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The electronic structure and thermodynamic properties of CeO2 and Ce2O3 have been studied from first
principles by the all-electron projector-augmented-wave �PAW� method, as implemented in the ab initio total-
energy and molecular-dynamics program VASP �Vienna ab initio simulation package�. The local density ap-
proximation �LDA�+U formalism has been used to account for the strong on-site Coulomb repulsion among
the localized Ce 4f electrons. We discuss how the properties of CeO2 and Ce2O3 are affected by the choice of
U as well as the choice of exchange-correlation potential, i.e., the local density approximation or the general-
ized gradient approximation. Further, reduction of CeO2, leading to formation of Ce2O3 and CeO2−x, and its
dependence on U and exchange-correlation potential have been studied in detail. Our results show that by
choosing an appropriate U it is possible to consistently describe structural, thermodynamic, and electronic
properties of CeO2, Ce2O3, and CeO2−x, which enables modeling of redox processes involving ceria-based
materials.
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I. INTRODUCTION

Many technological fields, e.g., solid oxide fuel cells1 and
catalysis,2 have benefited from the unique redox and trans-
port properties of ceria �CeO2� and ceria-based materials. In
catalytic applications the ability of ceria to release oxygen by
forming oxygen vacancies under oxygen-poor �reducing�
conditions and, conversely, to store oxygen by filling oxygen
vacancies under oxygen-rich �oxidizing� conditions is em-
ployed to stabilize the air-to-fuel ratio at the desired level.2

This property is related to the quantum process of electron
localization and delocalization.3–10 In CeO2 oxygen has a
formal valence of −2 �O2−� and, when an oxygen atom is
released, in the form of �half� an oxygen molecule, two elec-
trons are left behind. These electrons localize on the f-level
traps on two Ce atoms, which change their formal valence
from +4 to +3.3 During oxidation the reverse process occurs.

Modeling of the electron localization, and thus any redox
process involving ceria, is a complex task. Conventional
density functional schemes that apply different flavors of the
local density approximation underestimate the strong on-site
Coulomb repulsion of the Ce 4f electrons and consequently
fail to capture the localization.4–10 Therefore, the 4f electrons
in elemental Ce, as well as in Ce compounds, require special
attention. Using quantum mechanical calculations Skorodu-
mova et al.4 showed that the properties of Ce 4f electrons in
CeO2, i.e., the +4 modification of Ce, can be described by
treating the 4f electrons as part of the valence band �the
valence band model �VBM��, while localized 4f electrons in
Ce2O3, i.e., the +3 modification of Ce, can be modeled by
treating the 4f electrons as part of the core states �the core
state model �CSM��. Skorodumova et al.3 have also argued
that formation of vacancies in CeO2 is accompanied by lo-
calization of two electrons on the f-level traps on two Ce
atoms and that these atoms can be described within the CSM.
A drawback with this approach, based on either the local

density approximation �LDA� or the generalized gradient ap-
proximation �GGA�, is that it is not possible to directly ob-
tain the energetics of the redox reaction. One way to over-
come this deficiency is to apply the so-called LDA+U
approach,11–13 in which the underestimation of the intraband
Coulomb interactions is corrected for by the Hubbard U pa-
rameter. This method and its applications to ceria have been
discussed by several authors.5–10,14,15 The choice of U is,
however, not unambiguous and it is not trivial to determine
its value a priori, though there are attempts to extract it from
standard first-principles calculations.16,17 Hence, U is often
fitted to reproduce a certain set of experimental data, for
example band gaps and structural properties.

In the present work we use the LDA+U scheme due to
Dudarev et al.13 to calculate lattice parameters, thermody-
namic properties, and band structures of CeO2, Ce2O3, and
CeO2−x. We discuss how these properties are affected by the
choice of U as well as the choice of exchange-correlation
potential, i.e., the local density approximation or the gener-
alized gradient approximation, and how redox processes that
involve ceria-based materials can be accurately described in
the LDA+U formalism.

The paper is organized as follows. The details of our
calculations are described in Sec. II and in Sec. III we
present and discuss the results. In the final part, Sec. IV, we
summarize our findings.

