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A mean-field theory of intrinsic localized modes �ILMs� in anharmonic lattices is proposed, which allows
one to perform calculations for macroscopically large lattices of arbitrary dimensions with realistic pair po-
tentials. In the theory, the original nonlinear problem is reduced to a linear problem of mode localization on the
self-consistent harmonic local potential. This enables us to apply the Lifshitz method of the perturbed local
dynamics of phonons for the calculations of ILMs. In order to check the theory, the characteristics of the ILMs
in a diatomic chain with the Born-Mayer-Coulomb pair potential are found and compared with the correspond-
ing molecular-dynamics simulations. The results of both considerations are in a very good agreement.
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I. INTRODUCTION

It is already a well-known fact that localized vibrational
excitations can exist in perfect anharmonic lattices.1–10 Such
excitations are called intrinsic localized modes �ILMs�,4 dis-
crete breathers,8 or discrete solitons.10 The main approach,
which has been used for the study of these excitations so far,
is molecular-dynamics �MD� simulations, which are based
on the numerical integration of the classical equations of
motion in the lattices with a finite number of the degrees of
freedom. The approach is rather efficient in the case of
simple one-dimensional lattices �see, e.g., Refs. 11–19�, but
it requires very lengthy computations in the case of two-
dimensional and three-dimensional lattices due to a rapid
growth of the number of numerical operations with the in-
crease of the number of the vibrational degrees of freedom
�see Refs. 20 and 21�. Therefore, it is of interest to develop
other methods for studying ILMs that will allow us to reduce
the amount of numerical computations.

In this paper, we have developed a mean-field-type theory
of ILMs that gives a possibility to perform calculations for
macroscopically large lattices of arbitrary dimensions with
realistic pair potentials. The theory is based on the consider-
ation of small variations of the ILM amplitude. The equa-
tions for these variations include the characteristics of an
ILM. This allows one to reduce the nonlinear problem of an
ILM to a linear problem of the perturbed phonon dynamics;
the perturbation comes from the ILM and is determined self-
consistently. To describe the effect of perturbation, we apply
the Green’s function method of locally perturbed harmonic
lattices �the Lifshitz method, see also Refs. 22 and 23, where
an analogous idea was applied to ILMs in the lattices with
cubic and quartic anharmonicities�. In contrast to Ref. 4,
where the Green’s-functions method was used to take into
account anharmonic terms for strongly localized ILMs of a
large amplitude, our method uses the Green’s functions for
the description of harmonic �small� vibrations and is appli-
cable generally, including the case with rather poor localiza-
tion of ILMs. To demonstrate how our method works, we
apply it to ILMs in a diatomic chain with a realistic Born-
Mayer-Coulomb pair potential. For verification, the
molecular-dynamics simulations of these ILMs are carried

out as well. The results of both calculations are in very good
agreement.

II. DESCRIPTION OF INTRINSIC LOCALIZED MODES

Let us start with the classical equations of the motion of
atoms in a lattice:

Mnün = − �V/�un, �1�

where un is the displacement of the atom n, Mn is its mass
�the subscript n includes both the site number and the num-
ber of the Cartesian component�, and V�V��un�� is the po-
tential energy:

V =
1

2 �
n1n2

Vn1n2

�2� un1
un2

+ Vanh,

where the first term is its harmonic part and the second term
is its anharmonic part.

We are considering a localized solution of Eq. �1�, de-
scribing a stable ILM. For such a solution, the displacements
of atoms are of the form un�t�=An cos �lt+�n+O��l�, where
�An� is the amplitude of the ILM at the site n, �l is the
frequency of the ILM, which lies outside the phonon spec-
trum, �n is the shift of the equilibrium position of the atom n
�i.e., the dc component of the ILM; this component differs
from zero due to odd anharmonicities�, and O��l� is the sum
of higher harmonics. The contributions of these harmonics
are usually rather small if the amplitude of the ILM is small
as compared to the lattice constant�s�.3–9 Below, they will be
neglected.

