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Based on a scenario in which the CuO2 plane and CuO chain is coupled together, we study theoretically the
low-frequency chain and in-plane optical conductivities of detwinned YBa2Cu3Oy. Using the slave-boson
mean-field approach to the t-J model and including the antiferromagnetic spin fluctuations in the plane, we
elaborate that the chain is superconducting for y�6.67 while insulating for y�6.67 due to the competition
between the plane-chain coupling and the antiferromagnetic order in the chain, corresponding to a
superconductor-insulator transition. Stemming also from the coupling between the plane and chain, a new peak
emerges at a low frequency in the in-plane spectra in the superconducting state, while it disappears in the
normal state. These results are consistent with very recent experiments.
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I. INTRODUCTION

YBa2Cu3Oy �YBCO� is one of the most studied high-Tc
superconducting materials. A primary distinction between
this system and other cuprates is the presence of the quasi-
one-dimensional CuO chain. Though it is widely believed
that the main physics in this material is within the CuO2
plane, the study of electronic properties in the chain and their
influence on the superconducting plane may enable us to
have a detail understanding on superconductivity in the
present system.1–4 One of powerful tools to detect the elec-
tronic structure is the measurement of optical conductivity. It
was reported that a pronounced a-b axis anisotropy exists in
the spectra,5–11 which are strongly enhanced in the chain di-
rection. By subtracting the a-axis spectra from the b-axis �the
chain direction� spectra, one can obtain experimentally the
spectra contributed by the chain. In this way, the chain elec-
tronic structure revealed by the optical experiments shows
some unusual features. Several experiments showed that the
optical conductivity in the CuO chain exhibits a peak at a
finite frequency5–7 and approaches to zero in the dc limit,
implying that the chain is insulating though the CuO2 plane
is still in the superconducting state. On the other hand, it was
also reported that the chain spectra are characterized as a
Drude-like peak located at the zero frequency, demonstrating
the chain superconductivity.8–10

Recently, a detail investigation of the infrared response in
the detwinned YBCO �Ref. 11� provided us a systematic
doping dependence of the electrodynamics in the CuO chain.
The optical spectra contributed by the chain display a domi-
nant Drude-like peak in the y=6.75 sample. While as y de-
creases to 6.65, the Drude-like peak will shift to a narrow
resonance peak at the finite frequency, indicating that the
superconductor-insulator transition occurs in the CuO chain.
In fact, the appearance of this transition around y=6.65 may
also be inferred from the doping dependence of the super-
fluid density.10 A theoretical explanation of the chain super-
conductivity based on the plane-chain coupling was given by

Morr and Balatsky,12 however, an elaboration of the ob-
served superconductor-insulator phase transition and the in-
sulating nature of the chain is still awaited. In the meantime,
another important issue is how the in-plane spectra are influ-
enced by the chain. Very recently, an experiment on the de-
twinned ortho-II phase YBa2Cu3O6.5 observed an extra
strong peak at 180 cm−1 �about 20 meV� in the a-axis optical
conductivity in addition to the usually observed Drude-like
peak and the mid-infrared �MIR� component in twinned
samples.13 Therefore a consistent accounting for the optical
response in both the plane and chain of the detwinned system
is appealing.

In this paper, we demonstrate that the competition of the
plane-chain coupling and the antiferromagnetic �AF� order in
the chain gives rise to the superconductor-insulator transition
in the CuO chain, namely, the proximity superconductivity in
the chain is induced by the plane-chain coupling when there
is no AF order or it is very weak, while the insulating gap in
the optical conductivity is caused by the AF order when its
magnitude is appreciable. Starting from a self-consistent
mean-field treatment for both the planar and chain Hamil-
tonian, we extend a simple existing model14,15 of the plane-
chain coupling to include the emergence of the AF order in
the chain at low doping. Interestingly, we find a steplike rise
of the AF order at the oxygen content y=yc=6.67 which is
almost the same as the superconductor-insulator transition
point observed experimentally.11 In the meantime, the chain
optical conductivity shows an insulating gap below yc; while
above yc, the chain optical conductivity rapidly acquires a
Drude-like peak at the dc limit and shows a proximity-
induced superconductivity. On the other hand, we find that a
new peak occurs at a low frequency �0.18J�23 meV with J
the AF exchange integral� in the in-plane optical conductiv-
ity due to the coupling between the plane and chain. These
results agree with the recent experimental measurements,11,13

and thus give a consistent picture of the chain and in-plane
optical conductivity in the detwinned YBCO.

