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The inelastic x-ray scattering from polycrystalline materials at low momentum transfer is analyzed with
respect to the orientation-averaged acoustic phonon dispersion and the relationship between the derived sound
velocities and their corresponding macroscopic entities. The effect of texturing on the sound dispersion is
discussed and illustrated using the examples of hcp cobalt and hexagonal graphite. Our theoretical consider-
ations are supported by experimental results and emphasize the importance to carefully consider the effects of
elastic anisotropy when data obtained by inelastic x-ray scattering are compared or confronted with macro-
scopic measurements.
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I. INTRODUCTION

The determination of the phonon dispersion, e.g., the en-
ergy of acoustic and optical phonons as a function of their
quasimomentum, q, throughout the Brillouin zone, gives ac-
cess to a host of elastic and thermodynamic properties of the
investigated material.1,2 The spectroscopic techniques of
choice for these investigations are either coherent inelastic
neutron �INS� or x-ray scattering �IXS�. Appropriate selec-
tion of the scattering geometry and sample orientation allows
recording the full phonon dispersion scheme, most com-
monly along the main crystallographic directions, for single
crystalline materials. In polycrystalline systems, the direc-
tional information is lost due to the random orientation of the
individual crystalline grains. The information content which
can be extracted in an INS or IXS experiment is therefore
limited, or, in the best case, involves sophisticated modeling.
Nevertheless, at least the phonon density of states �PDOS�,
which gives the frequency distribution of the phonons, can
be determined using either incoherent INS or �coherent�
INS2 and IXS3 in the so-called incoherent approximation.
Furthermore, an approximate average longitudinal acoustic
phonon dispersion can be recorded, if the probing momen-
tum transfer, Q, range is chosen to be within the first Bril-
louin zone. Here, IXS has an advantage with respect to INS
due to the absence of limitations on the accessible
momentum-energy space �Q ,E�, which appear for INS due
to the mass of the neutron. As a consequence, acoustic exci-
tations with a sound velocity larger than the velocity of the
neutron �for thermal neutrons up to 3000 m/s� cannot be
probed by INS. IXS studies on polycrystalline systems, es-
pecially in the low-Q region, are routinely performed when-
ever single crystals are not available or cannot be preserved
due to a structural phase transition. Examples comprise stud-
ies on the high-pressure phases of ice4,5 and ice clathrates,6,7

as well as iron and other geophysical relevant materials.8

In the present work we investigate how the effective lon-
gitudinal acoustic �LA� phonon dispersion in polycrystalline
materials is related to both the single-crystal LA branches
along high-symmetry directions and the aggregate macro-
scopic sound velocities. We further consider the effect of
texture and evaluate its influence on the determined sound
velocities. The manuscript is organized as follows. Section II

is dedicated to the necessary formalism and presents illustra-
tive theoretical results, derived from numerical models. Sec-
tion III presents experimental results and serves to validate
our theoretical predictions. Section IV provides the discus-
sion and conclusion.

II. GENERAL FORMALISM

A. Dynamical structure factor and elasticity

The dynamical structure factor for IXS within the limit of
one-phonon scattering can be written as9

S�Q� ,E,T� = �
j

G�Q� , j�F�E,T,Q� , j� , �1�

where G�Q� , j� is

G�Q� , j� = ��
n

fn�Q� �eiQ� r�n−Wn�Q� · �̂n�Q� , j��Mn
−1/2�2

, �2�

and the thermal factor is given by

F�E,T,Q� , j� =
�exp�EQ� ,j

kT
	 − 1
−1

+ 1/2 ± 1/2

EQ� ,j
· ��E � EQ� ,j� .

�3�

Here Q� denotes the momentum transfer, E the energy of the
phonon, T the temperature, and k the Boltzmann constant.
The sum in Eq. �2� extends over all atoms in the unit cell.

fn�Q� �= fn��Q� ��� fn�Q� is the atomic form factor of atom n at

position r�n, �̂n�Q� , j� its eigenvector component in mode j,
Mn its mass, and Wn the corresponding Debye-Waller factor.
The upper and the lower signs in Eq. �3� correspond to
phonon creation and annihilation, respectively. An
alternative definition of the polarization vectors is

