on doped bilayer cuprates.3,9–11

To consider the quasiparticle dispersion of doped bilayer
cuprates, we have made a series of calculations for both
bonding and antibonding electron spectral functions at differ-
ent momenta, and found that the lowest energy peaks are
well defined at all momenta. In particular, the positions of
both bonding and antibonding quasiparticle peaks as a func-
tion of energy � for momentum k in the vicinity of the �� ,0�
point are almost not changeable, which leads to the unusual

quasiparticle dispersion around the �� ,0� point. To show this
broad feature clearly, we plot the positions of the lowest
energy quasiparticle peaks in the bonding and antibonding
electron spectra as a function of momentum along the high
symmetry directions with T=0.1J at 
=0.15 for t /J=2.5,
t� / t=0.15, and t� / t=0.3 in Fig. 4. For comparison, the cor-
responding result from the tight-binding fit to the experimen-
tal data of the doped bilayer cuprate Bi2Sr2CaCu2O8+
 �Ref.
10� is also shown in Fig. 2 �inset�. Our result shows that, in
analogy to the doped single layer cuprates,17 both electron
bonding and antibonding quasiparticles around the �� ,0�
point disperse very weakly with momentum, and then the
two main flatbands appear, while the Fermi energy is only
slightly above these flatbands. Moreover, this bilayer energy
band splitting reaches its maximum at the �� ,0� point. This
result shows that the bilayer interaction has significant con-
tributions to the electronic structure of doped bilayer cu-
prates and is in qualitative agreement with those obtained
from the ARPES experimental measurements on doped bi-
layer cuprates.3,9–11 Within the t− t�− t�−J model, this quasi-
particle dispersion of doped bilayer cuprates has been stud-
ied based on the resonating valence bond wave function and
Gutzwiller approximation,15 where the quasiparticle disper-
sion relations are degenerate along the �0, 0�–�� ,�� direc-
tions and the splitting becomes maximum at the �� ,0� point,
which is consistent with our present result.

The essential physics of the double-peak structure of the
electron spectral function around the �� ,0� point in the

FIG. 1. The bonding �solid line� and antibonding �dashed line�
electron spectral functions as a function of energy at �a� the �� ,0�
point and �b� the �� /2 ,� /2� point for t /J=2.5, t� / t=0.15, and
t� / t=0.3 with T=0.1J at 
=0.15.

FIG. 2. The electron spectral functions at the �� ,0� point for
t /J=2.5, t� / t=0.15, and t� / t=0.3 with T=0.1J at 
=0.09 �solid
line�, 
=0.12 �dashed line�, and 
=0.15 �dotted line�.

FIG. 3. The electron spectral functions at the �� ,0� point for
t /J=2.5, t� / t=0.15, and t� / t=0.3 at 
=0.15 with T=0.1J �solid
line�, T=0.05J �dashed line�, and T=0.01J �dotted line�.
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present doped bilayer cuprates is dominated by the bilayer
interaction. The full electron Green’s function in doped bi-
layer cuprates is divided into the longitudinal and transverse
parts, respectively, due to the bilayer interaction, thus these
longitudinal and transverse Green’s functions �hence the
bonding and antibonding electron spectral functions and cor-
responding quasiparticle dispersions� are obtained beyond
the MF approximation by considering the dressed holon fluc-
tuation due to the spin-pair bubble. Therefore the nature of
the bonding and antibonding electron spectral functions of
doped bilayer cuprates in the normal state is closely related
to the strong interaction between the dressed holons �hence
electron quasiparticles� and collective magnetic excitations.
In this case, the single-particle hoppings in the bilayer t - t� -J
model are strongly renormalized by the magnetic interaction.
As a consequence, both bonding and antibonding quasiparti-
cle bandwidths are reduced to the order of �a few� J, and then
the energy scales of both bonding and antibonding quasipar-
ticle energy bands are controlled by the magnetic interaction.
These renormalizations for both bonding and antibonding en-
ergy bands are then responsible for the unusual bonding and
antibonding electron quasiparticle spectra and the production
of the two main flatbands around the �� ,0� point. As in the
single layer case, our present results also show that the elec-
tron quasiparticle excitations in doped bilayer cuprates origi-
nating from the dressed holons and spins are due to the
charge-spin recombination; this reflects the composite nature
of the electron quasiparticle excitations. Then the unconven-
tional normal-state properties in doped bilayer cuprates are
attributed to the presence of the dressed holons, spins, elec-
tron quasiparticle excitations, and bilayer coupling.

