
Superharmonic Josephson relations in unconventional superconductor junctions
with a ferromagnetic barrier

R. Zikic and L. Dobrosavljević-Grujić
Institute of Physics, P. O. Box 57, 11001 Belgrade, Serbia
�Received 13 February 2007; published 15 March 2007�

For misorientation of 45° in the a-b plane of Josephson junctions between two d-wave superconductors
separated by a ferromagnet, unusual superharmonic current-phase relations �CPR� are predicted in the clean
case and for high barrier transparency. Depending on the strength of the magnetic barrier influence, junctions
with triply degenerate 0, � /2, and � equilibrium states exhibit CPR similar to I� Ic sin 4� at low temperature,
whereas junctions with doubly degenerate 0 and � states or junctions with a nondegenerate state � /2 have
CPR close to I� ± Ic sin 2�, respectively, at all temperatures. In the presence of an external magnetic field, the
corresponding critical currents oscillate with periods of �0 /4 and �0 /2.
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Recently, devices containing Josephson junctions with
nontrivial phase differences and nonsinusoidal current-phase
relations �CPR� have been shown to be a promising system
for observation of macroscopic quantum tunneling1 and for
realization of “silent” phase quantum bits �superconducting
quantum interference devices �SQUIDs��.2 In particular,
studies of the combined influence of unconventional super-
conductivity and ferromagnetism in heterostructures have at-
tracted great attention due to their scientific importance and
potential for applications in quantum electronic.3 Experimen-
tal progress is reported in several studies of superconductiv-
ity and ferromagnetism in bilayers4 and superlattices5 of
d-wave oxide superconductors �D� and perovskitelike ferro-
magnetic oxides and of hybrid metallic ferromagnet/d-wave
superconductor structures.6 Theoretically, spin-polarized
transport in ferromagnet �F�/unconventional superconductor
heterostructures was studied by several authors7 and Joseph-
son current in D/F/D junctions was demonstrated8 to be in
general nonsinusoidal. In addition to the D/F/D junctions,
unusual CPR and the possibility of � coupling �equilibrium
phase �eq=�� was predicted over 20 years ago9 for conven-
tional superconductor/ferromagnet/superconductor �S/F/S�
junctions, due to the exchange-field-induced oscillation of
the order parameter in the ferromagnetic barrier. The recent
discovery of such � junctions10 was followed by intense the-
oretical and experimental activity in this field.11 Note that the
absence of the second harmonic in some cases12 was ex-
plained as due to the fact that the barrier is not in the clean
limit, as it should be for second-order Josephson tunneling to
dominate the CPR near 0-� transitions.13

However, junctions with a ferromagnetic barrier are not
the only ones with nontrivial phase differences. � coupling
was first observed in high-temperature superconductors
junctions14 and explained as due to a sign change of the
order parameter on the Fermi surface for unconventional
�d-wave� pairing. Theoretical investigations of the Josephson
current in unconventional superconductor junctions have
shown that the CPR are nonsinusoidal and that the energy
minimum could correspond to an equilibrium phase not only
equal to 0 or �, but varying between these values.15 In a
self-consistent treatment of pinhole junctions in d-wave su-
perconductors �as a model of weak links� it was found16 that

the CPR are nonsinusoidal and that there are zones of elec-
trode orientations where �eq continuously evolves from zero
to �. Experimentally, nonsinusoidal CPR and half-fluxon pe-
riodicity were first found by Il’ichev et al.17 in asymmetric
45° junctions between two d-wave superconductors. In
YBa2Cu3O7−� �YBCO� SQUIDs with �100�/�110� bound-
aries, Schneider et al. measured half-fluxon periodicity of the
critical current in an applied field, consistent with a strong
second harmonic component of the CPR.18 Unconventional
CPR were also observed in YBCO dc SQUIDs with
0° –45°grain boundaries by Lindstrom et al. One explana-
tion of the pronounced effect of the second harmonic in the
CPR could be that relatively large sections of interface are
highly transparent and have a low degree of disorder.19

The recent experimental progress should provide the pos-
sibility of fabrication of clean D/F/D junctions with a high
degree of barrier transparency, in search of novel phenomena
in misoriented 0°–45° D/F/D junctions. In such structures,
we predict the coexistence of 0 and � stable phases �doubly
degenerate ground states� in finite intervals of the magnetic
barrier strength, alternating with intervals of � /2 stable
states. At low temperature, there are also triply degenerate
states at the limits of the above intervals. The corresponding
CPR are quite unconventional. This should open the possi-
bility for SQUIDs with D/F/D junctions.