�̂n�Q� , j�=exp�−iQ� ·r�n� · ên�Q� , j�, and the transformation rules

are ên�Q� , j�=exp�−i�� ·r�n� · ên�Q� −�� , j�, where �� is an arbitrary
reciprocal lattice vector. If the Debye-Waller factors are as-

sumed to be the same for all types of atoms �W̃�, we obtain

for averaging over the sphere of radius Q= �Q� �
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S�Q,E,T� = g�Q,E�F�E� · exp�− 2W̃� , �4�

g�Q,E� = ��
n

fn�Q��Q� · ên�Q� , j��Mn
−1/2�2

��E − EQ� ,j�� ,

�5�

where �…� means averaging over the sphere of radius Q and
the phonon modes j. The thermal factor is given by

F�E� = �exp�E/kT� − 1�−1E−1. �6�

Inside the first Brillouin zone Q� =q� , and scattering from
quasilongitudinal phonon modes dominates, since only pho-
non modes with an eigenvector component parallel to their
propagation direction contribute to the S�Q ,E� �see Eqs. �2�
and �5��. In the following we use the abbreviations LA and
TA for longitudinal and transverse acoustic waves; quasilon-
gitudinal and quasitransverse waves are denoted by qLA and
qTA.

In the long wavelength limit the displacements of differ-
ent atom species become collinear and parallel to the eigen-
vectors of the corresponding elastic waves ê�n� , j� �n�
=Q� / �Q� ��. In this case the scattering from a polycrystal is
completely defined by the macroscopic elasticity of the crys-
tal

g�Q,E� → A��Q� · ê�n� , j��2��E − Vn� ,j�Q� ��� , �7�

where A is the scaling factor and Vn� ,j the sound velocity,
obtained from the Christoffel’s equation:10 ��−V2�=0, with
�ij = �1/��Cilmjnlnm �C—elastic tensor, �—density�. The ap-
proximate shape of the inelastic scattering profile at small Q
values can be easily obtained numerically from the elastic
constants. In the proximity of special points, i.e., points
which constitute either a maximum, minimum, or saddle
point on the elasticity surface, and for high crystal symme-
tries �cubic and hexagonal� even an analytical description is
possible.

B. Low-Q scattering from quasilongitudinal phonons

In general �see exceptions for exotic cases further below�
we can neglect the �Q� · ê�n� , j��2 term in Eq. �7� for quasilon-
gitudinal phonons and follow directly the van Hove

scheme:11 the directional distribution E��Q� � ,� ,	� is repre-
sented for longitudinal phonons near special points as E
=Ec+a�
1�1

2+
2�2
2�, where �1 and �2 are surface coordinates,

and a is a constant. In analogy to the density of states in a
two-dimensional crystal, we obtain �i� for a maximum
�
1 ,
2�0�: steplike function with high-energy cutoff; �ii� for
a minimum �
1 ,
20�: steplike function with low-energy
cutoff; and �iii� for a saddle point �
1
2�0�:

g�Q,E� = �� − �1 ln�1 −
E

Ec
� + O�E − Ec� E � Ec

� − �2 ln�1 −
E

Ec
� + O�E − Ec� E  Ec

� ,

�8�

where �1 and �2 are functions of the elastic moduli, and � is
a constant.

In cubic crystals at low Q special points are located on
main symmetry directions with a minimum �maximum�
along �100� ��111��, when C11-C12�2C44 �C11-C122C44�,
and a saddle point along the �110� direction. The inelastic
scattering spectrum consists of logarithmic peaks delimited
by vertical cutoffs on both sides. The range over which such
a behavior is conserved depends on the actual lattice dynam-
ics. In a real experiment the logarithmic infinity is removed
by the finite Q resolution, and the line profile becomes para-
bolic near the critical point.

For transversely isotropic media �hexagonal systems� the
situation is different and closer to a one-dimensional crystal.
The form of the inelastic peaks will be asymmetric,

g�Q,E� = �C1 + �/�1 − �E/Ec�2 + O�E − Ec� E  Ec

C2 + O�E − Ec� E � Ec
� ,

�9�

with a low-energy cutoff, or analogous with a high-energy
cutoff �C1 and C2 denote constants�. Usually the spectrum
contains one or two peaks; one of them is necessarily asso-
ciated with the equatorial plane of the crystal.

It is important to stress that for symmetries lower than
cubic the appearance of more than one peak corresponding to
LA phonons is possible. In this respect the “average” disper-
sion can no longer be regarded as the dispersion of a well-
defined peak, but only as a dispersion of the center of mass
of IXS intensity due to LA phonons.