The paper is organized as follows. In Sec. II, we introduce
the model and work out the formalism. In Sec. III, we per-
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form numerical calculations and discuss the obtained results.
Finally, we give a brief summary in Sec. IV.

II. MODEL AND FORMALISM

We start with a Hamiltonian which describes a system
with a plane and a chain per unit cell,

H = Hp + Hc + HI, �1�

where Hp represents the CuO2 plane and is described by the
two-dimensional t-t�-J model,

Hp = − tp �
�ij�,�

ci�
p†cj�

p + H.c. − tp� �
�ij��,�

ci�
p†cj�

p + H.c.

+ J�
�ij�

�Si
p · S j

p −
1

4
ni

pnj
p� . �2�

Hc represents the y-direction CuO chain and is described by
the one-dimensional t-J model,

Hc = − tc �
�ij�,�

ci�
c†cj�

c + H.c. + Jc�
�ij�

�Si
c · S j

c −
1

4
ni

cnj
c� , �3�

and HI is the coupling between the plane and chain:

HI = − t��
ij�

�ci�
p†cj�

c + H.c.� . �4�

Here �ij� denotes the nearest-neighbor �NN� bond and �ij��
the next NN bond.

First, we use the slave-boson mean-field theory to de-
couple the Hamiltonians �2� and �3�. Then, the coupling of
the planar fermions to spin fluctuations are included via the
random phase approximation �RPA�. In the slave-boson ap-
proach, the creation operators of the planar and chain elec-
trons ci�

p�c�† are expressed by slave bosons bi
p�c� carrying the

charge and fermions f i�
p�c� representing the spin, ci�

p�c�†

= f i�
p�c�†bi

p�c�. Then, the constraint of no double occupancy is
bi

p�c�†bi
p�c�+ f i�

p�c�†f i�
p�c�=1, which will be satisfied averagely at

the mean-field level. The mean-field order parameters are
defined as �ij

p = �f i↑
p f j↓

p − f i↓
p f j↑

p �= ±�p, �� depend on if the
bond �ij� is in the x̂ or the ŷ direction�, �ij

p�c�= �f i�
p�c�†f j�

p�c��
=�p�c�. Notice that we do not assume any superconducting
pairing in the chain at the mean-field level. The AF order in
the chain is represented by the staggered magnetization mc
= �−1�i�Siz

c �. At low temperatures we are concerned with, the
boson condensation is assumed bi

p�c�→ �bi
p�c��=	�p�c�, where

�p�c� is the hole density in the plane �chain�.
After Fourier transformation, the mean-field Hamiltonian

of the planar and chain fermions can be written as

Hp = �
k�

�k
p fk�

p† fk�
p − �

k
�k

p�fk↑
p† f−k↓

p† + H.c.� + 2NpJp���p
2 + �p

2� ,

�5�

Hc = �
k�

��k
c fk�

c† fk�
c + �k+Qc

c fk+Qc�
c† fk+Qc�

c � − 2Jcmc

+ �
k�

��fk�
c† fk+Qc�

c + H.c.� + 2NcJc��c
2 + mc

2� , �6�

where the summation over k in the chain Hamiltonian is in
the magnetic Brillouin zone �MBZ� due to the AF order, i.e.,
−	 /2�ky 
	 /2. Qc is the one-dimensional AF wave vector
with Qc=	 /2. �k

p�c� are given by �k
p =−2��ptp+Jp��p��cos kx

+cos ky�−4�ptp� cos kx cos ky −�p and �k
c =−2��ctc

+Jc�c�cos ky −�c, respectively. Correspondingly, the cou-
pling of the planar and chain fermions can be written as

HI = t̃��
k�

�fk�
p† fk�

c + H.c.� , �7�

with t̃�= t�
	�.

