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Microcavity enhancement of spontaneous emission for Bloch oscillations
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A theory for the spontaneous emission of a Bloch electron traversing a single energy miniband of a super-
lattice while accelerating under the influence of a constant external electric field and radiating into a micro-
cavity is presented. In the analysis, the quantum electromagnetic radiation field is described by the dominant
microcavity TE, rectangular waveguide mode in the Coulomb gauge, and the instantaneous eigenstates of the
Bloch Hamiltonian are utilized as the basis states in describing the Bloch electron dynamics to all orders in the
constant external electric field. The results show that the spontaneous emission amplitude, when analyzed over
many integral multiple values of the Bloch period, gives rise to selection rules for photon emission in both
frequency and wave number with preferred transitions at the Wannier-Stark ladder levels. From these selection
rules, the total spontaneous emission probability is derived to first-order perturbation theory in the quantized
radiation field. It is shown that the power radiated into the dominant TE;, waveguide mode can be enhanced
by an order of magnitude over the free-space value by tuning the Bloch frequency to align with the waveguide
spectral density peak. A general expression for the total spontaneous emission probability is obtained in terms
of arbitrary superlattice single band parameters, showing multiharmonic behavior and cavity tuning properties.
For GaAs-based superlattices, described in the nearest-neighbor tight-binding approximation, the power radi-
ated into the waveguide from spontaneous emission due to Bloch oscillations in the terahertz frequency range

is estimated to be several microwatts.
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I. INTRODUCTION

A theory of spontaneous emission (SE), including the
probability for absorption, for a Bloch electron traversing a
single energy band in an external constant electric field has
been examined recently by the authors and colleagues.! The
theoretical analysis was fully quantum-mechanical, in that
the radiation field was described as the free-space quantized
electromagnetic field in the Coulomb gauge. Analysis of the
probability amplitude, over integral multiples of the Bloch
period, resulted in selection rules for photon emission in
both photon frequency and wave vector, showing preferred
transitions to the Wannier-Stark ladder levels. Using these
selection rules, total SE probability was derived to first-order
perturbation theory in the quantized radiation field. Although
the output frequency of the radiation could be operationally
tuned to span the gigahertz to terahertz spectral range by
appropriately fixing the constant electric field, the power out-
put for terahertz emission into free space for a GaAs-based
superlattice (SL) was estimated to be about one-tenth of a
microwatt.

In this paper, we analyze the SE of radiation emitted by a
Bloch electron accelerated through the single miniband of a
SL structure, but now with the SL placed in a resonant mi-
crocavity. The intent of the resonant microcavity is well
known,?? to redistribute the free-space modal spectral den-
sity so as to increase its value at some frequencies and to
decrease it at others; therefore for an active medium, such as
a radiating SL placed in a cavity structure, the SE rate can be
enhanced or diminished depending upon the tuning of the
emission frequency relative to the cavity mode spectral den-
sity peak. We use this tuning property offered by microcavi-
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ties to increase the power output for enhanced SE from
GaAs-based SLs. As examples relevant to the principle idea
of this work, many efforts have been focused on increasing
of the SE rate in optical microcavities.* An increase of the
overall emitted THz power of more than one order of mag-
nitude has been reported by placing a surface-field emitter
inside a THz cavity.’

II. QUANTUM DYNAMICS AND THEORETICAL
APPROACH

For purposes of the calculation, we assume that the SL
structure is placed in a waveguide with rectangular cross
section L, X L, and length L,, where the coordinate axes are
chosen to be along the waveguide edges. The constant or dc
electric field E is applied along the y axis, which is also the
SL growth direction. The electromagnetic field inside the
waveguide, with assumed perfectly conducting walls, is de-
termined by the guided modes corresponding to standing
waves with respect to the X and Y axes [designated by an
integer pair (m,n)], and propagating waves along the Z axis
characterized by propagation constant g,. Such modes form a
complete and orthogonal basis set for describing the electro-
magnetic field within the waveguide. In the following, we
will consider only transverse electric (TE) modes, where the
electric field is perpendicular to the direction of propagation.
For practical cases,® the most important of all confined
modes in this waveguide configuration is the TE;; mode
(m=1, n=0), which is the dominant mode of a waveguide
with L,>L,. This mode gives rise to the lowest attenuation,

y
and the corresponding electric field E,, for the chosen system
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geometry, is polarized in the direction of the dc field E.
Therefore we consider only one excited, TE;,, mode, and
ignore all the other less effective TE and TM modes. For the
remaining TE;, mode, the following conditions on E, and H,
are in effect, namely that E, ,=F, =0 and magnetic field
component H, ,=0. Therefore it follows that the vector po-
tential A, for the waveguide field has only one nonzero (y)
component, namely,’

