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The quantum ballistic transport of electrons through nanowire junctions formed by putting one nanowire
�with square, rectangular, and circular cross sections� on top of another wire �the two wires are not lying in the
same plane� is studied using tight-binding models and the Green’s function approach. Different tight-binding
models are considered to find the optimum number of tight-binding sites in the transverse plan for approxi-
mating the continuum model in a finite range of energy and also to find the minimal site number for qualitative
description of the transport characteristics. Resonant dips and peaks found in the interwire and intrawire
conductances can be explained by the formation of bound and quasibound states at the cross junction. How the
conduction channels of the wires are coupled together in the formation of the bound and quasibound states are
analyzed using the projected Green’s functions. Quasibound states unbound in both wires give rise to resonant
peaks in the interwire conductance as well as resonant dips in the intrawire conductance. Quasibound states
unbound in only one wire give rise to only resonant dips in the intrawire conductance without corresponding
resonant peaks in the interwire conductance. Some exception in the latter case is discussed. Reduction of
interwire coupling strength is shown to suppress the conductance at energy far from the subband edges. In the
weak interwire coupling regime, larger conductances are found at energies close to the subband edges. A
comparison of the square and rectangular wire junctions studies is made. Increase in the dimension perpen-
dicular to a square wire junction reduces the interwire conductance and enhances the intrawire conductance.
On the other hand, degeneracy of subbands due to the higher symmetry of a square cross section enhances the
interwire conductance. Comparison of circular wire junctions with square wire junctions show that some
conductance features found in square wire junctions disappear in circular wire junctions owing to the weaker
interwire coupling in circular wire junctions, which is the result of a smaller contact area between wires. The
energies and probability densities of some bound and quasibound states are also determined and analyzed in
the present study.
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I. INTRODUCTION

In the past several decades, we have seen spectacular
technological achievements in the miniaturization of elec-
tronic devices and the mass production of integrated circuits
with sophisticated functions and high efficiency. However,
with the device dimension reaching the nanometer scale, the
miniaturization trend slows down and alternative approaches
to nanosize device fabrication have to be sought in order to
revolutionize the microelectronic technology. A promising
candidate among these approaches is one that uses self-
assembled nanostructures, such as nanotubes1–3 or
nanowires4,5 as basic building blocks of nanodevices, nano-
circuits, and nanosystems. In this “bottom up” approach,
nanostructures are assembled into functional components us-
ing processing techniques different from conventional micro-
electronic techniques. For example, nanowires are organized
and aligned to form arrays using a solution-based Langmuir-
Boldgett method.6 The stacking of these organized arrays
with different orientations produces nanowire networks,
which can then be used to construct nano-circuits7,8 or
subsystems9–11 by making electrical connections between
nanowires at appropriate locations. Since self-assembled
nanostructures can easily be fabricated in a laboratory in
large quantity with relatively inexpensive nonequilibrium
growth processes,12–15 the fabrication cost of the bottom up
approach is low in comparison with the conventional ap-

proach. For this reason, the bottom up approach has attracted
a great deal of research attention recently.

As a building block of nanodevices, semiconductor nano-
wires are preferable to carbon nanotubes because their elec-
trical properties can be easily controlled by adding impurities
during growth.16 Recently there were some experimental
demonstrations of nanowire devices, such as p-n junctions,4

lasers,17 LED’s, transistors,18,19 built from nanowire cross
junctions, which are formed by putting one nanowire on top
of another wire. If the oxide layer that separates the two
wires in the junction is thin enough, electrons can tunnel
from one wire into another wire through the oxide layer.
With one of the wires being p-type and the other wire being
n-type, the cross junction becomes a p-n junction, which is
the basic building block of devices such as lasers, light emit-
ting diodes and transistors. At the moment, our understand-
ing of electron transport in nanowire cross junctions is quite
limited. It is therefore very useful for the design and devel-
opment of nanodevices to have a detailed study of electron
transport in nanowire cross junctions. Although cross junc-
tions have been studied previously,20–25 nearly all the theo-
retical works �except Refs. 22 and 25� focus on junctions
formed from wires lying in the same plane and the important
issue of the effects of the interwire coupling strength has not
been properly addressed.

Stimulated by the recent developments in nanowire de-
vices, here we study electron transport through a nanowire
cross junction using the lattice tight-binding �TB� model.26
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The main objective of the present work is not to obtain nu-
merical results which can be compared quantitatively with
experiments, but to understand the physics of electron trans-
port in a cross junction by identifying generic features in the
conductance and investigating how they are affected by the
interwire coupling strength. Therefore, lattice tight-binding
models with different numbers of conduction channels
should be sufficiently accurate for this objective. Some mod-
els considered have large numbers of conduction channels
and are good approximation of continuum models, which can
be used to calculate the nanojunction’s conductances in the
design of nanowire devices. The organization of this paper is
as follows. Section II describes the lattice tight-binding mod-
els and the determination of conductance using the Green’s
function formalism. In Sec. III, the numerical results for dif-
ferent conduction channel numbers and grid sizes are pre-
sented and analyzed. The formation of bound and quasi-
bound states are analyzed in terms of the coupling between
conduction channels using the projected Green’s function.
The effects of varying the interwire coupling strength and the
cross section are also investigated. The energies and prob-
ability densities of some bound and quasibound states are
presented and discussed. Finally, the paper is concluded in
Sec. IV.

II. MODEL

Figure 1 shows the schematic diagram for one of the lat-
tice TB models considered, in which the TB sites are ar-
ranged in a simple cubic lattice structure. At each TB site,
there is a single s orbital, which can accommodate one elec-
tron without the spin degree of freedom. An electron occu-
pying one TB site can hop to a neighboring site through the
hopping terms in the TB model, which are represented by
solid black lines connecting neighboring sites of the nano-
wire in the figure. The nanowire shown in Fig. 1 has a square
cross section with four TB sites occupying the square’s four
corners �it is referred to as a 2�2 square wire� and has four

conduction channels. In addition to this model, we also stud-
ied TB models with N�N square cross section �N
=4,6 ,8 ,10�, N�Nz rectangular cross sections, where Nz de-
notes the number of sites along the z direction with N=8, and
Nz=5,11. Apart from square and rectangular wires, we also
studied cross junctions formed from wires with circular cross
section. A schematic diagram of a circular wire junction and
the positions of the tight-binding sites in a cross section of
the junction is shown in Fig. 2. The position of the cross
section is indicated by the dashed circle and rectangle in the
figure.

FIG. 1. �Color online� Schematic diagram showing the sites of
the tight-binding model of a cross junction formed from two 2�2
square wires. The tight-binding sites connected to sites of the other
wire by interwire coupling are circled. The arrows mark the sites
considered in the determination of the projected Green’s function
shown in Figs. 4 and 5. The conducting leads are labeled from 1 to
4.

FIG. 2. Schematic diagram showing a cross junction formed
from two circular wires. The tight-binding sites in the cross section
marked by the dashed circle and rectangle in the junction are also
shown.
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The two wires that form a cross junction are perpendicu-
lar to each other and do not lie on the same plane. The
transfer of electrons from one wire to another in the cross
junction is enabled by the hopping coupling between the TB
sites that are in contact �they are nearest neighbors� in the
junction. In Fig. 1, these TB sites are circled by dashed
circles and the hopping coupling between these TB sites in
the cross junctions is represented by dotted lines. The inter-
wire hopping strength is different from the intrawire hopping
strength as the hopping probability between two wires is
determined by the thickness of the oxide layer between two
wires. The interwire hopping strength can be varied between
0 and the intrawire hopping strength in the calculation to
investigate the effects of oxide layer thickness on the trans-
port characteristics. When the interwire hopping strength is
comparable to the intrawire hopping strength, the junction is
in the strong coupling regime and strong mixing of subbands
occurs as a consequence. When the interwire hopping
strength is much smaller than the intrawire hopping strength
or the subband energy separation, the coupling is in the weak
coupling regime.