The renormalized Green’s functions for the planar fermi-

ons Ĝp due to the coupling to spin fluctuations are calculated
by Dyson’s equation in the Nambu representation:

Ĝp�k,i��−1 = Ĝp0�k,i��−1 − ̂p�k,i�� , �8�

where the self-energy can be obtained from14

̂p�k,i�� =
1

�Np
�

q
�
igam

J2�q��p�q,i�m�

��̂3Ĝp0�k − q,i� − i�m��̂3, �9�

Ĝp0 is the bare Green’s function obtained from the mean-
field Hamiltonian and �p�q , i�m��m+ i�� is the RPA-type
spin susceptibility which can be found in Ref. 14, J�q�
=J�cos qx+cos qy�, and �̂3 the Pauli matrix. The Green’s

function for the chain fermions Ĝc in the Nambu representa-
tion is obtained directly from the above mean-field Hamil-
tonian.

The real part of the optical conductivity �1��� is given by
�1�����p�c�=−Im ������p�c� /� ��= x̂ , ŷ�. Here the imaginary
part of the current-current correction function Im ������p�c�
is expressed as16

Im ������p�c� = �
k

	e2

Np�c�

 d���v��k�p�c��2

��f�� + ��� − f�����

�Tr�Âp�c��k,� + ���Âp�c��k,���� ,

�10�

where the vertex corrections have been neglected as usually
done,17–22 v� is the �-component of the quasiparticle group

velocity, Âp�c��k ,�� the spectral function �Âp�c��k ,��
=−�1/	�Im Ĝp�c��k ,���, and f��� the Fermi distribution
function.

In order to investigate the doping dependence of the op-
tical conductivity, we need to determine the planar and chain
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doping density �p�c� for a given oxygen content y in
YBa2Cu3Oy. We determine �p vs y by using an empirical
relation proposed recently by Liang et al.23 On the other
hand, in the parent compound �y=6�, the valence of Cu ion
in the CuO chain is +1, and thus the electron density in the
chain is 2. As y increases, i.e., the compound is doped with
holes, the holes reside either in the planes or in the chains.
By counting the electron density, we find that a conservation
condition 2−nc+2�p=2�y−6� is satisfied, which relates the
chain electron density nc and the planar doping density �p
with y. From this condition, we can derive the chain doping
density �c= 1−nc as a function of y, as shown in Fig. 1.
With the hole doping density, we can then solve the set of
self-consistent equations for mean-field parameters �p�c�, �p,
mc, and �p�c�. The input parameters are tc= tp=2J, tp�

=−0.45tp, Jc=Jp�=3J /8, t̃�=0.1J �we have checked numeri-
cally that our results are not sensitive to slight changes of the
input parameters�. The AF coupling constant J in the plane is
used as the energy unit �J�130 meV�. The chain AF order
mc as a function of y at temperature T�0 is shown as the
solid line in Fig. 1. We can see that the chain AF order mc
emerges with the decrease of the oxygen content y and
reaches its maxima value at y=ym=6.61 where the chain
doping density is zero �half filled�.24 In addition, we note
from Fig. 1 that the AF order has a steplike rise from a
negligible value to about a half of its maxima at y=yc
=6.67.