C . P
y Sin(@0) (e +dge™), (1)

Ar,y = 2
q;

where d; and a, are the photon boson creation and annihila-
tion operators, q,=m/L,, c is the velocity of light in vacuum,
V=L,L,L,, and ¢ is the dielectric constant of the medium
filling the waveguide. The normalization constant in Eq. (1)
is chosen in such a way that the Hamiltonian for the quan-
tized radiation field has the form H,=2 fiw,, .4, where
w,=o[1+(q./q,)*]"* is the mode dlspers1on relatlon and
w.=qc/ Ve is the angular cutoff frequency determined by
the waveguide geometry. The guided mode wavelength is
written as N=\./[(w,/ w.)*~1]"2, where N .=2L, is the cut-
off wavelength.®

The Bloch dynamical properties are now considered for
the situation in which the electron is confined to a single
miniband, “ny,” of a SL with band energy &, (K), while the
effects of interband coupling® and electron zntraband scatter-
ing are ignored. Therefore the quantum dynamics is de-
scribed by the time-dependent Schrodinger equation

521 ()=
it W (0) = HI, (1), @

ngy

where the exact Hamiltonian H=[p—(e/c)A]*/2my+V, (r)
+H, can be reduced to a sum of the following separate
Hamiltonians with H=H+H,+H,." Here the first two terms
represent the Hamiltonian H(1)=[p+p.(t)]*/2my+V,(r), for
a single electron in a periodic crystal potential, V.(r), inter-
acting with a homogeneous electric field, and the Hamil-
tonian H, for the cavity mode electromagnetic radiation field.
The total vector potential in the exact Hamiltonian consists
of A=A +A,, where A.=—(c/e)p, describes the external
electric field with p.(r)=ef ;()E(t’)dt’, and A,, given in Eq.
(1), describes the cavity mode quantized radiation field; also,
mqy is the free-electron mass. The Hamiltonian
H(t)=—(e/myc)A,-[p+p.(1)], for the first-order interaction
between the quantum field and the Bloch electron, couples
both subsystems H, and H,, and causes transitions between
the accelerated Bloch electron states through photon absorp-
tion and emission. Then, starting with the reduced Hamil-
tonian H=Hy,+H,+H,;, use is made of first-order time-
dependent perturbation theory to calculate SE transitions
probabilities between states of Hy+H, while regarding
H/(t)~A, [p+p.()] as a perturbation.!® The solution to
[P, (t)) of Eq. (2) can be represented in terms of eigenstates

of basis states |, ki) {1gh)= |lﬂn0k o {ng,}) of the unper-
turbed Hamlltoman Hy+H, as
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W, ()=2 {E}A{nq,j}(k,m Pk (g )
kg

X exp —%f [s (kt))+2ﬁwn ,

a.j
3)

where the summation over k is carried out over the entire
Brillouin zone, and {n, ;} is specified over all possible com-
binations of photon occupation number ny; with photon
wave vectors q and certain polarization (j=1,2). The instan-
taneous eigenstates of H, are given by’ Yk (T 51)
=Q‘1’26"K'runok(t)(r,t), where u,, \(r,1) is the periodic part
of the Bloch function, k(r)=K+p.(¢)/#, and the values of
the electron wave vector K are determined by the periodic
boundary conditions of the periodic crystal of volume ().

