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We calculate the transition temperature versus concentration �Tc vs c� phase diagrams of several phase-
segregating alloys �fcc Ca-Sr, Au-Pt, and Rh-�Pd,Cu,Ag,Au�� using a multiscale method combining first-
principles calculations and Monte Carlo via the cluster expansion �CE�. We study Pd-Rh, with its well-known
high-T miscibility gap, to verify the method’s reliability. We predict that Ca-Sr segregates at low temperatures.
We then show that a rapid estimate of Tc is obtained from enthalpies analytically derived from a CE, and, using
thermodynamic integration, we determine under what circumstances this mean-field estimate is accurate com-
pared to Monte Carlo results. Also, we discuss how an electronegativity difference of the alloying elements
quickly assess when vibrational entropy effects should be included in the estimate of Tc.
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I. INTRODUCTION

First-principles density-functional theory combined with
statistical methods via evolving cluster expansion �CE� tech-
niques is a valuable multiscaling tool1–9 that can be used to
predict alloy thermodynamics.10–21 Knowledge of the ground
states and the temperature �T� versus composition �c� phase
diagrams are of crucial importance in materials design. Un-
fortunately, low-temperature phase transitions are often dif-
ficult to observe experimentally due to slow kinetics. Yet,
sometimes unexpected phase transitions are responsible for
catastrophic failures of aging materials. Thus, multiscale the-
oretical and computational methods, including rapid esti-
mates of phase stability, are important in materials design
and for safety verification.

Here we apply these methods to several face-centered-
cubic �fcc� based alloys, focusing mainly on Ca-Sr �predic-
tion� and Pd-Rh �validation�, especially to study rapid esti-
mations of Tc. Pd-Rh has a well-known miscibility gap,22–25

previously studied theoretically,26–29 hence it is perfect for
assessing simple methods for estimating transition tempera-
ture Tc. Being both from group 2A alkaline earth metals, the
more chemically active radioactive Sr isotope has tendency
to replace Ca in living organisms. The assessed Ca-Sr phase
diagram25,30 shows a solid-solid phase boundary between
disordered high-T body-centered cubic and a low-T fcc solid-
solution phases, but no known transitions inside the fcc
phase. As each alloy is expected to have segregated and/or
ordered states at low temperatures, there must be a Tc phase
boundary.

We predict Tc versus c diagrams for Ca-Sr and Pd-Rh by
two methods: a rapid estimate by a mean-field solution of the
Gibbs equation that is an analytic a priori output from the
cluster expansion, and Monte Carlo simulation. Using ther-
modynamic integration, we determine under what circum-
stances for the derived interactions in these alloys the mean-
field solution is accurate. For Pd-Rh, we compare our results
to experimental data and show that results from both meth-
ods are accurate. We use the methods on �Cu, Ag, Au�-Rh
and Au-Pt for trends. We conclude by comparing results to
other mean-field estimates and discuss how vibrations will
affect our results, including a means to assess a priori when
vibrational effects are important.

II. METHODS

We combine first-principles density-functional theory
�DFT� calculations, which are used to create a reliable data-
base of structural formation enthalpies, with Monte Carlo
methods based upon the cluster expansion �CE� methods.1

We have implemented, and continue to enhance, the compu-
tational Thermodynamic Tool-Kit31 �TTK� for this type of
multiscale modeling.

A. Enumeration of alloy configurations

We use the “smallest-first” algorithm32,33 to generate dif-
ferent fcc alloy configurations �structures� via TTK,31 and
supplement with long-period superstructures.1 All the struc-
tures with different interatomic correlations are uniquely
enumerated. Structures with the smaller number of sites �at-
oms� per primitive cell appear before larger ones. The first
structure has one atom per fcc primitive cell, it is A1 cF4

�Cu� structure with Fm3̄m space group �No. 225�. The sec-
ond structure with two atoms per primitive cell is L10 tP2
�CuAu� structure with P4/mmm space group �No. 123�, with
the translation vectors �−2,0 ,0�, �0,−1,1�, �0, 1, 1�. Within
the same number of sites per cell, structures with shorter
translation vectors appear first. The third structure has two
atoms per primitive cell and the translation vectors �−2,
−1,−1�, �0,−1,1�, �−1,0 ,1�. These vectors are sorted by
length �longest first�. Fourth and fifth are oI6 �MoPt2� struc-
tures with three atoms per cell at compositions of 1 /3 and
2/3, respectively. Similarly, the first two structures with four
atoms per primitive cell are L12 cP4 �Cu3Au� at
compositions of 1 /4 and 3/4, which are the 10th and 11th
structures.

The “smallest-first” algorithm32 can be used for enumer-
ating structures on any fixed lattice. Although consideration
of only a limited set of the smallest structures bears the risk
of missing long-range interactions �or, as we have shown,1

long-period superstructures�, such interactions are not impor-
tant in the phase-segregating systems considered here. Even
in the case of using another set of larger structures, the
“smallest-first” algorithm can be used for enumerating and
descriptive purposes.
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B. DFT calculations

Electronic energies of various atomic structures are calcu-
lated via the Vienna ab initio Simulation Package
�VASP�34—a pseudopotential code using projector
augmented-wave �PAW� basis sets35,36 and the generalized-
gradient approximation37 �GGA�. We used a plane-wave en-
ergy cutoff of 425 eV for Ca-Sr and 400 eV for Pd-Rh, and
converged Brillouin zone integration meshes38,39 with at least
163 k points/cell �51 points/Å−1 for Ca-Sr and 35 points/Å−1

for Pd-Rh�. All the structures were relaxed using the
conjugate-gradient algorithm within VASP so that pressures
were below 10 kBar and atomic forces did not exceed
0.03 eV/Å.