We have considered N�N square models with large
cross-sectional dimensions �N=6,8 ,10� to confirm that TB
models can approximate the continuum model. We find that
the conductances calculated for N=8,10 are quite close in
the energy range of interest, which indicates that a TB model
with N=8 can provide a good approximation to the con-
tinuum limit in this energy range. Some TB models with
small numbers of conduction channels, 4 channels in a 2
�2 square wire and 16 channels in a 4�4 square wire, are
also studied in the present study. These two small channel
number models were studied for the following reasons:

�1� The simple 2�2 square model, for its relatively small
number of channels, can be used to investigate how the con-
duction channels of different wires are coupled together and
the effects of the coupling on the nanojunction’s transport
characteristics.

�2� By comparing with larger wires, the study of these
smaller wires can throw light on the effects of wire diameter
on the salient features of the junction conductance.

�3� It is useful to know how good these simple models
with small channel numbers can be used to approximate
qualitatively TB models with large channel numbers or wires
in the continuum limit. These models can be regarded as
finite-difference models of large diameter nanowires with
coarse discretization grids, which can capture the salient
qualitative features of the interaction between conduction
channels of different wires. Although these models’ accuracy
for large diameter wires is not very high, it is still very useful
to know for the study of nanowire network structures, which
have many nanojunctions formed from a large number of
wires, how accurate these simple models can be used to
model the transport characteristics of a nanowire junction.
One-dimensional �1D� TB model, which has only one TB
site in the transverse plane, has been used to model the trans-
mission properties of a two-dimensional �2D� T-shaped
quantum wire junction by Itoh27 and qualitative agreement
has been obtained between the TB and continuum models for
low incident energies. As a result, 1D tight-binding models
were adopted to study the physics of other multiterminal

quantum wire structures by Xu28 and Orellana et al.29–31 with
significant simplification of the problem. Here we can find
the three-dimensional �3D� extension of the 1D model pro-
posed by Itoh.27

The tight-binding Hamiltonians for the lower and upper
nanowires in the cross junctions are given as

HL = �
i=1,j=−NL

i=M,j=NL

�Lai,j
+ ai,j + �

i,j
t�aR�i�,j

+ ai,j + ai,j
+ ai,j+1� + H.C.,

HU = �
i=1,j=−NL

i=M,j=NL

�Ubi,j
+ bi,j + �

i,j
t�bR�i�,j

+ bi,j + bi,j
+ bi,j+1� + H.C.,

where ai,j
+ �ai,j� and bi,j

+ �bi,j� are creation �annihilation� opera-
tors of site i, j of the lower and upper nanowires respectively.
Index i is the site index along the transverse direction with
values between 1 and M, where M =4 for a 2�2 square wire
and M =100 for a 10�10 square wire and, R�i� denotes the
transverse index of the nearest neighbor of site i. j is the
index along the longitudinal direction with values between
−NL and NL, and NL should go to infinity when the wire is
infinitely long. �L�U� is the orbital energy of the lower �upper�
wire and t denotes the intrawire hopping coupling between
neighboring sites. For both the square and rectangular wires
we use �L=�U=6t, which give a bulk energy band bottom at
E=0. In a N�Nz rectangular wire with the longitudinal di-
rection along the x axis, there are N�Nz subbands with dis-
persions given by

Eij�kx� = 6t − 2t cos�i�/�N + 1�� − 2t cos�j�/�Nz + 1��

− 2t cos�kx� ,

where i=1,2 , . . . ,N, j=1,2 ,… ,Nz, and −��kx��. The
dispersion for a N�N square wire can be obtained by put-
ting N=Nz.

The total Hamiltonian of the cross-junction is HL+HU
+HT, where the hopping coupling between the two wires is
described by the following term

HT = tC �
P=1

P=K

�a�P�
+ b�P� + b�P�

+ a�P�� ,

where tC is the interwire coupling strength between the upper
and lower wires, which is related to the oxide layer thickness
between the two wires and can be varied to investigate the
effects of oxide layer thickness.�P� denotes the indices of
sites coupled by HT and K is the number of sites in each wire
participating in the interwire coupling, which equals N2 for
both the square and rectangular wires.

Connected to the cross junction are four semi-infinite con-
ducting leads, which are labeled from 1 to 4 in Fig. 1. To
determine the electron transmission probability from one
wire to another and the junction’s conductance, we consider
an incident electron with energy E from lead 1, which is
scattered by the cross junction into leads 2, 3, and 4. The
transmission probability �conductance� between leads 1 and
2 is the intrawire transmission probability �conductance�,
while the transmission probabilities �conductance� between
lead 1 and leads 3 and 4 are interwire transmission probabili-
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ties �conductance�. The transmission probability, Tpq�E�, and
conductance Gpq�E� between leads p and q at energy E were
calculated by using the following expressions32

Gpq�E� =
2e2

h
Tpq�E�

and

Tpq�E� = Tr��p�E�Gr�E��q�E�Ga�E�� ,

where Gr�E� and Ga�E� are the retarded and advanced
Green’s functions of the junction sites at energy E and
�p�E�=�p

r �E�−�p
a�E�, where �p

r�a��E� is the retarded �ad-
vanced� self-energy of the junction due to lead p. The re-
tarded and advanced Green’s functions are L�L matrix,
where L=2N2Nz is the number of sites in the junction. This
expression is only applied to nonidentical leads �p�q�. For
the reflection probability �p=q=1�, we have to use the fol-
lowing expression

T11 = NE − �
p=2

4

T1p,

where NE is the number of transverse conduction channels
participating in conduction at incident energy E. The re-
tarded Green’s function can be found as the inverse of the
matrix EI−H0−�p=1

4 �p�E�, where H0 is the L�L Hamil-
tonian matrix of the junction sites without attachment to the
four leads, I is an identity matrix and �p�E� is the self-energy
of lead p=1,2 ,3 ,4. To simplify the discussion below, the
incident energy and the model parameters are expressed in
unit of the intrawire hopping strength, which is assumed to
be identical along the longitudinal and transverse directions.

The determination of the transmission probability or con-
ductance of a circular wire junction using the Green’s func-
tion approach is very similar to a square or rectangular wire
junction except for the TB model used to describe the junc-
tion and leads. The TB model for a circular wire can be
obtained by discretizing the Schrödinger equation as de-
scribed in Rotter et al.33 The Schrödinger equation is first
expressed in cylindrical coordinates z,�, and �, with z denot-
ing the longitudinal coordinate along the length of the wire,
and � and � denoting respectively the radial and angular
coordinates in the transverse plane of the wire. The discrete
grid points for � and � are respectively at �i= �i− 1

2
�	�, with

i=1,2 , . . . ,N� and �= j	�, with j=1, . . . ,N�. N� and N� are
the numbers of grid points of the two coordinates. The lon-
gitudinal coordinate z is discretized with spacing 	z accord-
ing to zk=k	z, where k is an integer index. In Fig. 2, the TB
model has N�=4 and N�=5�N�=20. Since there are 8 grid
points on the diameter of the cross section, the TB model is
expected to be a good approximation of the continuum
model. This has been confirmed by comparing the results for
N�=4 and N�=5.

Applying the variational principle to the discretized Lan-

gragian of the system, the TB Hamitlonian Ĥcw
U for the upper

circular wire �denoted with superscript U� is obtained as

Ĥcw
U = �

k
�
i=1

N�

�
j=1

N�

��k
z + �i

� + � j
��ai,j,k

+ ai,j,k + ti,i−1
� ai,j,k

+ ai−1,j,k

+ ti,i+1
� ai,j,k

+ ai+1,j,k + tj,j−1
� ai,j,k

+ ai,j−1,k + tj,j+1
� ai,j,k

+ ai,j+1,k

+ tz�ai,j,k
+ ai,j,k−1 + ai,j,k

+ ai,j,k+1� ,

where ai,j,k
+ �ai,j,k� is the creation �annihilation� operator of the

TB site i, j, k of the upper circular wire, the TB parameters
are given by

tz =
− 


	z2 , �k
z = − 2tz,

ti,i±1
� =

− 


	�2

�i±1/2

��i±1
��i

, �i
� =

2


	�2 ,

tj,j±1
� = −




�i
2	�2 , � j

� =
2


�i
2	�2 ,

where 
 =
�2

2me
.

