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In this paper, we study negative refraction of electromagnetic waves in three-dimensional �3D� inverse opal
photonic crystals �PCs�. We employ the plane-wave expansion method to calculate the equifrequency surface
of the PC structure, from which the frequency window where negative refraction might occur can be deter-
mined. We then investigate the propagation of electromagnetic waves radiating from a point source through a
flat PC slab by means of a finite-difference time-domain method. We find that wave focusing can be achieved
in such a 3D inverse opal PC structure at the negative-refraction frequency window. Because the inverse opal
photonic crystal can be routinely synthesized in the optical regime by means of the self-assembly approach, our
study opens a way for realization and application of 3D negative-refraction superlenses in the visible and
infrared regimes.
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I. INTRODUCTION

Materials possessing negative index of refraction �NIR�
have drawn rapidly growing interests in recent years due to
their novel properties and promising applications. It has been
suggested that a parallel-sided slab made of NIR materials
can focus electromagnetic �EM� waves just like a lens. Nega-
tive index materials �NIMs�, which are also known as left-
handed materials �LHMs�, were first introduced by Veselago
in 1960s.1 However, this subject remained dormant for more
than 30 years because there are no naturally occurring mate-
rials whose permittivity � and permeability � are negative
simultaneously. It is the pioneering work of Pendry et al. that
opens the door to design left-handed materials.2,3 He also
proposed superlens with image below the classical diffrac-
tion limit.4 The first experiment5 was conducted and demon-
strated by using a metamaterial composed of a three-
dimensional array of copper wires and split ring resonators to
provide negative permittivity � and negative permeability �,
respectively. The amazing potential of NIR-based lenses4

evoked an upsurge to develop other new materials that can
exhibit this unique property. It is found that negative refrac-
tion can occur at an interface associated with a uniaxial an-
isotropic medium with only one of the four parameters of �
and � tensors being negative.6,7 Zhang et al. have recently
found and demonstrated experimentally that negative refrac-
tion can be realized even without any component of the � or
� tensor being negative.8

Another way to achieve negative refraction is by photonic
crystals �PCs�, or even by photonic quasicrystals.9 Negative
refraction in PCs possesses several merits. For example,
compared with LHM, PCs have much smaller losses even at
optical frequency because a nonconducting dielectric mate-
rial is used. Negative refraction based on PCs has been stud-
ied extensively. There have been a large number of theoret-
ical studies10–19 and a variety of experimental demonstrations
on this subject.20–24 It has been found that negative refraction
can occur for several reasons in PCs �Ref. 25� and is not
always associated with the negative refraction occurring at

the interface of a homogeneous medium with n=−1. In one
mechanism,11,20 the refractive index is actually positive and
the negative refraction is based on the anisotropic shape of
the equifrequency surfaces �EFSs�. It was found that in this
case such superlensing is a near-field phenomenon12 and a
result of the interplay between negative refraction and sur-
face waves.13 Another mechanism is left-handed
behavior,14–16,22 which relies on a material slab with an ef-
fective negative refractive index. A manifestation of lensing
based on negative refraction with n=−1 is the geometric-
optics rule for the location of object and image point.15

Negative refraction in near-infrared wavelengths has been
investigated experimentally in GaAs-based PCs �Ref. 26�
and in Si-polyimide PC membranes.27

The full realization of a perfect lens and other applica-
tions of negative refraction, in principle, desire the fabrica-
tion of three-dimensional, homogeneous, isotropic left-
handed materials.1 Fairly speaking, this is, while
fundamental, a difficult and challenging task. Until now,
most research efforts focus on two-dimensional �2D� peri-
odic structures where negative refraction can occur in a wide
variety of lattice structures and for different polarizations.
These 2D flat lenses have limitations on realistic applica-
tions. Moreover, compact optical circuits have an appeal to
achieve negative refraction superlens imaging in the optical
and near-infrared spectrum windows. Thus, it is necessary to
design three-dimensional �3D� structures that enable fully 3D
negative refraction in the optical regime. Different from the
2D cases, 3D negative refraction does not depend on the
polarization of the object source light. To date, studies on 3D
negative refraction in PCs are still very few16,28–31 and the
corresponding experiments are conducted mainly in the mi-
crowave regime. The designed PC structures are very diffi-
cult to realize in the optical regime. Ao and He recently
presented a design of a complex 3D NIR PC based on the
interference lithography.16 However, the interference lithog-
raphy technique is only efficient for polymer structure, and
the synthesis of a high refractive index contrast structure
such as a germanium PC as investigated in Ref. 16 from the
polymer template has been subject to numerous substantial
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technical obstacles. Until now no successful report has been
made.

