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The phonon and thermodynamic properties of the divalent alkaline-earth hexaborides, MB6 �M =Ca, Sr, Ba�,
and the reference elements �-B, fcc-Ca, fcc-Sr, and bcc-Ba are investigated on the basis of first-principles
projector augmented wave method together with the quasiharmonic phonon calculations. The calculated pho-
non dispersion relations by using the supercell approach are in good agreements with those obtained by the
inelastic neutron scattering, Raman scattering, and infrared absorption. The experimentally revealed anomalous
behaviors of phonon dispersions in the alkaline-earth metals are correctly predicted; i.e., for both fcc-Ca and
fcc-Sr, the frequency of the lower transverse �� � 0� branch exhibits slightly positive dispersion, and for bcc-Ba
the frequency of the longitudinal branch along the �� 0 0� direction is lower than that of the transverse branch.
These anomalous phenomena can be traced back to the effect of d electron. The predicted phonon dispersion
relations among CaB6, SrB6, and BaB6 show similar features except that the frequencies decrease from CaB6,
SrB6, to BaB6 due to the influence of mass. It is also found that the low frequency T1u modes of CaB6, SrB6,
and BaB6 have large LO/TO splitting �greater than 5 THz�. To that end, the finite temperature thermodynamic
properties �entropy, enthalpy, and Gibbs energy� of MB6 �M =Ca, Sr, Ba� and elements B, Ca, Sr, and Ba are
calculated; herein, both the electronic and phonon contributions are considered. This work indicates that the
difference of the enthalpies of formation of CaB6, SrB6, and BaB6 is small �less than 4 kJ/mol instead of the
measured 30 kJ/mol�, which agrees with the facts that they possess the similar phonon dispersion relations,
melting temperatures, bulk moduli, and Debye temperatures.
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I. INTRODUCTION

The divalent alkaline-earth hexaborides, MB6 �M =Ca, Sr,
Ba�, are usually known for having properties of low density,
low coefficient of thermal expansion, high melting point,
high hardness, and good chemical stability.1,2 Recently, the
discovery of anomalous ferromagnetism in La-doped CaB6,
SrB6, and BaB6 �Ref. 3� has attracted great interests because
of �i� the low magnetic moment ��0.07�B per La atom for
CaB6�, �ii� the very high Curie temperature ��600 K for
CaB6�, and �iii� the absence of elements with partially filled
d or f orbitals which are usually required for ferromag-
netism. Considerable experimental and theoretical work to-
wards understanding this unexpected phenomenon is carried
out, especially for CaB6.4–11 Currently it seems conclusive
that the ferromagnetism of CaB6 �also should be true for
SrB6 and BaB6 due to their similar structures� is caused by
the external impurities on the surface of the sample rather
than an intrinsic property, and CaB6 is not an intrinsic semi-
metal but a semiconductor with band gap greater than 1 eV
at the X point of the simple cubic Brillouin zone.7,9 Instead
of exploring again the origin of ferromagnetism and the band
structures of the divalent alkaline-earth hexaborides, it is in-
teresting to study the phonon properties in these compounds
since few investigations are performed, in particular for SrB6
and BaB6 �see Sec. IV C�. On the other hand, the lattice
dynamics can serve as a starting point to study the finite
temperature thermodynamics, which is far from fully under-
stood; e.g., the large difference among the measured enthal-
pies of formation for CaB6, SrB6, and BaB6 �−17, −30, and
−47 kJ/mol,12 respectively� is doubtful due to the similar
properties are expected among them.

