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Computer simulations on Josephson vortex systems driven by in-plane currents in cuprate high-Tc super-
conductors have been performed. For high anisotropy and magnetic field, we find power-law I-V characteristics
with the index jumping from 1 �i.e., Ohmic� at high temperatures to �3 �i.e., non-Ohmic� at intermediate
temperatures, which can be attributed to a Kosterlitz-Thouless �KT� transition. In the KT phase, simulations
reveal a resistivity independent of the angle between the current and the magnetic field, i.e., orientation-
independent dissipation, due to the intralayer quasi-long-range order and interlayer short-range order of Jo-
sephson vortices. For low anisotropy and magnetic field, an orientation-dependent non-Ohmic dissipation is
observed where the three-dimensional long-range order exists. The present approach provides a unified expla-
nation to previous experimental observations in the non-Ohmic regime.
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I. INTRODUCTION

The cuprate high-Tc superconductors are layered com-
pounds where the superconductivity occurs mainly in the
CuO planes separated by block layers. The effect of the lay-
ered structure on the in-plane resistivity is a long-standing
issue,1 and still not fully understood. When a magnetic field
is applied parallel to the CuO plane, Josephson vortices
�JVs� are induced and are located at the block layers. The
CuO planes play pronounced intrinsic pinning effects on the
movement of JV in the vertical direction. An intriguing trans-
port phenomenon has been found in strong layering Bi- and
Tl-based materials by Iye et al.2 and Woo et al.3 that the
resistivity in the non-Ohmic regime does not depend on the
angle between the magnetic field and current when they are
both parallel to the layers. Power-law, non-Ohmic dissipa-
tions have been observed in Bi2Sr2CaCu2O8+y by Ando et
al.4 and Pradhan et al.5 On the other hand, an orientation
dependent non-Ohmic dissipation was observed in weak lay-
ering YBa2Cu3O7−� single crystal by Kwok et al.6 It is
worthwhile to note that the experimental investigation for JV
systems relies heavily on transport measurements because
their large cores make Bitter decorating and magneto-optical
techniques more difficult than for pancake vortices �PVs� in
CuO planes.

Chakravarty et al. pointed out that the orientation-
independent non-Ohmic dissipation cannot occur in a lattice
phase.7 Blatter et al.8 proposed a novel Kosterlitz-Thouless
�KT� �Refs. 9 and 10� scenario at high magnetic fields, char-
acterizing the behavior by a state with vanishing interlayer
shear modulus. Recently, Hu and Tachiki11 found by equilib-
rium computer simulations a novel KT phase, characterized
by the interlayer short-range �SR� and intralayer quasi-long-
range order �QLRO� of JVs, in intermediate temperature re-
gime for high anisotropy parameter and magnetic field. For
low anisotropy parameters similar to that of YBa2Cu3O7−�

investigated in Ref. 6, it is difficult to achieve the above sit-
uation since the required magnetic field is above Bmc

��0 /2�d2�150 T.8,11–13 In the latter case, the non-Ohmic
dissipation occurs in the lattice phase of three-dimensional
�3D� LRO.

The above-mentioned novel KT phase seems to be one of
the manifestations of the sliding phase in layered systems.14

The hallmark Hamiltonian of the sliding phase is a stack of
otherwise independent 2D elastic Hamiltonians with inter-
layer couplings between in-plane phase gradients.15 The sta-
bility of the sliding phase is displayed by tuning the inter-
layer gradient couplings such that Josephson-like interlayer
couplings become irrelevant at a lower temperature than the
KT transition point where intralayer QLROs are destroyed.15

The sliding phase is enhanced by an in-plane magnetic
field.16 It is worthy to notice that to add a constant phase on
a given CuO layer corresponds to drive JVs in the two sand-
wiching block layers in opposite directions. It is not difficult
to see that in large magnetic field where a dense triangular
JV lattice is realized at low temperatures, thermal fluctua-
tions induce interlayer couplings between supercurrents pre-
dominantly in the same way that the sliding phase is stabi-
lized, revealed in Ref. 15.

In order to build a bridge between the equilibrium phases
and the transport properties, which have been accessed in
many experiments, we perform large-scale dynamical simu-
lation in the present study. The remaining part of the paper is
organized as follows. In Sec. II, the Hamiltonian and the
dynamic equations are introduced, along with a description
of the numerical algorithm for simulation. Section III con-
tains simulation results and discussions, and a brief summary
is presented in the last section.

II. MODEL

The Hamiltonian is for the phases of the superconductiv-
ity order parameter on the simple cubic grid,17,18
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magnetic field and x̂� ĉ� ŷ, A= �0,0 ,−xB�, and �=	c /	ab.
The system is of size Lx
Ly 
Lc=256d
256d
20d under
periodic boundary conditions, with d the separation between
CuO layers. We fix the density of JV lines at f =Bd2 /�0
=1/32 and take two typical anisotropy parameters �=8 and
�=20,11 which correspond to systems below and above the
multicritical point, respectively.