II. THEORY

The calculations were performed using the frozen-core
all-electron projector-augmented-wave �PAW� method, as
implemented in the ab initio total-energy and molecular-
dynamics program VASP �Vienna ab initio simulation
program�.18–22 We used the LDA+U formalism formulated
by Dudarev et al.13 to account for the strong on-site Cou-
lomb repulsion amongst the localized Ce 4f electrons. In this

PHYSICAL REVIEW B 75, 035109 �2007�

1098-0121/2007/75�3�/035109�6� ©2007 The American Physical Society035109-1

http://dx.doi.org/10.1103/PhysRevB.75.035109


scheme13 the orbital-dependent LDA+U functional is of the
form

ELDA+U = ELDA +
U − J

2 �
�

�Tr�� − Tr������� , �1�

where �� is the density matrix of f states, and U and J are
the spherically averaged screened Coulomb energy and
the exchange energy, respectively. Here only the difference
between U and J is significant13 and consequently we
will henceforth treat them as one single parameter, for sim-
plicity labeled as U. We remark that in this paper we have
omitted the explicit spin �S� reference in the L�S�DA+U
abbreviation, i.e., we denote it as LDA+U.

The exchange and correlation effects were treated in both
the local density approximation and the generalized gradient
approximation.23 We studied CeO2 in its ground-state fluorite
structure �Fm3m� and the sesquioxide Ce2O3 in the hexago-

nal A-type structure �P3̄m1�. For CeO2 we used a 13�13
�13 Monkhorst-Pack k-point mesh24 �84 irreducible k
points� and for Ce2O3 we used a 7�7�7 �-centered grid
�44 irreducible k points�. The density of states �DOS� was
obtained with 15�15�15 �120 irreducible k points� and 9
�9�9 �88 irreducible k points� k-point meshes, respec-
tively. The Brillouin-zone integration was performed using
the modified tetrahedron method of Blöchl.25 The equilib-
rium volume of Ce2O3 was determined by optimizing all
internal structural parameters at constant cell volume and
then minimizing the energy with respect to the cell volume.
We modeled reduced ceria CeO2−x using a 2�2�2 super-
cell �96 sites�, derived from an ideal fluorite structure. The
volume of the supercell was assumed to be constant and
equal to the calculated volume of bulk ceria. For U=6 eV
the error due to keeping the cell volume constant is 0.04 eV,
which is negligible at the energy scale of vacancy formation
energies. We relaxed all internal structural parameters until
the Hellmann-Feynman forces on each ion were negligible
��0.01 eV/Å�. For the supercell calculations we used either
a 2�2�2 Monkhorst-Pack k-point mesh24 �two irreducible
k points� and Gaussian smearing with a smearing parameter
of 0.20 eV or a 3�3�3 Monkhorst-Pack k-point mesh24

�eight irreducible k points� together with the modified tetra-
hedron method of Blöchl.25 To assure accurate results we
used a plane-wave cutoff energy of 400 eV for all calcula-
tions. In order to study vacancy formation in ceria it is nec-
essary to estimate the chemical potential of O2. We defined
the energy of an oxygen molecule �EO2

� as the energy of an
isolated �noninteracting� molecule and the effect of spin po-
larization was included.

III. RESULTS AND DISCUSSION

A. Electronic structure of CeO2 and Ce2O3

CeO2 is an insulator with a band gap of 6 eV,26 and the
Ce 4f band is unoccupied. In Fig. 1 we plot the density of
states for CeO2 calculated with U=0 and 6 eV �LDA�. For
consistency with reduced ceria we used spin-polarized
calculations also for CeO2. The gap between the valence and

conduction bands is 5.5 eV and the distance between the
valence band and the Ce 4f edge is 1.9 eV, to be compared
with 3 eV in experiments.26 The width of the O 2p band is
4.2 eV, which agrees with experiments26 and a previous the-
oretical study.4 For CeO2 the main effect of increasing U is
to push up the unoccupied f band and slightly decrease the
band gap, which was also observed in Ref. 9.

According to experiments, deviation from ideal stoichi-
ometry, i.e., CeO2−x, leads to an occupation of the f band,
which splits into an occupied part and an unoccupied
part.27–29 Hence this material is also an insulator. The occu-
pied orbitals are localized and from experiments they are
known to be situated 1.2–1.5 eV above the O 2p valence
band edge.27–29 Ce2O3 is the end product of the reduction
process and the occupied and unoccupied f levels are sepa-
rated from each other also in this case. Figures 2 and 3 show
the DOS and partial DOS �PDOS� of Ce2O3 for U=0 and
6 eV �LDA�. The localized f electrons must follow Hund’s
rules and consequently one has to allow for spin polarization.
The results in Figs. 2 and 3 were obtained using antiferro-

FIG. 1. The DOS of CeO2 obtained with the LDA for U=0 and
6 eV. The highest occupied state is at 0 eV. The arrows indicate the
band edge positions for U=0 eV. Since the spin-up and spin-down
channels are identical, only the spin-up channel is shown.