C. Cluster expansion

We find effective interatomic interactions from a set of
DFT structural enthalpies using a CE basis.1 On a fixed lat-
tice having N sites any alloy configuration � can be repre-
sented by a set of occupational variables ���, with �p being 1
�0� if site p is �not� occupied by solute. We assume that all
sites are occupied. An ensemble average occupation prob-
ability gives the solute concentration, i.e.,

���� =
1

N
	

p

N

�p��� = c��� . �1�

In the disordered phase ��p�=c for each site p.
A cluster is a fixed set of lattice sites. All possible clusters

of lattice sites �p�nfd can be enumerated. Here n is the num-
ber of sites within the cluster �e.g., n=2 for pairs�; f enumer-
ates symmetry-distinctive shapes of the n-site clusters �e.g.,
f =1 for nearest and f =2 for next-nearest neighbors�; smaller
clusters have smaller indices. Index d distinguishes
symmetry-equivalent n-body clusters of shape f . Because �p
is either 0 or 1 for any given site p of a fixed configuration �,
a product 
pi��p�nfd

�pi
is also either 0 or 1 for a fixed set of

sites �p�nfd including site p. The n-site correlation function

�̄nf��� = ��p1
¯ �pn

�� =
1

NDnf
	

p

N

	
d

Dnf



pi��p�nfd

n

�pi
��� �2�

is an ensemble average bounded by 0��̄nf �1. The number
of symmetry-equivalent clusters including one particular site
p is called “degeneracy” Dnf; for example, for fcc lattice
D21=12 accounts for the number of nearest-neighbor pairs.
In the homogeneously disordered state with no short-range
order �
�p�=
��p� and

�̄nf�c� = cn. �3�

In the disordered phase the atomic pair correlations �̄2f�c�
describe the atomic short-range order.

Enthalpy of any atomic configuration �

H��� =
1

N
	

p

N

�p	
n,f

Ṽnf
1

n	
d

Dnf



i=2

n

�pi
�4�

�where pi� �p�nfd and pi�p� can be written in terms of av-

eraged correlations �̄nf��� defined by Eq. �2� and weighted

effective cluster interactions Vnf �DnfṼnf /n, namely,

H��� = 	
n,f

Vnf�̄nf��� . �5�

Enthalpy of the fully disordered state is

Hd�c� = 	
n

cn	
f

Vnf . �6�

Often it is convenient to use formation enthalpy relative to
H�c=0��H�0�=V0 and H�1�=	nfVnf, i.e.,

�HF��� = H��� − ��1 − c�H�0� + cH�1��

= 	
n�2

	
f

��̄nf��� − c�Vnf . �7�

We find Vnf by fitting a set of �HF��� obtained from DFT.
Using these interactions, we identify the ground states �here
only fcc�, calculate the enthalpy of the fully disordered phase
versus c, and perform thermodynamic modeling using mean-
field theory and Monte Carlo.

In general, the cluster expansion Hamiltonian �4� can be
further extended to include effects of vibrations,14

elasticity,40–42 magnetism,43 etc. These additional effects are
unimportant in the nonmagnetic, segregating alloys consid-
ered here. As we discuss later, vibrational effects are negli-
gible in alloys when the constituting elements have similar
electronegativities.44–47 Anisotropic strain and long-range or-
der effects are irrelevant for disordered phase-segregating al-
loys considered here, but may play a very important role in
other systems.12,13,40,48

D. Estimating predictive errors

If Vnf are known, enthalpy of any atomic configuration �

with correlations �̄nf��� can be predicted with the CE �5�.
Errors associated with CE enthalpies may be evaluated using
a standard statistical measure of exclude-m cross-validation
�CV� score49–51

�m
2 =

1

M
	
i=1

M
1

Cm−1
M−1 	

j=1

Cm−1
M−1

�HDFT
i − HCE�M−mj�

i �2. �8�

Here HCE�M−mj�
i is predicted by a fit to �M −m� DFT enthal-

pies excluding a set mj of m DFT enthalpies, one of which is
HDFT

i . The number of possible sets mj is given by Cm−1
M−1

= �M −1�! / ��m−1�!�M −m�!�.
Thus, �0 yields a least-squares fit error, measuring how

well the CE reproduces the known fitted DFT enthalpies.
Error in the predicted unknown values can be estimated by
an exclude-m CV score �m, if m new values are predicted
simultaneously. The exclude-one CV score

�1 = � 1

M
	
i=1

M

�HDFT
i − HCE�M−1i�

i �2
1/2

�9�

estimates an uncertainty in predicting one excluded or un-
known structural formation enthalpy �HF. Both too few �un-
derfitting� or too many �overfitting� parameters give poor
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prediction, so �1 has a minimum.1,52 Previously it was sug-
gested to select the best CE by minimizing the predictive
error estimated by �1.1,52,53 However, for correlated data �1 is
not always a good estimate of the predictive error. In general,
we can put an error bar on �m by �m−1��m��m+1. In par-
ticular, if �2 is infinite, �1 has an infinite upper error bar.
Only if �2 is finite can we use �1 to estimate the CE predic-
tive error for a well-defined compact cluster basis.1 Total
error in predicted thermodynamics arises from cumulative
errors in the DFT, CE, and Monte Carlo statistics.2

E. Rapid estimate of Tc

Because change of Gibbs free energy �G�T�=�H�T�
−T�S�T� is zero at a first-order transition at Tc, where �H
and �S are changes in enthalpy and entropy between the two
coexisting phases at Tc,

Tc�c� =
�H�Tc,c�
�S�Tc,c�

, �10�

Equation �10� is exact; however, the ratio is difficult to find
directly. For given interactions Vnf, estimates of Tc can be
made quickly using mean-field approximation, or a relatively
accurate value can be calculated by Monte Carlo methods.

1. Mean-field “T0” estimate

Tc can be quickly estimated by assuming that �H�Tc� in
Eq. �10� is proportional to the difference between T=	 fully
disordered and T=0 fully ordered states, i.e., �Hd−o=H�T
=	�−H�T=0�, and similarly for the entropy. Then

Tc�c� �
�Hd−o�c�
�Sd−o�c�

� Tc
est�c� �11�

is a standard mean-field approximation, often called the “T0”
line.3,27,54 Entropy of a single fully ordered or phase-
segregated state is zero, while that of the fully disordered
state is given by only the point entropy, i.e.,

Sd�c� = − kB�c ln c + �1 − c�ln�1 − c�� . �12�

The difference in enthalpy �11� can be calculated trivially
within the cluster expansion using Eqs. �5� and �6�. For
phase segregation, as is the case for Ca-Sr and Pd-Rh,

�Hd−o�c� = �Hd
F�c� = 	

n�2
�cn − c�	

f

Vnf . �13�

Although �H�Tc� in Eq. �10� is typically orders of magnitude
smaller than �Hd−o in Eq. �11�, and the same is also true for
�S, the mean-field estimate is accurate if and only if the ratio
�H /�S in Eqs. �10� and �11� is approximately the same,
which should be the case for a large class of systems identi-
fied by the underlying interactions.