III. PROBABILITY AMPLITUDES, SELECTION RULES,
AND TOTAL SPONTANEOUS EMISSION
PROBABILITY

A. Probability amplitudes—one-photon emission

For the case of one-photon SE, which assumes that ini-
tially no photons are present in the radiation field, the prob-
ability amplitude in the wave function of Eq. (3) satisfies the
initial condition A{,,q Wk, 19)=1{6, e 010K, K, at time =1, when
the external electric ﬁeld is turned on. Here K, and n’ =0
are the initial values of K and ng ;. The probability amphtude
for SE, Aq(ko,t), ar any time t, is now evaluated in first-order
perturbation theory' as

1
A (ko,1) = D(q,/q)"" f dt'v,(ky—q,)

I

i ("
X eXpy — g [sno(kO) - 8n0(k0 - qs)

lo
- ﬁa)q]dtl N (4)

where D=—iNmca/w.eV, a=¢e2/fic is the fine-structure con-
stant, ko(£)=Ko+p.(1)/ i, q,={q.,0,q.} with the “+” used
for s=1 and the “-” wused for s=2, uv(k())
=(1/ h)VK e, (K)|k the y component of Bloch velocity in
the band, and = (qx+qz)” 2. Then the spontaneous emission
process results in the total SE probability at a time t, P3(t),
given by

PZ(Z) = 2 2 |Aq(k()’t)|2' (5)

g s=12

In evaluating Aq(ko,t), we take into account that the ex-
ternal dc field E is along the Y axis; then, it follows that
koy(1)=Koy+eE(t—1o)/fi. In taking advantage of the periodic
properties of the terms in Eq. (4), A (Ko, ?) is easily evaluated
in terms of clocked integral multiples of the Bloch period;
here, t=NT7g, where 73=27/wp, the time to traverse one pe-
riod of the Brillouin zone. Then the time integral in Eq. (4)
can be replaced by an integral over k, through the substitu-
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tion dr=(f/eE)dk,, and the probability amplitude, at inte-
gral multiples of the Bloch period, can be expressed in terms
of an integral over the single Bloch period, 7.9 Thus we
obtain

sin?(N,/2)
sin*(3,/2)

where the parameter S, is given by

A, (Ko, N7p)|* = 2, (6)

|Aq(k0’ TB)

By=2mts L f T ko () = 1 kg~ )]
q= ™ + Oy €, 0) — €n O_qy s
wp ek Koy 0 0

™)

and G,=2m/a, the y component of the SL reciprocal-lattice
vector.

B. Selection rules

From Eq. (6), it is seen that the quantity |A, (Ko, N7p)|*
will reach its maximum growth value when B,=2m(m+9),
where m is a nonzero integer and 6— 0; for this limit, the
function n(wq)=sin2(N,8q/2)/sin2(ﬁq/2)HNZ, ie., it be-
comes sharply peaked at the resonances B,=2mm with in-
creasing N. It is clear that this condition for maximum
growth establishes the selection rule," for both the photon
emission frequency, w,, and the key wave-vector component,
q.- Indeed, from the condition B,=2mm, it follows from Eq.
(7) in the radiative long-wavelength limit (ga<< 1) that one
generally!! has

2 172
— g
Wy =Mwp, q;= gy, qzm:qx|:<m;> - 1:| 5

(8)

this gives two conditions, the “Wannier-Stark ladder” reso-
nance frequency condition, and the sustaining wave-vector
cavity resonance condition. These quantization conditions
are obtained, naturally, through the use of instantaneous
eigenstates of the Bloch Hamiltonian without requiring any
ad hoc assumptions concerning the existence of Wannier-
Stark energy states. It is worth emphasizing that Eq. (6)
should be considered simultaneously with Eq. (8), i.e., both
selection rule conditions for the transition of photon fre-
quency and wave vector should be taken into account explic-
itly in evaluating the total SE probability spectra given by
|A, (Ko, 75)*. In this regard, we note that although Eq. (6)
predicts the equal relative probabilities calculated at times ¢
=15 and r=Nry for different harmonics of Bloch frequency
through

A, (Ko, N7p)|*

A (kg )P =) =N ©
q t

it is also clear from Egs. (4) and (8) explicitly that the prob-
ability amplitude depends on wy and ¢ independently. There-
fore the rotal SE probability in Eq. (5) must incorporate, and
will reflect, the importance of both selection rules.