The situation suggests that we should pay more attention
to the 3D PC structures that have been successfully fabri-
cated in the visible and near-infrared wavelength regimes. A
typical example is the inverse opal photonic crystal.32–35 Af-
ter extensive exploration of the chemical self-assembly tech-
nique in the last decade, such photonic crystals can be
readily synthesized with the lattice constant ranging from
visible to infrared wavelengths. In this paper, we will inves-
tigate the optical properties of this 3D system and see
whether negative refraction can occur in this kind of PC
structures. We will first look at the dispersion diagram and
EFS of the crystal, from which the propagation behavior of
light can be quantitatively understood and roughly predicted.
We will then investigate the propagation of light from a point
source across a flat slab of the inverse opal photonic crystal,
from which the focusing behavior of the crystal can be
clearly inferred.

II. BAND DIAGRAM AND EFS CONTOUR ANALYSIS

The inverse opal structure we study consists of periodic
air spheres embedded in a dielectric background with permit-
tivity �=12.25 �i.e., Si inverse opal�. These air spheres are
arranged in a close-packed face-centered-cubic �fcc� lattice
with a filling ratio f =0.74. The schematic diagram of the slab

lens is depicted in Fig. 1. The �11̄0� plane makes an angle of
45° with the yoz plane, and is explicitly plotted in Fig. 1. A
good way to study qualitatively and quantitatively the elec-
tromagnetic wave beam propagation in the PC is to analyze
the wave-vector diagram or equifrequency surface of this
PC, whose gradient vector gives the group-velocity vector.
The band structure of the 3D PC is much more complicated
than that of their 2D counterparts. The plane-wave expansion
method36,37 �PWEM� has been used to obtain the band dia-
gram and EFS, in which Bloch waves are expanded approxi-
mately by 9�9�9 plane waves. The frequency is normal-
ized as �a /2�c �a is the period of the fcc lattice and c is the
light speed in vacuum�. Figure 2 shows the photonic band
structure of this inverse opal PC. Note that the dispersion
curve at the third band has a negative slope around the �

point, which makes it possible to have a negative refraction
index in this frequency range. In this region, the third and
fourth bands are almost degenerate. We will pay special at-
tention to this frequency band. For a certain frequency in the
region where the third band lies, there are also modes from
higher bands �the fifth band� along certain symmetry direc-
tions. In this paper, the contributions from these modes are
not considered. Figure 3�a� presents the cross section of the
third-band EFS for waves propagating in the �010� plane
with ky =0, namely, the xoz plane at some frequencies of the
third band in the first Brillouin zone. The EFS contours
shrink with increasing frequencies, and as a result, the group
velocity is opposite to the phase velocity for EM waves at

FIG. 1. Schematic diagram of a PC slab lens made from an array
of air spheres. The PC slab is ten layers of air spheres thick in the z
direction and 30 layers of air spheres wide in both the x and y
directions. A point source is located on top of the slab.

FIG. 2. Photonic band structures for the inverse opal photonic
crystal with the background permittivity �=12.25 and filling ratio
f =0.74. The dashed line represents the light line for waves in air.

FIG. 3. EFS contours at several frequencies of the third band
drawn within the first Brillouin zone in �a� the �010� plane and �b�
the �11̄0� plane, as shown in the inset. The dotted circle is the EFS
contour of light in air at �=0.603�2�c /a�. The numbers denote the
frequencies in the unit of 2�c /a. The high symmetry points at the
boundary of the first Brillouin zone are explicitly noticed.
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this band. This indicates the possibility of negative refraction
at the interface between the PC and air.10 The wave vector of
the excited refraction wave mode �which is located on the
EFS� is determined by making the tangential components of
wave vectors on both sides of the interface equal. Propaga-
tion of EM waves through the PC is then described by using
the 3D dispersion relations. In addition, the EFS contours in
this plane are very close to perfect circles. The effective re-
fractive index nef f can be obtained from the corresponding
EFS contour. This effective index gives the phase velocity of
the refracted wave for a certain angle and is, in general, a
function of this angle. For the specific case where EFSs are
isotropic and the conditions for single beam propagation are
satisfied,25 this value of nef f can be used in Snell’s law to
provide the angle of the refracted signal. In general, the latter
is not in the same direction as the refracted phase velocity.
Figure 4�a� shows nef f as a function of the frequency of the
incident wave at the 20° incident angle, which is marked by
a dash-triangle curve. The effective refractive index nef f �
−1 of PC is found to occur at a frequency around 0.615 �in
the unit of normalized frequency 2�c /a�. We have nef f �
−1 in the frequency region above 0.615, and −1�nef f �0 in
the frequency region below 0.615.