We suggest that the approximation �11�–�13� is expected
to be accurate for alloys with competing �pair and multi-
body� interactions, which lower the enthalpy and entropy
differences due to atomic correlations �clustering here� such
that the ratio in Eq. �10� remains approximately equal to that
in Eq. �11�, as we show in the results. The rapid estimate

Tc
est�c� from Eq. �11� provides an accurate Tc�c� for Pd-Rh

and Ca-Sr at all c except those near c=0 and c=1, where
both �H and �S approach zero.

2. Mean-field “Bethe” estimate

Tc can be also quickly estimated using another first-order
mean-field theory by Bethe for the zero-field Ising ferromag-
net �equivalent to a clustering 50% binary�.55–57 Bethe im-
proved the Weiss molecular-field theory by including the
short-range correlations in order to enforce agreement be-
tween the average magnetization on the central site and near-
est neighbors. The well-known solution in terms of the

nearest-neighbor pair Ṽ21 in Eq. �4� is

Tc
Bethe =

Ṽ21

2kB
�ln� q

q − 2
�
−1

, �14�

where q is the coordination number of the Bravais
lattice �e.g., 12 for fcc�. In the limit where mean-field theory

is exact �i.e., q→	� the Weiss result of qṼ21/4kB is

recovered, whereas the fcc nearest-neighbor-only Tc
Bethe

result is lower by a factor of 1.0939. More notably, for the
Ising ferromagnet, the Bethe approximation predicts the cor-
rect behavior of Tc in d dimensions; for example, in 2d with
q=2, Tc

Bethe is zero, the correct answer.57

While Bethe derived the theory for a nearest-neighbor
pair interaction, it is straightforward to extend his derivation
�in the same approximations� to pair interactions of arbitrary
range, which we write for an alloy using Eq. �7� as

Tc
Bethe2 =

2�Hd
F�c�

kB
�qeff

2
ln� qeff

qeff − 2
�
−1

, �15�

where the effective coordination number is

qeff = 	
f=1

N
Ṽ2f

Ṽ21

D2f . �16�

For interactions Ṽ2f held constant and equal to Ṽ21, indepen-
dent of range, for all shells of neighbors, the Weiss result of

qṼ21/4kB is recovered. Note that for a phase-segregating al-
loy, Tc is estimated as 2�Hd−o�c� /kB for long-range,
clustering-only pair interactions.

Extending the Bethe approximation to ordering �antiferro-
magnetic� interactions �and its longer-range, competing inter-
action, variant� is tenuous because it is sensitive to the lattice
topology, even for the ferromagnetic case.58,59 The same is
true for the extension to the general multibody interaction
case. The Bethe approximation is exact, however, in the limit

that Ṽ2f are only clustering and long ranged. More impor-

tantly, for clustering-only Ṽ2f �independent of range�, Tc
Bethe2

is independent of entropy change, in contrast to Tc
est�c�.

Hence, alloys cannot be described, generally, by Bethe or
Weiss type theories if they have competing clustering- and
ordering-type interactions. Therefore, only at the end will we
contrast the results of Tc

Bethe2�c� with Tc
est�c� and Tc

MC�c�.
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F. Monte Carlo determination of Tc

We also find an accurate Tc by locating maxima in spe-

cific heat, using Ṽnf within the lattice Monte Carlo program
with Metropolis algorithm60 as implemented within TTK.31

We used from 163 �or 4096� to 243 �or 13 824� atoms within
the periodic simulation box. We performed grand-canonical
simulations with either fixed chemical potential or fixed tem-
perature, as well as canonical �fixed-composition� simula-
tions with 200-800 equilibration steps and 4000-16000 sam-
pling steps. To perform any noted finite-size scaling, we
included up to 323 simulation box �32 768 atoms�.

G. Thermodynamic integration

In Sec. III D we will investigate the difference in enthal-
pies and entropies between the two phases versus T and c. To
do this we find the enthalpies �H� and specific heats Cv
��H�2− �H2� using thermodynamic averages within canoni-
cal Monte Carlo. Entropies S�T ,c� are then found by thermo-
dynamic integration, i.e.,

S�T+ 
 Tc� = Sd − �
T+

	

dT
Cv�T�

T
,

S�T− � Tc� = So + �
0

T−

dT
Cv�T�

T
, �17�

where So=0 and Sd in Eq. �12� are known. Near Tc we use a
temperature step of approximately 0.01 Tc, while at higher
temperatures a significantly coarser temperature integration
step can be used.

III. RESULTS

A. Structural formation enthalpies

First-principles calculated formation enthalpies �HF of
various fcc Ca-Sr and Pd-Rh structures are given in Fig. 1,
where all �HF are positive. Hence we expect both alloys to
segregate at low enough temperatures �order of magnitude is
roughly kBTc�c���Hd

F�c��. The internal atomic relaxations
in all these structures are relatively small compared to inter-
atomic distances, so an effective lattice for both Ca-Sr and
Pd-Rh at low temperatures is fcc only �in contrast, for ex-
ample, to Ca-Ag or Al-Ag�.12,13 Next, there is a small asym-
metry of structural enthalpies versus composition; namely,
formation enthalpies of similar binary structures �e.g., L12 or
DO22 at 25 and 75%� are not the same at c and �1−c�,
indicating presence of multibody interactions beyond pairs.

Many alloy phase diagrams are known from a combina-
tion of experimental data and thermodynamic modeling;
hence, the boundaries are estimates, as in the case of Au-Pt,
which exhibits an asymmetric miscibility gap with a maxi-
mum at 61% Pt.25 We will focus primarily on Pd-Rh �known�
and Ca-Sr �new prediction�. However, as found in the Ap-
pendix in Fig. 5, Au-Pt exhibits a highly asymmetric forma-
tion enthalpies of similar structures, indicating important
multibody interactions, and yielding a �Hd

F�c� with a maxi-
mum roughly at 62%Pt, in agreement with asymmetry in

experiment. Interestingly, in highly cold-work Au-Pt, meta-
stable Au3Pt has been found, which corresponds to low-
energy structures we find at 25 and 33% Pt, see the Appendix
for more discussion. We also show similar results for Rh-
�Cu,Ag,Au� alloys in the Appendix �see Fig. 5� to provide a
trend in segregation going down a column in the Periodic
Table. However, the stability of the liquid phase is critical for
the Rh-�Ag,Au� systems, and its thermodynamic influence is
also very important for the concentrated Rh-Cu and Pt-Au,
where Tc�Tmelt, as discussed in Sec. IV B.