The resistivity-shunted-junction �RSJ� dynamics is incor-
porated in simulations, which can be described as19,20
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for the ith site where Jext,i is the in-plane external current and
is zero except for the boundary sites. ij is the thermal noise
current with zero mean and a correlator �ij�t�ij�t���
=2�kBT��t− t��. In the following, the units are taken of 2e
=J0=�=�=kB=1. In the present simulation, the fluctuating
twist boundary condition19 is applied in the xy plane to main-
tain the current, and the periodic boundary condition is em-
ployed in the c axis. Details on the simulation technique of
RSJ dynamics can be found in Ref. 18.

The main results for the equilibrium state by Monte Carlo
simulations11 are reproduced by the present RSJ simulations
putting the external current to zero. In the calculated struc-
ture factor, � function Bragg peaks at the reciprocal-lattice
vectors are clearly found below the melting temperature Tm
�0.96 for �=8 while they disappear for �=20 even below
the superconductivity transition point roughly equal to Tm
numerically. Our dynamical simulations are started from ini-
tial phase configurations in equilibrium state, and external
currents are added gradually. Our runs are typically of �2
�4�
107 time steps and the latter half time steps are used
for measurements. We calculate the voltage drop along the
current direction.18

III. RESULTS AND DISCUSSIONS

In order to elucidate the effect of the Lorentz force on the
transport properties, the external current is applied either par-
allel or perpendicular to the magnetic field. The current de-
pendence of voltage below the equilibrium transition
temperature11 is plotted in Fig. 1�a� for �=20. Error bars are
smaller than the symbol sizes. It is intriguing to observe that
below the transition temperature, the current-voltage charac-
teristics are independent of the current direction. We have
also simulated the I-V characteristics for current in other
intermediate directions, and could not find any voltage de-
viation. This result agrees well with previous experimental
observations conducted in highly anisotropic materials under
sufficiently strong magnetic fields.2,3

The I-V curves for �=20 show nice power-law behaviors
with index �=3.38 and �=4.44 for T=0.8 and T=0.9, re-

spectively, similar to the KT ones originally observed in pure
2D systems.21 This observation is consistent with the results
of MC simulations,11 where c-axis SR correlations of JV
lines are revealed and thus the system is essentially of 2D
nature. In order to study the KT dynamics in more detail, we
have calculated the resistivity R=V / I as a function of current
I around the KT transition point. As presented in Fig. 2, R
=V / I tends to a finite value as the current decreases at high
temperatures, corresponding to an Ohmic resistivity. It
should be noticed that for high temperatures even smaller
currents are necessary in order to achieve the true Ohmic
situation, which, however, demands huge systems for simu-
lation. On the other hand, power-law curves appear at low
temperatures. This is just the celebratory dynamical behavior
of the KT state. A curve with slope equal to 2 is just in
between these two groups of curves, demonstrating that the
I-V index jumps from 3 to 1 at the KT transition temperature.
From the present data we estimate TKT�0.93 which is
slightly below that of equilibrium simulations.11 The discrep-
ancy may be due to different size dependences of measured
quantities.

In Fig. 1�b�, we present voltage against current for cur-
rents both parallel and perpendicular to the magnetic field for

FIG. 1. Current dependence of voltage for currents parallel �Iy�
and perpendicular �Ix� to the magnetic field at temperatures T=0.8
and 0.9 for �a� �=20 and �b� �=8. The vortex density is fixed at
f =1/32. The lines are merely a guide for the eye.

FIG. 2. Current dependence of resistivity for �=20 at various
temperatures.
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�=8 at T=0.8 and T=0.9, which are below the first-order
melting transition temperature where 3D LRO is observed in
equilibrium.11 Interestingly, we find that the in-plane resistiv-
ity is orientation dependent for currents small enough. The
excess voltage for I�B over I �B agrees with the previous
experimental results observed in weakly anisotropic layering
Y-Ba-Cu-O �YBCO� single crystal under relatively weak
magnetic fields.6

In order to clarify the mechanism of the above observa-
tions on a microscopic level, we investigate the real-space
configurations of vortices. At finite temperature and applied
current, JV lines meander and creep into neighboring block
layers by creating pairs of pancake vortex and antivortex in
CuO planes. The JV lines in one block layer and the PVs in
the CuO layer above are visualized in Fig. 3 for equilibrium
state and the simulated lowest currents of two typical direc-
tions. To describe the intralayer JV correlations, we also

present the corresponding partial structure factor S�kx ,ky�
� 1

Lz
�zS�kx ,ky ,z� in Fig. 4.

For �=20 and T=0.9, JV lines meander even in large
length scale as shown clearly in the top-left panel of Fig. 3,
which corresponds to the in-plane QLRO in the KT phase.
We have observed that many PV pairs with small separations
are generated along the JV lines, indicating that hops of
small JV segments are predominant in equilibrium. When an
in-plane current is applied, due to the zigzag configurations
of JV lines, Lorentz force equal for the two directions of
current pushes JV segments up. Due to the intrinsic pinning,
this motion proceeds via a nucleation process. A nucleus is
bounded by two PVs. We find that the separations of these
PV pairs, which are nothing but sizes of dislocations in JV
alignment, are larger than those of thermally excited ones.
The voltage bias at low in-plane currents is dominated by
unbinding of these large-sized PV pairs inside the supercon-
ducting layers, which will be calculated in the following. The
interlayer SR of the JV is equivalent to the vanishing inter-
layer shear modulus conjectured in the previous theory.8 Al-
though a computer simulation cannot analytically give the
energy in creating PVs, we argue that the intralayer QLRO of
JVs results in logarithmic dependence of activation energy
on the current density, which in turn produce the KT dynam-
ics in the present system.