FIG. 2. The DOS �black line� and PDOS of Ce2O3 obtained
with the LDA for U=0 eV. Since the spin-up and spin-down chan-
nels are identical, only the spin-up channel is shown. The highest
occupied state is at 0 eV.
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magnetic �AFM� ordering of the magnetic moments. The fer-
romagnetic �FM� solution is 0.057 eV/Ce2O3 �LDA� lower
in energy for U=0 eV, but for higher U the AFM solution is
more stable. For U=0 eV the f band does not split for either
the AFM or the FM solution and the obtained ground state is
metallic �Fig. 2�, which disagrees with available experi-
ments. However, if we increase U above 2 eV the f band
splits and an insulating solution with a finite separation of
the occupied and unoccupied f band is found �Fig. 3�. For
U=1 eV the DOS is �0 at the Fermi level; however, there is
no separation at the equilibrium volume. If the volume is
increased above the calculated equilibrium volume a separa-
tion opens up at the local minimum of the DOS. Thus the
exact value of U for which the transition from metallic to
insulating solutions occurs depends on volume. According to
Ref. 14, which applied the same computational method as in
the present work, the transition value is U=0.4 eV. As can
be seen in Fig. 3 the occupied f band is 0.95 eV above the O
2p valence band edge for U=6 eV. This distance decreases
for increasing U and the occupied Ce 4f states will eventu-
ally merge with the O 2p valence band. For any U the occu-
pied gap states move toward the O 2p valence band edge
when the volume increases and toward the conduction band
when the volume decreases. The gap between the O 2p va-
lence band edge and the conduction band �mainly Ce 5d�
decreases from 4.85 to 3.83 eV when U is increased from
0 to 6 eV. We also note that for U=6 eV the unoccupied
part of the f band has merged with the conduction band. The
PDOS’s in Figs. 2 and 3 indicate that there is a small admix-
ture of Ce f states with the O 2p states at the top of the
valence band as well as a small admixture of O 2p states
with the occupied Ce f states �hybrydization�. This phenom-
enon also exists for CeO2 and has been reported to be a
consequence of the nonorthogonality of the O 2p orbitals and
Ce 4f states.5 A way to lift this problem by using Wannier-
type functions has been suggested in Ref. 5. Unfortunately,
the practical applicability of this particular implementation5

is not yet clear. Some improvements have been made to the
approach in response to the criticism in Ref. 14. The authors
of Ref. 14 pointed out the absence of the nonlinear core

correction to the exchange-correlation energy in Ref. 5,
which could result in erroneous overestimation of the ex-
change splitting. Taking such a correction into account has
resulted in a better description of the ground state electronic
structure of cerium oxide.15 However, the disagreement with
experimental thermodynamic data was sustained. In particu-
lar, the calculated reduction energy of CeO2 is still strongly
overestimated compared to experiment.10 One should notice
that the additional contribution compensating for the well-
known failure of the density functional theory to correctly
describe the O2 binding energy �by 1.6–2.4 eV per oxygen
molecule; see the discussion in Sec. III C� has been shown to
worsen the agreement with experiment in Ref. 5, but was not
applied in Ref. 10. On the other hand we note that the use of
Wannier-type functions has only a minor effect on the total
DOS. The GGA results �not shown� closely follow the LDA
results in Figs. 2 and 3; however, for a fixed U the occupied
f states of Ce2O3 are closer to the O 2p valence band edge.
Moreover, the gap between the O 2p valence band edge and
the conduction band is slightly higher in the GGA �4.01 eV
for U=5 eV�.

B. Structural properties of CeO2 and Ce2O3

The lattice parameter increases linearly with U for CeO2
�Fig. 4� and the reason for this behavior is a slight hybry-
dization of Ce 4f and O 2p orbitals. If the Ce 4f orbitals
were completely unoccupied one would expect a to be inde-
pendent of U. The increase of a as a function of U is almost
the same for the LDA and the GGA. The experimental
value30 of 5.41 Å is obtained for U�6.6 eV with the LDA,
while the GGA always overestimates a by at least 0.05 Å.
By construction the LDA generally underestimates the lattice
parameter and the GGA often gives a slight overestimate.

In Figs. 5 and 6 we plot the equilibrium lattice parameters
of Ce2O3, a and c /a, as functions of U. For U�1 eV the
results refer to the AFM ordering of the magnetic moments,
and for U=0 eV to the FM ordering, i.e., to the correspond-
ing lowest-energy solutions. Between U=0 and 2, especially
close to U=0 eV, the curvature of a is more significant than
that for U�2 eV. The decrease in curvature corresponds to

FIG. 3. The DOS �black line� and PDOS of Ce2O3 obtained
with the LDA for U=6 eV. Since the spin-up and spin-down chan-
nels are identical, only the spin-up channel is shown. The highest
occupied state is at 0 eV.

