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We perform a full microscopic investigation on the spin relaxation in n-type �001� GaAs quantum wells with
an Al0.4Ga0.6As barrier due to the D’yakonov-Perel’ mechanism from nearly 20 K to room temperature by
constructing and numerically solving the kinetic spin Bloch equations. We consider all the relevant scattering
such as the electron-acoustic-phonon, the electron-longitudinal-optical-phonon, the electron-nonmagnetic-
impurity, and the electron-electron Coulomb scattering to the spin relaxation. The spin relaxation times calcu-
lated from our theory with a fitting spin splitting parameter are in good agreement with the experimental data
by Ohno et al. �Physica E �Amsterdam� 6, 817 �2000�� over the whole temperature regime �from 20 to 300 K�.
The value of the fitted spin splitting parameter agrees with many experiments and theoretical calculations. We
further show the temperature dependence of the spin relaxation time under various conditions such as electron
density, impurity density, and well width. We predict a peak solely due to the Coulomb scattering in the spin
relaxation time at low temperature ��50 K� in samples with low electron density �e.g., density less than
1�1011 cm−2� but high mobility. This peak disappears in samples with high electron density �e.g.,
2�1011 cm−2� and/or low mobility. The hot-electron spin kinetics at low temperature is also addressed with
many features quite different from the high-temperature case predicted.
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I. INTRODUCTION

For the past three decades, much attention has been de-
voted to the electron-spin dynamics in semiconductors.1,2 Es-
pecially, recent experiments have shown extremely long spin
lifetime �up to hundreds of nanoseconds� in n-type bulk zinc-
blende semiconductors �such as GaAs�.3–5 Moreover, many
more investigations have been performed on various low di-
mensional systems,6–17,19,18,20 and spin lifetime as long as
tens of nanoseconds has been reported in �110�-oriented
GaAs quantum wells �QWs�14,15 at room temperature and in
p-type GaAs:Be/AlxGa1−xAs double heterostructures7 at low
temperature. In these studies, understanding the spin
relaxation/dephasing �R/D� mechanism is one of the most
important problems as it is the prerequisite for the applica-
tion of the spintronic devices. It is understood that the
D’ayakonov-Perel’ �DP� mechanism is the leading spin R/D
mechanism in n-type zinc-blende semiconductors.21 This
mechanism is composed of the contribution from the
Dresselhaus term,22 which is due to the lack of inversion
symmetry in the zinc-blende crystal Brillouin zone �some-
times referred to as the bulk inversion asymmetry�, and that
from the Rashba term,23 which originates from the asymmet-
ric potential within a QW along the growth direction �some-
times referred to as the structure inversion asymmetry�. Both
appear as effective magnetic fields. For narrow �001� GaAs
QWs without the additional large bias voltage, the Dressel-
haus term is the leading term,24,25
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 /a�2. � is the spin splitting
parameter.1 There are a lot of theoretical investigations on
the spin R/D due to the DP mechanism lately.26–28 Most of
them are within the framework of a single-particle approxi-
mation and the Coulomb scattering is thought to be irrelevant
in the spin R/D.

Recently, Wu et al. performed a full microscopic investi-
gation on the spin R/D and showed that the single-particle
approach is inadequate in accounting for the spin R/D.29–40