As in previous papers,20–22 we consider Josephson junc-
tions using the quasiclassical approach,23 and assuming both
superconducting electrodes and the ferromagnetic metal bar-
rier clean with transparent barrier interfaces. As in the S/F/S
case,24 the main supercurrent transport mechanism here is
via induced Andreev states in the barrier. In the ferromagnet
barrier, there is a splitting of the conduction band and the
electron with spin up �parallel to the magnetization� is low-
ered in energy by h, the exchange field energy, while the
down-spin electron is raised in energy by the same amount.25

The ferromagnetic barrier influence is measured by a param-
eter Z=2hd / �v0, where d is the barrier thickness and v0 the
Fermi velocity, assumed to be the same in the supercon-
ductor and the ferromagnet. The barrier is assumed perpen-

dicular to the â axis in the â-b̂ plane of the left-hand super-
conducting electrode SL, which is misoriented by �=45°
with respect to the right-hand one SR �see Fig. 1�. For dx2−y2
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symmetry, the pair potential in SL is �L�v0�=�0�T�cos 2�,
where � is the angle the quasiparticle momentum makes with
the â axis, and here �0�T�=�0F�t�, with F�t�
=tanh�1.74�1/ t−1�, and t=T /Tc. Similarly, in SR, �R�v0�
=�0�T�cos 2��−��. We take a step-function variation of the
pair potential along the x axis perpendicular to the barrier,
��x�=�L	�−d /2−x�+�R	�x−d /2�, where �L,R

=�L,R���e±i�/2, � being an intrinsic phase difference at the
contact related to the passage of the supercurrent. This ap-
proximation should be valid for thin ferromagnetic barriers
�of thickness smaller than or close to the superconducting
coherence length 
0�. Also, we expect that, as in the case of
a pinhole junction,16 a self-consistent calculation of the order
parameter will not change the energy minima positions, only
reducing the critical current amplitude. This expectation is
corroborated by the fact that in clean ballistic junctions with-
out interface scattering potential the magnitude of the ex-
change field in the ferromagnet has little effect on the order
parameter profile near the interface.26

Solving the Eilenberger quasiclassical equations,23 we
found20 the temperature Green’s function in the barrier for
one spin �down� orientation g=g↓. For �x � �d and �n
=�kBT�2n+1�,

g��,�,�̃n,�; h̃,t� = −
A + Bei

A − Bei , �1�

where =�+ �2/��h̃d̃ / cos �− i�2/����̃n / cos ��F�t�d̃, A

= �̃L��̃n−�̃R�, B= �̃R��̃n+�̃L�, and �̃L,R=��̃L,R+ �̃n
2. Here

and in the following we take �=c=kB=1 and introduce the

dimensionless quantities �̃L,R=�L.R /�0�T�, �̃n=�n /�0�T�,
h̃=h /�0, d̃=d /
0, where the coherence length 
0=v0 /��0.
The Green’s function for the opposite spin direction, g=g↑ is
obtained by changing h→−h.

The current density is expressed via the Green’s functions
in the barrier22:

j��,�; h̃,t� = − 2ieN0T�
�n

	v0
g�h̃� + g�− h̃�

2

 , �2�

where �¯� means averaging over the Fermi surface �as-
sumed circular�. The supercurrent through the barrier of area
S, I= jxS, is given by

I��,�; h̃,t�/I0 =
T

�0�T�
2 lim

m→�
�
n=0

m

2D��c�

� 
−�c

�c Im g�h̃� + Im g�− h̃�
2

cos � d� .

�3�

The temperature-dependent normalizing current is I0
=2�0�T� /eRN, where RN is the normal state resistance of a
corresponding weak link with normal metal barrier �h=0�. It
is given by RN

−1=e2v0N0S, N0 being the density of states at
the Fermi level. We model the barrier with a uniform prob-
ability distribution equal to 1 for all the quasiparticles propa-
gating within an acceptance cone of angle 2�c about the
interface normal, and zero outside the cone. Thus 2D��c�
=2/�−�c

�c cos � d�=1/sin �c. The angle �c depends on the di-
mensions of the barrier, which we assume thin and not too
short. For any �c�45° the supercurrent differs qualitatively
only.

The equilibrium phase difference �eq at the contact can be
found via minimization of the junction free energy W���. In
reduced units

W̃��� =
1

Ic


0

�

I����d�� �4�

where W̃=W / ��0Ic /2��, �0 is the flux quantum, and Ic is
the critical current, which for given ferromagnetic barrier
depends on � and the temperature t.

FIG. 2. Top: Equilibrium phase difference at the junction as a

function of Z=2d̃h̃ /� at low temperature T=0.05Tc. Stable states,
full circles; metastable states, open circles. Note the triply degener-
ate stable states 0, � /2, and � at Z=Zc /��0.2, 0.7, and 1.2. In
addition to the intervals of coexistence of stable and metastable
states at low temperature, there are finite intervals of Z with doubly
degenerate 0 and � stable states, alternating with intervals of a � /2
stable state at all temperatures. Bottom: Same as above, but at high
temperature T=0.25Tc. Only stable states �full circles� are present.
Note that the triplet states �0,� /2 ,�� found at low temperature
disappear.