For the lower circular wire, the creation �annihilation� op-
erators are represented by bi,j,k

+ �bi,j,k�. The total Hamiltonian

for a circular wire cross junction is Ĥcw
U + Ĥcw

L + ĤC where

ĤC=�I=1
NC tC�aI

+bI+bI
+aI� is the interwire coupling, with I de-

noting the indexes of sites that participate in interwire cou-
pling and NC denoting the total number of these sites. We
assume that one fifth of the sites around the circumference
participate in interwire coupling and the coupling strength tC
is a constant for these sites. These sites are considered in the
interwire coupling because they are the nearest and second
nearest neighbors to the sites in the other wire in the junction
�farther sites are ignored in this assumption�. In reality, the
interwire coupling strength depends on the distances between
sites and the constant coupling strength used can be regarded
as an average effective coupling strength. tC has been varied
in the calculation to examine the effects on conductance. It is
found that uncertainties in tC do not have significant effect on
the qualitative features of the conductance; as a result, the
constant tc assumption should not have significant effect on
the present study of qualitative features. In the numerical
calculation, we assumed 	z=	� and 	�= 2�

N�
, and expressed

energy in unit of tz.

III. RESULTS AND DISCUSSION

A. 2Ã2 square wire

In this section, the 2�2 square wire model is studied to
clarify how the coupling of conduction channels in the junc-
tion gives rise to generic features found in the conductance.
This simple model is considered first as it can simplify the
discussion. The analysis presented in this section provides a
basic framework which can be readily used to understand the
transport characteristics of junctions formed with wires with
larger transverse dimensions.
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The interwire and intrawire conductances and reflection
�respectively, G13, G12, and T11� of the 2�2 square wire are
shown in Fig. 3. tC is varied to investigate the effect of in-
terwire coupling on G13 and G12. By symmetry, G13=G14 and
only G13 is shown here. The conductance and reflection of
the square wire are symmetrical with respect to E=6t and
only results below the symmetry point are shown. In small
energy ranges just above the subband edges, strong reflection
�T11� can be found, which are associated with the suppres-
sion of inter and intra-wire conductances, G12 and G13. The
sizes of these suppression regions are increased by increasing
the interwire coupling strength tC. This suppression phenom-
enon is more prominent around the first subband edge than
around the second subband edge as the suppression region
around the first subband edge is much larger. When tC is
small �tC=0.1�, this suppression region in G13 is very small
and difficult to delineate in the energy scale shown in the
figures. Therefore, G13 in the weak coupling regime appears
to possess sharp peaks at the subband edges. When tC in-
creases the peak of G13 moves away from the subband edges.
For energies below the second subband, the peak value of
G13 equals 0.5e2 /h, which is independent of the interwire
coupling strength, while for energies above the second sub-
band the peak of G13 increases with tC.

Interesting features can also be found in the junction’s
conductances, G12 and G13, at energies around the subband
edges. For the 2�2 square wire, two dips in G12 and a peak

in G13 can be found just below the second subband edge. To
further investigate how interwire coupling modifies these
features, the conductances are enlarged in Fig. 4, which
shows that there are two dips in G12 when tC=0.3,0.5,0.7,
while when tC=1 there is only one dip in G12. When tC
=0.1, the dip in G12 is very small. A peak in G13 can be
found when tC=0.3,0.5,0.7,1.0. The peak height is a con-
stant �equals 0.5e2 /h�. The peaks in G13 shifts to lower en-
ergies and broadens, when tC increases.

When two subbands of two identical wires with identical
subband energies are coupled together by a strong enough
interwire coupling, a bound state can be formed because the
mixing of the subbands can lower the electron’s energy by
allowing the electron to move in a larger space of two wires.
If the bound state is formed from second or higher subbands,
the bound state can interact with the unbound states of lower
subbands and becomes a quasibound state. As a conse-
quence, the only bound state in a junction is formed from the
lowest first subbands of the two wires. Higher subbands form
quasibound states as a result of the interaction with lower
subbands. The quasibound states give rise to features such as
dips or peaks in the conductance. To understand the nature of
the quasibound states, we analyze some special matrix ele-
ments of the Green’s function ��U	G	�L�, where 	�U� and
	�L� denote states localized respectively in the upper and
lower wires. We hereafter referred to this special matrix ele-
ment as the projected Green’s function. In order to find out
whether certain higher subbands are mixed together to form
the quasibound state, the wave functions 	�U� and 	�L�
should be chosen to have the transverse wave functions of
these higher subbands. If these subbands are mixed in the
quasibound state, rapidly changing features can be seen in
the projected Green’s function around the quasibound state
energy, if the quasibound state also has a sufficiently long
lifetime. The definition and some mathematical properties of
the projected Green’s function are discussed in detail in Ap-
pendix A.

FIG. 3. The reflection T11, intrawire conductance G12, and inter-
wire conductance G13 plotted as a function of electron energy for
different interwire coupling strengths. The energy unit is the in-
trawire hopping strength t.

FIG. 4. Enlargement of features of G12 and G13 in Fig. 3 around
the second subband edge �E=4t� to show how the dips and peaks
are shifted and broadened by increasing tC.
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To understand how the 2�2 square wire’s conduction
channels are coupled together to form bound and quasibound
states, we consider the projected Green’s function shown in
Figs. 5 and 6, which is obtained using the expression
�	G	��=�i,j�i�G�i , j���j�, where �i� is a wave function
localized in the upper nanowire and ��j� is a wave function
localized in the lower nanowire.

To simplify the calculation of the projected Green’s func-
tion without losing important information, we can choose the
wave functions  and � to be localized in the TB sites
marked by arrows in Fig. 1 �these are sites connected to
either lead 1 or lead 3�.  is a wave function localized in the
plane consisting of TB sites marked by solid arrows in the
upper wire and � is a wave function localized in the plane
consisting of TB sites marked by dashed arrows in the lower
wire. In the transverse planes of the wires,  and � are
eigenfunctions of the transverse modes, which are denoted
by �n ,m�, where n is the transverse mode index along the x
�y� direction for the upper �lower� wire and m is the trans-
verse mode index along the z direction. For the 2�2 square
wire, there are two transverse modes along each transverse
direction �n ,m=1,2�. Mode 1 is the symmetric transverse
mode with a lower eigenenergy, while mode 2 is the anti-
symmetric transverse mode with a higher eigenenergy. To
explain the fine structures in the conductance around the sec-

ond subband edge at E=4t of a square wire, we only need to
consider three of the 4 modes, namely �1,1�, �2,1�, and �1,2�.
Mode �1,1� has a subband edge at E=2t, while modes �2,1�
and �1,2� have their subband edges at E=4t.

According to the projected Green’s function shown in Fig.
5, channels with the transverse mode �1,1� and mode �1,2�
�hereafter the terms, subband �n ,m�, channel �n ,m�, and
mode �n ,m�, are used interchangeably to refer to a channel
or subband with the transverse mode �n ,m�� of the upper and
lower wires are coupled together to form a bound state below
E=2t and a quasibound state below E=4t. Bound states are
usually identified as singularities in the real part of the pro-
jected Green’s function while quasibound states are associ-
ated with a peak or some rapidly changing features in the
imaginary part of the projected Green’s function. If the cou-
pling between channel �1,1� and channel �1,2� of different
wires is ignored, the two channel �1,1� from both wires are
coupled together to form a bound state below E=2t and the
two channel �1,2� from both wires are coupled to form an-
other bound state below E=4t. When the coupling between
channels �1,1� and �1,2� of different wires are included, the
bound state below E=4t becomes quasibound. Incident elec-
tron in channel �1,1� in the lower wire can be scattered into
the quasibound state and go to channel �1,1� of the upper
wire. As a result, the quasibound state below E=4t appears
as a transmission resonance between the two wires �as the
conductance peak in G13 just below E=4t in Fig. 3� and a dip
in G12. When tC increases, the quasibound state energy in-

FIG. 5. The projected Green’s function calculated with modes
�1, 1� and �1, 2� of one wire and modes �1, 1� and �1, 2� of the other
wire. Note a bound state and quasibound states are formed below
E=2t and E=4t. Re represents the real part of the projected Green’s
function and Im represents the imaginary part. Only tC= t is consid-
ered here.