In summary, it is noted here that the probability amplitude
of Eq. (4) is markedly influenced by the time-dependent ex-
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ponential phase factor. This phase factor measures the elec-
tron’s field-dependent energy change from state SnO[ko(f)] to
state &, [Ko(f)—q,], while simultaneously emitting a single
photon fiw, to the initially prepared vacuum state of the ra-
diation field. This form of the probability amplitude does not
follow the usual golden rule for stationary initial-final state
dependence because the instantaneous Bloch eigenstates as
well as the Hamiltonian describing the external electric field
based on the vector potential gauge are explicitly time de-
pendent. Therefore as an equivalent alternative to the golden
rule, use is made of the periodic nature of the energy band
under consideration, and the maximum growth condition for
the probability amplitude is established at integral multiples
of the Bloch period, N7z with N large. Thus maximum
growth in probability amplitude places a quantization condi-
tion on B, in Eq. (7), namely, that B8,=27m, which results in
the selection rules of Eq. (8) for w, and g, and allows for the
calculation of the total spontaneous emission probability.

C. Total spontaneous emission probability

The total SE probability is evaluated at time r=N7g, P}
=P}(NTp), by substituting |A,(ky,N7p)|* from Eq. (6) into
Eq. (5), and then summing over ¢. The sum over g in Eq. (5)
has been replaced by an integral over ¢, taking into account
the TE;, mode density of states and polarization such that
3,()—=(L,/m) [dg(--)/[1-(q,/q)*]"*. The integral can
be evaluated by using the property of the integrand which
contains a sharply peaked, symmetric function of g at g
=qm=(q§+q§m)”2 [see Eq. (8)]. Thus at every node defined
by the resonance conditions, the slowly varying function of ¢
in the integrand can be replaced by its value evaluated at g
=q,,,» and then removed from the integral over ¢; after that,
the remaining integral can be evaluated to obtain

! LZ wp Lpax 2 |Aq](k0, TB)|2
Pe:N__EE 212
Lx We =1 s=1 [l - (qx/ql) ]

Here 1,,,, follows from g,,,,= 0 (wp/ @.)q,, and determines
the upper limit in the sum over higher Bloch oscillation har-
monics.

The calculation of P} in Eq. (10) requires the use of
A, (ky,1) in Eq. (4), evaluated when r=1y+75,'* and at the
selection rules of Eq. (8), that is, when fiw,=mfiwg and g
=¢,,- In addition, the dependence upon q in Eq. (4) is made
explicit by invoking the assumption of photon long-
wavelength limit, which is valid for all periodic potentials of
interest, even SLs, where ¢ < 7/a. Thus it follows from Eq.
(4) that

(10)

2

9«
A (Ko, ) |> = ——|DI|?, 11
| q,( 0 7'B)| 6]1(w3/277)2| ! (11)

where
1 w
Il = _J dﬂkvy(ﬂk)exp(— llﬁk) (12)
2w)_,

is the /th Fourier component of the v (1), the y component
of electron band velocity, and ¥, =koya; D is defined with Eq.
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(4). Since the electron velocity component v () depends
on details of the SL miniband structure, it is then clear that
the band-structure dependence appears explicitly in the SE
probability amplitude through the integral I; of Egs. (11) and
(12). From this general expression of Eq. (11), it is immedi-
ately apparent that for electron dynamics in a purely har-
monic miniband, that is, one in which only one single Fou-
rier component of velocity, v,(), is nonvanishing so that
[=1, then only the probability amplitude corresponding to
the fundamental Bloch frequency contributes to the total
emission process.

IV. TOTAL SPONTANEOUS EMISSION RADIATION AND
BAND STRUCTURE CHARACTERISTICS

The analysis for total SE radiation characteristics is now
developed by considering a general form of the electron en-
ergy miniband dispersion relation expressed as

- laK,
£, (K) = 8, (0) + > Ajsin® “—2l ve (K., (13)
=1

where 8n0(0) is the miniband edge, A, is the width of the /th
miniband harmonic of the SL, and &, (K ) is the contribu-
tion from the perpendicular components of the band. Such a
form of the energy-band dispersion in the SL growth direc-
tion generally includes long-range coupling over the neigh-
boring QWs with a relative strength measured by the specific
value of the ratio A, ;/A;<1, which is strongly dependent
upon the extent of wave-function overlap. In particular, for
the well-known case of nearest-neighbor tight-binding
(NNTB) approximation, only A; with /=1 with purely har-
monic energy dispersion is considered significant, so that
next-nearest-neighbor and longer range QW wave-function
overlaps are assumed to be negligibly small. The electron
group velocity in the general miniband of Eq. (13), for the
given K| in the y direction, is then given by v,(K,)= (l/ ﬁ)
X[&en (K /9K, |=2 vsin(laK,), where vl—laA /2h,
maximum velocity associated with the /th miniband of band
width, A;. Substituting the expression for v(K,) into Eq.
(12), one can find that I;=—iv,/2. Then the probability am-
plitude in Eq. (11) reduces to