C. Low-Q scattering from quasitransverse phonons

Pure TA phonons, i.e., phonons whose propagation
and eigenvectors are perpendicular to each other

��Q� · ê�n� , j��2=0�, do not contribute to the dynamical structure
factor within the first Brillouin zone. For qTA phonons,
whose eigenvectors possess a finite component along Q, the
contribution can, however, become non-negligible. A quali-
tative analysis like the one performed above for LA phonons
becomes much more difficult due to �i� the existence of two
intersecting TA phonon surfaces and �ii� the necessity to take

into account the �Q� · ê�n� , j��2 term.
Figures 1�a� and 1�c� report g�Q ,QV� for diamond and

sodium, respectively, at a momentum transfer of 5 nm−1. In
order to emphasize the spread in sound speed we have cho-
sen this representation rather than to report g�Q ,E�. Another
advantage of the chosen representation is that we can obtain
semiquantitative estimates without involving lattice dynam-
ics calculations. It must be kept in mind that the relation E
=VQ is only approximate at Q=5 nm−1 due to the bending of
the acoustic dispersion curve. For both materials two distinct
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velocity distributions can be identified for which the qLA
phonons dominate. We note, however, the significantly larger
width of the distributions and the higher qTA contribution in
the case of sodium. Figures 1�b� and 1�d� show the IXS
signal, I�Q ,E�, �including the thermal factor F�E�, which
enhances the lower energy qTA excitation�, convoluted with
a typical energy resolution of 3 meV. The estimated ratio of
transverse/longitudinal peaks is �1.5% for diamond and as
much as �18% for sodium due to the much higher elastic
anisotropy.

For crystal symmetries lower than cubic, the qTA contri-
bution can become even more important. This is illustrated in
Fig. 2 for two polymorphs of SiO2, namely, �-quartz and
�-cristobalite. Panels �a� and �c� report the sound velocity
distribution P�V� �solid lines� and g�Q ,QV� �dashed lines�
for Q=5 nm−1. It can be appreciated that the velocity distri-
bution takes a more complex form than in the cubic cases.
The TA and LA velocities are no longer clearly separated,
and each individual distribution contains at least two distinct
peaks. This is a direct consequence of the strong elastic an-
isotropy. Though the transverse contributions are strongly
suppressed due to the �Q� · ê�n� , j��2 term in the S�Q ,E�, the
shape of the IXS spectrum I�Q ,E� is composed of a main
peak and a clearly visible low-energy shoulder, associated
with the LA and TA phonons, respectively �see Figs. 2�b� and
2�d��. The �-cristobalite case is “exotic” in the sense that
along particular crystallographic directions the transverse
sound velocity is higher than the longitudinal one. This can
be appreciated by inspecting Fig. 2�c�, in which there is an
appreciable difference in intensity between P�V� and
g�Q ,QV� above 5.3 km/s. The consequence of such a be-
havior is the absence of a low-energy steplike cutoff for the
LA peak.

D. The aggregate elasticity of polycrystalline materials

There are several approaches to calculate the isotropic
elastic properties of polycrystals from single-crystal elastic

constants. The most common models presume either �i� con-
stant stress throughout the body �Reuss average�,12 thus ne-
glecting the boundary conditions for the strain, or �ii� con-
stant strain throughout the body �Voigt average�,13 thus
neglecting the boundary conditions for the stress. These two
models provide the lower and upper bounds of the isotropic
moduli. The Hill approximation14 corresponds to the average
of the Voigt and Reuss approximation. The most accurate
results for isotropic and textured samples are obtained from
self-consistent iterative approaches15 or first-principle
calculations,16 which aim at solving the problem of an elastic
inclusion in a homogeneous matrix of the same elastic prop-
erties as the one of the polycrystal. These treatments are
relatively complicated, time-consuming, and the results de-
pend on parameters like the grain shape.