The present work aims at providing a fundamental inves-
tigation on the phonon and thermodynamic properties of
CaB6, SrB6, and BaB6 together with the reference elements
�-B, fcc-Ca, fcc-Sr, and bcc-Ba starting from the first-
principles calculations within the density functional theory.
To our knowledge, the present available first-principles cal-
culations still suffer from an inadequate description of both
the structure properties and the semiconductor natures for the
alkaline-earth hexaborides �e.g., CaB6�. The pseudopotential
GW �G being the Green function and W the screened Cou-
lomb interaction� calculation predicts a 0.8 eV band gap at
the X point for CaB6 �Ref. 4�. However, other GW calcula-
tions based on the linear-muffin-tin-orbital �LMTO� method
show widely different band gap values, or no such gap.9,13 In
addition, the calculation of exact total energy by using the
GW method is still in developing,14 which is more interest-
ing to the present investigation. The weighted density ap-
proximation �WDA� �Ref. 8� and the screened-exchange lo-
cal density approximation �sX-LDA� �Ref. 9� also could
predict the correct band gap �0.8 eV by WDA and �1.2 by
sX-LDA�. While the predicted structure parameters are less
accurate, the predicted internal positional parameter x of the
B atom �see Sec. IV C for details� is 0.206 by WDA and
0.212 by sX-LDA �the recently measured value is 0.202,15

see Sec. IV C�. Additionally the predicted phonon frequency
of breathing mode by sX-LDA is also inaccurate �see Sec.
IV C�. It might be because the structure properties are not
predicted accurately. Since the highly accurate prediction of
structure properties can be achieved by using the local den-
sity approximation �LDA� or the generalized gradient ap-
proximation �GGA�, which is a prerequisite to perform the
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accurate phonon calculation. The GGA is therefore employed
in this work, although it can only predict a semimetallic band
structure for the alkaline-earth hexaborides;16 the phonon
properties are correctly calculated as demonstrated in this
work.

The first-principles phonon calculations are essentially
performed by the linear response method and the supercell
method.17 The supercell method, in which the forces are cal-
culated with respect to the atoms displaced from their equi-
librium positions and frozen in, can be easily applied to quite
complex crystal structure, and thus adopt in the present re-
search �see detailed interpretation in Sec. II�. The finite tem-
perature thermodynamic properties are calculated from the
obtained phonon density of states �DOS’s�. The anharmonic
contributions are taken into account by the quasiharmonic
approximation. As indicated by Wang et al.,18 the electron
also has considerable contributions at high temperatures to
the thermodynamic properties, in particular for the cases
with more electronic DOS’s at the Fermi level; thus, the
electron contributions are also included.

This paper is organized as follows. In Sec. II, the theories
of the phonon calculation and the calculations of thermody-
namic properties from the electronic DOS’s and phonon
DOS’s are outlined. In Sec. III, the methodology to perform
the first-principles phonon calculations is presented. In Sec.
IV, we discuss the obtained properties of B, Ca, Sr, Ba,
CaB6, SrB6, and BaB6, including �i� the equilibrium structure
properties, �ii� the electronic DOS’s, �iii� the phonon disper-
sion relations and the pressure vs phonon frequency relations
at high symmetry points, and �iv� the thermodynamic prop-
erties �entropy, enthalpy, and Gibbs energy� including both
phonon and electronic contributions. Finally, in Sec. V the
conclusions of the present work are given.

II. THEORY

The physics of phonon is typically described by the har-
monic approximation, in which the equation of motion is
written as19

�2�k,l�e�k,l� = D�k�e�k,l� . �1�

The solution of this eigenvalue function gives the eigen
�phonon� frequencies ��k , l� with respect to wave vector k
and phonon mode l, and the eigen �polarization� vectors
e�k , l� describing the corresponding atomic displacements.
D�k� is the dynamic matrix, which can be obtained from the
force constant matrix �

Dst
���k� =

1
�MsMt

�
R

�st
���R�exp�− ik · R� , �2�

where Ms and Mt are masses for atoms s and t, respectively,
R the Bravais lattice vectors, �, �=x, y, and z in three di-
mension. Within the framework of harmonic approximation,
keeping only the second terms in the Taylor series of total
energy E, � is given by