2

[OR)]
A, (Ko, 75)[* = 7 |D]>—5+, (14)
d wyl

where account has been taken for the wave vector g
=g, lwg/ w,.. Then, from Egs. (10) and (14), again using g,
=g lwp/ w,., the total SE probability becomes

L
L (1)2 max (U /C)2
=2aNg!?= : . 15
N i 2 T (adiog e 1Y)

This is a general expression for total SE probability which
contains contributions from higher harmonics of Bloch fre-
quency. Note that in the NNTB approximation of Eq. (13),
obtained by letting A;=A,d;;, so that v;=v,d;, it follows
from Egs. (15) that
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L.v e w,
Pi(l=1)=2aN—=—

I e (16)

Lc 2 w2(1 - wwd)?’
where v;=aA,;/2#. For a general SL. miniband, higher-order
harmonic terms beyond the first harmonic term of the Bloch
frequency appear in the SE probability amplitude [Eq. (14)],
and thus appear in the total SE probability [Eq. (15)] due to
a nonzero contribution from higher Fourier components of
vy(%) [Eq. (12)] that are in resonance with corresponding
harmonics of the miniband energy spectrum. In Eq. (15), v,
=laA,/2h indexes the strength of the I/th harmonic through
the parameter A;, and /th harmonic is indexed through lwg.
In general, high-order contributions are much weaker than
the fundamental one because the coefficients A; in Eq. (13)
rapidly decrease with increasing 1.'>!% Note that the SE prob-
ability of the higher harmonics in Eq. (15) can be enhanced
by tuning the emission frequency w,=/wg to align with the
spectral peak of the waveguide TE,, mode, so that it is close
to the waveguide cutoff frequency w,; then, the resonance at
the fundamental Bloch frequency will be suppressed because
it is less than the waveguide cutoff frequency (wz< w.). In
particular, for /=2, the SE probability for the second har-
monic generation is expressed as

L, v% &2 w?
P(l=2)=aN—— < s 17
A1=2)= V& wpl1 = (0/20p)*]" (7

where vy,=al,/#. It is noted therefore that without scattering
higher-order harmonic generation in the SE spectrum of the
accelerated electron from the SL miniband is a signature for
band anharmonicity in the SL dispersion.

In noting that the SE probability of Bloch radiation
into free space 1is given by the expression P}s
=(2m/3)aN(v,/c)?,' we can compare both the probabilities
for SE at fundamental Bloch frequency into free space and a
microcavity analyzing the ratio

P 3L,we!?
7= = ’7TLwa[l (w2/ 2)]”2’

Py
where use has been made of Eq. (16) for the Pi=P(I=1).
The enhancement factor 7 given in Eq. (18) is a function of
the frequency ratio, wg/ w,., and increases monotonically with
decreasing ratio; of course, wp/w, reflects the detuning of
the Bloch frequency relative to the TE;, mode cutoff fre-
quency. Taking for an estimation e=12.2 and L,/L,=2, one
can find that for wp/w.<1.15 the enhancement factor 7 in-
creases precipitously with decreasing ratio; at wg/w.=1.15,
n==10, indicating that when wy is tuned to within 1.15w,,
the SE enhancement will be increased at least by an order of
magnitude over unity.

