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Using a mean-field approximation we describe the early stages of growth of Ge on Si�111� mediated by a Pb
surfactant. A set of rate equations is constructed for the time evolution of the number of clusters of a given size.
The Ge atoms are deposited onto the surface at a constant flux rate, giving rise to a monomer population. The
rates of growth and dissociation of the clusters are then calculated assuming that the dissociation energy
Ediss= �n̄�s�−��Ebr+Ed, where Ebr is the energy required to break one bond, and Ed is the diffusion energy of
an isolated atom. Finally, n̄�s� is the average number of bonds broken when a cluster reduces its size s by 1.
This dependence is obtained from a separate kinetic Monte Carlo experiment. The phenomenological constant
�=1.2 by assumption. Our mean-field approximation describes the essential experimental results observed in
Ge/Pb/Si�111� growth.
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I. INTRODUCTION

The use of surfactants in promoting the growth of smooth
layers has attracted considerable attention of manufactures of
advanced materials.1–12 Semiconductor substrates in particu-
lar have been extensively studied by surfactant-mediated ep-
itaxy �SME�.

An early stage of Ge growth on Si�111� with Pb as a
surfactant was characterized by Hwang, Chang, and
Tsong13–15 using a scanning tunneling microscopy technique.
They observed the nucleation and growth of islands at vary-
ing experimental parameters like temperature, final concen-
tration, or deposition flux. A phenomenological model ex-
plaining the observed growth features was recently
proposed,16 and analyzed using kinetic Monte Carlo �KMC�
technique.17,18 The main assumptions of the model16 are the
following: �i� Ge atoms are deposited onto an Si�111� surface
under a constant flux until the final concentration is reached,
�ii� the deposited atoms diffuse on top of the surfactant,
nucleate, and form clusters. �iii� a cluster of atoms can ex-
change position with the surfactants atoms and “dive” �We
use the expression “cluster” for a Ge aggregate above the
surfactant, while “island” refers to Ge atoms below the sur-
factant.� �iv� a cluster can grow or dissociate, �v� the ex-
change process between the Ge and Pb atoms �“diving”� is
thermally activated and collective diving is energetically fa-
vorable, �vi� after the dive a cluster creates an island seed
which can grow on account of incoming monomers, �vii�
atoms below the surfactant cannot move, and a reverse event
to the dive is forbidden.

In this paper we analyze this model using a mean-field
approximation rather than the KMC technique used in our
previous work.16

II. MEAN-FIELD MODEL

A key feature of the model is the interaction between Ge
atoms which diffuse on top of the surfactant. We assume the

following energy barrier for the dissociation of a Ge atom
from a cluster:

Ediss = �n̄�s� − ��Ebr + Ed, �1�

where n̄�s� is the average number of bonds broken when a
cluster reduces its size s by 1, Ebr is the energy required to
break one bond, Ed is the energy barrier for the diffusion of
an isolated Ge atom, and �=1.2 is a phenomenological con-
stant to be discussed later.

According to Eq. �1� the dissociation barrier for an atom
with a single bond to a cluster is lower than the barrier for
diffusion of an isolated atom. Equivalently, we may say that
atoms with one bond are repelled from the cluster while
those with a larger number of bonds are attracted. As a result
the clusters tend to be compact. Repulsive interactions were
observed experimentally for some metal and Si atoms on
metal surfaces by Tsong and Casanova.19 An edge atom of a
cluster can change its position and in doing so it can reduce
or increase the number of its bonds before dissociation. This
is why within the mean-field approximation it is necessary to
introduce an average number of bonds n̄�s� broken during the
size reduction process.

Keeping in mind the interaction energy defined by Eq. �1�
we now construct a set of rate equations for the variation in
the number of clusters and islands of size s:

dn1

dt
= F − 2D1n1n1 − �

s=2

L

D1n1ns

+ 2D2n2 + �
s=3

K

Dnns, �2�
¯

dns

dt
= − D1n1ns − Dsns + D1n1ns−1 + Ds+1ns+1,

for 1 � s � K , �3�
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¯

dns

dt
= − D1n1ns + D1n1ns−1,

for K � s � L , �4�

where D1 is the rate of diffusion of an isolated Ge atom, Ds
is the rate for dissociation of a single atom from a cluster of
size s, and F is the deposition flux rate. Clusters with 1�s
�K find themselves on top of the surfactant, whereas clus-
ters with K�s�L have already dived.