In this approach, the momentum dependence of the effective
magnetic field �the DP term� and the momentum dependence
of the spin diffusion rate in the direction of the spacial
gradient34 or even the random spin-orbit interaction41 serve
as inhomogeneous broadening.30,31 In the presence of the in-
homogeneous broadening, any scattering �even the spin-
conserving scattering�, including the Coulomb
scattering,30,35,36,39 can cause irreversible dephasing. More-
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over, this approach also includes the counter effect of the
scattering to the inhomogeneous broadening, i.e., the sup-
pression of the inhomogeneous broadening by the scattering.
Finally, this approach is valid not only near the equilibrium,
but also far away from the equilibrium,35,36 and is applicable
to both the strong �	�	�p�1� and the weak �	�	�p1� scat-
tering limits,39,40 with �p representing the momentum relax-
ation time. In the weak scattering limit, the counter effect of
the scattering is less important and adding additional
scattering �including the Coulomb scattering� causes stronger
spin R/D, whereas in the strong scattering limit, adding
additional scattering always increases the spin R/D time.
The feature is more complicated when 	�	�p
1.39 In the
above studies,29–40 we have been focusing on the high-
temperature regime �T�120 K� where the electron–acoustic
�ac�-phonon scattering, which is more complicated in nu-
merical calculation than the electron-longitudinal-optical
�LO� phonon scattering, is negligible. In this paper, we ex-
tend the scope of our approach to study the spin kinetics at
the low-temperature regime by including the electron–ac-
phonon scattering. Moreover, we compare the spin relaxation
time �SRT� obtained from our theory with the experimental
data over a wide temperature regime and show the excellent
agreement of our theory with the experiment. We further
show that the Coulomb scattering is important to the spin
R/D not only at high temperatures,35,36,39 but also at low
temperatures. The electron density, impurity density, well
width, temperature, and electric-field dependences of the
SRT are studied in detail.

This paper is organized as follows. In Sec. II, we set up
the model and give the kinetic spin Bloch equations. In Sec.
III, we compare our results with the experimental data. Then,
we investigate the temperature dependence of the spin relax-
ation under different conditions such as electron densities,
impurity densities, and well widths in Sec. IV. The effect of
Coulomb scattering is also addressed. The hot-electron effect
in spin relaxation is investigated in Sec. V. We summarize in
Sec. VI.

II. KINETIC SPIN BLOCH EQUATIONS

We start our investigation from an n-type GaAs �001� QW
with the growth direction along the z axis. A moderate mag-
netic field B is applied along the x axis �in the Voigt configu-
ration�. The kinetic spin Bloch equations can be constructed
by using the nonequilibrium Green function method,42

�̇k,��� − eE · �k�k,��� = 	�̇k,���	coh + 	�̇k,���	scatt, �6�

with �k,��� representing the single-particle density matrix el-
ements. The diagonal and off-diagonal elements give the
electron distribution functions fk� and the spin coherence
�k,�−�. The second term in Eq. �6� describes the energy input
from the external electric field E. The coherent terms
	�̇k,���	coh describe the precession of the electron spin due to

the applied magnetic field B and the effective magnetic field
��k� �Eqs. �1�–�3�� as well as the effective magnetic field
from the Hartree-Fock Coulomb interaction.35 	�̇k,���	scatt in
Eq. �6� denote the electron–LO-phonon, the electron–ac-

phonon, the electron-nonmagnetic impurity, and the
electron–electron Coulomb scattering. Their expressions are
given in detail in Ref. 36, except the additional matrix ele-
ments of the electron–ac-phonon scattering. For the
electron–ac-phonon scattering due to the deformation poten-
tial, the matrix elements are given by gQ,def
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2; �=8.5 eV is the deformation
potential; d=5.31 g/cm3 is the mass density of the crystal;
vsl=5.29�103 m/s �vst=2.48�103 m/s� is the velocity of
the longitudinal �transverse� sound wave; �0=12.9 denotes
the static dielectric constant; and e14=1.41�109 V/m repre-
sents the piezoelectric constant.45 The ac-phonon spectra �Q�

are given by �Ql=vslQ for the longitudinal mode and �Qt
=vstQ for the transverse mode. The form factor is
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with y=qza /2. The numerical schemes of the electron-
electron Coulomb, the electron-impurity, as well as the
electron–LO-phonon scattering have been given in detail in
Ref. 36, whereas the numerical scheme for the electron–ac-
phonon scattering is presented in the Appendix. The
electron-interface-phonon scattering is negligible due to the
thick GaAlAs barrier. In addition, as we are going to explore
the spin R/D over a wide range of electron densities, in the
present paper we use the screening under the random-phase
approximation46 rather than the one in the limiting �degener-
ate or nondegenerate� cases for the screened Coulomb
potential,47

v̄q =

�
qz

vQ	I�iqz�	2

1 − �
qz

vQ	I�iqz�	2P�1��q�
, �8�

where vQ=4
e2 /Q2 is the bare Coulomb potential and

P�1��q� = �
k,�

fk+q� − fk�

�k+q − �k
. �9�

In this way, we also take into account the hot-electron effect
on the screening.