FIG. 1. Schematic picture of a junction with misoriented elec-
trodes and dx2−y2 symmetry of the gap with four node lines.
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The results of numerical calculations of the equilibrium

phase for �=� /4, d̃=1, and �c=80° as a function of Z

=2d̃h̃ /� �in reduced units� are shown in Fig. 2. In D/F/D
junctions, there are several additional features. First, there
are doublet states, with finite coexistence intervals of stable 0
and � states, by contrast to the S/F/S junctions, where this
coexistence is found only for a critical value of Z.21 As in the
S/F/S case,21 there is coexistence of stable and metastable
states at low temperature. However, in D/F/D junctions this
is the coexistence of two stable and one metastable state �0
and � stable and � /2 metastable�, or vice versa, in finite
intervals of Z. Between the coexistence intervals, in a finite
range of Z, �eq=� /2 is stable. At low temperature, for some
critical values of Z=Zc �Zc /��0.2, 0.7,1.2� there are triplets
of stable states, �eq=0,� /2 ,� �Fig. 2�. These values of Z
correspond to the �nonzero� minima in the critical current as
a function of Z, Fig. 3 �left�. The phase diagram in �T, Z�
space showing the regions of stable doublet and triplet states
is presented in Fig. 3 �right�. Note that we do not present the
results for Z��, which would correspond to values of the
exchange field so strong that the superconducting electrodes
become decoupled. The accompanying plots of W��� and
I��� at low temperature, for Z where only stable states are
present, are given in Fig. 4. For comparison, the results for
Z=0 are included in Figs. 4�a� and 4�b�. For stable triplets,
W��� has minima at 0, � /2, and � �Fig. 4�c��, and the CPR
are similar to a deformed I�sin 4� curve �Fig. 4�d��. For
coexistence of stable 0 and � states �Fig. 4�e��, we find CPR
similar to I�sin 2� �Fig. 4�f��, whereas for a stable � /2
state �Fig. 4�g��, they are similar to I�sin�2�+�� �Fig.
4�h��. The corresponding plots for coexistence of stable and
metastable states are given in Fig. 5. At high temperature the
metastable states, as well as the triplet states with three-node
CPR in the interval 0��eq�� disappear �see also Fig. 2�.
There are intervals of Z where the only stable state is �eq
=� /2, and the CPR are similar again to I�sin�2�+��. They
alternate with intervals of coexistence of 0 and � states, with
characteristic CPR similar to I�sin 2�.

For experimental determination of the predicted superhar-
monic CPR, most pronounced at low temperature and for
thin barriers �d /
0�4�, phase-sensitive measurements are
necessary. As in the experiments of Frolov et al.,12 CPR
could be obtained by including the junction in a rf SQUID
configuration and by measuring the magnetic flux modula-
tion due to an applied current in the absence of an external
flux. Another manifestation of superharmonic CPR would be
seen in the critical current modulation Ic�H� by an external
magnetic field.27 However, in this case the periodicity of

�0 /2 would always be seen at high temperature, correspond-
ing to both 0-� coexistence and the � /2 state, i.e., to I
� ±sin 2�, respectively. At low temperature, for a suitable
choice of Z, the appearance of triplet states with I�sin 4�
would be manifested as �0 /4 periodicity in the Ic�H� modu-
lation.

Generally speaking, the nontrivial phase difference at the
junction is due to the superconductor-ferromagnet proximity
effect, which should be more pronounced in cleaner systems,
where the oscillations of the pair-condensation amplitude are
less damped by temperature than in the dirty case. On the
other hand, interface nontransparency itself or the mismatch
of Fermi wave vectors �FWVM� reduces the proximity
effect.11 However, this would change the above results only
quantitatively.13 In more realistic systems, lower interface

FIG. 3. Left: Normalized critical current as
function of magnetic barrier influence Z at low
and higher temperatures. Right: Phase diagram
showing regions of T ,Z space in which the 0-�
and 0-�-� /2 coexistence can be observed.

FIG. 4. Free energies and current-phase relations of junctions at
low temperature T=0.05Tc corresponding to stable states in Fig. 2
�see text�. Note the unusual shapes of the CPR: �d� close to de-
formed I����sin�4�� curve, �f� close to I����sin�2��, and �h�
close to I����sin�2�+��.
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transparency and FWVM could affect the positions of cross-
over between various equilibrium phases, and narrow or de-
stroy the transition regions of coexistence of stable and meta-
stable phases, as in the s-wave case.13 However, we expect
that the coexistence intervals of stable 0 and � phases should
be visible. Thus, for comparison with experiments it would

be desirable to have clean junctions with interfaces that are
highly transparent, and with a low degree of disorder.11,13,19

Progress in this direction has been made in 45° grain bound-
ary YBCO junctions,19 due to a special fabrication scheme.
To obtain a high value of transparency in junctions with fer-
romagnetic barriers, a low roughness of the ferromagnet/
superconductor interface and uniform concentration of ferro-
magnetic material along the interface are needed.28

Transparency close to 1 was achieved in Nb/Fe0.5Si0.5 /Nb.29

For the F/D combination, promising systems are epitaxial
YBa2Cu3O7−� /La2/3Ca2/3MnO3 structures.4,5 However, un-
derstanding of the proximity effect in these systems requires
further studies.5

In conclusion, the combined influence of d-wave symme-
try in the electrodes and an exchange field in the barrier
provides the possibility of Josephson junctions with equilib-
rium phases that include three-state �0-�-� /2� and two-state
�0-�� coexistence. This could have a possible device appli-
cation in quantum computing and for experimental study of
the quantum superposition of macroscopically distinct
states.30
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