To fully reflect the 3D propagation behavior of EM waves
within the inverse opal PC, we have considered the EFS
contours in other orientational planes at the same frequency
band within the first Brillouin zone. Figure 3�b� displays the

cross section of the third-band EFS in the �11̄0� plane, which
contains the wave propagation directions as �001�, �111�, and
�110�. It is clear that the EFS contours in this plane are not
circles any more. The variation of the effective refractive

index nef f versus the frequency of the incident wave in this

�11̄0� plane is also shown in Fig. 4�a� by a dash-circle curve.
The anisotropy observed in the nef f index is expected to
cause some small deviation in the direction of the refracted
beam from the value predicted from Snell’s law. In this pa-
per, we choose �=0.603�2�c /a� as our operating frequency
as the negative refraction properties of the crystal appear to
be optimum at this frequency. We have retrieved the effective
refractive indices for various incident angles at this fixed
frequency, and the results are displayed in Fig. 4�b� for wave
propagating within the above two crystalline planes. The ef-
fective refraction index in the �010� plane keeps nearly equal,
which results from the circle EFS contour. As a comparison,
the refraction index shows much larger dispersion in the

�11̄0� plane due to the remarkable aberration of the EFS
contour from an isotropic circle. Within the considered win-
dow of incident angle, the refractive index ranges from
−0.93 to −1.09.

III. DESIGN OF PC SLAB LENS AND SIMULATION OF
THE FOCUSING PROPERTIES

Negative refraction enables the possibility that the flat
slab can focus EM wave emerging from an omnidirectional
source. When an object is placed at one side of the flat slab,
we expect that an image can be observed at the other side. In
order to check our analysis, we perform numerical simula-
tions to investigate focus properties of a proposed inverse
opal PC structure. The interfaces of the PC slab are cut such

FIG. 4. �a� The effective refractive index nef f vs the frequency in
the third band. �b� The effective refractive index nef f vs the incident
angle at frequency �=0.603�2�c /a�. The dash-triangle curve is for

the �010� plane and the dash-circle curve is for the �11̄0� plane. The
dotted lines mark the position of the refractive index of −1.

FIG. 5. �Color online� Amplitude distribution of Ey along �a� the

vertical xoz plane and �b� the �11̄0� plane. The point source is
resonant at �=0.603�2�c /a� and located at 1.0a away from the
front surface of the ten-layer-thick slab.
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that the surface normal of the slab is parallel to the �001�
direction. The PC slab is ten-layers of air spheres thick in the
z direction and 30 layers of air spheres wide in both the x and
y directions. A dipole point source is located on top of the
slab and the wave propagates along the z axis.

Finite-difference time-domain �FDTD� method38 is em-
ployed with perfectly matched layer �PML� boundary
condition39 to envision how the wave propagates across the
PC slab. In the simulation, a continuous wave point source is
placed at a distance of 1.0a away from the top surface of the
PC slab. The source is polarized along the y-axis direction.
The wave propagation is probed by looking closely at the
field patterns across the slab along different directions and at
several parallel observation planes at the other side of the
slab. The simulated field distribution along two vertical
planes passing through the source is shown in Fig. 5. Figure
5�a� depicts the Ey field pattern along the vertical plane xoz.
Obviously, one can see a very bright point located below the
lower surface of the slab, and its intensity is higher than the
surrounding area. The simulation clearly indicates a focusing
phenomenon when light wave travels through the slab. The
strong intensity point is identified to be the image spot of the
point source against the PC slab lens, and it is clearly marked
with an arrow in Fig. 5�a�. The image spot is located at 2.26a
away from the back surface of the slab. Note that the image
distance plus the objective distance is smaller than the thick-
ness of the PC slab. Therefore, the distance of the image
differs from the geometric-optics expectation. However, fur-
ther simulations reveal that the image distance changes with
the source-slab distance. As a result, the object-image dis-

tance remains nearly constant. Many factors can influence
focusing. The value of the refractive index inside the struc-
ture, the impedance that might give reflection at the inter-
face, and the surface termination of the structure might all
play a role.40 However, in our case the deviation from geo-
metric optics is most likely induced by the anisotropy in the
EFS, which leads to the deviation from Snell’s law. The poor
impedance matching and the presence of multiple scattering
effect can influence the focusing quality of the PC slab. The
field pattern along the yoz plane through the source is also
simulated, and the result �data not shown here� is the same as
for the xoz plane because of the crystalline symmetry be-
tween these two planes. The calculated field pattern along the

�11̄0� vertical plane is shown in Fig. 5�b�. Although it is
somewhat different from the field pattern in Fig. 5�a� in the
detailed configuration, a focus point �marked by an arrow�
can also be found to form on the opposite side of this slab.
This means that the focusing also takes place for the wave

propagating along the �11̄0� plane.