Our further consideration is based on the fact that
ũn=An cos��l�t+��	+�n is also a solution of Eq. �1�. Taking
� to be infinitesimal, we get ũn�t�=un�t�+qn�t�, where
qn=−An�l� sin �lt is an infinitesimal variation of the ILM. It
also oscillates in time with the frequency �l but its phase is
shifted by −� /2.

Taking into account the relation V��un�� , ũn�
=V+ ��V /�un�qn �here, n��n� and subtracting the equation
of motion for un from that for ũn, we find the following
equation for qn:
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Mnq̈n = − �
n�

�Vnn�
�2� + vt,nn�	qn�, �2�

where

vt,nn� = �2Vanh/�un�un�. �3�

We are searching for the solution of Eq. �2�, which has the
basic frequency �l like that of the ILM and the phase shifted
by −� /2. Let us apply the rotating wave approximation
�RWA�, which corresponds to the neglecting of higher-order
harmonics in this equation. To do this, we need to extract the
� sin �lt term in the product vt,nn�qn�, with qn�� sin �lt.

The time dependence of vt,nn� is given by the sum of the
terms � cosm �lt, m=1,2 , . . .. Only the terms with even
m=2n give the required contribution. The �ei�lt terms of the
product vt,nn� sin �lt come �a� from the time-independent part
of cos2n �lt �it equals 2−2n�2n�! /n!n!	 and �b� from the
�e2i�lt part of cos2n �lt �it equals −2−2n�2n�! / �n−1�!�n+1�!	.
Summing up these two contributions and taking also into
account the �e−i�lt terms, we get

cos2n �lt sin �lt =
2−2n�2n�!
n!�n + 1�!

sin �lt + O��2k + 1��l	 ,

k�1. Here, O��2k+1��l	 denotes higher harmonics which
are neglected in RWA. Note that the above factor in front of
sin �lt coincides with the time-independent term of the prod-
uct 2 cos2n �lt sin2 �lt. In other words, the amplitude of the
first harmonic of the term vt,nn�qn� in Eq. �2� equals to the
time-independent term of the Fourier series expansion of
2vt,nn� sin2 �lt. This observation allows one to rewrite Eq. �2�
in the form

Mnq̈n = − �
n�

�Vnn�
�2� + vnn�	qn�, �4�

where

vnn� = 2
vt,nn� sin2 �lt� ,


¯� =
�l

2�
�

0

2�/�l

. . . dt �5�

denotes the averaging over the period 2� /�l. The averaging
procedure in Eq. �5� cancels out all oscillating in time terms.
Note that the obtained dynamical matrix vnn� leads to the
same mean value of the potential energy of the small vibra-
tion as the matrix vt,nn�.

A. Equilibrium position shifts

The dc shifts �n, entering together with the amplitudes An
into Eq. �5�, are not independent parameters of the problem;
they can be expressed through An. To find them, we are con-
sidering the shifts x0j of the equilibrium positions of the nor-
mal coordinates xj caused by an ILM. These shifts can be

found from the following condition of the vanishing of the
linear terms in the mean potential energy of phonons of the
lattice with the ILM:

� j
2x0j + �

n

��un/�xj�
�Vanh/�un� = 0.

Taking into account the relation un=� jenjxj /
Mn, we get
x0j =−� j

−2�nenj
�Vanh /�un� /
Mn, where enj �eikjn is the com-
ponent of the polarization vector of the normal mode j of the
perfect lattice, and kj is the wave number of the mode j. This
gives for �n=� jenjx0j /
Mn the relation

�n = �
n�

gnn�
�Vanh/�un�� , �6�

where gnn�=G
nn�
�0� �0� /
MnMn� are the parameters of the har-

monic lattice, and G
nn�
�0� �0� is the static limit ��=0� of the

Green’s function of the perfect lattice24,25

Gnn�
�0� ��� = �

j

enjen�j/��2 − � j
2� .