�st
�� =

�2E

�us
��ut

� , �3�

where us
� is the displacement of atom s from its equilibrium

position in � direction. Consequently the force f exerted on
atom s relating the displacement of atom t is,

fs = − �stut. �4�

The starting point to solve Eq. �1� is to determine the dy-
namical matrix, which is essentially performed by the linear
response method �LRM� and the supercell method �also
known as frozen phonon method17 or direct approach20� in
terms of first-principles phonon calculations.17 The LRM de-
termines directly the dynamic matrix for a set of k points in
the Brillouin zone. The LRM is exact due to taking into
account arbitrarily long-range force, while the limit of LMR
arises from the use of small number of k points. The super-
cell method17 determines the dynamical matrix starting from
Eq. �4�, in which the forces are calculated with respect to the
atoms perturbed from their equilibrium positions and frozen
in. The supercell method is less accurate in comparison with
LRM since a finite range of forces is considered. However,
the supercell method has the advantages of �i� faster comput-
ing by appropriate choices of supercell and perturbations and
�ii� easier implementation, and therefore can be easily ap-
plied to quite complex crystal structures.21 In the case of the
studied properties, e.g., thermodynamic properties in this
work, which are less sensitive to the accuracy of phonon
calculation, the supercell method should be a good choice
and thus are adopted here.

From the � vs k dispersion relations solved through Eq.
�1�, the distribution of �, i.e., the phonon DOS’s g���, can
be determined, and in consequence the free energy per primi-
tive unit cell can be written down according to the partition
function of lattice vibration

Fph�T� = kBT�
0

	

ln�2 sinh

�

2kBT
	g���d� , �5�

where T is the temperature, kB the Boltzmann constant, and 

the Planck constant. Consequently from the electronic
DOS’s, the electronic free energy �Fel=Eel−TSel� can be de-
termined. The electronic energy due to the electronic excita-
tions is given by18

Eel�T� =� n���f�d� − ��F

n����d� , �6�

where n��� are the electronic DOS’s, � the energy eigenval-
ues, f the Fermi distribution function, and �F the energy at
the Fermi level. The total electronic numbers below the
Fermi level at 0 K are assumed to be constant during the
estimation of �F at the temperature of interest. The electronic
entropy in the mean field approximation is written by18,22

Sel�T� = − kB� n����f ln f + �1 − f�ln�1 − f��d� . �7�

Within the quasiharmonic approximation, the anharmonic
effect can be accounted by the harmonic approximation at
several different volumes. In this case, the free energy can be
approximated as
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F�V,T� = E0�V� + Fph�V,T� + Fel�V,T� , �8�

where E0�V� is the first-principles ground state energy at 0 K
and volume V, Fph�V ,T� is the phonon contributions to free
energy given by Eq. �5� at each V, and Fel�V ,T� the elec-
tronic contributions given by Eqs. �6� and �7� with respect to
the corresponding V and T. The equilibrium free energy F at
each temperature T can be obtained by minimizing Eq. �8�
with respect to V. In the present work, the F vs V curves are
fitted to a four-parameter equation of state for the tempera-
tures of interest; consequently, the equilibrium free energy,
volume, bulk modulus, and the pressure derivative of the
bulk modulus can be estimated, see Ref. 23 for details.

III. METHODOLOGY

In the present work, the first-principles calculations are
performed by using the projector-augmented wave �PAW�
method24 as implemented in VASP.25 The generalized gradient
approximation �GGA� �Ref. 26� is used for the exchange-
correlation potential. The PAW potential is adopted to de-
scribe the electron-ion interaction because of its efficient
implementation of force, and meanwhile it combines the ac-
curacy of all-electron methods with the efficiency of pseudo-
potentials. The phonon calculations are carried out by the
supercell method17 as implemented in ATAT code.27 More
details of the first-principles phonon calculations for each
structure are shown in Table I, including �i� the Pearson’s
symbol and the space group; �ii� the treatment of valence
states in the PAW potential; �iii� the energy cutoff on the
wave functions, which is about 1.25 to 1.3 times higher than
the default one; �iv� the size of k mesh for electronic struc-
ture calculations, which is constructed using the Monkhorst-
Pack scheme;28 �v� the setting of supercell �denoted by the
amount of atoms per supercell� used to perform the phonon
calculations; �vi� the size of k mesh for the calculations of
force acting on atoms in the perturbed supercell; �vii� the
setting of displacement from the equilibrium atomic posi-
tions, giving a maximum force around 0.5 eV/Å �0.3
0.9�;

and �viii� the setting of cutoff range used to fit the force
constants. Convergences of properties, such as total energy
and phonon dispersion, have been checked for the aforemen-
tioned settings in Table I. All the structures shown in Table I
are fully relaxed and the final static calculations �to obtain
electronic DOS’s and accurate total energies� using tetrahe-
dron smearing method with Blöchl corrections29 are em-
ployed in the present work.