By numerically solving the kinetic spin Bloch equations
with all this scattering explicitly included, one is able to
obtain the spin dephasing and relaxation times from the tem-
poral evolutions of the spin coherence �k,�−� and the electron
distribution functions fk,�. The irreversible spin dephasing
time can be obtained by the slope of the envelope of the
incoherently summed spin coherence29 �=�k	�k,↑↓�t�	, and
the SRT can be defined by the slope of the envelope of the
difference between n↑ and n↓, with n�=�kfk,�.
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III. COMPARISON WITH EXPERIMENT

First, we compare the SRT obtained from our microscopic
approach with the experimental data by Ohno et al. in 60
periods of GaAs QWs separated by 10–12-nm-thick
Al0.4Ga0.6As barriers. The well width of each QW
a=7.5 nm and the electron density n=4�1010 cm−2.12 The
well depth of the GaAs well confined by AlxGa1−xAs is
roughly estimated to be 65% of 1.087x+0.438x2 eV for
x=0.4, and is therefore V0=328 meV.48 Differently from our
previous fit35 with the experiment data at high temperatures
by Malinowski et al.13 where we had two fitting parameters,
i.e., the spin splitting parameter � and the impurity density ni
due to the absence of mobility data, here we have only one
fitting parameter � and the temperature sweeps from the very
low temperature to the room temperature. The corresponding
Hall mobilities �Hall in the experiment12 can be found in Ref.
27, also plotted in Fig. 1�b�. From the Hall mobility, one can
deduce the impurity density by calculating the transport
mobilities49 �tr=�Hall /rHall with rHall=1 for the electron–ac-
phonon scattering due to the deformation potential, rHall
=7/5 for the electron–ac-phonon scattering due to the piezo-
electric coupling and the electron–LO-phonon scattering, and
rHall=1 for the electron-ionized impurity scattering.50

The only fitting parameter � is around

� = �4/3��m*/mcv��1/�2m*3Eg���/�1 − �/3� , �10�

in which �=� / �Eg+��, Eg denotes the band gap, � repre-
sents the spin-orbit splitting of the valence band, m* stands
for the electron mass in GaAs, and mcv is a constant close in
magnitude to the free-electron mass m0.51 For GaAs when
mcv=m0, �=�0=11.4 eV Å3. The initial spin polarization P
is assumed to be 2.5% for weak polarization throughout the
paper. In Fig. 1�a�, the SRTs � obtained from our approach
are plotted against the temperature with all the scattering
included. B and E are taken to be zero, as in the
experiment.12 �=0.9, 1.0, and 1.1�0 correspond to mcv=1.1,
1.0 and 0.91m0, with mcv being the only not fully determined
parameter in Eq. �10�. One finds good agreement between
our theory and the experiment data almost over the whole
temperature regime. When T is below 13 K, there are no
theoretical data due to the lack of experimental data for the
Hall mobility. Kainz et al. also fitted the same experiment
data by using the single-particle theory without the Coulomb
scattering.27 They used a 14-band model to calculate the
spin-orbit coupling. Unlike our theory, their results can only
give the boundary values of the SRT in several cases rather
than the exact data.27 This is because they did not take the
full microscopic calculation, and the single-particle theory is
inadequate in accounting for the spin R/D.