FIG. 6. The projected Green’s function calculated with mode
�2,1� of one wire and modes �2,1� and �1,1�, and �1,2� of the other
wire. The condition is the same as Fig. 5.
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creases and the resonance peak moves away from E=4t sub-
band edge. The resonance peak also broadens as the quasi-
bound state’s lifetime is increased by the interwire coupling
tC. A point worth noting here is that these bound and quasi-
bound states are symmetric with respect to the x and y axes.

Figure 6 shows the projected Green’s function calculated
by considering channel �2,1� of one wire �for example, the
lower wire� and channels �1,1�, �1,2�, and �2,1� of the other
wire �for example, the upper wire�. Surprisingly, the cou-
pling of the two channel �2,1� of both wires does not form a
bound state �no features are found below E=4t in Fig. 6�a��,
because the coupling between these two channels is weak.
These two channel �2,1� are antisymmetric with respect to
the x or y direction and, as a result, the interwire coupling
between these two modes is zero when the longitudinal wave
vector k=0. Although the interwire coupling does increase
with k, the interwire coupling at small k is still too weak to
form a bound state. On the other hand, the coupling between
the channel �2,1� of the lower wire with channel �1,2� of the
upper wire can form a bound state �there is a peak in the
projected Green’s function in Fig. 6�c�� and this bound state
becomes quasibound as channel �2,1� is coupled to the un-
bound states of channel �1,1� in the upper wire �due to this
coupling, features can be found below E=4t in Fig. 6�b��.
This quasibound state can only involve one of the two chan-
nel �1,1� of the two wires by symmetry. When the channel
�2,1� involved in the quasibound state is in the lower wire,
this quasibound state is antisymmetric with respect to the x
axis. By symmetry, this quasibound state can only involve
channel �1,1� of the upper wire and not the channel �1,1� in
the lower wire, which is symmetric with respect to the x axis.
This is different from the quasibound state considered in Fig.
5, which is symmetric with respect to both the x and y axes.
As a result, this quasibound state is unbound in the upper
wire and bound in the lower wire.

By symmetry there is another quasibound state at the
same energy which is unbound in the lower wire �involve
channel �1,1� of the lower wire� and bound in the upper wire.
This quasibound state gives rise to a dip in the intrawire
conductance G12 without any peak in the interwire conduc-
tance G13, because the electron cannot go from lead 1 to lead
3 through this quasibound state. The dip in G12 is due to the
interference of the two channels of scattering between lead 1
and lead 2. In the presence of the quasibound state �which is
unbound in the lower wire and bound in the upper wire�, an
electron moves from lead 1 to lead 2 can go through two
scattering channels: one is through the quasibound state and
the other one is directly from lead 1 to lead 2. These two
scattering channels interfere leading to a dip in the conduc-
tance �transmission�. The dip broadens when tC increases; as
a consequence, the two dips in G12 merge together to form
one dip when tC=1 as shown in Fig. 4.

Similar transmission dips were found in the transmission
of an electron in a quantum waveguide coupled to the qua-
sibound states of a resonantor attached to the quantum wave-
guide and analyzed by Shao et al. and Porod et al.34,35 They
found exact transmission zeros at the quasibound state ener-
gies as the result of the interference of two scattering chan-
nels similar to two channels described above. Exact trans-
mission zeros occur in the system studied by Shao et al. and

Porod et al.,34,35 because the scattering matrix for the two
interfering channels is exactly unitary. Here, in a nanowire
junction, the current flowing between lead 1 and 2 is not
conserved because the electron can be scattered into the up-
per wire. When an electron goes from lead 1 to lead 2 with-
out going through the quasibound state, the electron has a
nonzero probability of scattering into the upper wire by in-
terwire coupling. As a result, the unitary condition is violated
and a transmission dip is formed instead of an exact trans-
mission zero in a nanowire junction.

B. Effects of grid size and dimensions

For quantitative comparison with experiments, the lattice
TB model should approximate a continuum model, which
can be achieved by using a large number of TB sites in the
cross section with small grid size. However, to find the
Green’s function of a lattice TB model with a large number
of TB sites is numerically demanding. Therefore, it is very
useful for the design of nanowire junction devices, if the
optimum number of lattice TB sites can be found for mod-
eling the transport characteristics both quantitatively and
qualitatively. To answer this question we compare the results
obtained with different grid sizes in Fig. 7, by considering
four different N�N square wire TB models with N
=4,6 ,8 ,10. Since the physical dimensions in the continuum
limit are assumed to be identical for these four models, the
intrawire hopping strengths and the grid sizes are different
for these four models, because the hopping strength is related
to the grid size by the relation t=h2 /8�2ma2, where m is the
effective mass of the electron in the wire and a is the grid
sizes.

Consider the 10�10 TB model with the grid size a and
the intrawire hopping strength to, the wire in the continuum
limit has the transverse physical dimensions 11a�11a. For
N=8,6 ,4, the grid sizes are respectively 1.22a, 1.57a, and
2.2a, to have the same continuum transverse dimensions;
respectively, the intrawire hopping strengths are 0.67t0,
0.406t0, and 0.2066t0. Here, the energy and other parameters
are expressed in unit of t0, the intrawire hopping strength of
the 10�10 square wire. The conductances for these four
models are shown in Fig. 7, where one can easily see that the
conductances for N=10 and N=8 models looks similar,
which indicates that an N=8 model is already accurate
enough for approximating the continuum model within the
energy range considered. The exact upper limit of the energy
range depends on the electron effective mass and grid size.
For an electron effective mass of 0.067m0, that of GaAs, and
a grid size of 9 Å, the upper limit is 0.7 eV, which covers the
scope of most studies of low energy characteristics. For
smaller N=4,6, the qualitative features are very similar to
those of N=8,10, but the energy positions of the dips and
peaks in the conductance are very different quantitatively.
The qualitative difference between N=2 and N=10 results is
significant, suggesting that a 4�4 square wire model can be
used as the 3D extension of Itoh’s model.

These results can also be used to understand the effects of
cross-sectional dimensions on the conductance. By rescaling
the energy so that the hopping strengths are identical in these
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models, the results can be used to compare wires with dif-
ferent cross-sectional dimensions. For example, the energy
scale of the figure for the 4�4 square wire should be divided
by 0.2066 for rescaling so that the intrawire hopping strength
is t0. We notice that all the conductances have similar quali-
tative features despite their differences in the number of TB
sites in the transverse plane �different transverse dimen-
sions�. This indicates that the nanowire’s transverse dimen-
sions do not have significant effect on the qualitative behav-
ior of the junction’s conductance. The graphs shown in Fig. 7
are equivalent to plotting the conductances of these wires
obtained with identical intrawire hopping strengths t0 against
scaled energy. The energy is scaled by multiplying the en-
ergy by a factor, which equals 0.2066, 0.405, 0.67, and 1
when N=4,6 ,8 ,10 respectively. We notice in Fig. 7 that the
scaled conductances are approximately the same in certain
range of energies if the differences in the dip and peak posi-
tions are ignored. We therefore compared the conductances
of wires with N=2,3 , . . . ,10 �the intrawire hopping strengths
equal t0� using scaled Fermi energy EF, which is measured
from the first subband edge. The scaling relation used is

EF�N ,Scaled�=EF�N ,Unscaled�
�N+1�2

112 . We also found that

the conductances for different N are approximately the same
as found in Fig. 7, ignoring the differences in the positions of
the dips, peaks, and subband edges. The range of agreement
depends on the values of N: for N=2,3 , . . . ,10, the agree-
ment range is between the first subband edge and the second
subband edge. For N=4,5 , . . . ,10, the agreement range is
between the first subband edge and third subband edge. For
N=8,9 ,10, the agreement range is extended to the fourth
subband edge.