The procedure proposed by Matthies and Humbert17 is
much simpler. Here, we outline only the main ideas; for
more details the reader is referred to the above cited refer-
ence. The resulting average has the properties of a geometri-
cal mean and obeys the physical condition for the compli-
ance tensor C on averaging �C�= �C−1�−1. In other words, the
average value must be equal to the inverse of the average of
the inverse value. We note that this condition is not fulfilled
for the Voigt, Reuss, and Hill approximations. The averaging
is performed as

�C� = exp��WWa�:ln C� , �10�

where �WWa� is a “weight” matrix containing the informa-
tion on the orientation distribution function f�g�,

�WWa�IJ,KL = �
G

W�I,K;g�W�J,L;g�f�g�dg , �11�

where f�g� denotes the orientation distribution function, for
which all orientations g belong to the orientation space G

FIG. 1. g�Q ,QV� for diamond �a� and sodium �c� at Q
=5 nm−1. Corresponding dynamical structure factor S�Q ,E� �thin
line� and I�Q ,E� �thick line�—its convolution with a typical energy
resolution function of 3 meV—as a function of energy transfer for
diamond �b� and sodium �d�.

FIG. 2. Sound velocity distribution P�V� �solid lines� and
g�Q ,QV� �dashed lines� of �-quartz �a� and �-cristobalite �c� at
Q=5 nm−1, and the corresponding dynamical structure factor
S�Q ,E� �thin line� and I�Q ,E� �thick line�—its convolution with a
3 meV energy resolution function—as a function of energy transfer
for �-quartz �b� and �-cristobalite �d�.
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�g�G :0�	1 ,	2�2� ,0�����. W-orthogonal transfor-
mations are defined by rotations g for the indices I, J, K, L in
Voigt notation.18 For an isotropic distribution �no texture ef-
fects� analytical expressions can be obtained for crystal sym-
metries higher than monoclinic. For cubic symmetry one
obtains:17

C44 = � = �C11
0 − C12

0 �2/5C44
03/5

/22/5 �12a�

C11 = 2� + � = �4� + C11
0 + 2C12

0 �/3 �12b�

C12 = � = C11 − 2C44 �12c�

It follows that longitudinal and transverse sound speeds are
not necessarily exactly the same as the ones derived from the
phonon dispersion measurements as they are different func-
tions of the elastic moduli. Furthermore, the Debye sound
velocity, experimentally determined by either INS, IXS or
nuclear inelastic scattering �NIS� in the phonon density-of-
states limit,19,3,20 is related to the elastic constants in a com-
plex manner,

VD
aniso = � 1

12�
�
j=1

3 � 1

Vn� ,j
3 d�	−1/3

, �13�

and is not identical to the one obtained by an isotropic aver-
aging,

VD
iso = �1

3
� 1

VL
3 +

2

VS
3	
−1/3

. �14�

Here, VL and VS are longitudinal and shear sound velocities.
In Table I the values of aggregate sound velocities are

compared to those determined from the simulated IXS spec-
tra. Average �macroscopic� aggregate values are calculated
using the principle of a geometric mean for the elastic
tensor,17 as described above, and available elastic
moduli.21–23 The simulation was performed for Q=5 nm−1

and T=298 K, employing Eq. �7�, and did not take into ac-
count any energy—or momentum-transfer resolution effects.
Table II reports the values of the Debye sound velocity, cal-
culated using �13� from the elastic tensor �denoted as direct
calculation� or, alternatively, calculated via �14� using the
velocities, obtained from the macroscopic and the IXS aver-

TABLE I. Comparison of aggregate longitudinal, VL, and shear sound velocities, VS, with those determined from the simulated IXS
spectra. The difference in percent is indicated in parentheses. See text for further details.

Material

Macroscopic average IXS average

VL �m/s� VS �m/s� VL �m/s� VS �m/s�

Diamond 18175 12351 18219 �+0.2% � 12238 �−0.9% �
Na �fcc� 3115 1434 3308 �+6.2% � 1421 �−0.9% �
Fe �bcc� 5916 3220 6035 �+2.0% � 3118 �−3.2% �
Fe �hcp�a 8634 4709 8627 �−0.1% � 4785 �+1.6% �
Fe �hcp�b 9341 5300 9344 �0.0%� 5380 �+1.5% �
Co �hcp� 5704 2934 5721 �+0.3% � 3161 �+7.7% �
SiO2 �quartz� 6093 4039 6318 �+3.7% � 4210 �+4.2% �
aElastic constants derived from radial x-ray diffraction and ultrasonic techniques.22

bElastic constants obtained from ab initio calculations.23

TABLE II. Comparison of the Debye sound velocity, obtained by direct calculation from the elastic tensor, or calculated using VL and VS,
obtained by either the macroscopic or the IXS average. The difference in percent is indicated in parentheses. See text for further details.