B. Interatomic interactions

We used DFT structural enthalpies to find cluster interac-
tions �Table I� within the CE basis.1 We found several sets of
cluster interactions with low fit and predictive errors, all ap-
proximately equal; using those equally good sets in Monte
Carlo lead to similar results. For Ca-Sr, the set including
eight pair and three triplet interactions reproduces the DFT
enthalpies well �see Table II�, with the exclude-0 �i.e., least-
squares fit error�, exclude-1 and exclude-2 cross-validation
scores �0, �1, and �2 of 0.57, 1.3, and 1.4 meV/atom, respec-
tively. Similarly, we list the Pd-Rh interactions in Tables I
and enthalpies in Table II�, where the cross-validation errors
�0, �1, and �2 are 4.3, 7.5, and 7.7 meV/atom, respectively.
While the absolute values of the errors �m are several times
larger for Pd-Rh, so too are Tc �see Fig. 2�, hence, relative
CE errors are similar for these two systems. In Table I we see
that both systems have pair interactions that drive local clus-

FIG. 1. �Color online� Formation enthalpies of the fcc Ca-Sr
�upper� and Pd-Rh �lower� structures from DFT �crosses� and CE
�diamonds�, with enthalpy of the fully disordered phase �6� included
�dashed lines�.
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tering �negative sign� competing with triplet interactions that
drive local ordering.

C. Phase diagrams

The calculated fcc phase diagrams are shown in Fig. 2.
The Ca-Sr alloy segregates at low temperatures into Ca and
Sr, whereas the Pd-Rh alloy has nearly five times larger for-
mation enthalpy �see Fig. 1� and segregates at about five
times higher temperature �Fig. 2� due to the stronger two-
body interactions, see Table I. Due to three-body interac-
tions, the phase boundary is slightly asymmetric versus c for
both Ca-Sr and Pd-Rh, as expected from the small asymme-
try of formation enthalpies.

Figure 2 shows phase boundaries Tc�c� calculated by the
Monte Carlo and the rapid estimate �11�–�13�. One can see
that approximation �11� provides an accurate estimate for
Monte Carlo Tc for Pd-Rh and Ca-Sr at all c except those
near c=0 and c=1 where both �H and �S approach zero.
For Pd-Rh both the Tc�c� from Monte Carlo and Eq. �11�
agree very well with experiment.23–25

The total error in calculated transition temperatures in-
cludes DFT, predictive, and statistical errors, with the predic-
tive one being the largest.2 Each error can be estimated. As
explained in Sec. II D, the predictive error in CE structural
enthalpies can be estimated by the cross-validation score �1,

but only if �2 is finite. We estimate an error bar on Tc ��1 plus
1 meV DFT and statistical errors� to be 30 K �2.5 meV� for
Ca-Sr and 100 K �8.5 meV� for Pd-Rh. In Fig. 2 one can see
that both the rapid estimate and Monte Carlo results for
Pd-Rh agree with experiment24 within the error bar.

D. Enthalpy and entropy changes vs T and c

As noted earlier, the exact Tc can be found from Eq. �10�
via the ratio of �H�Tc� and �S�Tc�, which are the enthalpy
and entropy differences, respectively, between two phases
coexisting at Tc. With 0���1, we define

�H��� � H�Tc/�� − H��Tc� , �18�

and similarly for the entropy. The limits of Eq. �18� are

lim
�→1

�→0

�H��� = �Hd�	� − Ho�0� � �Hd−o,

H�Tc
+� − H�Tc

−� = �H�Tc� ,
� �19�

where the �→0 limit is analytically obtained from the CE
and �→1 limit is from careful Monte Carlo calculations.
The calculated �H���, �S���, and their ratio for Pd75Rh25

are shown in Fig. 3. Clearly, the ratio �H��� /�S��� does not
strongly depend on �. Thus,

Tc =
�H�� = 1�
�S�� = 1�

�
�H�� = 0�
�S�� = 0�

�
�Hd−o

�Sd−o
. �20�

TABLE I. Interactions Vnf �5� and Ṽnf �4� in meV with their degeneracies Dnf for four alloys.

f D2f

Ca-Sr Pd-Rh Cu-Rh Au-Pt

V2f Ṽ2f V2f Ṽ2f V2f Ṽ2f V2f Ṽ2f

1 12 −14.3 −2.39 −330.8 −55.13 229.2 38.19 160.6 26.77

2 6 −21.0 −7.00 −3.8 −1.27 54.5 18.18 55.3 18.42

3 24 −28.4 −2.37 −9.3 −0.77 140.6 11.72 97.6 8.13

4 12 9.1 1.52 5.3 0.88 −29.5 −4.91 9.4 1.56

5 24 −24.7 −2.06 −26.6 −2.21 −24.1 −2.00

6 8 −7.3 −1.83 44.7 11.18 9.5 2.39

7 48 6.4 0.27 −82.7 −3.45 −26.0 −1.08

8 6 −5.2 −1.72 −12.0 −4.00

f D3f V3f Ṽ3f
V3f Ṽ3f

V3f Ṽ3f
V3f Ṽ3f

1 24 −9.3 −1.16 20.6 2.57 −311.7 −38.96 −424.9 −53.11

2 36 5.3 0.44 5.6 0.47 −67.4 −5.62 −33.2 −2.77

3 72 15.3 0.64 −40.3 −1.68 −493.1 −20.55 −169.4 −7.06

4 18 85.8 14.31 158.5 26.42 −72.7 −12.12

5 72 85.8 14.31 158.5 26.42 −41.9 −1.75

f D4f V4f Ṽ4f
V4f Ṽ4f

V4f Ṽ4f
V4f Ṽ4f

1 8 −21.8 −10.9 83.4 41.69 10.1 5.07

2 48 4.3 0.36 455.2 37.94

3 48 212.9 17.74 253.0 21.08

f D5f V5f Ṽ5f
V5f Ṽ5f

V5f Ṽ5f
V5f Ṽ5f

1 30 −186.5 −31.09

2 120 −133.2 −5.55
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However, Tc
est from �11� is invalid near c=0 and 1 due to

�H�c ,T� and �S�c ,T� approaching zero with different as-
ymptotics. In Figs. 3 and 4 �H� and Cv were calculated as
given in Sec. II G. Figure 4 shows the calculated ratio
�H�� ,c� /�S�� ,c� at fixed � of 0.93 versus c. One can see
that the relative differences �H��� /Hd−o and �S��� /Sd−o at
most compositions are the same. Thus the ratio of
��H��� /�S���� to �Hd−o /Sd−o� is roughly 1, except near c
=0 and 1 for reasons stated above.