C. Effect of interwire coupling strength

Figure 8 shows the conductances of 8�8 square nano-
wire junctions with different interwire coupling strength tC,
mimicking the effects of different oxide thicknesses between
the wires. Note that we use here the intrawire hopping
strength t=0.67t0 so that the transverse dimension of the
wire is 11a�11a and energy is expressed in unit of t0. Four
subband edges can be identified in the conductance with en-
ergies given in Table I. The interwire conductance G13 is

FIG. 7. Intrawire �G12� and interwire �G13� conductances plotted
as a function of electron energy. The unit of energy is t0, the in-
trawire hopping strength of the 10�10 square model. Only t= tC is
considered. Different wires have different intrawire hopping
strength so that the physical dimensions of these models in the
continuum limit are identical. Note that the qualitative features of
the conductances do not depend on the wire’s transverse dimension.

FIG. 8. The inter and intrawire conductances of a 8�8 square
model plotted as a function of electron energy �energy unit is t0� for
different interwire coupling strength tC. Mode indices for the sub-
bands are shown in the top figure and the two resonant peaks in G13

are marked with arrows. When tC is small, larger interwire conduc-
tance is found near to the subband edges. The two resonant peaks in
G13 are barely discernible when tC=0.3t.

K. S. CHAN AND J. H. WEI PHYSICAL REVIEW B 75, 125310 �2007�

125310-8



decreased by the decrease in tC, while the intrawire conduc-
tance G12 is increased. The conductance at energy far from
the subband edges decreases much faster than the conduc-
tance close to the subband edges. In the weak coupling re-
gime �tC=0.3t=0.2t0�, G13 appears to have several asym-
metrical peaks, with heights around 0.5
0.7e2 /h, centering
around the subband edges, indicating that only electrons with
energy around the subband edges can be effectively trans-
ferred to another wire. The widths of these asymmetric peaks
depend sensitively on tC and the subband energy. When the
subband energy and tC are increased, the width is increased.
There are two additional peaks, which are more symmetrical
in shape, in G13 �these two peaks are marked by arrows in
the figure and corresponding dips can be found in G12 at the
same energy� for tC=0.3t at energies around 0.4t0 and 0.7t0
�just below the second and fourth subband edges�. The posi-
tions of these two conductance peaks depends sensitively on
tC and they are at energies 0.3t0 and 0.65t0 when t= tC in the
strong coupling regime. By measuring the distances of these
symmetric conductance peaks from the subband edges in ex-
periments, one can determine the interwire coupling strength
of the nanowire junction and hence investigates how the cou-
pling strength is determined by other factors such as the fab-
rication condition.

These two conductance peaks come from the quasibound
states formed, just as discussed in the case of 2�2 square
wire, by the mixing of the two channel �1,2� �from different
wires� for the first peak and the mixing of two channel �1,3�
for the second peak. For the subband edge at energy 0.75t0,
there are two transverse modes, �1,3� and �3,1�. The conduc-
tance peak below this subband edge �at E=0.65t0 when tC
= t and it shifts with tC� comes from the coupling of the two
channel �1,3� from different wires, since the coupling be-
tween these two modes, which is similar in strength to the
coupling of two channel �1,2�, should be strong enough to
give rise to a discernible quasibound state. The fact that only
one peak is found below this subband edge in G13 indicates
that the coupling between two channel �3,1� is not strong
enough to give rise to a discernible quasibound state.

Just as in the 2�2 square wire case, there are dips in the
intrawire conductance G12 which are not associated with any
peaks in G13 at energies 0.4t0, 0.6t0, and 0.75t0 �consider the
case with t= tC�. According to the analysis of the 2�2 square
wire case, these quasibound states are bound in one wire and
unbound in another wire. The quasibound state at energy
0.4t0 comes from the coupling of channel �1,2� of one wire
with channel �2,1� of the other wire. Around E=0.6t0, there
is a big dip in G12, which seems to be produced by a quasi-

bound state formed from channel �2,2� of one of the wires.
Close examination of G13 around this energy shows that the
channel �2,2� forms two quasibound states very close in en-
ergy near to the subband edge at 0.627t0, and the two dips in
G12 due to these quasibound states are not discernible as they
merge together. These two dips in G12 can be clearly distin-
guished when they become sharper by reducing the interwire
coupling tC to 0.9t. By examining the projected Green’s
function �not shown here for a lack of space�, the quasibound
state at a higher energy �E�0.627t0� is formed by the mix-
ing of two channel �2,2� of the two wires. In the case of 2
�2 square wire, the mixing of two channel �2,1� cannot
form any bound state. Here in an 8�8 wire, the mixing of
two channel �2,2� can form a discernible quasibound state
because of the interaction with the continuum states of chan-
nel �2,1�. Another quasibound state is formed around E
=0.61t0 by mixing channel �2,2� from one wire with channel
�1,1� and channel �1,2� from another wire. The latter quasi-
bound state has a very short lifetime and the peak features in
the conductance and the projected Green’s function are not
very prominent. The quasibound state at energy 0.751t0
comes from mixing channel �1,3� and channel �3,1� from
different wires.

D. Effect of cross section

To investigate the effects of the wire’s cross section, we
calculated the conductance of two rectangular wires with dif-
ferent Nz �N=8 and Nz=5,11�, and compare with the 8�8
square wire in Fig. 9 �note: different wires use different en-
ergy scales�. For rectangular wires, increase in the z-direction
dimension reduces the interwire conductance G13 �increases
the intrawire conductance G12�, as the wave functions are
stretched along the z direction, hence reducing the interwire
coupling. Nevertheless, the dependence of G13 on the
z-direction dimension is not monotonic, as the G13 of the 8
�8 square wire and the 8�5 rectangular wire are compa-
rable in magnitude, which is due to the higher subband de-
generacy found in a square wire. On the other hand, the G12
of the 8�5 rectangular wire is significantly smaller than the
G12 of the 8�8 square wire, implying that the 8�5 rectan-
gular wire has stronger reflection back into lead 1 than the
8�8 square wire. Since the 8�5 wire has a smaller cross-
section, the interwire coupling is expected to have stronger
scattering effect, which increases the reflection from the
junction.

Owing to the removal of subband degeneracy by lowering
of symmetry, the dip and peak positions of the rectangular
wires are shifted with the subband edges. In Table I, the
subband energies for the rectangular wires are shown for
easy identification of subbands in Fig. 9. The dips associated
with the �2,1� subband are found in the rectangular wires in
the new positions �0.493t0, 0.359t0�. The peak in G13 and two
dips in G12 due to the �1,3� subband moves to energy be-
tween 0.42t0 and 0.47t0 in the 8�11 rectangular wire. The
dip in G12 at E=0.47t0 comes from the quasibound state
formed from subbands �1,3� and �2,1�. This quasibound state
also forms a very small peak in G13 as it is coupled with the
unbound states of scattering channels formed from the sub-

TABLE I. Subband energies of nanowire tight-binding models
in unit of t0.

E�1,1� E�1,2� E�2,1� E�2,2� E�1,3� E�3,1�

8�8 square 0.161 0.394 0.394 0.627 0.751 0.751

8�5
rectangle

0.260 0.751 0.493 0.9835 1.421 0.849

8�11
rectangle

0.126 0.260 0.359 0.493 0.473 0.716
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bands �1,1� or �1,2� of one wire and �2,1� of another wire. In
G13 of the 8�5 rectangular wire, there is a resonant peak at
energy 0.6t0, which is associated with a dip in G12. This
comes from the quasibound state formed from the channels
�1,2� with the subband edge at E=0.75t0, where a dip in G12
is found. The G13 around the �1,2� subband edge has the
shape of an asymmetric peak, showing that a second quasi-
bound state is formed very close in energy to the �1,2� sub-
bands.