B. Mean field for ILM

Our approach to determining the parameters of ILMs is
based on the observation that Eq. �4� corresponds to the fol-
lowing harmonic potential energy:

VMF =
1

2�
nn�

�Vnn�
�2� + vnn�	qnqn�. �7�

This potential energy, when the amplitude parameters An of
the ILM are chosen correctly, should lead to the appearance
of the linear local mode that is an infinitesimal part of the
ILM. The potential VMF constitutes a mean field for the lin-
ear mode and therefore also for the ILM. The matrix vnn�
gives the required change of elastic springs.

The potential VMF should be determined self-consistently.
This can be done by using the Lifshitz method24 for the
description of the small variation of the ILM. In this method,
the ratios of the amplitudes of a local mode �in our case,
these are equal to the ratios of the amplitudes of the ILM�
satisfy the relations

An/A0 = Gn0��l�/G00��l� , �8�

where G��� is the matrix of the perturbed Green’s function24

G��� = �I − G�0����v	−1G�0���� , �9�

the frequency �l is given by the position of the pole of G���
outside the phonon spectrum.

I − G�0���l�v = 0. �10�

Since the amplitude parameters An enter into the perturbation
matrix v, Eq. �8� and �9� constitute self-consistency equa-
tions.
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We calculate an ILM by determining the amplitudes An,
the dc shifts �n, and the frequency �l iteratively. One starts
by choosing the main amplitude�s� of the ILM. Using these,
one finds the dc shifts �n by solving Eq. �6�. By inserting the
obtained �n into Eq. �5�, one calculates the matrix v. After
that, one computes the frequency of the ILM by using Eq.
�10� and then the new amplitudes by using Eq. �8�. One
repeats the procedure with newly found amplitudes until the
amplitudes converge to the required accuracy. Our examples
show that usually the procedure converges rather quickly.

III. DIATOMIC CHAINS WITH REALISTIC PAIR
POTENTIALS

Let us calculate ILMs in a chain with a realistic pair po-
tential. We take into account the nearest-neighbor interac-
tions only. In this case, the potential energy of a chain has the
form

V = �
n

V�ūn� ,

where V�x� is the pair potential of two adjacent particles
which are at the distance d+x, d is the distance between the
equilibrium positions of the particles, and ūn=un−un−1 is the
difference of the shifts of the particles n and n−1. In this
model, an ILM causes a weakening of springs. Therefore,
ILMs can exist only if the chain has gaps in the phonon
spectrum.6,19,21 Here, we consider the simplest chain of this
type—a diatomic chain.

In this model, the perturbation matrix v equals

vnn� = �n,n��	n+1 + 	n� − �n−1,n�	n − �n+1,n�	n+1, �11�

where

	n = 2
sin2 �Lt�2Vanh/�ūn
2� �12�

is the renormalization of the elastic spring between the par-
ticles n and n−1. In this equation, �2Vanh /�ūn

2 should be

found for ūn= Ān cos �lt+ �̄n, where

Ān = An − An−1, �̄n = �n − �n−1.

In the case under consideration, the dc shifts �̄n can be found
from the following condition of the zero force:


�V�ūn�/�ūn� = 0. �13�

The Green’s functions of the diatomic chain read

Gnn�
�0� = �

k
�

j=0,1

ejl�k�ejl��k�cos��n − n��k	

�2 − � j
2�k�

�−� /2
k�� /2, l , l�=1,2�, where � j
2�k� and ejl�k� are the

eigenvalues and the eigenvectors of the dynamical matrix in
the k representation, and j=0 corresponds to the acoustic
branch of phonons, while j=1 stands for the optical branch,
the odd n �light atoms� correspond to l=1, the even

n �heavy atoms� correspond to l=2; �2 is considered as the
limit �2− i�, �→ +0.