Together the results from Figs. 2–4 show that Eq. �11�
provides reliable estimates for the segregating alloys, if, in
addition, the difference in electronegativity of the constitut-
ing elements is small �which implies vibrations are not im-
portant, as discussed below�. Segregation can be ascertained
in a cluster expansion from disordered enthalpy before any
Monte Carlo simulations are performed.

In summary, in alloys where vibrational effects are unim-
portant we have shown that an analytic, mean-field estimate

TABLE II. DFT and CE enthalpies �meV/atom� and their differ-
ence for the fcc Ca-Sr and Pd-Rh structures with concentration c
relative to the elements. CV errors for Ca-Sr are �0=0.57, �1

=1.33, and �2=1.42 meV/atom. CV errors for Pd-Rh are �0=4.3,
�1=7.5, and �2=7.7 meV/atom.

Structure c

Ca-Sr Pd-Rh

HDFT HCE Error HDFT HCE Error

Ca 0 0.0 0.7 0.74

Sr 1 0.0 −0.1 −0.07

Pd 0 0.0 0.4 0.38

Rh 1 0.0 1.4 1.42

2 L10 1/2 15.4 15.9 0.50 101.9 104.5 2.68

3 1/2 24.7 24.9 0.12 80.7 81.8 1.10

4 1/3 13.4 13.6 0.21 74.3 63.6 −10.74

5 2/3 13.1 13.5 0.35 89.9 81.7 −8.28

6 1/3 14.0 14.6 0.58 60.5 55.2 −5.29

7 2/3 12.9 12.0 −0.88 78.0 70.1 −7.89

8 2/3 49.0 44.0 −5.01

9 2/3 20.3 21.4 1.06 58.9 54.6 −4.33

10 L12 1/4 13.0 13.0 0.02 90.5 89.5 −0.99

11 L12 3/4 11.3 11.1 −0.19 73.1 73.2 0.10

12 DO22 1/4 13.5 13.2 −0.29 67.3 70.0 2.73

13 1/2 17.4 17.2 −0.21 80.9 83.7 2.79

14 DO22 3/4 11.9 12.1 0.28 72.7 71.8 −0.85

15 3/4 56.5 58.6 2.14

16 1/2 71.8 79.9 8.14

17 1/4 61.6 62.7 1.06

18 1/4 18.2 17.5 −0.70 72.3 71.0 −1.24

19 3/4 15.5 15.5 0.00 62.9 63.5 0.66

20 1/4 11.7 12.4 0.68 54.2 56.0 1.77

21 1/2 15.4 15.1 −0.30 56.5 65.6 9.12

22 3/4 11.8 10.8 −0.92 59.7 62.3 2.63

23 1/4 12.0 12.2 0.24 41.4 41.8 0.37

24 1/2 13.6 14.2 0.62 36.1 41.7 5.67

25 3/4 9.6 10.1 0.51 51.0 52.7 1.62

26 1/4 17.7 17.4 −0.33 34.1 33.3 −0.78

27 1/2 21.4 20.9 −0.52 32.5 33.0 0.52

28 1/4 40.5 41.0 0.50

45 1/5 11.7 10.3 −1.41

46 2/5 13.2 13.1 −0.10

FIG. 2. �Color online� Ca-Sr and Pd-Rh T-c phase diagrams.
Miscibility gap from Monte Carlo �solid line� and Eq. �11� estimate
�dashed line�, compared to experimental data �Refs. 23–25�.

FIG. 3. �Color online� For Pd75Rh25 using Eq. �18�, enthalpy
�H��� /�Hd−o, entropy �S��� /�Sd−o, and their ratio �circles�, along
with same results for the fcc nearest-neighbor pair Ising model
�squares�. Filled symbols at �=1 are Monte Carlo Tc relative to
��Hd−o /�Sd−o�. Results are obtained using a fixed 243-atom peri-
odic box. Error bars are given and lines are a guide to the eye.
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from the cluster expansion given by Tc
est in Eq. �11� is accu-

rate and involves no simulation—useful for rapid design es-
timates. Via Monte Carlo based thermodynamic integration,
we illustrated the validity of this estimate versus composition
and temperature scale. Below, we contrast this with the Be-
the �pair-only� mean-field theory that becomes exact for
infinite-ranged pair interactions, and show that without com-
peting interactions the Tc

est is inaccurate. We then discuss the
effects of vibration on the prediction of Tc.

IV. DISCUSSION

A. Comparison to previous results

Unlike fcc Ca-Sr, Pd-Rh was previously studied both
experimentally22–24 and theoretically.26–28 Disordered fcc
Pd-Rh has been studied via first-principles multiple-
scattering theory combined with the coherent-potential ap-
proximation �KKR-CPA� for direct calculation of formation
enthalpies of the homogeneously disordered state.27 Even
though obtained within the atomic-sphere approximation to
the potentials, the previous KKR-CPA enthalpies27 agree
well with our present full-potential results. Also, the KKR-
CPA enthalpies were used to find the phase boundary via
approximation �11�, also in reasonable agreement with
experiment.27

Pd-Rh was also studied by a CE with interactions fitted to
the tight-binding linear muffin-tin orbital results.28 The dif-
ference between the present structural formation enthalpies
and the former28 ones are presumably due to a more approxi-
mate electronic-structure method used. The previous phase
diagram28 calculated by combining the CE with the cluster
variation method using the tetrahedron-octahedron approxi-
mation found fair agreement with experiment; larger devia-
tion from experiment are presumably due to the use of less
accurate enthalpies.