The best-fitted value of the spin-orbit coupling parameter,
i.e., �0=11.4 eV Å3, is close to the value calculated by Kainz
et al. �
16.5 eV Å3� using the multiband envelope-function
approximation.27 It is noted that the value for � in GaAs is
still in debate. Usually reported experimental values for �
�25–30 eV Å3� in bulk material are deduced from the DP
spin relaxation mechanism within the framework of the
single-particle approximation, where the Coulomb scattering
is not included.52 Furthermore, the Raman scattering experi-
ment showed that �=16.5±3 eV Å3 in asymmetric QW,53

and the Hanle effect experiment showed that
�=12.6 eV Å3.54 Theoretically, semiempirical parametrized
16�16 k ·p calculations show that �=14.9 eV Å3,55 and the
self-consistent ab initio calculations predict 6.4 and
8.5 eV Å3.56 Our fitting result supports the last four experi-
mental and theoretical results. It is also noted that our result
further confirms the analytical result Eq. �10� obtained from
the perturbation,51 with mcv=m0.

IV. TEMPERATURE DEPENDENCE OF SRT

We now study the temperature dependence of the spin
relaxation in detail. In the calculation, the electric field
E=0, the magnetic field B=0 T, and the spin splitting pa-
rameter �=�0.

We plot in Fig. 2 the temperature dependence of the SRT
of GaAs/Al0.4Ga0.6As QWs with a=7.5 nm at different im-
purity densities when the electron densities are low
�n=4�1010 cm−2� �Fig. 2�a��, medium �n=1�1011 cm−2�
�Fig. 2�b��, and high �n=2�1011 cm−2� �Fig. 2�c��, respec-
tively, as solid curves. For the well width and the electron
densities here, the linear terms in the DP terms �Eqs. �1�–�3��
are dominant, and only the lowest subband is relevant when
T�300 K. It is seen from the figure that adding impurities

FIG. 1. �a� SRT � vs temperature T for GaAs QW with
a=7.5 nm and electron density n=4�1010 cm−2 at three different
spin-splitting parameters. dots: experiment data; dot-dashed curve:
�=0.9�0; solid curve: �=�0; dashed curve: �=1.1�0. �b� Hall mo-
bility �Hall vs temperature T �Ref. 12�.
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always increases the SRT. It is understood that the criterion
of strong scattering 	�	�p�1 is satisfied here at all tempera-
tures, and therefore adding additional scattering always in-
creases the SRT.39 It is noted that �p here has been extended
to include �p

ee, i.e., the contribution from the Coulomb
scattering.57 It is interesting to note that unlike our previous
works focusing on high temperatures �T�120 K�,32–40 the

situation is more complicated at low temperatures. At low
�medium� electron densities �Figs. 2�a� and 2�b��, the SRT
presents a peak at very low temperature �near 20–30 K�
�low temperature �around 41 K�� and a valley around 120 K,
whereas at high electron density �Fig. 2�c��, the SRT in-
creases monotonically with T.

It is noted that at very low temperature �around 20 K�, the
electron–ac-phonon scattering is negligible.58 �p

ac from the
electron–ac-phonon scattering is around 25 ps, two orders of
magnitude larger than �p

ee from the electron-electron Cou-
lomb scattering. In addition, �p

i from the impurity scattering
is around 2 ps, one order of magnitude larger than �p

ee, and
has a very weak temperature dependence. Therefore, the ap-
pearance of the peaks in Fig. 2�a� originates from the
electron-electron Coulomb scattering which dominates the
scattering process. Moreover, �p

ee is a nonmonotonic function
of temperature: �p

ee�T−2 at low temperature �degenerate
limit� and �p

ee�T at high temperature �nondegenerate limit�.59

The minimum of �p
ee corresponds to the crossover from the

degenerate limit to the nondegenerate one at Tc
EF /kB.
Tc
17 K when n=4�1010 cm−2, in good agreement with
the peaks obtained from our calculation with the exact Cou-
lomb scattering. Therefore, the SRT increases �decreases�
with the temperature �and the Coulomb scattering� in the
degenerate �nondegenerate� regime. Once T�120 K, the
electron–LO-phonon scattering becomes comparable with
the Coulomb scattering and strengthens so rapidly with tem-
perature that it completely surpasses the weak temperature
dependence of the Coulomb scattering: �p