For �=8 and T=0.9, JV lines are straight in large scale as
shown in the top-right panel of Fig. 3. When current is ap-
plied along the field, the JV lines do not feel Lorentz force
very much, and thus the LRO remains almost unchanged.
The voltage is generated mainly due to the unbinding of
thermally activated PV pairs. We believe that this is the ori-
gin of the background voltage observed experimentally in
I �B.6 When current is perpendicular to the field, the Lorentz
force becomes maximal, which facilitates significantly hops
of JV segments across CuO layers into neighboring block
layers, by creating PV pairs with large separations. Hops of
JV segments disturb intralayer correlations and weaken the
interlayer correlations as well. In this way, the JV system
becomes more disordered even than the JV system of �
=20 driven by a slightly higher current as shown in the bot-
tom panels of Figs. 3 and 4.

Finally, we quantitatively study the number of PVs and
relate the observed voltage to motion of vortices transverse
to the current. For RSJ dynamics, we have �see, e.g., Ref. 22�
V�N+v̄+−N−v̄−. Here N± are the numbers of � vortices in
the system, and v̄± are their mean velocities in the transverse
direction. Note that correlated drift of a vortex-antivortex
pair does not contribute to voltage. For layered supercon-
ductors with in-plane current only PVs contribute to the mac-
roscopic voltage. At weak currents, the mean drift velocity
v̄+=−v̄− is proportional to I, so the voltage is roughly de-
cided by the number of free PVs. Two PVs are considered as
free when they are dissociated such that the size of the vortex
pair is larger than the vortex-antivortex pair breaking scale
lb� I−1, by overcoming the maximal activation energy.20,21

Figure 5 illustrates the number of PV “pairs” after elimi-
nating vortex-antivortex pairs of small sizes through a
coarse-graining procedure at T=0.9 for equilibrium state and
the lowest accessible currents. We present the numerical re-

FIG. 3. �Color� Real-space configurations of JV lines in a cer-
tain block layer and PV on the CuO plane above for �=20 with
currents I=0 and I=0.025 �left column� and �=8 with currents I
=0 and I=0.02 �right column� at T=0.9. Top, middle, and bottom
rows are for equilibrium, I �B and I�B, respectively.
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sults in this way since it is usually hard to figure out lb
explicitly. For �=20, it is clear that within statistical errors
the number of PV pairs with sizes larger than any given
length is the same for currents perpendicular and parallel to
the magnetic field. This results in the equal voltage drops for
the two current directions. For �=8, the number of PV pairs
of large size for I�B is considerably higher than those for

I �B, naturally yielding different voltage drops. Comparing
with the data in equilibrium, it is also clear that additional
PVs are excited by external currents. Snapshots of real-space
configurations of PV pairs in one CuO layer with size larger
than 6 are shown in the insets of Fig. 5. By a careful inspec-
tion on the connection of these PVs with underlying JV lines,
we find that all these large-sized pairs are associated with
hops of JV segments, indicating clearly that the external
magnetic field plays the crucial influence on dissipations. In
the presence of the small external current, just those PV vor-
tex pairs are broken first and yield the KT dynamical behav-
ior for the high anisotropy case.

IV. CONCLUSIONS

A RSJ dynamics is introduced to the 3D frustrated aniso-
tropic XY model, from which we can reveal both microscopic
configurations of JVs and macroscopic voltages. The main
conclusions are as follows: In the KT phase, an orientation-
independent resistivity is found, which is caused by the me-
andering JV lines of QLR correlations. The I-V curves show
a nice power-law behavior, and the I-V index jumps from 3
to 1 at the KT phase-transition point. In the 3D lattice phase,
we find that the in-plane resistivity is orientation dependent
for small currents. With the increase of currents, the orienta-
tional independent dispassion reappears.

ACKNOWLEDGMENTS

The present simulations were performed on the Numerical
Materials Simulator �SX-5� at NIMS. This work was par-
tially supported by National Natural Science Foundation of
China under Grant No. 10574107, Program for New Century
Excellent Talents in University in China, National Basic Re-
search Program of China �Grant No. 2006CB601003�
�Q.H.C.�, by the Japan Society for the Promotion of Science
Grant-in-Aid for Scientific Research �C� Grant No.
18540360� and ITSNEM project, Chinese Academy of Sci-
ence �X.H.�.

FIG. 4. Partial vortex structure
factors S�kx ,ky� corresponding to
those shown in Fig. 3.

FIG. 5. �Color� Number of vortex pairs with size larger than the
abscissa value at T=0.9 for �a� �=20 and �b� �=8. Insets show
snapshots of vortices pair with sizes larger than 6 in one ab layer,
with the upper one for I�B and the low one for I �B.
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