Au-Rh was studied experimentally61–64 and
theoretically,65 where it was noted that Au-Rh has no stable
compounds, but no phase diagram was calculated. The cal-

culated formation enthalpy65 of the lowest-energy AuRh3 is
91 meV/atom, which compares well to our 88 meV/atom for
the same structure �same as structure 23 noted in Sec. II A�.
Au-Pt was studied in Refs. 64 and 66–69, and Ag-Rh was
addressed in Refs. 70–73. The previously calculated lowest
formation enthalpies65 of Au2Pt �9 meV/atom� and AgRh3
�116 meV/atom� agree with our results of 16 and
114 meV/atom, respectively, if it is noted that we used
higher plane-wave energy cutoff and four times denser
k-point mesh �k-point convergence is not monotonic�. In gen-
eral, CE can be used to search for new ground states in
ordering alloys, and to confirm their absence in phase-
segregating systems.

B. Influence of other phases

As noted earlier, liquid phase is important in the
�Cu,Ag,Au�-Rh and Au-Pt systems, hence, without address-
ing at least the density �i.e., volume� changes of the liquid
phase and its reduction in segregation energetics, we cannot
make a direct comparison to experiment. In general, all pos-
sible phases, structures, and states s contribute to the statis-
tical sum 	se

−Es/kBT, but contributions of higher-energy struc-
tures are exponentially suppressed. If all low-energy
structures belong to one and the same lattice, and contribu-
tions from all other high-energy phases are negligibly small,
then the fixed-lattice cluster expansion works well and pro-
vides high-accuracy predictions, as is the case for Ca-Sr and
Pd-Rh. However, this is not always the case. For example,
when a �predicted� solid-solid transition temperature is com-
parable to �or exceeds� a melting temperature, influence of a
liquid phase is significant. The CE takes into account only
one crystalline phase, and can provide inaccurate predictions
if contributions from other phases �such as the liquid phase�
are also important.

To illustrate this, we consider Rh-�Cu,Ag,Au� and Au-Pt
alloys, see Fig. 5 and Table V. In Cu-Rh and Au-Pt, Tc

expt and
Tmelt

expt are very close �within 20%�, while in Ag-Rh and Au-Rh
the predicted Tc exceeds Tmelt

expt. Note, that if only two phases
�such as solid-solution and liquid� contribute significantly,
and only one of them is taken into account by a CE �i.e., the
fcc-based solid solution here�, then the prediction is usually
roughly within a factor of 2 from the correct result. Although
in such systems the CE-based quick estimates and Monte
Carlo results are still in some agreement with each other, the
CE itself here does not account properly for the liquid ther-
modynamic contributions. In Ca-Sr and Pd-Rh only one fcc
crystalline phase is important at relevant temperatures, hence
Tc
Tmelt, the CE works, Tc

est�Tc
MC, and for Pd-Rh both

agree with experiment. In Cu-rich Cu-Rh, Tc
Tmelt and the
CE should be correct, if vibrational contributions are also
included, see below.

C. Comparison to the Bethe theory

Having shown that the rapid estimate in Eq. �11� works
well for the Ca-Sr and Pd-Rh systems, the Bethe �pair-only�
approximation could also be used to estimate Tc quickly, but
not reliably. Also, generally, due to topological frustration,
the Bethe approximation does very poorly on fcc-based al-

FIG. 4. �Color online� Composition dependence of H�Tc
+ ,c�

=H�Tc /� ,c� and H�Tc
− ,c�=H��Tc ,c� relative to �Hd−o, S�Tc

+ ,c�
and S�Tc

− ,c� relative to �Sd−o, and the ratio �H�� ,c� /�S�� ,c� rela-
tive to �Hd−o�c� /�Sd−o�c� for �=0.93. Lines are a guide to the eye.
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loys with antiferromagnetic �ordering� interactions.58,74 Table
III compares estimate Tc

est from Eq. �11� and Tc
Bethe2 from Eq.

�15�. The ratios of Tc �obtained from Monte Carlo with care-
ful finite-size scaling analysis� to each of the estimates is
calculated for three different sets of pair interactions. For the

first two sets we used Ṽ2f with the number of neighbor shells
N taken as 1 and 4, respectively, from Pd-Rh in Table I and
qeff is calculated from Eq. �16�. The third case takes the first

nearest-neighbor value for Pd-Rh in Table I for all Ṽ2f, i.e.,
−55.13 meV �constant� and negative �clustering�, with N
→	, which is calculated analytically.

Table III shows that the Bethe approximation improves
marginally when a few pairs beyond the nearest-neighbor are
added. However, in the third case, as N becomes infinite with
V2f being constant and negative, where mean-field theory is
exact,75 Tc /Tc

Bethe is indeed 1. Hence, the Bethe approxima-
tion improves as more pair interactions favoring phase seg-
regation are added.

In contrast, Tc
est becomes increasingly worse compared to

Tc as more pairs are added. For the third case, where the
Bethe approximation is exact, Tc

est has a significant error of
�28%. In addition, we note that Tc

est produces an error of
�11% when multibody interactions are just ignored in the
CE of Pd-Rh given in Table I. Also, we note that a similar
proportional change of the entropy and enthalpy versus tem-
perature is found for a pair-only model �we focus on the
Ising model�, see Fig. 3. However, as is clear in Fig. 3, the
Monte Carlo Tc is 11% larger than the Tc

est, in contrast to a
multibody case. Taking into account the finite-size scaling,
the original CE in Table I gives Tc /Tc

est of 1.06 �1.03 for a
fixed-size 243-atom box, see Fig. 3�, suggesting that the pres-
ence of the competing multibody interactions is needed for
estimate �11� to be reliable. Last, we find that Tc

est works well
for certain classes of ordering systems too. However, this is
beyond the scope of this paper, and will be discussed else-
where.

