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We report on an experimental observation of a previously neglected multibeam contribution to the inelastic
x-ray scattering cross section. Its manifestation is a substantial modification of the apparent phonon selection
rules when two �or more� reciprocal lattice points are simultaneously intercepted by the Ewald sphere. The
observed multibeam contributions can be treated semi-quantitatively in the frame of Renninger’s “simplest
approach.” A few corollaries, relevant for experimental work on inelastic scattering from phonons, are
presented.
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Since the development of inelastic neutron scattering in
the 1950’s �Ref. 1� and inelastic x-ray scattering in the
1980’s �Ref. 2� these techniques have been extensively used
to study the lattice dynamics in a large variety of materials
ranging from simple metals to complex biological systems.
The experimental observable is the dynamical structure fac-

tor S�Q� ,E�, where Q� is the momentum transfer �defined as
the difference between the incident k�0 and the scattered x-ray
wave vector k�A�, and E is the energy transfer �difference
between incident and scattered photon energy�. An appropri-
ate orientation of the sample and choice of the scattering
geometry allows the mapping of the different phonon
branches. Here, E is directly identified with the phonon en-
ergy, while the phonon momentum q� is connected to the total

momentum transfer Q� via a reciprocal lattice vector ��.3 In all
previous neutron �except for two cases mentioned below�
and x-ray work it was implicitly assumed that for a given
experimental setup only one reciprocal lattice vector is in-
volved in the scattering process. On the other hand, it is well
known that the Ewald sphere can intercept more than one
reciprocal lattice point, giving rise to multibeam diffraction
phenomena.4 This has been exploited in the past, for ex-
ample, to solve the “phase problem”5 in crystallography,6–8

and to provide a full polarization analysis of an x-ray beam.9

Here we report an experimental inelastic x-ray scattering

�IXS� study of silicon, which shows that the S�Q� ,E� is dra-
matically modified, when going from the conventional two-
beam case �involving only the incident and one scattered
wave vector� to the three-beam case, for which an additional
reciprocal lattice vector is involved in the inelastic scattering
process.

The IXS experiments were conducted on beamline ID28
at the European Synchrotron Radiation Facility. The mea-
surements were performed at 17794 eV with an energy reso-
lution of 3.0 meV full width at half maximum �FWHM�. The
dimensions of the focused x-ray beam were 250�60 �m2

�horizontal�vertical, FWHM�. Direction and size of the mo-
mentum transfer were selected by an appropriate choice of
the scattering angle in the horizontal scattering plane and the
sample orientation. The momentum resolution was set to 0.2
and 0.7 nm−1 in the horizontal and vertical plane, respec-
tively. Further details of the experimental setup can be found
elsewhere.10 The resolution function was experimentally de-

termined from a PMMA sample, kept at 10 K, and at Q
=10 nm−1. The sample was a single crystal of silicon, with

its �101̄� plane normal oriented closely along the vertical
direction. An online fluorescent screen, coupled to a CCD
camera, allowed the prealignment of the crystal in three-
beam diffraction conditions, and the precise sample orienta-
tion was achieved by a five-circle goniometer.

Figure 1 shows the scattering geometry. In the standard
two-beam case �2BC�, the configuration consists of the re-
ciprocal lattice point P �lattice vector ���, the wave vector of
the incident x-rays k�0 and the scattered wave vector k�A, with

Q� =�� +q� . The three-beam case �3BC� is met if, by a rotation

around Q� �angle ��, the Ewald sphere intersects a second

reciprocal lattice point �B lattice vector L� =k�B−k�0�. Thus, the
diffracted beam along k�B acts as the “incident beam” for the

scattering vector Q� −L� . As “A” does not coincide with a re-
ciprocal lattice point, the intensity transfer from the direct
beam into k�A is negligible compared to the transfer from the
direct beam into k�B, and the scattered intensity along k�A is
proportional to

S�Q� ,L� ,E� = S�Q� ,E� + � · S�Q� − L� ,E� , �1�

where � is a dimensionless coefficient for the reflection of
the x-ray beam from the direction k�0 into k�B. The second

FIG. 1. Scattering geometry in three-beam configuration. The
experimental configuration was switched from the three-beam to the
two-beam case by a small rotation, �=0.01°, around the momentum
transfer vector Q� . Points O, B, and P are reciprocal lattice points.
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term resembles the Umweganregung term in Renninger’s
“simplest approach,”11 but includes the energy dependence
of the resulting signal. The intensity in the outgoing beam is
the sum over two-beam and three-beam paths. In some sense
the present situation can be considered as a multiple scatter-
ing process.