Material

Direct
calculation
VD

aniso �m/s�

Macroscopic
average

VD
iso �m/s�

IXS average
VD

iso �m/s�

Diamond 13456 13469 �+0.1% � 13365 �−0.7% �
Na �fcc� 1549 1616 �+4.3% � 1606 �+3.7% �
Fe �bcc� 3539 3592 �+1.5% � 3491 �−1.4% �
Fe �hcp�a 5251 5252 �0.0%� 5330 �+1.5% �
Fe �hcp�b 5887 5893 �+0.1% � 5974 �+1.5% �
Co �hcp� 3275 3286 �+0.3% � 3522 �+7.5% �
SiO2 �quartz� 4343 4419 �+1.7% � 4602 �+6.0% �
aElastic constants derived from radial x-ray diffraction and ultrasonic techniques.22

bElastic constants obtained from ab initio calculations.23
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age. It must be noted that the IXS average for VS is not
accessible experimentally in most cases.

This analysis reveals that VL and VS, derived from IXS
experiment, can differ from the aggregate macroscopic aver-
age up to several percent with the exception of diamond. Na
displays the largest deviation for VL �6.2%�, while the value
of VS is in reasonable agreement with the macroscopic aver-
age �−0.9% �. A complementary situation occurs for Co,
where the difference for VL is very small �0.3%� but very
large for VS �7.7%�. Finally, the overall discrepancy is most
pronounced for SiO2 as a consequence of the low crystal
symmetry. The above observations are reflected as well in
the comparison of the Debye velocity. Of particular rel-
evance is the observation that there are no large deviations in
the case of hcp iron. This explains the observed good agree-
ment between experimental IXS data �direct determination of
VL

24 and calculation of VS
25� and NIS data �direct determi-

nation of VD, and calculation of VL and VS�.26,27

E. Low-Q phonon dispersion in polycrystals

Besides texture effects, which can significantly change the
phonon energy of the observed LA phonon, the extraction of
the LA sound velocity in polycrystalline materials needs to
be examined with care. It is common practice to fit the dis-
persion by a sine function,

E =
2�

�
VLQMAX sin��

2

Q

QMAX
	 . �15�

The value of QMAX is either left free or fixed to a value,
determined approximating the volume of the Wigner-Seitz
Brillouin zone by a sphere of radius QMAX.25 The validity and
the limitations of this approach are examined below, using a
realistic lattice dynamics model.

As no analytic solution exists for arbitrary Q values in
polycrystals, we proceeded with a numerical modeling, tak-
ing the example of bcc iron. Born-von Kármán coupling con-
stants were taken up to the 5th shell.28 The theoretical
constant-Q IXS spectra were convoluted with the resolution
function �3 meV full width at half maximum �FWHM��, and
the thermal factors are calculated for 298 K. The resulting
spectra were fitted using coupled pseudo-Voigt functions in
order to reproduce typical data analysis procedures. The re-
sult of these simulations is shown in Fig. 3. The left panel
displays S�Q ,E� /Q as a function of the reduced momentum
transfer. Here, the intensity is represented on a grayscale.
The LA dispersion is well defined, as testified by the small
energy spread of the LA phonon at constant Q, up to
Qa /2��1/�2. Above this value, the dispersion is increas-
ingly smeared out, and a phonon position can no longer be
defined. The right panel shows the simulated polycrystalline
LA dispersion, together with the single-crystal dispersion
along the three main symmetry directions. We note that for
the low-Q region the polycrystalline LA dispersion is very
close to the LA dispersion along the �110� direction, in ac-
cordance with our previous analysis.

If the sine fit is performed in the range up to the maxi-
mum of the dispersion, the resulting sound velocity is rather
sensitive to the choice of QMAX. If QMAX remains free, its

resulting value is close to 0.66�2� /a �see Fig. 4�, signifi-
cantly lower than the theoretical value for a spherical ap-
proximation of the Brillouin zone for which the resulting
QMAX=0.78·2� /a. As a result, the sound velocities derived
in these two ways differ significantly �see Table III�.

The above analysis shows that the LA sound velocity ob-
tained via low-Q IXS measurements on polycrystals can be
quite different from the aggregate one, and its value is sen-
sitive to the dispersion fitting procedure. In the absence of
very low Q-data �well within the linear E�Q� regime� the
choice of QMAX can become crucial and attention must be
paid to the data treatment.