FIG. 6. �Color online� Amplitude magnitude patterns of the total

electric field along �a� the vertical xoz plane and �b� the �11̄0� plane.
The point source is resonant at �=0.603�2�c /a� and located at
1.0a away from the front surface of the ten-layer-thick slab.

FIG. 7. �Color online� Amplitude distribution of Ey in the hori-
zontal plane xoy at different positions: �a� 1.48a, �b� 2.26a, and �c�
3.04a from the back surface of the slab along the z axis.
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In the above, we only consider the Ey field propagation,
which is at the same polarization as the light source. As the
PC slab is a 3D structure, the complex 3D scattering effect
will modify the polarization of the incident wave. In our
simulation, we have found that the transmission field in-
volves all three components, namely, Ex, Ey, and Ez. This
means that the 3D scattering effect by the complex 3D PC
slab can lead to a coupling effect between different polariza-
tion states of light. Note that the Ex and Ez wave components
do not exhibit an apparent focusing behavior as the Ey com-
ponent does. However, the Ey field component overwhelms
the other two field components and dominates the total elec-
tric field. As a result, a good imaging pattern similar to that
displayed in Fig. 5 has been found. The situation can be
clearly found in Fig. 6, where the amplitude magnitude pat-
terns of the total electric field along the same vertical planes
as the two planes in Fig. 5 are plotted. Very bright points are
still clearly observed below the lower surface of the slab.

To examine the wave propagation and image formation
more clearly, we have considered the field distribution in the
horizontal plane xoy at various positions around the focusing
point along the z axis. The field amplitude patterns at 1.48a,
2.26a, and 3.04a from the back surface of the slab lens are
displayed in Fig. 7. It is seen that the amplitude changes
along the z axis. The electromagnetic waves converge first,
and then diverge into far field after reaching its smallest spot
at 2.26a away from the back surface of the slab. A close look
at the data of the image spot reveals that the smallest spot
size �by full size at half maximum� has a diameter of about
1.45a �or about 0.87	�. This shows that this inverse opal PC
slab lens can achieve focusing, but not subwavelength focus-
ing. We further determine the condition of single beam
propagation. According to Ref. 25, the parallel component of
the incident wave vector should fall between −� /b and � /b.
In this paper, b represents the period of the photonic crystal
surface and is equal to a. We obtain that for single beam
propagation the incident angles should be less than 56.01°.
According to Fig. 3, the EFS exhibits a good isotropy only
within about 30° and is very anisotropic beyond this incident
angle. Therefore, the condition for single beam propagation
can be well satisfied within the above mode space that con-
tributes to the focusing. The fact that the focusing image spot
is quite isotropic in the intensity distribution indicates that
the small incident angle components of the point source play

a dominant role in the focusing property of the PC slab and
the influence from the high incident angle components is
small.

IV. CONCLUSION

In conclusion, we have studied theoretically negative re-
fraction of EM waves in 3D inverse opal photonic crystals
and the focusing properties of flat lens made of this photonic
crystal structure. The wave vector diagram is used to analyze
the possibility of negative refraction, and the FDTD method
is employed to simulate the field amplitude distribution. It
has been found that 3D negative refraction can be achieved
in the Si inverse opal photonic crystal at some certain fre-
quency window and that the imaging functionality can be
realized in a designed flat slab. The inverse opal photonic
crystals can be routinely synthesized in the visible and infra-
red regimes, and several materials, for example, titania,32,33

can be used as the background dielectric filling medium. The
average refractive index value of titania at visible wave-
lengths is about 2.7, which is lower than 3.5 for silicon in our
paper. High index contrast is necessary not only to achieve a
wide band gap but also to have a strong plane wave compo-
nent mixing of the propagating Bloch wave. In the case of
weak mixing, a large number of diffracted beams appear.25

Then, the following question arises: Can negative refraction
be realized in the titania inverse opal or other inverse opals
filled with different background dielectrics of lower refrac-
tive index? This remains to be answered. However, our study
can help to stimulate the experimental exploitation of nega-
tive refraction and imaging in this photonic crystal at optical
wavelength. This, in turn, will greatly enhance examination
of other interesting physical phenomena in this photonic
crystal structure.
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