III. RESULTS AND DISCUSSION

A. Chain spectra

The chain optical conductivity for different oxygen con-
tent y is plotted in Fig. 2. As y is increased to exceed yc
=6.67 �Fig. 2�a��, a prominent Drude-like peak at the dc limit
shows up in the spectra, which indicates that the chain is
superconducting, while, when the oxygen content y is below
y=6.67, the Drude-like peak disappears and a finite fre-
quency peak at 0.35J�46 meV occurs, leaving an excitation
gap between this peak and the dc limit. This indicates that
the system becomes insulating at this doping density. With
further decrease of the oxygen content �we limit our discus-
sion to the range y�6.61, i.e., the chain is in the hole-doped
range as will be discussed following�, the finite frequency
peak will move to a higher energy, leading to a larger exci-
tation gap. Meanwhile, the intensity of the spectra is sup-
pressed heavily as shown in the inset of Fig. 2�b�. This

shows that a superconductor-insulator transition occurs at y
=6.67, and the corresponding critical doping density in the
chain is about �c

ch�0.11. This result is consistent with the
recent experimental measurement on the superconductor-
insulator transition observed by optical conductivity.11

From Fig. 1, one can see that the AF order is negligible or
disappears �for y�6.69� in the doping range where a Drude-
like peak in the optical spectra is observed and has an appre-
ciable value when the optical spectra show an insulating be-
havior. More importantly, at y=yc=6.67 where the insulator-
superconductor transition occurs, the magnitude of the AF
order has a step like increase, i.e., it rises from a negligible
value to nearly a half of its maximum. This shows clearly
that the transition is associated with the emergence of the AF
order. The occurrence of the AF order leads to a gap 2Jcmc
�24.4 meV in the single-particle energy band of the chain,
i.e., a 48.8-meV excitation gap in the particle-hole excita-
tions. This excitation gap suppresses the proximity effect
coming from the coupling to the superconducting plane
which is otherwise effective for y�yc. Therefore it is the
competition between the AF order and the proximity effect
that leads to the superconductor-insulator transition in the
chain.

When mc equals zero, the Hamiltonian for the system can
be written as a 4�4 matrix.14,15 The gap symmetry induced
by the proximity effect may be examined by looking at the
anomalous Green’s functions of the chain electrons,
Fc�k ,��=�iU3i�k ,��U4i�k ,�� / �i�−Ei�k ,���. Uij are the
elements of the matrix that diagonalizes the mean-field
Hamiltonian and Ei�k ,�� the quasiparticle energy at the i
energy band �i runs from 1 to 4�, which are defined following

the notations of Refs. 14 and 15. Because U3iU4i��̃k
p �Ref.

14� ��̃k
p is the superconducting gap in the plane with a dx2−y2

symmetry�, the induced gap of the chain fermions is also of
dx2−y2 symmetry.

Besides the superconductor-insulator transition observed
at low frequencies, the experiment in Ref. 11 also shows that
the chain optical conductivity has a high-frequency tail and
exhibits a one-dimensional scaling feature consistent with a
prediction of the Tomonaga-Luttinger liquid theory.25 This

FIG. 1. The hole density �c �dashed line� and AF order mc �solid
line� in the chain vs the oxygen content y in YBa2Cu3Oy.

FIG. 2. The chain optical conductivity as a function of fre-
quency in YBa2Cu3Oy for different oxygen content y. The inset of
�b� shows the spectra at y=ym=6.61 where the calculated chain
doping density is zero �half filled�.
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scaling behavior cannot be reproduced based on the pertur-
bation calculation starting from the mean-field theory pre-
sented here, because the mean-field analysis fails for the
one-dimensional problem. A more rigorous study beyond the
mean-field level is needed for this analysis, such as the exact
diagonalization for the one-dimensional t-J model.26,27 How-
ever, a coupled one-dimensional system will exhibit a quasi-
two-dimensional behavior at low energies.28 In this case
which our analysis focuses on, the perturbation calculation
from a mean-field theory provides us an efficient and at least
qualitative way to study the effect of the coupling between
the plane and chain, particularly for the low-energy behavior
of the chain optical conductivity and the superconductor-
insulator transition. In fact, besides the coupling between the
plane and chain, there is also a coupling between chains. We
expect that the effect of the latter might be similar to the
former, namely it causes the one-dimensional conduction in
the chain to exhibit a two-dimensional behaviors �or an an-
isotropic three-dimensional behaviors� at low energies, and
leads to the situation which a perturbation calculation based
on a mean-field theory may be applied. In addition, with the
decrease of the oxygen content, the finite chain fragment
length will decrease, so it will lead to the decrease of the
hopping integral along the chain tc. This effect is equivalent
to the increase of the AF exchange integral in the chain
Jc and consequently enhances the AF correlation, because
it is the ratio of Jc / tc that is related to the emergence of the
AF order. Therefore our model has the similar effect on
the transition with the picture of the finite chain fragment
length. Finally we also note that our analysis is only applied
to the case which the chain is hole doped, i.e., the oxygen
content y�ym. For the case of an electron-doped chain, the
energy band structure of the chain electrons will change cor-
respondingly and a different model is demanded for the CuO
chain.