E. Conductance of circular wire junctions

Figure 10 shows the conductances of a circular nanowire
junction with tc=0.6, 0.8, and 1 �in unit of tz�. The G13 of a
circular wire junction is in general smaller than that of a
square wire junction and smaller suppression of G12 is found
around the subband edges in a circular wire junction. It is
because the contact area between the two circular wires is
smaller than that between two square wires and so, for the
same tc and similar transverse dimensions, the effective cou-
pling between two circular wires is smaller than that between
two square wires. As a consequence, the maxima of G13 in
circular wire junctions are closer to the subband edges. Peaks
and dips are also found in the conductances of circular wire
junctions. The understanding of these features and their com-

parison with square wires cannot be carried out without the
knowledge of the transverse modes of circular wires; there-
fore, we should first discuss the lowest six transverse mode
wave function of a circular wire.

The transverse mode wave function of a circular wire can
be separated into an angular part and a radial part, because
the continuum Schrödinger equation of a circular wire is
separable with respect to the cylindrical coordinates. As a
result the eigenfunctions of the TB Hamiltonian of a circular
wire can be separated into a longitudinal part Fi, a radial part
Vj and an angular part Uk as �i,j,k=FiVjUk. The angular part
wave function Uj satisfies the eigenvalue equation �Vj
= �
 /	�2��Vj−1−2Vj +Vj+1�. � is the separation constant
used to separate the radial part and angular part of the equa-
tion and is related to the squared angular momentum. Fi and
Uk satisfy respectively the following eigenvalue equations:

E���F���,i = −
�

�i
2F���,i +




	�2�−
�i−1/2

��i−1
��i

F���,i−1 + 2F���,i

−
�i+1/2

��i
��i+1

F���,i+1 ,

FIG. 9. The inter and intrawire conductances of a 8�5 rectan-
gular wire, a 8�8 square wire and a 8�11 rectangular wire are
plotted as a function of electron energy �energy unit is t0�. Mode
indices of the subbands are shown and the two resonant peaks in
G13 are marked by arrows.

FIG. 10. �Color online� The inter and intrawire conductances of
a circular wire junction with N�=4 Energy is expressed in unit of tz.
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EUk =
− 


	z2 �Uk−1 − 2Uk + Uk+1� .

For a full circle with N� TB sites, the angular eigenfunction
and eigenvalue for angular quantum number n are

V�n�,i = � 1

N�	�
�1/2

ein2�j/N�, �n =
2


	�2�cos�2n�

N�
 − 1� .

Here we are only interested in the transfer mode wave func-
tion of the lowest six subbands of a wire with N�=4 and
N�=20, the energies and angular quantum number n of
which are given in Table II. The first and the sixth subbands
both have rotational symmetry �n=0� and is symmetric with
respect to reflection about the z axis shown in Fig. 2. The
second and the third subbands are degenerate and any linear
combination of the n= +1 and n=−1 eigenfunctions is still
an eigenfunction of the angular Hamiltonian. The linear
combination can be constructed in such a way that the result-
ing eigenfunction is either symmetric or antisymmetric with
respect to reflection about the z axis shown in Fig. 2. The
symmetrization and antisymmetrization of eigenfunctions
can also be applied to the third and fourth subbands, which
are degenerate. In general symmetrized eigenfunctions have
larger electron density at the sites involved in interwire cou-
pling, and therefore experience stronger interwire coupling.
In an antisymmetrized eigenfunction, there is a node between
the middle two coupling sites leading to smaller density at
coupling sites and weaker interwire coupling.

For the analysis of the conductance, it is also useful to
compare the probability densities of the transverse modes of
circular and square wires. For the lack of space, the probabil-
ity density of the transverse modes of a circular wire is not
shown here. The probability density of the symmetrized
eigenfunction of n= ±1 subbands resembles the mode �1,2�
of a square wire, while the antisymmetrized eigenfunction
resembles the mode �2,1� of a square wire. We therefore
expect to find peak and dip structures in the conductance just
below the second and third subband edges similar to those
found in a square wire junction. However, in the conductance
for circular nanowire junction shown in Fig. 10, we find the
dip and peak structure for the subband with symmetrical
transverse eigenfunction. For the antisymmetrical transverse

mode, the dip in G12 due to the coupling to a symmetrized
mode of the other wire is not present in the circular wire
junction. Our explanation is the smaller binding energy and
longer lifetime of this quasibound state in a circular wire
junction, which has weaker interwire coupling. When this
binding energy is very small, the dip in G12 is very close to
the subband edge; thus, it is not easy to resolve this sharp dip
from the subband edge.

For the fourth and fifth degenerate subbands, the subband
with symmetrical transverse wave function resembles the
mode �1,3� in the square wire junction, because sites partici-
pating in interwire coupling lies between two nodes of the
angular wave function. Strong interwire coupling is expected
for this mode and the dip in G12 and the peak in G13 below
the subband edge are attributed to the quasibound state
formed from this subband. For the subband with an anti-
symmetrical transverse wave function, the mode profile re-
sembles that of �2,2� in the square wire and a dip in G12 is
found near to the subband edges. For energies below the
second and third subbands, the conductances of circular and
square wire junctions look very similar, except for the disap-
pearance of a dip in G12 in the circular junction. For energies
around the fourth and fifth subbands, the qualitative features
are very similar in both circular and square wire junctions
and have the same physical origin. Nevertheless, the energy
locations of these features are different owing to the differ-
ences in subband energies between circular and square wires.
The sixth subband in the circular junction has a symmetrical
transverse mode profile and is expected to give rise to a dip
in G12 and a peak in G13 as for mode �1,2� in square wire
junctions. In Fig 10, a dip in G12 and a small peak in G13 are
clearly found just below the sixth subband, when tc=0.6.
However, for tc=1, these features are not that prominent. The
explanation is that when interwire coupling is strong the qua-
sibound state has shorter lifetime and the peak and dip are so
broad to be clearly seen in the conductance curve.

F. Bound and quasibound state energies

To find the quasibound state energies, we added all the
local density of states �LDOS� in the scattering region and
plotted the sum as a function of energy, according to ��E�
=�IIm�GI,I�E��, where I denotes the sites of the scattering

TABLE II. Subband energies, mode indices and mode labels of the transverse mode wave functions of the
subbands. Energy is expressed in unit of tz.

Subband
Subband energy

�in unit of tz�

Number of
node along

radial direction
n�

Angular
quantum number

n
Mode label

�n� , 	n	�

First 0.2777 0 0 �0,0�
Second 0.6985 0 ±1 �0,1�
Third 0.6985 0 ±1 �0,1�
Fourth 1.2296 0 ±2 �0,2�
Fifth 1.2296 0 ±2 �0,2�
Sixth 1.3200 1 0 �1,0�
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region. In the junction of two 8�8 square wires, the scatter
region is an 8�8�16 prism, which is the region bound by
the green hatched planes in Fig. 11. Sharp peaks in ��E� can
be found at the energies of some conductance dips and
peaks, indicating that the quasibound states have larger prob-
ability density within the scattering region and long life-
times. In these cases, the quasibound state energy EB is found
from the peak of ��E� which can be approximated by
A2 / �E−EB+ i��. To find the energy of the bound state below
the first subband �here �=0�, we find the position of the
singularity in the real part of �IGI,I�E�. Table III shows the

bound and quasibound state energies EB’s for square and
circular wire junctions with different transverse dimensions.
In both junctions, EB decreases with increase in the trans-
verse dimension, indicating that stronger quantum confine-
ment in smaller wires leads to formation of stronger bound
states at the junction. The quasibound state of �2,2�↔ �2,2�
in the square wire junction is weakly bound and has very
small EB�5�10−4. The symbol ↔ is is used hereafter be-
tween two modes to denote that the two modes are coupled
to form the bound �or quasibound� states. For the three
bound �or quasibound� states of �1,1�↔ �1,1�,
�1,2�↔ �1,2�, and �1,3�↔ �1,3�, EB increases with the
number of nodes on the z axis, because the electron density
at the interacting sites increases with the number of nodes
along the z axis.