IV. RESULTS AND DISCUSSIONS

In this section, the calculated equilibrium lattice param-
eters �or volumes for �- and �-B�, bulk moduli �both at 0 K
and room temperature�, electronic DOS’s, and phonon dis-
persion relations, together with the predicted finite tempera-
ture thermodynamic properties �entropy, enthalpy, and Gibbs
energy�, are presented and compared with the available ex-
perimental data for �- and �-B �Sec. IV A�, alkaline-earth
metals Ca, Sr, and Ba �Sec. IV B�, and alkaline-earth
hexaborides CaB6, SrB6, and BaB6 �Sec. IV C�.

A. �- and �-boron

Boron �B� is one of the fascinating elements due to its
superconductivity at high pressure,30 semiconductivity, and
the vast variety of polymorphs,31 of which a B12 icosahedron
is the basic structure unit. �-B �hR12� is the simplest one
consisting of one distorted icosahedron in a rhombohedral
structure. �-B �hR105 for the ideal configuration� is the most
commonly found modification in a complex rhombohedral
structure. The phase stability in �- and �-B has been studied
in terms of first-principles quasiharmonic phonon calcula-
tions by the present authors.32 Table II summarizes the cal-
culated properties of �- and �-B at 0 K �without the phonon
contribution� and 298 K �with the phonon contribution�, in-
cluding the lattice parameters, volume, bulk modulus, pres-
sure derivative of bulk modulus, thermal expansion coeffi-
cient, and the second-moment Debye temperature.33 The
predicted properties, especially the results at room tempera-
ture �298 K�, are in good agreements with the experimental

TABLE I. Details to perform the first-principles and phonon calculations, including the Pearson’s symbol and the space group of pure
element or compound, the valence states of pure element used in the PAW potential, the cutoff energy �Ecut in eV� for plane wave basis,
k mesh used to calculate the electronic and phonon structures, the amount of atoms in the supercell �SC atoms� to perform the phonon
calculation, the displacement ��r in Å� of disturbed atom from its equilibrium position, and the cutoff distance �Rcut in Å� used to specify
the fitting range of force constants.

Material
Pearson
symbol

Space
group

Valence
states

Ecut

�eV�
k-mesh
electron

SC
atoms

k-mesh
phonon

�r
�Å�

Rcut

phonon
�Å�

fcc-Ca cF4 Fm3̄m 3s23p64s2 370 22
22
22 32 6
6
6 0.2 7.0

fcc-Sr cF4 Fm3̄m 4s24p65s2 290 22
22
22 32 6
6
6 0.2 8.0

bcc-Ba cI2 Im 3̄m 5s25p66s2 240 22
22
22 32 6
6
6 0.4 7.5

CaB6 cP7 Pm3̄m 420 18
18
18 56 6
6
6 0.06a 6.0

SrB6 cP7 Pm3̄m 420 18
18
18 56 6
6
6 0.05 6.5

BaB6 cP7 Pm3̄m 420 18
18
18 56 6
6
6 0.06 6.5

aLarger displacement 0.1 Å is adopted for lattice parameters larger than 1.01
a0.
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data.34–39 The larger volume, and the lower bulk modulus
and Debye temperature of �-B with respect to those of
�-B, indicate the weakening of covalent bonds in �-B. The
predicted pressure derivative of bulk modulus of �-B is
larger than that of �-B, consistent with the larger thermal
expansion coefficient of �-B, implying the further weaken-
ing of covalent bonds of �-B at elevated temperatures. It is
also worth mentioning that the predicted Wyckoff sites in
�-B are in excellent agreements with the measurements38,40