Equation �2� describes the changes in the number of
monomers. The individual terms have the following interpre-
tation: The first term corresponds to an increase in the mono-
mer number due to the flux F, the second term describes the
decrease in the monomer number due to the creation of
dimers, the third term represents the growth of clusters or
islands of any size s�1, the fourth term represents the dis-
sociation of dimers, and the finally last term describes the
dissociation of clusters of size s�2.

The components of Eq. �3� mean, respectively, that the
number of clusters of size s decreases if clusters of size s
grow or dissociate �the first two terms�, and increases if clus-
ters of size s−1 grow or clusters of size s+1 dissociate �the
last two terms�.

In Eq. �4� the components which describe dissociation are
missing. These equations describe the growth of islands
which already are under the surfactant. The number of is-
lands of size s decreases if islands of size s grow and in-
creases if islands of size s−1 grow.

In our calculation the value L is set so high that all islands
are actually smaller than L. We also set K�7 in the island
density calculations to fulfill the assumption of a model of
collective diving.

We use Eq. �1� to calculate the rates Di with the function
n̄�s� deduced from MC results. There is

D1 = D0 exp�−
Ed

kT
� , �5�

D2 = D1 exp�−
�1 − ��Ebr

kT
� , �6�

and for i�2

Ds = D1 exp�−
�n̄�s� − ��Ebr

kT
� . �7�

Here T is the temperature, k is the Boltzmann constant, D0
=1011/ s, and the deposition flux rate F=0.2BL/min �BL
stands for bilayer�. There is, further, Ebr=0.4 eV, Ed
=0.65 eV, and �=1.2. These numerical values have previ-
ously been used in our KMC simulations.16,17 The following
sequence of inequalities results from the above assumptions:

D2 � D1 � D3 � ¯ � DK � ¯ � DL. �8�

We have chosen ��1 and the dimer dissociation rate D2 is
consequently the highest.

To get the required n̄�s� dependence we carried out a
simple KMC experiment with rates Rn which depend on the

number of breaking bonds16 n: Rn=D1 exp��n−��Ebr /kT� for
n=1, . . . ,5. Atoms initially placed randomly on a triangular
lattice move and form clusters. To get n̄�s� for compact clus-
ters of size s we simply set the duration of the cluster growth
to be sufficiently long �a hundred hours�. The typical depen-
dence of an average number of broken bonds is shown in
Fig. 1. The open squares are the KMC data while the solid
line is the fitted curve given by the equation n̄�s�
=2–5.7/ �	2.4s+5.7�. This formula is used in the mean-field
calculations.

In general the function n̄�s� depends only weakly on tem-
perature in the temperature range of our calculations, i.e., at
300–340 K. We neglect this dependence. Due to numerical
problems it was not possible to broaden the temperature
range.

We have solved the system of differential equations
�2�–�4� using the fourth-order Runge-Kutta method.20 The
time step of the numerical integration has been chosen so as
to provide a stable solution. The time step was reduced at
elevated temperatures. However, the applicability of this
method is limited to temperatures below 350 K, since other-
wise the large number of equations needed to describe the
process of island growth renders the computation prohibi-
tively time consuming.

III. RESULTS

A. Island density

Hwang, Chang, and Tsong13–15 found in their STM ex-
periments that there is a threshold coverage below which no
islands grow. Close to this threshold the islands are large and
have a fractal structure. For comparison we present in Figs.
2�a� and 2�b� both experimental and KMC results.16 Finally,
Fig. 2�c� shows results obtained in the mean-field approxi-
mation. The shown threshold value of about 0.1 is obtained
for �=1.2, and we find that a larger � yields a larger thresh-
old value. We can, of course, say nothing about the structure
of clusters or islands from the mean-field approximation
results.

FIG. 1. �Color online� Average number of bonds n̄�s� broken
when a cluster reduces its size s by one. The open squares are KMC
results, and the solid line is the fitted curve discussed in text.
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B. Time evolution

Two processes compete on the surfactant surface: cluster
growth and cluster dissociation. A cluster which is in equi-
librium with the surrounding monomers is called critical. Its
size does not change in time. Smaller clusters tend to disso-
ciate and larger clusters tend to grow. The size of the critical
cluster decreases with increasing monomer concentration.
The idea of the critical cluster can be applied to atoms above
the surfactant only, because islands below the surfactant can-
not dissociate. On top of the surfactant the clusters grow
until they reach the size required for diving. The threshold
effect occurs if the size of the critical cluster is larger than
the dive size.