F. Texture effects

Texturing of polycrystalline samples is a quite common
phenomenon, as a result, for example, of the synthesis pro-
cedure, or if the material is submitted to nonhydrostatic pres-
sure. To illustrate the effect of texture on the elastic proper-
ties and sound velocities, we consider below the effect of
axial texture in hexagonal cobalt. This choice is motivated by

FIG. 3. �a� Stokes side of S�Q ,E� /Q, represented as grayscale
image, and �b� simulated LA polycrystalline dispersion �open dia-
monds� compared to the single-crystal dispersion along main sym-
metry directions.
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the fact that for hcp cobalt both the single-crystal elastic
moduli and the polycrystalline sound velocity VL have been
determined as a function of pressure.29,30 Furthermore, it is a
relatively simple case, since the mechanical properties are
isotropic in the basal plane. A one-dimensional description of
texture is therefore sufficient.

1. Qualitative estimation

Using the single-crystal elastic moduli of Antonangeli et
al.,29 the LA sound velocity for an arbitrary direction,
VLA�� ,	�, has been calculated. Figure 5 shows a graphical
representation of the sound velocity variation for two differ-
ent pressures, whereas Fig. 6 presents the resulting distribu-
tion of VL in nontextured cobalt for selected pressure points
to 99 GPa. Up to at least 11 GPa the velocity distribution
displays two distinct peaks. The lower peak corresponds to
the sound propagation along an intermediate direction �up to
�36° from the basal plane at ambient pressure, see Fig.
5�a��, while the higher peak is associated with the equatorial
�basal� plane. For higher pressures the shape of the LA ve-
locity surface is substantially different �see Fig. 5�b��. As a
consequence, the velocity distribution displays a single peak
on the low side, which is associated with the sound propa-
gation in the basal plane, with a tail toward the high-velocity

side. On pressure increase from 28 to 99 GPa, the peak re-
duces in height and the tail becomes more pronounced.

The qualitative effect of texture can now be easily seen.
IXS experiments on polycrystalline samples in a diamond
anvil cell �DAC� are most commonly performed in a geom-
etry, for which the incident and scattered wave vector are
close to the loading axis of the cell, and consequently, the
momentum transfer, Q, is perpendicular to it �see sketch of
the scattering geometry in the insert of Fig. 7�. For hcp co-
balt, the texture develops with a preferential orientation of
the c axis along the loading axis of the DAC. As a conse-
quence, the IXS experiment will preferentially probe the
sound velocity in the basal plane.

If the texture, described above, is narrow enough, the cen-
ter of mass of the velocity distribution shifts toward higher
energy for P�11 GPa. For P�28 GPa, on the other hand,
the center of mass shifts toward lower energy. Thus, the
change in the LA sound velocity surface topology can even
entail a change of sign in the deviation of the observed sound
velocity from the true orientation-averaged one.

TABLE III. Comparison of LA sound velocities related to the
model bcc iron system.

Velocity definition

Sound
velocity
�km/s�

�100� direction 5.414

�110� direction 6.148

�111� direction 6.357

Aggregate average �Hill� 5.912

Fit �QMAX fixed� 5.516

Fit �QMAX free� 6.009

FIG. 4. Sinusoidal fits to the simulated polycrystalline LA dis-
persion in bcc iron with QMAX fixed and free.

FIG. 5. Graphical representation of the LA sound velocity varia-
tion of cobalt at �a� ambient pressure and �b� 70 GPa. The basal
plane coincides with the horizontal plane. In order to emphasize the
changes in the topology, we report the value of ��V�� ,	�−Vavg�3�
+Vavg, where Vavg is the average velocity determined as the arith-
metic mean of V�� ,	�.

FIG. 6. Distribution of LA sound velocities in cobalt under dif-
ferent pressures.
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2. Quantitative estimations

In order to account for the texture in the modeling of the
IXS peak shape, we used a weight function of the following
form:

W��� = �cos2���/2w� + a ��/2 − �� � w

a ��/2 − ��  w
� . �16�

For physically reasonable values of w=� /6 and a=0.005
�for the real preferred orientation developed in hcp Co see
Merkel et al.31, the deviation of the observable sound veloci-
ties from the true orientation average is shown in Fig. 7. As
can be seen, the effect of texture is not negligible and must
be taken into account for the interpretation of the experimen-
tal data. In a previous analysis, only the combined effect of
texture and changes in the elasticity associated with a postu-
lated reduction of the magnetic moment was considered.30

Here, we show that the effect of texture alone is of the same
order as the observed difference between the experimental
IXS results and extrapolated, orientation-averaged, single-
crystal elastic moduli.