D. Effects of vibrational entropy changes on Tc

Up to this point our results have focused on how well Tc
est

reproduced the time-consuming Monte Carlo results for vir-
tually no cost, as it is obtained directly from the cluster ex-
pansion analytically, for the cases where no vibrational ef-
fects are included. Vibrational effects add a higher level of
complexity and difficulty, as they are as time-consuming
computationally as a cluster expansion. It can be shown �e.g.,
see Ref. 76 or 8� that Tc is altered by changes in harmonic
vibrational entropy �Svibr

�→� from the �-� phase transition

from solely configurational contributions Tc,conf
�→� in Eq. �10�,

and can be accounted for in the analysis of Tc
est in Eq. �11�, as

Tc
�→� � Tc,conf

�→� �1 +
�Svibr

�→�

�Sconf
�→��−1

. �21�

For phase-segregating systems studied here �Sconf
�→� is �Sd−o

from Eq. �12�. The more correct and computationally expen-
sive quasiharmonic corrections to vibrational entropy, i.e.,
�QH= ��SQHvibr−�Svibr� /2, account for the effects of thermal
expansion, which typically increase the lattice constant as
temperature increases and, thus, decreases the phonon modes
contributing to Eq. �21�, and lead to �50% decrease in the
harmonic contributions.77

From Eq. �12�, the configurational entropy per atom
�Sconf

max for a binary is bounded because

0 � �Sconf
max � − kB	

n=1

2

cn ln cn � kB ln 2. �22�

This expression is generalized easily to multicomponent
cases, similar to Tc

est. Equations �21� and �22� provide an
absolute scale to judge the importance of the vibrational ef-
fects on Tc. Equally important, �Svibr

�→� can, in principle, be
larger in magnitude than �Sconf

�→� and, moreover, it can be
both positive �reducing Tc� or negative �increasing Tc�, as
evidenced by numerous examples �e.g., see Ref. 8 and refer-
ences therein�.

Here are a few examples for �Svibr
�→� �in kB units�: From

experiment, Delaire, Swan-Wood and Fultz78 found negative
values for V-6.25%Ni, Pd, Pt alloys, from −0.082, −0.185,
and −0.272 �all ±0.005�, respectively, while for concentrated
alloys,79 Cu3Au is 0.12±0.03, Fe3Pt is 0.55±0.03 and CeSn3
is −0.54±0.09. From theory, for example, Cu3Au is �0.06.77

In addition, there are many approximations that have been
attempted to reduce the needed phonon calculation,8 most
notably a simple Grüneisen theory.80 However, these have
met with limited success for alloys. For example, some al-
loys are described by a near-neighbor bond-stretching and
bond-bending model,8 whereas in dilute Al26Sc the vibra-
tional entropy is +0.50 and arise due to longer-ranged

TABLE IV. Elemental configurations of valence electrons,
atomic numbers Z, electronegativities �, fcc lattice constants a �Å�,
and bulk moduli B �MPa� for the relevant alloys �Ref. 84�.

Electrons Z � a B

5s2 38 Sr 0.95 6.08 0.118

4s2 20 Ca 1.00 5.58 0.115

3d34s2 23 V 1.63 3.03 1.65

3d104s1 29 Cu 1.90 3.62 1.335

3d84s2 28 Ni 1.91 3.53 1.90

4d105s1 47 Ag 1.93 4.09 0.981

4d105s0 46 Pd 2.20 3.89 1.844

5d106s0 78 Pt 2.20 3.92 2.838

4d85s1 45 Rh 2.28 3.80 2.758

5d106s1 79 Au 2.40 4.08 1.766

TABLE III. Ratios of Tc to Tc
Bethe from Eq. �15� and Tc

est from
Eq. �11� for different ranges of interactions for 50% composition.

We used Ṽ2f interactions from Pd-Rh in Table I.

No. of V2f Tc /Tc
Bethe Tc /Tc

est

1 0.886 1.12

4 0.889 1.13

	 1.00 1.39
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neighbors.14,81 Note also that for Al-Sc the vibrational en-
tropy is larger than that possible from configurational effects
alone. For a more complete picture see the review by van de
Walle and Ceder.8

Importantly here, however, are recent experimental find-
ings of Delaire and Fultz.82 For vanadium-based alloys with
6.83%X, where X is taken from 3, 4, and 5d transitional
metals, they found that the change in vibrational entropy due
to alloying showed a linear correlation with the difference in
electronegativity of the constituent elements ���=�solute

−�host�, rather than mass difference, or other possible factors.
Essentially, the difference in electronegativity reflects the po-
tential change in local bonding, and, hence, change in bond
stiffnesses. The least-squares, linear relation they found was

�Svibr
� = − 0.34���±0.06��� . �23�

In addition, reanalysis of their previous results on L12
metals47,83 shows that the �Svibr

� correlation works,82 but
seems less correct for f electron systems, where even the
cluster expansion appears to be more problematic.

Table IV lists the elemental electronegativities �, and
other basic properties, to determine for which systems vibra-
tions might be important. For example, bulk modulus reflects
the charge density �hence bonding� at the Wigner-Seitz
radius.85 Let us compare �Svibr

� to those already mentioned.
For V-Ni and V-Pd, for example, with �� of 0.28 and 0.57,
�Svibr

� is −0.10±0.017 and −0.19±0.034, respectively, in
good agreement with experimental values. For Cu3Au, �� is
−0.5, so �Svibr

� is 0.17±0.03, compared to 0.12±0.03 from
above.

Clearly, there is much to be understood in regards to this
simple correlation and how it can be used for concentrated
alloys, especially its variation with composition and type of
order. However, the relevant point is that this approximate
correlation permits a quick assessment of when vibrational
contributions to Tc can be expected to be important. A syn-
opsis of the transition temperatures for the alloy systems
studied are given in Table V, along with �Hd−o and ��.

Clearly, from Table V, based upon the correlation with
��, Ca-Sr and Pd-Rh should have little effect from changes
in vibrational modes. Indeed, for Pd-Rh our Monte Carlo and
rapid estimate results considering only configurational ef-
fects are in good agreement with experiment, as already de-
scribed. Configurational effects consider only solid-on-solid
transformation, which is solid-solution versus segregated
state in the present cases. As noted earlier, the stability of the
liquid phase is important in the �Ag,Au�-Rh systems, where
the predicted Tc exceeds Ag or Au melting temperature Tmelt.

Importantly, for Cu-rich Cu75Rh25 where Rh is solute,
�Svibr

� is found to be −0.129kB �using data from Table V�,
yielding a 30% increase in the configuration-only Tc

MC value
from �21� at 25% Rh, i.e., from 882 to 1145 K, which is now
close to the experimental value of 1103 K, see Table V.
Again, how this simple correlation may be used as concen-
tration progresses from 0 to 1, where the “solute” and “host”
should change identity, is unclear. Nonetheless the correla-
tion appears to work well, at least within the error in DFT
and its vibrational-entropy estimates.