with the average standard deviations of 0.0013. The first-
principles phonon calculations in Ref. 32 indicate that �i�
�-B is more stable than �-B at lower temperatures up to the
predicted 1388 K, and the thermodynamic stability of �-B at
high temperatures ascribes to the higher phonon DOS at the
lower frequency region with respect to that of �-B; �ii� the
defect-free �-B is unstable at high temperatures �above
1840 K� indicated by the appearance of imaginary phonon
modes. Extra B atoms are needed at high temperatures in
order to prevent the formation of imaginary phonon modes
of the defect-free �-B. The predicted thermodynamic prop-
erties in Ref. 32 by considering only phonon contribution
will be adopted here. The electronic contributions are ne-
glected due to the semiconductor natures of �- and �-B �see
also Sec. IV C�. In the present work, the �-B is set as refer-
ence state of element B due to its stability at low tempera-
tures.

B. Ca, Sr, and Ba

The divalent alkaline-earth metals Ca, Sr, and Ba possess
a number of interesting properties. For instance, their crystal
structures exhibit as a function of temperature and
pressure.41,42 At ambient condition, the stable structure is fcc
for Ca and Sr, and bcc for Ba.42 Ca and Sr are known as
semimetal; at lower pressure, Ca and Sr display a metal-
nonmetal transition in which the metallic character is lost.43

The divalent alkaline-earth metals �e.g., Ba� are considered
as the onset from simple metal to transition metal due to the
influence of d electron.44 Also owing to the effect of d elec-
tron, the anomalous phonon features occur in the alkaline-
earth metals,45–47 in particular for Ba where the longitudinal
acoustic branch along the �� 0 0� direction is lower than the
transverse acoustic branch.45

Table III gives the predicted lattice parameters and bulk
moduli of Ca, Sr, and Ba at 0 K and 298 K �with both the
phonon and electronic contributions�, which are in good
agreements with the experimental data,46–49 especially the
calculated ones at 298 K, implying the phonon properties
will be predicted precisely as demonstrated in the following
section. With increasing mass from fcc-Ca, fcc-Sr, to bcc-Ba,
their bulk moduli decrease, indicating the weakening of
metal bonds. Table III also shows the predicted second-
moment Debye temperatures from the phonon DOS’s of Ca,
Sr, and Ba, which are in prefect agreements with the
experiments.50,51 The change of Debye temperatures from
Ca, Sr, to Ba is consistent with the variation of their bulk
moduli, confirming the weakening of metal bonds from Ca,
Sr, to Ba.

The total electronic DOS’s for fcc-Ca, fcc-Sr, and bcc-Ba
are illustrated in Fig. 1. It shows that the DOS’s of Ca and Sr
are quite similar, whereas Ba is a little different from them.
Below the Fermi level, their electronic structures are simple
and almost free-electron-like. Around the Fermi level, the
presence of dip through the sp-d hybridization44 stabilizes
their crystal structures. Above the Fermi level, their elec-
tronic structures are somehow complicated by the presence
of an empty d band just above the Fermi level.44,45,47 A tran-
sition metal character is present arising from the hybridiza-
tion with the d band, especially for Ba. The occurrence of
bcc structure of Ba in contrast to fcc in Ca and Sr suggests
the onset of transition-metal behavior. In addition, Moriarty44

indicated that the distance of empty d band with respect to

TABLE II. Calculated properties of �- and �-B at 0 K �without phonon contribution� and 298 K �with
phonon contribution� together with the experimental data, including the lattice parameters a0 and c0 �Å� in
hexagonal setting, volume V0 �Å3/atom�, bulk modulus B0 �GPa�, pressure derivative of bulk modulus B0�
thermal expansion coefficient � �10−6 K−1�, and the Debye temperature �D �K�.