We do not have experimental data for the time evolution
of Pb mediated growth of Ge films on Si�111�. The experi-
mental study is here rather difficult. However, we have stud-
ied the process in our previous work16,17 using the KMC

technique, and now we present the corresponding result ob-
tained using the mean-field approach. To probe in detail the
evolution on top of the surfactant we set K large enough to
avoid diving.

Figure 3 shows the time evolution of the number of
monomers and the average cluster size �sav� for two final
coverages that are chosen to be close �a� and far away �b�
from the threshold value. In both plots the number of mono-
mers N increases initially linearly due to deposition. After
the initial stage both N and sav remain almost constant for a
long time, and then sav increases and N decreases �Fig. 3�a��.
This effect is due to the fact that in our calculation the num-
ber of atoms is not necessarily an integer, while in experi-
ment and in KMC the number of islands takes on only inte-

FIG. 4. �Color online� Scaling procedure for island size distri-
butions at different concentrations �. The diagrams �a� and �b� show
nonscaled and scaled distributions, respectively.

FIG. 2. �Color online� Island density vs coverage � at different
temperatures. Results: �a� experimental �Ref. 13�, �b� KMC �Ref.
16�, �c� mean-field approximation for K=7.

FIG. 3. �Color online� Mean-field results of the time evolution
of the number of monomers N �solid lines� and the average cluster
size sav �dashed lines�. The upper diagram �a� and lower diagram
�b� show the time dependence at coverages below and above the
threshold, respectively.
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ger values. Far away from the threshold �Fig. 3�b��, however,
the average cluster size sav starts to grow while the deposi-
tion is more or less finished. For times larger than 500 s the
curves N and sav both exhibit a power-law time dependence.
This dependence indicates that Oswald ripening occurs in
this time range.21 The size of the critical cluster increases
here with time, and large clusters grow on account of disso-
ciation of smaller ones. This effect was observed in KMC
approach as well.17

C. Scaling

It was found both experimentally, and also in KMC
simulations,17 that the growth of Ge/Pb/Si�111� obeys a
scaling law22 in which the scaling function may be obtained
within the cluster diffusion model.23 The formula of univer-
sal scaling24,25 is

Ns 
 �sav
−2f�s/sav� , �9�

where Ns is the density of islands of size s, � is the coverage,
sav is the average island size, and f is a scaling function that
satisfies the relation

�
0

�

f�u�du = �
0

�

uf�u�du . �10�

When applying the above scaling to results of our mean-
field approximation we obtain the plots presented in Fig. 4.
The universal scaling approach says nothing about the shape
of scaling function. Only the equality given by Eq. �10� is
required, but the shape of the scaling function proper de-
pends on the details of the growth mechanism.

In Figs. 4�a� and 4�b� we present the computed original
and scaled island size distributions. The shapes of the scaling
functions are slightly different in the individual cases, but the

integrals of Eq. �10� overlap with less than a 5% error. The
maxima of the scaling functions computed here are at s /sav
�1, while those obtained in experiment and using KMC
�Ref. 16� are placed distinctly at s /sav�1. The reason for
this discrepancy is that our mean-field approximation does
not include the cluster diffusion that produces the character-
istic shape of the scaling function found by Kandel.23

A similar scaling is applied to the island growth at differ-
ent temperatures. The results are presented in Fig. 5; the
maxima here correspond to s /sav�1 as well.

The general scaling procedure appears to be most accurate
when applied to the evolution of cluster size distribution
within the time range of the Ostwald ripening. This is easily
seen from Figs. 6 and 3�b� where the scaling functions
overlap.

IV. CONCLUSIONS

In this paper we describe the Pb mediated growth of Ge
islands on Si�111� in a mean-field approximation, and we
compare these results with experiment and with KMC
simulations.17 The mean-field approach considerably simpli-
fies the model calculation in comparison to the KMC
method, and leads to a better understanding of the growth
mechanism. In particular, we find that the threshold effect is
clearly seen here, and we conclude that this is due to the
chosen form of dissociation energy �1�.

Another consequence of applying the formula �1� is that
clusters tend to be compact, and that in their compact form
they have enhanced stability. Comparison of the cluster size
distributions obtained in this paper and in the KMC simula-
tions shows that a pronounced cluster diffusion above the
surfactant is expected. This phenomenon explains the ob-
served unusual features of the Ge/Pb/Si�111�.

FIG. 5. �Color online� Scaling procedure for island size distri-
butions at different growth temperatures. The diagrams �a� and �b�
show nonscaled and scaled distributions, respectively.

FIG. 6. �Color online� Scaling procedure for cluster size distri-
butions at different time instants. The diagrams �a� and �b� show
nonscaled and scaled distributions, respectively.
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