IV. SUMMARY AND DISCUSSIONS

In conclusion, we have shown that if the strong dressed
holon–spin coupling and bilayer interaction are taken into
account, the t - t� -J model per se can correctly reproduce
some main features of the ARPES electron spectrum and the
quasiparticle dispersion of doped bilayer cuprates in the nor-
mal state. In our opinion, the differentiation between the

bonding and antibonding components is essential, which
leads to two main flatbands around the �� ,0� point below the
Fermi energy. In analogy to the doped single layer cuprates,
the lowest energy states in doped bilayer cuprates are located
at the �� /2 ,� /2� point. Our results also show that the strik-
ing behavior of the electronic structure in doped bilayer cu-
prates is intriguingly related to the bilayer interaction, to-
gether with strong coupling between the electron
quasiparticles and collective magnetic excitations.

The experimental24 and theoretical,15,18 analyses show
that the physical properties for different families of doped
cuprates are strongly correlated with t� and t�. This means
that the different values of parameters t /J, t� / t, and t� / t
should be chosen for different families of doped cuprates.
For comparison, the values of parameters t /J and t� / t in the
present work have been chosen to be the same as in the
single layer case.17 Furthermore, the value of parameter t� / t
in the present work is qualitatively consistent with that in the
local-density approximation calculations18 based on the bi-
layer Hubbard model and the calculations within the bilayer
t− t� - t� -J model based on the resonating valence bond wave
function and Gutzwiller approximation.15 Although the sim-
plest bilayer t - t� -J model cannot be regarded as a complete
model for the quantitative comparison with doped bilayer
cuprates, our present results for the normal state are in quali-
tative agreement with the major experimental observations in
the normal state of doped bilayer cuprates.3,9–11

Finally, we have noted that the very recent ARPES experi-
ments have shown that although the largest BS is found in
the electron spectral function around the �� ,0� point, a small
BS remains also around the �� /2 ,� /2� point in a wide dop-
ing range.25,26 It has been argued that the observed small BS
around the �� /2 ,� /2� point is in good agreement with the
local-density-approximation based-band structure calcula-
tions, and is caused by the vertical O 2p�-O 2p� hopping t�

pp

between two adjacent planes.25,26 Therefore the significance
of the p-p transfer t�

pp should be taken into account. These
and related issues are currently under investigation.
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APPENDIX: DRESSED HOLON GREEN’S FUNCTION IN
THE BILAYER SYSTEM

As in the single layer case,17 the full dressed holon
Green’s function in the doped bilayer cuprates satisfies the
equation21

g�k,�� = g�0��k,�� + g�0��k,����h��k,��g�k,�� , �A1�

with the MF dressed holon Green’s function g�0��k ,��=gL
�0�

��k ,��+�xgT
�0��k ,��, where the longitudinal and transverse

parts are obtained as

FIG. 4. The positions of the lowest energy quasiparticle peaks in
the bonding �solid line� and antibonding �dashed line� electron
spectra as a function of momentum with T=0.1J at 
=0.15 for
t /J=2.5, t� / t=0.15, and t� / t=0.3. Inset: The corresponding result
from the tight-binding fit to the experimental data of the doped
bilayer cuprate Bi2Sr2CaCu2O8+
 taken from Ref. 10.
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gL
�0��k,�� =

1

2 �
�=1,2

1

� − ��k
, �A2a�

gT
�0��k,�� =

1

2 �
�=1,2

�− 1��+1 1

� − ��k
, �A2b�

and the dressed holon self-energy function ��h��k ,��=�L
�h�

��k ,��+�x�T
�h��k ,��, where �L

�h��k ,�� and �T
�h��k ,�� are

the corresponding longitudinal and transverse parts, and have
been given in Eq. �6�. This self-energy function ��h��k ,��
renormalizes the MF dressed holon spectrum, and thus, it
describes the quasiparticle coherence. On the other hand,
since we only study the low-energy behavior of doped bi-
layer cuprates, then the quasiparticle coherence can be dis-
cussed in the static limit. In this case, we follow the previous
discussions for the single layer case17 and obtain explicitly
the longitudinal and transverse parts of the full dressed holon
Green’s functions of the doped bilayer system as

gL�k,�� =
1

2 �
�=1,2

ZFA
���

� − �̄�k

, �A3a�

gT�k,�� =
1

2 �
�=1,2

�− 1��+1 ZFA
���

� − �̄�k

, �A3b�

with the quasiparticle coherent weights satisfy the following
equations:

1

ZFA
�1� = 1 +

1

32N2�
q,p

�
�,��,��

�1 + �− 1��+��+��+1��������q,p� ,

�A4a�

1

ZFA
�2� = 1 +

1

32N2�
q,p

�
�,��,��

�1 − �− 1��+��+��+1��������q,p� ,

�A4b�

where the kernel function �������q ,p� can be evaluated as

�������q,p� = C����p + k0�ZFA
���� B��pB�q

���p��q

�� F�����
�1� �q,p�

����p − ��q + �̄��p−q+k0
�2

+
F�����

�2� �q,p�

����p − ��q − �̄��p−q+k0
�2

+
F�����

�3� �q,p�

����p + ��q + �̄��p−q+k0
�2

+
F�����

�4� �q,p�

����p + ��q − �̄��p−q+k0
�2 , �A5�

with

C����p� = �Z�t�p − t��p�� + �− 1��+��t��p��2,

F�����
�1� �q,p� = nF��̄��p−q+k0

��nB����p� − nB���q��

+ nB���q��1 + nB����p�� ,

F�����
�2� �q,p� = nF��̄��p−q+k0

��nB���q� − nB����p��

+ nB����p��1 + nB���q�� ,

F�����
�3� �q,p� = �1 − nF��̄��p−q+k0

���1 + nB���q�

+ nB����p�� + nB���q�nB����p� ,

and

F�����
�4� �q,p� = nF��̄��p−q+k0

��1 + nB���q� + nB����p��

+ nB���q�nB����p� .

The two equations in Eq. �A4� must be solved together with
other self-consistent equations17 as follows:


 =
1

4N
�
�,k

ZFA
����1 − th	1

2
��̄�k
 , �A6a�

�1 =
1

4N
�
�,k

�kZFA
����1 − th	1

2
��̄�k
 , �A6b�

�2 =
1

4N
�
�,k

�k�ZFA
����1 − th	1

2
��̄�k
 , �A6c�

�� =
1

4N
�
�,k

�− 1��+1ZFA
����1 − th	1

2
��̄�k
 , �A6d�

1

2
=

1

4N
�
�,k

B�k

��k
coth	1

2
���k
 , �A6e�

1 =
1

4N
�
�,k

�k
B�k

��k
coth	1

2
���k
 , �A6f�

2 =
1

4N
�
�,k

�k�
B�k

��k
coth	1

2
���k
 , �A6g�

C1 =
1

4N
�
�,k

�k
2 B�k

��k
coth	1

2
���k
 , �A6h�

C2 =
1

4N
�
�,k

�k�k�
B�k

��k
coth	1

2
���k
 , �A6i�

C3 =
1

4N
�
�,k

�k�
2 B�k

��k
coth	1

2
���k
 , �A6j�

1
z =

1

4N
�
�,k

�k
Bz�k

�z�k
coth	1

2
��z�k
 , �A6k�

DOPING AND TEMPERATURE DEPENDENCE OF… PHYSICAL REVIEW B 75, 134513 �2007�

134513-7



2
z =

1

4N
�
�,k

�k�
Bz�k

�z�k
coth	1

2
��z�k
 , �A6l�

C1
z =

1

4N
�
�,k

�k
2 Bz�k

�z�k
coth	1

2
��z�k
 , �A6m�

C2
z =

1

4N
�
�,k

�k�k�
Bz�k

�z�k
coth	1

2
��z�k
 , �A6n�

� =
1

4N
�
�,k

�− 1��+1 B�k

��k
coth	1

2
���k
 , �A6o�

C� =
1

4N
�
�,k

�− 1��+1�k
B�k

��k
coth	1

2
���k
 , �A6p�

C�� =
1

4N
�
�,k

�− 1��+1�k�
B�k

��k
coth	1

2
���k
 , �A6q�

�
z =

1

4N
�
�,k

�− 1��+1 Bz�k

�z�k
coth	1

2
��z�k
 , �A6r�

C�
z =

1

4N
�
�,k

�− 1��+1�k
Bz�k

�z�k
coth	1

2
��z�k
 , �A6s�

C��
z =

1

4N
�
�,k

�− 1��+1�k�
Bz�k

�z�k
coth	1

2
��z�k
 . �A6t�

Then all the order parameters, decoupling parameter �,
chemical potential �, and the quasiparticle coherent weights,
are obtained by the self-consistent calculation.
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