LO from the
electron–LO-phonon scattering varies from several picosec-
onds at 120 K to several tenths of a picosecond at 300 K,
and �p

ee varies from 1 ps to several picoseconds. Therefore,
the SRT increases with T. When the electron density is
1�1011 cm−2, Tc is nearly 41 K. Around this temperature,
the electron–ac-phonon scattering cannot be overlooked, al-
though �p

ac is still roughly one order of magnitude larger than
�p

ee. Therefore, the reduction of the Coulomb scattering
after Tc can be partly compensated by the increase of the
electron-phonon scattering. As a result, one can see that the
decrease of the SRT after Tc in Fig. 2�b� is much slower than
that in Fig. 2�a�. However, when the electron density is high
enough, say 2�1011 cm−2 in Fig. 2�c�, Tc is nearly 83 K,
much larger than the case of low electron density. At this
temperature, the electron-phonon scattering becomes compa-
rable to the Coulomb scattering, and the strengthening rate of
phonon scattering around this temperature is large enough to
completely compensate, and even surpass, the weakening
rate of the Coulomb scattering. Consequently the total scat-
tering increases monotonously with T. Therefore, the SRT
increases monotonically with T.

We further show the effect of the Coulomb scattering on
the spin relaxation. This was first proposed by Wu and Ning
based on the inhomogeneous broadening induced by the en-
ergy dependence of the g factor.30 Then, we used our full
microscopic approach and showed that the Coulomb scatter-
ing makes marked contribution to the spin R/D when
T�120 K when the inhomogeneous broadening is induced
by the DP term.35,36,39 At low temperature �T�120 K�, Gla-
zov and Ivchenko used the perturbation method to show that
the second-order Coulomb scattering causes the SRT.60 In the

FIG. 2. SRT � vs the temperature T with well width a=7.5 nm
and electron density n being �a� 4�1010 cm−2, �b� 1�1011 cm−2,
and �c� 2�1011 cm−2, respectively. Solid curve with triangles:
ni=n; solid curve with dots: ni=0.1n; solid curve with circles:
ni=0; dashed curve with dots: ni=0.1n and no Coulomb scattering.
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perturbation approach, the Coulomb scattering contributes
marginally to the spin R/D at high temperature. In our cal-
culation, we include the Coulomb scattering to all orders of
the bubble diagrams as well as the counter effect of the Cou-
lomb scattering to the inhomogeneous broadening. In Fig. 2,
by plotting the SRT for the case of ni=0.1n, but without the
Coulomb scattering, as dashed curves, we show that the Cou-
lomb scattering makes marked contribution to the spin R/D
over the whole temperature regime by increasing the spin
R/D time.61 It is further seen from Figs. 2�a� and 2�b� that the
peak disappears without the Coulomb scattering. This is con-
sistent with the previous discussion.

It is interesting to see that in the absence of the Coulomb
scattering, the criterion for the strong scattering regime
	� 	�p�1 is satisfied only when T�120 K. Therefore, the
SRT increases with T when T�120 K. When T�120 K,
	� 	�p is slightly smaller than 1, which is the intermediate
scattering regime. The variation of the SRT depends on the
competition between the increase of the inhomogeneous
broadening and the increase of the scattering with the
temperature.39 For the low �high� electron density case, the
temperature dependence of the electron–ac-phonon scatter-
ing is less �more� effective and the SRT decreases �increases�
with T.