(18)

V. SPONTANEOUS EMISSION POWER ESTIMATE

For numerical estimations, we assume a GaAs-based SL
structure with the SL lattice parameter a=100 A, vertical
dimension 9 um, and lateral cross section 18X 1000 ,um2
embedded into a rectangular waveguide with horizontal and
vertical dimensions L,/L,=2. The electron density in the ac-
tive region is taken to be 5 10' cm™. Taking for the SL
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lowest miniband energy width A=20 meV, the maximum
group velocity in the miniband is estimated as v,,,,=1.6
X 107 cm/s. These parameter magnitudes are close to those
of GaAs-based SL structures used to study high-frequency
microwave generation.!>!7 Spontaneous emission of a pho-
ton with the energy 10 meV corresponds to the Bloch fre-
quency vg=wg/2m=2.5 THz. The electric field required to
achieve such Bloch frequency is E=hwg/ea=10 kV/cm,
and results in the application of 9 V across the vertical di-
mension of the SL structure.'® The spontaneous emission
probability of radiation into free space can be estimated tak-
ing, for example, N=100 as P}S:4.3 X 1077; and the genera-
tion energy per electron ﬁwBP;S=4.3 X 107 meV. Since
there is a total of n=8 X 10° electrons in the active region of
the SL, the generated energy achievable is estimated to be
PfsznthP}S:34.4 eV, which corresponds to a power out-
put generated into free space Wy,=(vg/N)Ps=0.14 uW. Al-
though the power generated into free space is discernibly low
for the SE of Bloch oscillation radiation, it follows from Eq.
(18) that SE probabilities and rates are substantially modified
for the case of radiation into the waveguide mode. We find
from Eq. (18) that =20, if we take for the detuning param-
eter wp/ w.=1.05. Then, using the obtained value for the en-
hancement factor, we estimate the power output generated
into the TE,, waveguide mode as W,,,=~3 uW. For purposes
of this estimate, the cavity was assumed to be lossless; fur-
ther studies will consider cavities with finite quality factor.

It is noted that a Bloch oscillation SL does not require
controlled inversion population between Wannier-Stark lad-
der levels to get the desired SE photon frequency; the desired
frequency is controlled by the applied field. Whereas in other
SL light generating devices, such as quantum cascade lasers,
a large inversion population is required to provide stimulated
emission with resulting high threshold current densities and
high heat dissipation. In this regard, the Bloch oscillator in
SE offers a novel option for operating at THz frequencies,
provided the power output can be enhanced in the coherent
Bloch regime.

VI. SUMMARY

A quantum theory has been presented to describe sponta-
neous emission of radiation for a Bloch electron accelerating
across a single energy band of a SL in a constant electric
field while the radiating SL interacts with a resonant micro-
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cavity. In the theoretical analysis, use was made of the in-
stantaneous eigenstates of the Bloch Hamiltonian in the ex-
ternal electric field described in terms of the vector potential
gauge, and the spontaneous emission rates were calculated
using first-order time-dependent perturbation theory in the
TE,, waveguide mode quantized radiation field. The analysis
of spontaneous emission amplitude resulted in transition se-
lection rules for both photon emission frequency and wave
number at the Wannier-Stark ladder levels; this result is
found naturally through the use of the instantaneous eigen-
states of the Bloch Hamiltonian with no ad hoc assumptions
employed concerning the existence of Wannier-Stark quan-
tized energy levels within the band.

Using the selection rules, the total spontaneous emission
probability was calculated for a general SL miniband disper-
sion, and was shown to depend upon the fundamental and
higher-order Bloch frequency harmonics as well as the band-
structure parameters; in the limit of nearest-neighbor tight
binding, the results for total spontaneous emission reduced to
the expected sole dependence upon the fundamental Bloch
harmonic.

Finally, it was shown, within the nearest-neighbor tight-
binding model, that the total spontaneous emission probabil-
ity in the microcavity is substantially enhanced over the
comparable free-space value when the Bloch frequency is
tuned by means of the external electric field so as to align
with the spectral peak of the waveguide mode density of
states. In this regard, a theoretical estimate showed that
about a one-order-of-magnitude enhancement factor for
GaAs-based SLs resulted in a power output of about 3 uW.
Here, it is noted that the prime source of the total spontane-
ous emission enhancement is due to the alignment of the
Bloch frequency with the peak of the spectral density of
states; in the spirit of the Purcell effect,? this will be a gen-
eral feature of any cavity considered for this analysis.

Future directions of this work include studying the limit-
ing effects of dephasing inhomogeneities such as SL inter-
face scattering and other competitive processes’’2? so as to
more realistically evaluate the optimal magnitudes of power
output from the spontaneous emission of SL Bloch oscilla-
tion radiation.
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