Below, we are using the maximal frequency of phonons
for the unit ��m=1�. Then, the phonon spectrum is described
by the equation

� j
2�k� =

1

2
�1 + �2j − 1�
1 + 4�2�cos2 k − 1�	 ,

where �=
M1M2 / �M1+M2�.

A. Toda potential

To calculate ILMs, we need to find the renormalizations
of the elastic springs 	n. Let us first consider the values of
these parameters for the Toda pair potential

V�x� = P�e−x/
 + x/
 − 1� , �14�

where P is the characteristic energy and 
 is the characteris-
tic distance of the repulsion between atoms. To find the
amplitude-dependent perturbation of springs, one needs first
to calculate the dc shifts from Eq. �13� and then 	n from Eq.
�12�. To do that, we need to perform the averaging of the
derivatives of Vanh over the vibrational period. This can be
done by applying the equation


eĀ cos �lt/
� = I0�Ā/
� . �15�

Here and below, In�x� is the modified Bessel function of the
nth order. Further calculations for this potential are straight-
forward. As a result, one gets the following simple depen-

dences of �̄ and 	 on the dimensionless amplitude a= Ā /
:

�̄/
 = ln�I0�a�	, 	 = − �P/
2�I2�a�/I0�a� . �16�

B. Morse potential

The Morse potential

V�x� = �P/2��e−x/
 − 1�2 �17�

is analogous to the Toda potential. Using the dimensionless

amplitude a=2Ā /
, we get

�̄/
 = ln�I0�a�/I0�a/2�	 �18�

and

	 = �P/
2��4I0�a/2�
aI0�a� � I0�a/2�I1�a�

I0�a�
− I1�a/2�� − 1� .

�19�

C. Born-Mayer-Coulomb potential

One often uses the Born-Mayer-Coulomb potential

V�x� = P�e−x/
 −
d2/


d + x
+ d/
 − 1� . �20�

Here, P=�Mq2
 /d2, �M is the Madelung constant, q is the
effective charge, and 
 describes the repulsion between the
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atoms. Note that in our units, the repulsion part of this po-
tential coincides with that of the Toda potential. Moreover,
for usual values of the ratio d /
�10 and for a reasonably
small x, this potential differs but little from the Toda poten-
tial.

To find the Ā dependence of the renormalization of
springs, we need to perform also the averaging of the deriva-
tives of the Coulomb term over the vibrational period. This
can be done by applying the equation


1/�d + �̄ + Ā cos �lt�� = 1/
�d + �̄�2 − Ā2. �21�

Using Eq. �13� and the above relations �15� and �21�, we get

the following equation for �̄n:

e−�̄/
I0�Ā/
� − d2�d + �̄�/��d + �̄�2 − Ā2	3/2 = 0. �22�

Analogously, we get the equation for 	n:

	 = �P/
2�„�2
/Ā�e−�̄/
I1�Ā/
� − 1

− �2
/d��d3/��d + �̄�2 − Ā2	3/2 − 1�… . �23�

Equation �22� allows one to find the dependence of �̄ on Ā.

By inserting the obtained �̄ to Eq. �23�, one can also find 	.

Note that for all potentials, in the small �Ā� limit, �̄ and

	� Ā2. This means that the dc changes of the distances of the
nearest atoms and the renormalization of bonds converge on
the tails of an ILM rather fast—faster than the amplitudes
itself.

In Fig. 1, the dependence of 	 on the dimensionless am-
plitude a for all three above-considered potentials is pre-
sented �in P /
2=1 u�. As expected, the values of 	 are nega-
tive for all amplitudes. Note that for the reasonable values of

a�5, the Morse potential has the strongest anharmonic ef-
fect, while for the Toda and Born-Mayer-Coulomb poten-
tials, it is smaller and, as expected, differs but little.