It is noted that in order to see the peaks at low electron
density, it is important to have a high mobility sample �low
impurity density�. This is because the ascendancy of the
Coulomb scattering can be impaired when the impurity scat-
tering gets large enough and the total scattering is mainly
determined by the impurity scattering. As the electron-
impurity scattering depends weakly on the temperature, the
temperature dependence of the inhomogeneous broadening
from the DP term becomes the only variable element. There-
fore, the SRT decreases monotonically with T as the solid
curves with triangles in Fig. 2 for the case of ni=n. This
condition is not satisfied in the experiment by Ohno et al.,12

and this is the reason why there is no peak in Fig. 1. How-
ever, apart from the peaks that are not observed yet, both the
experiment and calculation show that the SRT decreases with
temperature at low electron densities when T�120 K. The
SRT at high electron density increases monotonically with
temperature when the impurity density is low, which is also
in agreement with the latest experiment by Harley et al.62

Finally we investigate the well width dependence of the
SRT. In Fig. 3, we plot the SRT versus temperature at well
widths a=7.5 nm �solid curves� and 15 nm �dashed curves�,
respectively. We choose low and high impurity densities
ni=0.1n �curves with dots� and ni=n �curves with triangles�
as well as low and high electron densities n=4�1010 cm−2

�a� and n=2�1011 cm−2 �b�. It is noted that the SRT is en-
hanced by increasing the well width as �kz

2� in the DP term
decreases with the increase of a. Moreover, as impurities
further enhance the SRT, it reaches several nanoseconds at
very low temperatures at high impurity density.

V. ELECTRIC-FIELD DEPENDENCE OF SRT

We now turn to investigating the hot-electron effect on
spin relaxation at low temperature. An electric field is

applied parallel to the QW. Similar to our previous
investigation,36 electrons obtain a center-of-mass drift
velocity �and consequently an effective magnetic field pro-
portional to the electric field� and are heated to a temperature
Te higher than T. The numerical schemes of solving the hot
electron problem have been laid out in detail in Ref. 36.63

We plot the electric-field dependence of the SRT
with a=7.5 nm and T=50 K for different impurity
densities at low �high� electron density �n=4�1010 cm−2

�n=2�1011 cm−2�� in Figs. 4�a� and 4�b�. In the calculation,
the magnetic field B=4 T and the spin splitting parameter
�=�0 as in the previous section. It is seen from the figure
that unlike the high temperature case investigated before36

�and also see Fig. 4�c� for T=120 K� where the electric field
can be applied easily to around 1 kV/cm, at low tempera-
tures it can be applied only to a very small value due to the
“runaway” effect.64 This is because at low temperature, the
efficient electron–LO-phonon scattering is missing and elec-
trons are therefore very easily driven to very high momen-
tum states by a very small electric field.

It is interesting to see from the figure that differing from
the high-temperature case where the SRT increases with the
electric field �see Fig. 4�c� and also Ref. 36�, here, for the
case of low electron densities, the SRT decreases with the
field and for the case of high electron densities, the SRT

FIG. 3. SRT � vs temperature T at a=7.5 nm �curves with dots�
and 15 nm �curves with triangles�. Solid curves: ni=0.1n; dashed
curves: ni=n. �a� n=4�1010 cm−2 and �b� n=2�1011 cm−2.
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decreases �increases� with the field at high �low� impurity
densities.

These features at low temperature T can be understood
from the joint effects of the electric field E to the scattering
strength and the inhomogeneous broadening due to the DP
term. On the one hand, when the electric field is small, the
ionized-impurity scattering, whose strength decreases
slightly with the electron temperature Te, is dominant. When
the electric field is further increased, Te and therefore the
electron–ac-phonon scattering is raised. If the impurity scat-
tering is not too high, the electron–ac-phonon scattering can
then be dominant as discussed decades ago in Ref. 65. These
can be seen from the mobilities �=�k��kfk� / �m*nE� ob-