In circular wire junctions, the quasibound state of
�1,0�↔ �1,0� has EB decreasing with decrease in wire diam-
eter. In this case, the quasibound state energy is very small,
and is therefore affected strongly by the coupling to the un-
bound states of lower subbands. When the wire diameter is
increased, the subband separation is reduced and the quasi-
bound state energy is then lowered by a stronger coupling to
the lower subbands. It is also noted �by comparing states
with n=0 and 1� that quasibound states formed from sub-
bands with nonzero angular momentum �n�0� have larger
EB than that from subbands with n=0. The reason is that
subbands with n�0 have larger electron probability density
at the circumference of the wire and, hence, have stronger
interwire coupling.

G. Probability density of bound and quasibound states

It is useful for understanding the nature of the bound and
quasibound states to study their probability densities in the
scattering region. Here we consider three bound or quasi-
bound states of the 8�8 square wire junction. The two qua-

FIG. 11. �Color online� Schematic diagram of a square wire
junctions shown the positions of several cross sections which are
used in the determination and display of bound and quasibound
state probability densities. The blue dot-dashed plane is the 8�16
cross section in which the probability density is shown in Figs. 12
and 13. The red dotted plane is the 8�8 cross section for the
probability density shown in Fig. 13

TABLE III. Bound and quasibound state energies of square and circular wire junctions measured from the
corresponding subband edges. For square wire junction, energy is in unit of t0. For circular wire junction,
energy is in unit of tz.

EB �square wire�
Modes coupled 7�7 square wire 8�8 square wire 9�9 square wire

�1,1�↔ �1,1� 0.0471 0.0389 0.0317

�1,2�↔ �1,2� 0.12636 0.1059 0.0914

�2,1�↔ �1,2� 0.0242 0.0207 0.0158

�2,2�↔ �2,2� �5�10−4 �5�10−4 �5�10−4

�1,3�↔ �1,3� 0.1453 0.1311 0.1171

EB �circular wire�
Mode coupling N�=3 N�=4 N�=5

�0,0�↔ �0,0� 0.01252 7.829�10−3 5.334�10−3

�0,1�s↔ �0,1�s 0.0920 0.06626 0.04818

�0,1�a↔ �0,1�s 
0 
0 
0

�0,2�s↔ �0,2�a 0.08832 0.06873 0.05391

�0,2�s↔ �0,2�a 8.41�10−3 8.24�10−3 6.469�10−3

�1,0�↔ �1,0� 2.152�10−3 6.5685�10−3 7.042�10−3
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sibound states give rise to prominent features around the
second subband edge in the conductance. The probability
density of the bound state of �1,1�↔ �1,1� is found from the
LDOS by adding a small imaginary part to the energy
Im�G�E+ i���=−�	�B	2 / ��E−EB�2+�2� where �B denotes the
bound state wave function. Putting E=EB, we obtain the
probability density using Im�G�EB+ i���= 	�B	2 /�. Figures
12�a�–12�c� shows a cross section of the probability density

for tc=0.7,0.9,1.0. The position of the cross section is
shown in Fig. 11 by the blue dash dot lines. In the strong
coupling regime, tc=1, the maximum probability density is
at the interface between the two wires �i=8 and 9�. When tc
is reduced, the peak of probability density splits into two
peaks, the separation of which is very clear when tc=0.7.
The probability density of the quasibound state of
�1,2�↔ �1,2� with EB=0.1059 was found from LDOS in the
scattering region and plotted in Fig. 12�d�. It can be seen that
strong interwire coupling produces a very large probability
density at the interface between two wires. Without interwire
coupling, there should be four peaks in the probability den-
sity, two in each wire. The interwire coupling merges the two
peaks near the interface into one peak.

The direct use of LDOS for finding the probability density
of the quasibound state �2,1�↔ �1,2� with EB=0.0207 �E
=0.5673� is not suitable, because the quasibound state
�2,1�↔ �1,2� has a degenerate state �1,2�↔ �2,1�. In
LDOS, the probability densities of these two states are not
separable. One approach to find the quasibound state prob-
ability density is using the approach described in Ando36 to
find the scattering state, which is, however, not convenient to

use. We therefore use a symmetry projection operator P̂ to
isolate the �2,1�↔ �1,2� state, which is symmetrical with
respect to the y-z plane and antisymmetrical with respect to
the x-z plane, in the expression of Green’s function. We de-

fine the modified Green’s function G� by G�= P̂GP̂

=�k

P̂�k
*�i�P̂�k�j�

E−Ek+i� =�k�

�k�
* �i��k��j�

E−Ek�+i� , where �k� denotes eigenstates

that have the symmetry of P̂, while �k denotes all the eigen-
states. As a consequence, the LDOS of G� �i.e. Im�G��i , i���
at energy E=0.5673 gives the probability density of the
�2,1�↔ �1,2� state.

Figure 13 show the probability density of the quasibound
state �2,1�↔ �1,2� on the two cross-sectional planes marked
by blue dot-dash and red dot lines in Fig. 11 for an 8�8
square wire junction with tc=1. In the upper wire, the prob-

FIG. 12. �a�, �b�, and �c� The probability density of the bound
state of �1,1�↔ �1,1� for various values of tc. �d� The probability
density of the quasibound state of �1,2�↔ �1,2�.

FIG. 13. The probability den-
sity of the quasibound state of
�2,1�↔ �1,2� in the blue dot-
dashed cross section �situated at
index j�=4� and in the red dotted
cross section �situated at index j
=4� shown in Fig. 11.
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ability density resembles that of mode �2,1�, but with the
peak density shifted towards the interface around i=6. In the
lower wire �at site index j=4�, the probability density is
much smaller �note the difference in scales�, because the
cross-section for the lower wire is near to the middle of the
junction and hence close to the node of the wave function. It
is also interesting to note here that in the lower wire, the
probability density has a symmetrical distribution and re-
sembles mode �1,2�. However, the peak of the probability
density shifts to the interface between the two wires as a
result of the interwire coupling.

IV. CONCLUSION

The quantum ballistic transport of electrons through a
nanowire junction formed by putting one nanowire on top of
another wire �the two wires are not lying in the same plane�
was studied in detail using lattice tight-binding models and
the Green’s function approach. Nanowire junctions are basic
building blocks of some nanowire devices, which were re-
cently demonstrated experimentally. Results obtained in this
study are useful for the development of these nanowire de-
vices. Resonant dips and peaks were found in the interwire
and intrawire conductances, which can be explained by the
formation of bound and quasibound states at the cross-
junction. A detailed analysis of how the conduction channels
from different wires are coupled to form bound and quasi-
bound states has been carried out for a simple 2�2 square
model with the help of the projected Green’s function. Al-
though the model used in the analysis is relatively simple,
the analysis clarifies the physics and provides a theoretical
framework for analyzing the transport characteristics of other
larger models in the present study �a 8�8 square wire model
and a 8�11 and a 8�5 rectangular wire models�. In gen-
eral, quasibound states unbound in both wires give rise to
resonant peaks in the interwire conductance as well as reso-
nant dips in the intrawire conductance, while quasibound
states unbound in only one wire give rise to only resonant
dips in the intrawire conductance without any corresponding
resonant peaks in the interwire conductance. However, there
are exceptions in the latter case, when the quasibound state is
coupled to other interwire scattering channels and a small
peak can appear in G13.