III. EXPERIMENTAL RESULTS

In this part we present the experimental low-Q scattering
IXS data obtained for polycrystalline sodium, iron, and py-
rolitic graphite. The IXS experiments were performed on
beamlines ID16 and ID28 at the European Synchrotron Ra-
diation Facility. The measurements were conducted at either
15816 eV, 17794 eV, or 21747 eV, using the Si �8,8,8�,
�9,9,9�, or �11,11,11� configuration with an energy resolution
of 5.5, 3.0, and 1.5 meV FWHM, respectively. The dimen-
sions of the focused x-ray beam were 250�60 �m2

�horizontal�vertical�, FWHM. Direction and size of the mo-
mentum transfer were selected by an appropriate choice of
the scattering angle and the sample orientation in the hori-

zontal scattering plane. The spectrometers, equipped with
five crystal analyzers, allow recording five IXS spectra si-
multaneously. The momentum resolution was set to 0.25
�0.28,0.34�nm−1 and 0.75 �0.84,1.02�nm−1 in the horizontal
and vertical plane, respectively, for the employed configura-
tions. The resolution functions were experimentally deter-
mined from a poly�methylmethacrylate� �PMMA� sample,
kept at 10 K, and at Q=10 nm−1.

A. Polycrystalline sodium

Due to the low melting point of sodium it is extremely
difficult to obtain polycrystalline samples with a small grain
size by recrystallization from the melt; the available cooling
rates gave submillimeter size of crystallites.

To overcome this problem, the polycrystalline sodium
sample was obtained from a sodium suspension in toluene by
removing the solvent in vacuum. Surface contamination of
sodium grains in this case is a positive factor as it prevents
particles from the coalescence. The resulting grain size was
in a few micrometers range, which ensures a good orienta-
tion average. Figure 8 shows representative IXS spectra, to-

FIG. 7. Deviation of the sound velocity in textured hcp cobalt
from the true orientation average as a function of pressure. The
inset shows the typical inelastic low-Q scattering geometry for
polycrystalline samples in a diamond anvil cell. The texture axis
coincides with the load axis.

FIG. 8. Low-Q IXS spectra of polycrystalline sodium, recorded
with 1.5 meV energy resolution �solid lines� compared with an
elasticity-based model �dashed line�. Experimental and theoretical
spectra are shifted along the vertical axis for clarity.
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gether with model calculations. These spectra clearly reveal,
besides the usual Stokes and anti-Stokes scattering from LA
phonons, some extra intensity at lower energy due to the
contribution of TA phonons. This assignment is confirmed by
our model calculation, which followed the approach de-
scribed in Sec. II C, using the elastic moduli of sodium and a
resolution function in pseudo-Voigt form. The LA peak po-
sitions of the model were slightly corrected in order to ac-
count for the bending of the acoustic dispersion, and an elas-
tic line was added for better comparison. The excellent
agreement of modeled and experimental spectra indicates un-
doubtedly that the low-energy-transfer signal is the result of
scattering from quasitransverse phonons.

B. Polycrystalline bcc iron

The experiment was performed at 15816 eV incident pho-
ton energy, utilizing the Si�8,8,8� configuration, providing a
total energy resolution of 5.5 meV. The sample consisted of
a polycrystalline foil of high-purity bcc iron of 30 �m thick-
ness, roughly corresponding to one absorption length. IXS
spectra were recorded for two angular settings of the spec-
trometer, spanning a Q range from 3 to 13.4 nm−1. The re-
sulting dispersion of the LA phonon branch is reported in
Fig. 9, together with the result of the sine fit �see Eq. �15��.

We note the good quality of the fit, and more importantly,
the excellent agreement of the sound velocity, VLA, and the
parameter QMAX with the calculated values: VL=6035 m/s
and QMAX=0.66�2� /a. This good agreement can be ex-
pected, since the largest Q value at which an IXS spectrum
was recorded corresponds to Q=0.585�2� /a, a value
which is significantly lower than 0.707�2� /a, identified as
the critical Q value in Sec. II E. Finally, it is worth noting
that the observed phonon linewidth is resolution-limited
throughout the explored Q range, again in agreement with
our simulation, which yields an excess width of 0.25 meV at
13.4 nm−1.