tained from our calculation, which are plotted in the same
figure for all the corresponding cases. One can see that �
increases slightly and monotonically with E for the impurity-
scattering-dominant case such as ni=n; it decreases mono-
tonically with E for the case of very low �no� impurity scat-
tering such as ni=0, as the electron–ac-phonon scattering
always increases with the electron temperature Te; for the
case of low impurity scattering such as ni=0.1n, � first in-
creases slightly, then decreases with E, which shows the tran-
sition from the impurity-scattering-dominant regime to the
electron–ac-phonon-scattering-dominant regime65 �unless the
runaway effect blocks the system to the later regime as
shown in Fig. 4�a� for the case of low electron densities�. On
the other hand, electrons are driven to the higher momentum
states by the electric field and experience a larger effective
magnetic field �Eqs. �1�–�3��. Therefore, the inhomogeneous
broadening is increased. This tends to decrease the SRT. In
order to show the electric-field dependence of the inhomoge-
neous broadening, we plot in Fig. 5 the electron temperature
Te as a function of electric field E for all the corresponding
cases in Figs. 4�a� and 4�b�. It is obvious from Fig. 5 that the
increase of Te for the low electron density case is much faster
than that for the high one. Therefore, the increase of the
inhomogeneous broadening is the leading contribution in
comparison with the electric-field effect on the scattering.
Consequently, the SRT decreases with E for the case of low
electron densities as shown in Fig. 4�a�. For the case of high
electron densities, when the impurity density is high such as
ni=n in Fig. 4�b�, both the slight decrease of the scattering
and the increase of the inhomogeneous broadening tend to
suppress the SRT. When the impurity density is low �zero�,
the strengthening of the scattering is dominant �as shown in
Fig. 4�b�, the decrease of mobility with E� in comparison
with the increase of the inhomogeneous broadening. This
makes the SRT decrease with E. Finally, we point out that
the Coulomb scattering plays an essential role in the spin
R/D in the presence of the electric field. It determines the
hot-electron temperature Te, which controls the inhomoge-
neous broadening and the scattering strengths. Moreover, the
Coulomb scattering itself also contributes to the spin R/D.

For comparison, we also plot the SRT versus electric field
at high temperature T=120 K for both low and high electron

FIG. 4. SRT � �solid curves� and mobility � �dashed curves� vs
electric field E. �a� T=50 K and n=4�1010 cm−2; �b� T=50 K and
n=2�1111 cm−2; �c� T=120 K, n=4�1010 cm−2, and
2�1111 cm−2, respectively. Curves with open circles: ni=n; with
dots: ni=0.1n; with triangles: ni=0. Note that the scales of the
mobility � are on the right side of the figures.

FIG. 5. Hot electron temperature Te vs electric field E when
T=50 K. Solid curves: n=4�1010 cm−2; dashed curves:
n=2�1111 cm−2. Curves with open circles: ni=n; with dots: ni

=0.1n; with triangles: ni=0.
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densities with ni=0.1n in Fig. 4�c�. At this temperature, the
electron–LO-phonon scattering is dominant. Therefore, � al-
ways decreases with E. For the well width and electron den-
sity we study, the linear DP term is dominant and the in-
crease of the scattering is more important. Therefore, the
SRT increasess with E. For QWs with larger well width so
that the cubic term is dominant, the SRT can decrease with E
as reported in our previous work at high temperatures.37

VI. SUMMARY

In summary, we have investigated the temperature depen-
dence of the SRT for n-type GaAs �001� QWs with small
well widths from a full microscopic approach by construct-
ing and numerically solving the kinetic spin Bloch equations
with all the relevant scattering explicitly included. In contrast
to our previous studies at high temperatures �T�120 K�, we
include the electron–ac-phonon scattering which is absent in
our previous studies so that we may extend the scope of our
approach to the low-temperature regime �T�120 K�. Good
agreement with experiment data12 is obtained from our
theory over almost the whole temperature regime by using
only one fitting parameter � whose value agrees with many
experimental and theoretical results. We show that the Cou-
lomb scattering plays an essential role in spin R/D over all
the temperature regime.