We have considered tight-binding models with large num-
bers of conduction channels �36, 64, and 100 channels� and
find the optimum number of tight-binding site in the trans-
verse plane for approximating the continuum model in a fi-
nite range of energy. For quantitative description of the con-
ductance involving the lowest 6 subbands, we found that an
8�8 square model is sufficient. Tight-binding models with
small numbers of conduction channels are also studied to
find the minimum site number for qualitative description of
the conductance �4�4 square is the minimal model found�.
The minimal model will be useful for studying the transport
characteristics of nanowire networks formed from a large
number of nanowires, where the adoption of a wire model
with large conduction channel number is numerically infea-
sible. With proper energy scaling, the qualitative features of
the conductances of N�N square wires with N=4,6 ,8 ,10

are similar and does not depend on N. This implies that the
conductances of wires with different transverse dimensions
have similar qualitative behavior. The effect of varying the
interwire coupling strength is also investigated. Reduction of
interwire coupling strength suppresses the interwire conduc-
tance at energy far from the subband edges. In the weak
interwire coupling regime, larger interwire conductance is
found at energy close to the subband edges. When only the
first subband is occupied and the Fermi energy is far from
the subband edge, the interwire conductance is close to zero
in the weak coupling regime. We have compared the conduc-
tances of square and rectangular wires. Removal of subband
degeneracy by changing the wire’s cross section shifts the
peaks and dips in the conductances and hence modifies the
overall qualitative features. The dimension perpendicular to
the junction �the z direction� has significant effect on the
overall magnitude of the interwire conductance. Decrease of
the z direction dimension increases the interwire conductance
and decreases the intrawire conductance, indicating that
junctions formed from ribbon-like wires have lower resis-
tances. Degeneracy of subbands due to the higher symmetry
of a square cross section are found to increase the interwire
conductance. The conductances of circular wire junctions are
qualitatively very similar to those of square wire junctions
except for the energy positions of the features. Some conduc-
tance dip which can be found in square wire junctions dis-
appears in circular wire junction, because the weaker inter-
wire coupling in circular wire junctions makes the dip
difficult to be resolved. The transverse dimension was found
to have significant effect on the bound and quasibound state
energies, which are generally increased by decreased in the
transverse dimension. In bound and quasibound states
formed at the junction, high electron density can be found at
the interface between two wires when interwire coupling is
strong.
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APPENDIX A: DEFINITION AND PROPERTIES OF THE
PROJECTED GREEN’S FUNCTION

For the discussion of the definition and general properties
of projected Green’s function, we consider the example of a
quasibound state formed by mixing one bound state of a
higher subband with a continuum of unbound states of a
lower subband. The discussion can readily be extended to the
case of many bound states and continua. Denoting the bound
state wave function by 	�� and the unbound state wave func-
tion by 	�E�. The continuum of eigenstates formed from the
mixing of 	�� and 	�E� is given by 	�E��=a�E�	��
+�bE��E�	�E��dE�=a�E�	��+ 	��E�� according to Fano.37

Since 	��E�� is a linear combination of lower subband eigen-
states and 	�� is a linear combination of higher subband
eigenstates, 	��E�� is orthogonal to 	�� and �� 	��E��=0.
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Substituting the expression of 	�E�� into the definition of

Green’s function G�E�, we obtain G�E�=
	����	

E−EB+i� +gB�E�,
where

gB�E� =� dE�

E − E� + i�
�a�E��	�����E��	 + a*�E��	��E�����	

+ 	��E������E��	� .

A detailed derivation of this expression is given in Appendix
B. It is worth pointing out here this expression is obtained
with the assumption that � is very small in comparison with
the range of integration of E. Consider a wave function 	��,
which is a linear combination of eigenstates of the higher
subband and is a state vector in the subspace spanned by the
eigenstates of the higher subbands. If 	�� is not orthogonal to
	��, i.e., �� 	���0. The diagonal maxtrix element of the

Green’s function ��	G	��=
	��	��	2

E−EB+i� has a Lorentzian peak in
the imaginary part spectrum, because ��	gB�E�	��=0. Since
	�� must be confined within the subspace of higher subband
eigenstates, constructing this matrix element resembles pro-
jecting the Green’s function onto the subspace, and this is the
reason why we refer to this matrix element as the projected
Green’s function. The simplest way to make sure that
�� 	���0 is to choose 	��=W�i�� j,k, where 	W�i�� is the trans-
verse mode eigenfunction of the subband i and � j,k is the
Kronecker � denoting that the wave function 	�� is localized
in the lattice plane j=k �k should not be at a node of the
wave function�. If 	��=�

i�

ci�	W�i���	U�i���, where Ui� is the

longitudinal part of the wave function. We have ��	G	��

=
	ci	U�i�,j=k�	2

E−EB+i� . If a Lorentzian peak is found in the imaginary
part of the diagonal projected Green’s function ��	G	��, the
subband i is a component of the bound state 	�� and quasi-
bound state 	�. To find out whether the unbound states of a
lower subband is a component of the 	�, one can examine
the projected Green’s function element, ��	G	��, where 	��
is a linear combination of the unbound eigenstates of the
lower subband and �� 	���0. As for 	��, one can choose
	��=W�r�� j,k, where r is the index of the lower subband.
Since our aim is to find out how the subbands from different
wires are mixed together to obtain the bound state and qua-
sibound state, it is necessary to plot two projected Green’s
function, one for the upper wire and one for the lower wire.
To simplify the analysis, it is possible to plot only one pro-
jected Green’s function ��U	G	�L�, where 	�U� and 	�L� are
states localized respectively in the upper and lower wires.
However, the imaginary part of this mixed projected Green’s

function ��U	G	�L�=
��U	����	�L�

E−EB+i� does not have a Lorentzian
peak if ��U 	���� 	�L�=c+ id is not real. The imaginary part

of this mixed projected Green’s function is c�

�E−EB�2+�2

+
d�E−EB�

�E−EB�2+�2 , which mixes the real and imaginary parts of the

line shape function 1/ �E−EB+ i��. If � is small when the
quasibound state has long lifetime, one can see rapidly
changing features in the mixed projected Green’s function
indicating that these subbands are important components of
the quasibound state. On the other hand, one can combine
two projected Green’s functions as in ���U	G	�L�
+ ��L	G	�U�� /2=c / �E−EB+ i�� so that the quasibound state
always give rise to a Lorentzian peak in the imaginary part.
Nevertheless, in the present study, we found that ��L	G	�U�
displays some rapidly changing features around the energy
EB due to the presence of the factor 1 / �E−EB+ i��, when the
subbands �L and �U are important components of the quasi-
bound states. These rapidly changing features are already
useful indicators for confirming the contribution of �L and
�U to the quasibound state and, thus, it is not necessary to
consider the more properly defined expression ���U	G	�L�
+ ��L	G	�U�� /2. In reality � may not be very small and hence
the prominent features in the projected Green’s function may
not be exactly described by the line shape function 1/ �E
−EB+ i��.

APPENDIX B: DERIVATION OF EXPRESSION FOR
GREEN’S FUNCTION IN APPENDIX A

The Green’s function is given by

G�E� =� dE�
	�E�����E��	

E − E� + i�
=� dE�

E − E� + i�
	a�E�	2	����	

+� dE�

E − E� + i�
�a�E��	�����E��	 + a*�E��	��E�����	

+ 	��E������E��	� =� dE�

E − E� + i�
	a�E�	2	����	

+ gB�E� ,

where

gB�E� =� dE�

E − E� + i�
�a�E��	�����E��	 + a*�E��	��E�����	

+ 	��E������E��	� .

According to Fano,37 	a�E�	2= �/�
�E−E�+	�E��2+�2 . Considering the

case of a sharp resonance �assuming � is small in compari-
son with the integration range of E� and 	�E� does not de-
pend strongly on E within the resonance. 	a�E�	2� �/�

�E−EB�2+�2

and �dE�
	a�E��	2

E−E�+i�
� 1

E−EB+i� .

As a result, G�E�=
	����	

E−EB+i� +gB�E�.
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