IXS spectra were investigated in three configurations as
described below.

�i� Absolutely forbidden reflection. The �200� reflection of
silicon is absolutely forbidden and can be observed only un-
der multibeam diffraction conditions.12 The chosen three-
beam configuration was

Q� /L� /Q� − L� � �0 2 + � 0�/�111̄�/�1̄ 1 + � 1� .

As can be seen in Fig. 2�a�, the acoustic phonons possess
significant intensity only if the three-beam condition is met,
while the intensity of the longitudinal optic phonons remains
unchanged. When the transferred energy is fixed to the
acoustic phonon energy, the observed FWHM of � scan was
about 0.004°. The acoustic phonon dispersion was deter-
mined in the proximity of the �0 2 0� reflection; the phonon

energies are very close to those determined previously by
inelastic neutron scattering,13,14 as shown in Fig. 2�b�. Not
only the scattering from the acoustic phonons near the for-
bidden reflection is unnatural, but also the symmetry-linked
selection rules are violated, as for �0 k+� 0� in 2BC condi-
tions only longitudinal phonons are observable. The 3BC
IXS spectra are, however, dominated by transverse acoustic
�TA� phonons, as the comparison with neutron results reveal.
The reason is the noncollinearity of the reduced momentum

transfer and the 3BC momentum transfer Q� −L� . As the IXS
cross section is, amongst others, proportional to the scalar
product of the phonon eigenvector and the momentum trans-
fer �see Eq. �3� below�, both longitudinal and transverse pho-
non modes acquire significant intensity. The observed
I�TA� / I�LA� ratio is very close to the one calculated in the
low-energy limit from the Umweganregung-linked geometric

factor G�Q� −L� ,TA� /G�Q� −L� ,LA��2 plus thermal factors

F�E ,T ,Q� ,TA� /F�E ,T ,Q� ,LA��C11/C44�2.08 �see inset of
Fig. 2�b��. The deviation increases for larger momentum
transfer as the elastic approximation loses its validity, and
knowledge of the real lattice dynamics is needed for the

FIG. 2. IXS study performed on a silicon single crystal. �a� IXS spectra, recorded at �0.01 2.1 0.01� in three-beam �top panel� and
standard two-beam conditions ���=0.01° � �bottom panel�. �b� Acoustic phonon dispersion in the proximity of the �0 2 0� reciprocal lattice
point �full symbols� compared to INS data �open symbols�. In the inset the experimental ratio I�TA� / I�LA� is compared to the calculated one
�dashed line�. �c� IXS spectra, recorded at �2.06 2.06 2.06� in three-beam �top panel� and standard two-beam conditions ���=0.01° � �bottom
panel�. �d� IXS spectra at �0.03 0.25 0.03� in three-beam �top panel� and standard two-beam conditions ���=0.01° � �bottom panel�. The
experimental IXS spectra are shown together with the best fit results, using a set of experimental resolution functions.
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quantitative treatment. Here, we utilized the formalism for

S�Q� ,E� within the limit of one-phonon scattering15

S�Q� ,E� = �
j

G�Q� , j�F�E,T,Q� , j� , �2�

G�Q� , j� = ��
n

fn�Q� �e−Wn�Q� �+iQ� ·r�n�Q� · �̂n�q� , j��Mn
−1/2�2

�3�

and the thermal factor

F�E,T,Q� , j� =
�exp	Eq� ,j
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where Q� =q� +�� denotes the momentum transfer, the sum ex-

tends over atoms in the unit cell, fn�Q� �= fn��Q� �� fn�Q� is
the atomic form factor of atom n at position r�n, �̂n�q� +�� , j�
= �̂n�q� , j� is its eigenvector component in mode j, Mn its
mass, and Wn the corresponding Debye-Waller factor.