FIG. 4. The lattice parameter �a� of CeO2 as function U. The
horizontal line indicates the experimental value�Ref. 30�.
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the separation of the occupied f band from the unoccupied
part, i.e., the transition from a metallic to an insulating solu-
tion that we discussed in Sec. III A. The c /a ratio shows
similar U-dependent features as a. Below U=2 eV, c /a has
an apparent curvature, but for U�2 eV c /a assumes a more
or less constant value. Indeed, we do expect the localized or
insulating solution to have a higher volume. The experimen-
tal values30 are a=3.888 Å and c /a=1.55, which compare
reasonably to both our LDA and GGA values above the
metallic-insulating transition. As expected the GGA slightly
overestimates the equilibrium cell volume and the LDA
underestimates it.

Table I contains the bulk modulus B of CeO2 and Ce2O3.
Compared to experiments B of CeO2 seems to be better de-
scribed in the LDA than in the GGA. Unfortunately, there are
no experimental data for Ce2O3.

C. Thermodynamic properties of CeO2 and Ce2O3

Reduction of CeO2 occurs via the reaction

CeO2 ⇔ CeO2−x +
x

2
O2. �2�

Eventually, reduction leads to formation of stoichiometric
Ce2O3 and, thus, complete reduction corresponds to

2CeO2 ⇔ Ce2O3 +
1

2
O2. �3�

The experimental reaction energy31 of �3�, 	ECe2O3
, is

3.75 eV/Ce2O3 �estimated from thermodynamic data at
T=298 K�. Above the metallic-insulating transition, our cal-
culated value of 	ECe2O3

�Fig. 7� decreases linearly for in-
creasing values of U. The reason for this behavior is that a
high U favors localization and thus facilitates the transition.
Density functional theory is known to overestimate the bind-
ing energy of O2 and this should result in an underestimation
of 	ECe2O3

via the EO2
term.6 Consequently we cannot expect

a perfect agreement with experiments for 	ECe2O3
. However,

as pointed out in Ref. 6 this error is independent of any
conditions in the ceria material itself, i.e., it enters only
through the EO2

term. In the LDA the O2 binding energy is
overestimated by 1.2 eV/0.5 O2 and in the GGA the corre-
sponding number is 0.8 eV/0.5 O2. The GGA always pre-
dicts a lower value of 	ECe2O3

than the LDA. From Fig. 7 we
conclude that the experimental value of 	ECe2O3

corresponds

TABLE I. The bulk modulus B of CeO2 and Ce2O3 for two
different values of U. The values are in GPa.

LDA GGA Expt.

U �eV�
0 6 0 6

CeO2 205 214 175 186 236a, 204b

Ce2O3 138 130 125 113

aReference 33.
bReference 34.

FIG. 5. The lattice parameter �a� of Ce2O3 as function of U. The
horizontal line indicates the experimental value �Ref. 30�.

FIG. 6. The c /a ratio of Ce2O3 as function of U. The horizontal
line indicates the experimental value �Ref. 30�.

FIG. 7. The reaction energy of 2CeO2⇔Ce2O3+ �1/2�O2 as a
function of U. The horizontal line indicates the experimental value
�Ref. 31�.
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to U�2 and �4 eV for the GGA and the LDA, respectively.
However, in view of the uncertainties involved in the
calculated value of EO2

we conclude that U should be given
larger values than U�2 and �4 eV. In particular, we con-
sider 	ECe2O3

obtained for U�6 eV �LDA� and U�5 eV
�GGA�, which are the U values suggested from a lattice pa-
rameter and an electronic structure point of view, as perfectly
acceptable.

D. Partially reduced ceria CeO2−x

We studied partially reduced ceria CeO2−x by forming an
oxygen vacancy in a 2�2�2 supercell, which corresponds
to x= 1

32. According to the picture presented by Skorodumova
et al.3 two electrons localize on two nearest-neighbor Ce
atoms, thus transforming into Ce3+, when an oxygen vacancy
forms. Starting from the DOS of CeO2 in Fig. 1, upon reduc-
tion, we expect the occupied f states to appear as a peak in
the band gap. If the localized f electrons are assumed to be
ferromagnetically aligned the supercell should obtain a total
magnetic moment of �2
B. The antiferromagnetic and fer-
romagnetic solutions are almost degenerate �	E�1 meV�
and in this work we assumed FM ordering.