B. In-plane spectra

Now we study how the in-plane optical conductivity is
influenced by the coupling to the chain. The real part of the
in-plane optical conductivity �1��� is shown in Fig. 3 for the
superconducting �Figs. 3�a� and 3�b�� and the normal state
�Fig. 3�c��, respectively. In the superconducting state, a
Drude-like peak at the dc limit and a MIR hump around �
�J is evident from Figs. 3�a� and 3�b�, which reproduces
what has been observed in the twinned samples.29 These fea-
tures are also consistent with previous theoretical
calculations20,30,31 in which only the in-plane electrodynam-
ics is considered. A different feature observed here is that an
extra peak emerges between the Drude-like peak and the
MIR hump. Moreover, this extra peak disappears completely
in the normal state, as seen from Fig. 3�c�. These results are
consistent with the very recent experimental data.13 We also
note that there is only a weak a-b anisotropy in the spectra
around this peak. In the meantime, the in-plane spectra in the
superconducting state are nearly isotropic both in the dc limit
and in high frequencies. As a result, the plane-chain coupling
does not cause an obvious in-plane anisotropy in the optical
conductivity. Therefore we expect that the anisotropy ob-
served in the experiments, which is obtained by subtracting
the a-axis spectra from the b-axis spectra, is mainly contrib-
uted by the chain contribution.

Due to the coupling between the plane and chain, the
energy band of the in-plane quasiparticle is split into two
branches with frequencies E±k.14 In the superconducting
state, the low-energy optical response comes mainly from the
charge excitations around the nodal direction due to the pres-
ence of the superconducting gap. In Fig. 4, we plot E±k with
k along the diagonal direction. Around the Fermi wave vec-
tor, there is a minimum �m�0.18J in E+k, and the band E−k
is below this minimum. When the excitation frequency is
below �m, the optical response comes only from the E−k
band. When ���m, an additional scattering channel from
the E+k band contributes to the response and leads to a peak
around �m. In the normal state, the excitations near the entire
Fermi surface are available, so that the minimum in E+ varies
at different wave vectors. As a result, the combined effect of
these excitations causes no extra peak.

IV. SUMMARY

To summarize, starting from the slave-boson approach to
the t-J model and considering the coupling between the

FIG. 3. The real parts of the in-plane optical conductivity as a
function of frequency � for different y. Panel �a� shows the spectra
for y=6.75 sample in the superconducting state, panels �b� and �c�
are the spectra for the ortho-II phase y=6.5 sample with the planar
doping density �p=0.097 in the superconducting state at T
=0.0005J and in the normal state at T=Tc=0.033J, respectively.

FIG. 4. The quasiparticle energy E±k vs the wave vector k along
the diagonal direction in YBa2Cu3O6.75.
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CuO2 plane and CuO chain, we have elaborated that the
competition of the plane-chain coupling and the antiferro-
magnetic order in the chain leads to the superconductor-
insulator transition in the optical conductivity of the CuO
chain. Specifically, the proximity superconductivity in the
chain is induced by the plane-chain coupling while the insu-
lating property is caused by the antiferromagnetic order.
Meanwhile, we find an extra peak in the in-plane optical
spectra at low frequencies in the superconducting state,
which is between the Drude-like peak and mid-infrared com-
ponent. This peak disappears in the normal state. These

results are well consistent with the recent optical conductiv-
ity measurements.
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