D. Numerical examples

For numerical considerations, we choose the NaBr-type
diatomic chain with a Na-Br coupling, given by the Born-
Mayer-Coulomb potential, and calculate the odd ILMs cen-
tered on a Na atom. The parameters of this potential are
known: d=2.981 Å 
=0.333 Å, q=e, �M =1.7475, M1
=22.99 amu, and M2=79.90 amu. In this case, the top of the
acoustic band is at �a=0.473�m; the bottom of the optical
band is at �a=0.881�m.

To find the characteristics of an ILM, we use an iteration
procedure: we choose the trial values of the amplitudes of a
few central atoms �usually, we include into consideration the
amplitudes of 13 central atoms� and then calculate the shifts
�n and the changes of the elastic springs 	n by using Eqs.
�22� and �23�. Inserting obtained 	n into Eqs. �8�–�11�, we
calculate the frequency and new amplitudes. Then, we repeat
the calculations with these new amplitudes. We do that many
times for every different value of the initial amplitudes.
Commonly, the iteration procedure converges fast �in less
than ten steps�, but because of an extremely short time of a
single iteration, we do approximately 40 iteration steps for
every case.

The results of our calculations are given in Fig. 2 and in
Table I �upper lines�. As it should be, the ILMs with small
amplitudes have rather a large size; their frequency is close
to the bottom of the optical band. The enlargement of the
amplitudes results in the increasing of localization and in the
decreasing of the frequency.

E. Comparison with MD simulations

We also carried out MD simulations of the ILMs in the
same model. A special care was taken to achieve high preci-
sion; for details, see Ref. 26. A comparison of the obtained

FIG. 1. The dependence of 	 on the dimensionless amplitude a
for the Toda, Morse, and Born-Mayer-Coulomb potentials �in the

P /
2 units�. For the Morse potential, a=2Ā /
, while for the Toda

and for the Born-Mayer-Coulomb potentials, a= Ā /
; for the latter
potential, 
 /d=0.1117 �the value of this parameter in NaBr�.

FIG. 2. The dependence of the dimensionless frequency � /�m

of an odd ILM on the amplitude A0 �in Å� of the central atom �Na�
in a NaBr-type diatomic chain; �m is the top phonon frequency, �o

is the bottom of the optical band, and �a is the top of the acoustic
band.
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results with our theoretical calculations �see Table I and Fig.
2, the line and the crosses� demonstrates a good agreement of
both calculations. In fact, for the case of ILMs with a small
amplitude and rather a substantial size, the agreement is just
excellent. This clearly demonstrates an advantage of the pro-

posed method as compared to the method of Ref. 4, which
allows one to calculate only strongly localized ILMs.

One can see that the difference between the theoretical
results and the MD simulations increases with the increasing
of the amplitude of the ILM. For example, the frequency
difference of the ILM with A0=1 Å reaches 7%. This dis-
crepancy is connected with the RWA used above: the increas-
ing of amplitudes results in the increasing of the contribution
of higher-order harmonics, which are neglected in this ap-
proximation. This conclusion is fully supported by our MD
calculations of the first harmonics of ILMs �see Fig. 2,
squares�: the MD frequencies of ILMs with the same ampli-
tude of the first harmonics, as it is in the theory, are situated
very close to the theoretical line.

IV. CONCLUSION

To conclude, we have developed a theory of intrinsic lo-
calized modes, which allows one to make use of harmonic
approximation results and to perform calculations for a mac-
roscopically large lattice of an arbitrary dimension. We have
derived the equations describing small variations of ILM am-
plitudes, which allowed us to reduce the original nonlinear
problem to the linear problem of phonon localization on the
local effective potential. The latter is created by the ILM
itself and it is determined self-consistently. This enabled us
to apply the Lifshitz method of the perturbed local dynamics
of phonons for the calculations of the ILMs. To test the
method, we calculated the ILMs in diatomic chains. We have
also carried out the MD calculations of the ILMs in diatomic
chains. A comparison of the results obtained by both meth-
ods �see Table I and Fig. 2� shows a good agreement.
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