V. CONCLUSIONS

Using first-principles density-functional theory, we calcu-
lated the enthalpies of a set of fcc-based phase-segregating
alloy systems, found interatomic interactions via the cluster
expansion, and determined the transition temperatures �Tc vs
c� from Monte Carlo and a rapid mean-field estimate. We
predicted that Ca-Sr should segregate at low temperatures,
yet to be observed. As validation of our predictions and rapid
estimate, we found that Pd-Rh segregates, as is well known,
and our Tc results are in excellent agreement with experi-
ment. In addition, we showed that a rapid mean-field esti-
mate of Tc from the ratio of enthalpy and entropy differences
between the fully disordered and fully ordered states �ob-
tained analytically within the cluster expansion� agrees well
with the Monte Carlo results, permitting rapid design esti-
mates without time-consuming Monte Carlo simulations. Us-
ing thermodynamic integration, we explained why and when
the rapid estimate is accurate and reliable. Finally, we dis-
cussed how the difference in constituent electronegativites

TABLE V. �Hd−o �in meV�, Tc �in K� from Eq. �11�, Monte
Carlo, and experiment, and percent difference � �in %� between
estimate and Monte Carlo values, for Ca-Sr, Pd-Rh, �Cu,Ag,Au�-
Rh, and Au-Pt. �� is the difference in the electronegativity of the
elements, see text.

�Hd−o Tc
est Tc

MC Tc
expt Tmelt

expt �% ��

Ca-Sr 0.05

Ca0.75Sr0.25 13.6 280 279 1043 0.4

Ca0.50Sr0.50 17.3 290 290 1011 −0.2

Ca0.25Sr0.75 12.4 256 261 1023 −2.1

Pd-Rh 0.08

Pd0.75Rh0.25 52.0 1074 1091 1033 1913 −1.5

Pd0.50Rh0.50 67.3 1126 1137 1118 2013 −0.9

Pd0.25Rh0.75 49.4 1019 1068 1073 2113 −4.5

Au-Rh 0.12

Au0.75Rh0.25 107.3 2214 2657 1339 −16.7

Au0.50Rh0.50 158.6 2655 2924 1339 −9.2

Au0.25Rh0.75 121.5 2507 2785 1339 −10.0

Au-Pt 0.20

Au0.75Pt0.25 26.1 539 615 1103 1493 −12.4

Au0.50Pt0.50 46.3 776 1021 1513 1573 −24.1

Au0.4Pt0.6 49.2 853 1073 1533 1593 −20.5

Au0.25Pt0.75 45.3 935 1114 1473 1613 −16.1

Ag-Rh 0.35

Ag0.75Rh0.25 148.8 3070 3412 1235 −10.0

Ag0.50Rh0.50 213.2 3570 3586 1235 −0.4

Ag0.25Rh0.75 171.1 3531 3597 1235 −1.9

Cu-Rh 0.38

Cu0.75Rh0.25 31.4 647 882 1103 1533 −26.6

Cu0.50Rh0.50 53.5 896 998 1413 1593 −10.2

Cu0.4Rh0.6 53.4 920 1039 1423 1613 −11.4

Cu0.25Rh0.75 41.9 865 1068 1363 1753 −19.0
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can be used to assess when vibrational entropy should be
considered when predicting solid-solid transformations, such
as the phase-segregation studied here. For Ca-Sr and Pd-Rh,
the configuration-only Tc were shown to be quite good,
whereas in Cu-rich Cu-Rh vibrations were estimated to result
in a 30% increase in the configuration-only Tc, which then
agreed with experiment. How these simple and rapid design-
estimate results extend to ordering systems is a part of our
ongoing research.
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APPENDIX: �HF OF Rh-(Cu,Ag,Au) AND Au-Pt

For completeness, we provide the formation enthalpy
results in Fig. 5 for various structures at a few concentrations
for Au-Pt and Rh-�Cu,Ag,Au� alloys. The similarity to the
Ca-Sr and Pd-Rh as far as formation enthalpies are con-
cerned is clear. The numerical results for stoichiometric com-
positions appear in Table V.

In brief, Au-Pt and Cu-Ru show clear asymmetry in the
formation enthalpies, see Fig. 5. For Au- and Ag-Rh systems
the formation enthalpies, such as for �Hdis, are very symmet-
ric. Table I shows the interactions of Au-Pt and Cu-Ru com-
pared to Ca-Sr and Pd-Rh. As expected, due to the asymme-
try in the formation enthalpies, there are more significant
contributions from multibody interactions. However, more
interestingly, the Au-Pt or Cu-Rh pair interactions are of
ordering-type, rather than clustering as in Ca-Sr and Pd-Rh.
It is the multibodies that are responsible for global cluster-
ing, as determined by the sign of the interactions—negative
�positive� is clustering �ordering�. Ordering or phase segre-
gation are driven by electronic effects,86,87 especially size
effects due to electronic hybridization. Note that the DFT
and CE agree very well in Au-Pt system, better than any of
the other Rh-�Cu,Ag,Au� systems, showing that the multi-
bodies are critical to reproduce the DFT values. And, as
noted in the main text, metastable Au3Pt has been observed
in highly cold-worked Au-rich Au-Pt, and indeed we find
that the �100�-layered A-A-A-B structure �23 in Sec. II A� has
the lowest formation enthalpy �see Fig. 5�, in contrast to
metastable Au2Pt structure 9 in Ref. 65.

The simple estimate Tc
est can have larger error, see Table

V, when the systems exhibit positive curvature in �Hdis, as
happens in both Cu-rich Cu-Rh and Au-rich Au-Pt, which
may explain the larger discrepancy between Tc

est and Tc
MC, as

we are investigating. This change in curvature arises from
important multibody interactions at dilute concentrations.

FIG. 5. �Color online� �HF �in meV/atom� versus c for the fcc Au-Pt and Rh-�Au,Ag,Cu� alloys, with symbols as in Fig. 1. Ag-Rh and
Au-Rh have 3-4 times larger Hd than Au-Pt or Cu-Rh. Cu-Rh and Au-Pt have similar asymmetry, with the predicted maximum of Hd�c� as
observed in Tc vs c, see text. Important influence of liquid phase is discussed in Sec. IV B.
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