�ii� Nearly forbidden reflection. The �222� reflection of
silicon is formally forbidden, but still acquires some intensity
due to charge asymmetries introduced by the covalent bonds
�dominating contribution at room temperature�.16 Indeed, in
2BC conditions the intensity of the �222� reflection is two
orders of magnitude weaker than adjacent allowed reflec-
tions, and in its proximity no significant contribution of
acoustic phonons to the inelastic scattering is expected. The
chosen three-beam configuration was

Q� /L� /Q� − L� � �2 + � 2 + � 2 + ��/�1̄13�/�3 + � 1 + � 1̄ + �� .

As in the previous case, the intensity scattered from the
acoustic phonons disappears very rapidly with a small rota-
tion in � �Fig. 2�c��, while the optical phonon intensity re-
mains unchanged, since it is determined mainly by the direct
channel �first term of Eq. �1��.

�iii� Proximity of the direct beam. As in the first Brillouin
zone momentum transfer and reduced momentum transfer

coincide �Q� =q��, only scattering from longitudinal phonons
is allowed along high-symmetry directions, but this selection
rule again can be violated via multibeam processes. The cho-
sen three-beam configuration was

Q� /L� /Q� − L� = q�/L� /q� − L� � �0 � 0�/�111̄�/�1̄ 1̄ + � 1� .

For selected � values, the TA phonon intensity can exceed
that of the LA phonon, and the intensity of the LA phonon is
in turn modified as contributions from both channels contrib-

ute �Fig. 2�d��. As �q� −L� �� �q� � and I� �Q� �2, the 3BC contribu-
tion can become dominating.

To our knowledge, similar features were reported only for
INS experiments performed on lead17 and bismuth.18 As in
our case, for longitudinal scattering geometry additional
“anomalous neutron groups” were observed which appar-
ently correspond to transverse phonons of the same q� . These
were ascribed to a double scattering process.17

Our findings have several consequences. Attention has to
be paid, when a full determination of the lattice dynamics
�knowledge of phonon eigenfrequencies and eigenvectors�
shall be performed. To this purpose accurate measurements
of the scattered intensity of various phonon modes are
necessary.19 The accidental contribution of multibeam pro-
cesses can seriously alter the analysis, and need therefore to
be avoided, as is common practice in crystallography. The
lower is the crystal symmetry, the larger is the lattice param-
eter, and the more the problem will become serious. Further-
more, the double scattering events should become more
probable with increasing mosaic spread, and, consequently,
angular acceptance of the reflection.

Despite the fact that a simple kinematic approach de-
scribes the observed phenomena strikingly well, for perfect
crystals a treatment within the frame of dynamical theory is
highly desirable.20 The change in �k�� can be mostly neglected,
in contrast to neutron inelastic scattering. For example, the
Darwin width for the silicon �111� reflection at 17.8 keV is
�3 arcsec, while even for the largest phonon energy transfer
in silicon the �k�� variation corresponds to an angular spread
of less than 0.1 arcsec for the same angular range. Only the
full dynamical treatment can give the appropriate values for
the absolute intensities of phonons in the 3BC and correct
angular widths of elastic and inelastic features. One might
speculate that this gives access to further information such as
the phase of the phonon eigenvectors. Finally, for high-
pressure IXS experiments on polycrystalline, glassy or liquid
samples in diamond anvil cells, performed within the first
Brillouin zone, the contribution of the diamond TA peak can
interfere with the inelastic feature of interest.21 In many
cases its intensity is anomalously high, and cannot be ex-
plained by normal scattering mechanisms. The most probable
mechanism is the three-beam case phenomenon, and a � cor-
rection seems to be an adequate solution; the magnitude of
necessary correction should remain small, well below 0.1°.
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