Figure 8 shows the DOS of CeO2−x for U=0 and 6 eV
obtained with Gaussian smearing of 0.20 eV, used to im-
prove visibility of the DOS structure. Clearly, localization of
two f electrons, i.e., formation of two Ce3+ ions, occurs for
U=6 eV but not for U=0 eV. By performing calculations for
intermediate U values �U=2, 3, 4, and 5 eV� we conclude
that a completely localized solution is obtained for U=6 or
larger �LDA�. For U=6 eV the distance between the O 2p
valence band edge and the occupied f states is 1.4 eV, which
was derived from calculations using the tetrahedron method
for the Brillouin-zone integration. This value compares well
with the experimental value of 1.2–1.5 eV.27–29 By studying
the PDOS we conclude that the two localized electrons oc-
cupy f orbitals on two Ce atoms that are nearest neighbors to

the oxygen vacancy. A similar picture arises from the GGA,
though the localized solution appears above U=5 eV instead
of U=6 eV as for the LDA. Since CeO2−x should be insulat-
ing with the occupied f states in the band gap, we argue that
U must be chosen to satisfy this criterion, which implies
U�6 eV �LDA� or U�5 eV �GGA�. In fact the actual tran-
sition occurs between U=5 and 6 eV for the LDA; however,
for the GGA the transition point is very close to U=5 eV.

From reaction �2� the vacancy formation energy is defined
as

Ev
f =

ECeO2−x

x
+

1

2
EO2

−
ECeO2

x
. �4�

We have compiled the present results for Ev
f in Fig. 9. If

Gaussian smearing with a smearing parameter of 0.20 eV is
used to calculate Ev

f one finds excellent agreement with the
tetrahedron method, which is supposedly more accurate, for
the U values that yield localized f electrons. However for
solutions that are not localized there are small errors. For
U=0 eV, calculations using Gaussian smearing underesti-
mate Ev

f by 0.16 eV �LDA� and 0.29 eV �GGA�, respec-
tively. For each U the Ev

f values were calculated for the equi-
librium volume of CeO2 corresponding to that particular U
value. The experimental value is 4.72 eV,32 though values
between 4.65 and 5.00 eV have been reported for bulk
reduction.32 In correspondence with 	ECe2O3

�reaction �3��,
the GGA underestimates Ev

f while the LDA provides a better
estimate. The best agreement with the experimental value of
Ev

f is obtained for U=4 eV in the LDA; however, in this case
the solution is not localized. For U=6 eV we obtain a local-
ized solution. In this case Ev

f deviates by �1 eV from the
experimental value, which is expected from the uncertainties
in the calculated value of EO2

discussed above. Also, we note
that the optimal U value for cerium oxides is close to the
value for pure metallic Ce �U=6.1 eV and J=0.7 eV in the
LDA�.35

FIG. 8. The DOS of CeO2−x obtained in the LDA for U=0 and
6 eV using Gaussian smearing �see Sec. II�. The upper and lower
panels show the spin-up and spin-down channels, respectively. The
highest occupied state is at 0 eV. The small peak just below the
Fermi level represents the localized f states. This peak is present
only for U=6 eV.

FIG. 9. The calculated vacancy formation energy �Ev
f � for dif-

ferent values of the Hubbard U. Two different methods for
Brillouin-zone integration, labeled Gaussian and Tetrahedron, were
used �see text�. The experimental value is 4.72 eV �Ref. 32�.
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IV. CONCLUSIONS

We have studied how structural, thermodynamic, and
electronic properties of CeO2, Ce2O3, and CeO2−x are de-
scribed within the LDA+U formalism. Both the local density
approximation and the generalized gradient approximation
were applied and the U−J parameter, labeled as U through-
out this paper, was varied between 0 and 7 eV. From the
study of the electronic structure we conclude that experimen-
tal data, i.e., band gaps and the position of the occupied f
band with respect to the valence band edge, can be reason-
ably described with U�6 eV in the LDA. The correspond-
ing value in the GGA should be somewhat smaller,
U�5 eV, which agrees with previous theoretical studies.6,10

In order to obtain the correct insulating ground state
of CeO2−x U must satisfy U�6 eV �LDA� or U�5 eV
�GGA�. This choice is further supported by the results for the

structural parameters and reduction thermodynamics. In gen-
eral the LDA seems to perform slightly better than the GGA.
Reduction energies and vacancy formation energies deviate
somewhat from experiments, but considering the known
uncertainties this is definitely acceptable.
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