C. Pyrolytic graphite

As graphite is the most anisotropic among all the elemen-
tary solids, it is a good example for the demonstration of
anisotropy effects in low-Q IXS spectra. The preparation of
nontextured polycrystalline graphite samples presents sig-
nificant difficulties. We therefore limited our study to a py-
rolytic graphite sample, which was rotated with a frequency
of about 10 Hz around an axis, perpendicular to the crystal-
lographic c axis and the horizontal scattering plane. This
configuration is equivalent to the study of a textured sample
with a weighting function W���=1/sin��� �� is the angle
between the incident beam and c axis�, which is easy to
implement in the modeling. As input parameters we have
used the recently determined set of graphite elastic moduli.32

Figure 10 shows a typical experimental IXS spectrum, re-
corded at 6.85 nm−1, together with the calculations for both
an isotropic model and a model which incorporates the tex-
ture as simulated in the experiment.

First, we note that two distinct structures at very different
energy transfers are observed. Coarsely speaking, these are
due to LA and TA phonons propagating close to the c axis
�low energy transfer� and LA phonons in the basal plane
�high energy transfer�. Their large energy difference is due to
the very different bonding strengths. The main effect of tex-
ture is reflected in line-shape changes of the low-energy fea-
ture, while at higher energy transfers the influence of texture
is only moderate.

The position and shape of the experimental low-energy
feature are not very well described by the model. Besides the
spectral weight arising from LA �001� phonons in the long
wave limit, the scattering from TA phonons, propagating
close to the basal plane and polarized along c axis, gives a
significant contribution. The TA phonon energy grows faster
than the LA phonon energy with increasing Q due to the
parabolic-like dispersion of these modes: E2=CQ2+DQ4 �C
and D are constants�.33 As a consequence, for some Q values
the low-energy feature becomes narrower than predicted

FIG. 9. Low-Q LA phonon dispersion of polycrystalline bcc
iron �full circles�. The solid line represents the best fit, using Eq.
�15�, and the resulting fit parameters are indicated in the panel at the
bottom.

FIG. 10. Comparison of an experimental IXS spectrum at Q
=6.85 nm−1 of rotating pyrolytic graphite with elasticity-based
models with and without texture.
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within the frame of our elastic model, which assumes a linear
relationship between E and Q. By exploiting the simple dy-
namic model of Nicklow et al.,34 it can be demonstrated that
the apparent Q dispersion of high- and low-energy features
mimics the LA in-plane dispersion and LA dispersion along
�-A, respectively. This is illustrated by comparing the inten-
sity map obtained for pyrolytic graphite with the single-
crystal data35 �see Fig. 11�.

This extreme case of graphite underlines well that the
term “average sound velocity” and even “orientationally av-
eraged sound velocity” must be used with prudence, specifi-
cally if strongly anisotropic systems are considered.

IV. CONCLUSIONS

In the present study we have analyzed the specific fea-
tures of inelastic x-ray scattering in polycrystalline materials
at low momentum transfer, implementing the formal descrip-
tion �Sec. II A� valid close to the long-wavelength limit. The
use of approximations based on the theory of elasticity pro-
vides valuable semiquantitative information for the inelastic
scattering from acoustic phonons. For single crystals we can
access the angular dependency of inelastic scattering spectra
�energy and scattered intensity�, and for polycrystalline
samples we can predict the shape of the spectrum �Secs. II B
and II C�. While our approach is not precise in the sense of
exact phonon energies, it reproduces quite well all the main
features, as witnessed by the experimental results for poly-
crystalline sodium and pyrolytic graphite. In the former case
the significant contribution of TA phonons to the IXS spec-
trum inside the 1st Brillouin’s zone was predicted, and in the
latter case the large splitting of the two LA branches, related
to sound propagation parallel and perpendicular to the basal
plane, is appropriately described �Secs. III A and III C�.

We would like to underline that extreme attention has to
be paid when the orientationally averaged properties are
linked to the macroscopic aggregate properties. If the single-
crystal elastic properties significantly deviate from isotropy,
non-negligible differences can appear for the properties of
the polycrystalline aggregate �Sec. II D�. This effect obvi-
ously becomes more pronounced for textured samples �Sec.
II F�. Furthermore, if sound velocities shall be derived from
the orientationally averaged LA dispersion, care has to be
taken concerning the Q range over which data are consid-
ered, as we demonstrate using the example of bcc iron �Sec.
II E�.
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