For QWs with low electron densities but high mobility
�i.e., low impurity density�, the spin R/D is mainly controlled
by the electron-electron Coulomb scattering when T�70 K.
We predict a peak in the �-T curve. The closer the peak
approaches the high-temperature limit, the smoother the peak
appears. After the peak, the SRT increases with temperature.
Finally, such a peak disappears at sufficient high electron
density where the SRT increases monotonically with tem-
perature. We point out that the peak originates from the Cou-
lomb scattering. Specifically, it originates from the different
temperature dependences of the Coulomb scattering at the
degenerate and the nondegenerate limits with the transition
temperature Tc
EF /kB. For low electron densities,
Tc�30 K, where the electron-phonon scattering is negli-
gible. Then one may observe an abrupt peak around Tc. For
medium electron densities, 30�Tc�70 K, where the in-
crease of the electron–ac-phonon scattering partially com-
pensates the decrease of the Coulomb scattering when T in-
creases, one may observe a smooth peak around Tc.
Nevertheless, for high electron densities, Tc�70 K, the in-
crease of the electron-phonon scattering completely compen-
sates the decrease of the Coulomb scattering when T rises.
Consequently, the peak disappears.

At high temperature �T�120 K� and low impurity den-
sity, when the well width is small so that the cubic terms in
the DP terms are unimportant, the increase of electron–LO-
phonon scattering surpasses the increase of inhomogeneous
broadening with temperature, so that the SRT increases with
temperature. However, when the impurity density is so high
that electron-impurity scattering is the dominant scattering
mechanism, the SRT decreases monotonically with tempera-
ture for any electron density. This is because the temperature
dependence of the electron-impurity scattering is very weak

and the increase of the inhomogeneous broadening with tem-
perature dominates the temperature dependence of the SRT.
We also show that larger well width leads to a slower spin
relaxation. Moreover, in the strong scattering limit, higher
impurity density also leads to a slower spin relaxation. Both
effects can make the SRT as long as nanoseconds at very low
temperatures.

The effect of electric field �i.e., the hot electron effect� on
the spin relaxation is also investigated. We show that the
electric field dependence of the SRT at low temperature ap-
pears again quite differently from that at high temperature
due to the absence of electron–LO-phonon scattering. More-
over, we further show different electric-field dependences of
the SRT at low and high electron densities. At low electron
densities, the SRT decreases with the electric field. When the
electron density is high, it decreases/increases with the elec-
tric field for the case of high/low impurity densities. These
features are very different from the high-temperature case in
which the SRT increases monotonically with electric field for
the same QWs. More experiments are needed to explore the
predictions presented in this paper.
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APPENDIX: NUMERICAL SCHEME
FOR ELECTRON–ac-PHONON

SCATTERING

The electron–ac phonon scattering terms can be rewritten
as

� �fk,�

�t
�

ac
= − 2
 �

qqz,�
gqqz,�

2 ���k − �k−q − �qqz�
��N��k − �k−q�

��fk,� − fk−q,�� + fk,��1 − fk−q,�� − Re��k�k−q
* ���

− �k ↔ k − q� , �A1�

� ��k

�t
�

ac
= 
 �

qqz�

gqqz�
2 ���k − �k−q − �qqz�

���k−q�fk,↑ + fk,↓�

+ �fk−q,↑ + fk−q,↓ − 2��k − 2N��k − �k−q���k

− �k−q��� − �k ↔ k − q� , �A2�

with �k��k,↑↓ and �k↔k−q� standing for the same terms as
the previous � � but with the interchange k↔k−q.
N��k−�k−q�= �exp����k−�k−q��−1�−1 represents the Bose
distribution. The division of the truncated two-dimensional
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momentum space is the same as in our previous work �see
Fig. 8 in Ref. 36�. The two-dimensional momentum space is
thus divided into N�M control regions, each with the same
energy and angle intervals. The k-grid point of each control
region is chosen to be the center of the region,

kn,m = �2m*En�cos �m,sin �m� , �A3�

with En= �n+1/2��E and �m=m��. n=0,1 , . . .,N−1 and
m=0,1 , . . .,M −1, with the truncation energy Ecut=EN and
�M = �M −1�2
 /M.

Unlike the electron–LO-phonon scattering where the �
function in the scattering is used to carry out the integral of
k�, more specifically �k�, with k��k−q, here the � function
is used to perform the integral of qz with

qz =�� �k − �k�

v�

�2

− q2. �A4�
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