Material
a0

�Å�
c0

�Å�
V0

Å3/atom
B0

�GPa� B0�
�

�10−6 K−1�
�D

�K�

�-B 0 K 4.902 12.545 7.253 209.10 4.08 1372a

298 K 4.926b 12.605b 7.360 201.70 3.97 3.74

Experiment 4.924c 12.610c 7.355c 213�15�d 3.5e 1430f

�-B 0 K 10.919 23.724 7.776 193.42 4.33 1288a

298 K 10.972b 23.839b 7.890 181.17 4.42 4.52

Experiment 10.925g 23.814g 7.822g 185�7�d 4.0d 6.4h 1300f

aEstimated from the second-moment Debye cutoff frequency obtained by phonon DOS.
bEstimated from the volume at 298 K assuming the same c/a ratio as 0 K.
cX-ray diffraction �XRD� �Ref. 34�.
dXRD of �-B and neutron diffraction of �-B �Ref. 35�.
eLDA calculation �Ref. 36�.
fReference 37.
gReference 38.
hAverage value in the temperature range 293–1023 K �Ref. 39�.
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the Fermi level decreases with increasing of mass among Ca,
Sr, and Ba. Further investigation of electronic structure �not
shown� indicates that the nonmetal character appears �i.e.,
the DOS at Fermi level is zero� when the pressure is above
about 4 GPa for Ca and 0.5 for Sr. Those phenomena have
also been observed experimentally by electronic resistance
measurements.52

Figure 2 shows the phonon dispersion relations for fcc-
Ca, fcc-Sr, and bcc-Ba at their theoretic equilibrium volumes
at 0 K. In general, a good agreement is shown between the
calculations and the measurements by inelastic neutron
scattering.45,47,53 First of all, the highest frequency decreases
from Ca, Sr, to Ba due to the influence of mass. For both Ca
and Sr with fcc structures, their dispersion curves are similar
to each other. In addition, both of them show that the fre-
quencies of the transverse T1 �� � 0� �� to X, see Fig. 2�
branch for � at around 0.6 are slightly above the velocity-of-
sound line determined from the low frequency
measurements.46,47,53 The present calculations using super-
cell method also indicate the slightly positive dispersion of
the T1 branch as shown in Fig. 2. For bcc Ba, the calculated
dispersion curves are in good overall agreement with the
measurement by coherent inelastic neutron scattering per-
formed on a large single crystal.45 In the �� 0 0� direction ��
to H�, the calculated longitudinal �L� branch is near to the
transverse �T� branches �twofold degenerated� with L laying
lower position than T. The predicted anomalous dispersions
exhibited by the �� 0 0� branches are in good agreement with

TABLE III. Calculated properties of Ca, Sr, and Ba at 0 K
�without phonon contribution� and 298 K �with both phonon and
electronic contributions� together with the experimental data: lattice
parameter a0 �Å�, bulk modulus B0 �GPa�, and the Debye tempera-
ture �D �K�.

Material
a0

�Å�
B0

�GPa�
�D

�K�

fcc-Ca 0 K 5.516 17.32 215a

298 K 5.553 16.00

Experiment 5.588b 18.3c 210e

16.9d 229f

fcc-Sr 0 K 5.996 11.83 134a

298 K 6.049 10.66

Experiment 6.08b 14±8g 133e

147f

bcc-Ba 0 K 4.999 8.99 99a

298 K 5.033 8.40

Experiment 5.013b 9.4c 97e

7±3g 110.5f

aEstimated from the second moment Debye cutoff frequency ob-
tained by phonon DOS.
bReference 48.
cReference 49.
dReference 46.
eReference 50.
fReference 51.
gReference 47.

FIG. 1. Total electronic density of states �DOS’s� for fcc-Ca,
fcc-Sr, and bcc-Ba; the vertical dotted line shows the Fermi level.

FIG. 2. Calculated phonon dispersion curves for fcc-Ca, fcc-Sr,
and bcc-Ba pertaining to the equilibrium volumes at 0 K, and the
corresponding data �symbols� measured by inelastic neutron scat-
tering �Refs. 45, 47, and 53�. T1 indicates the slightly positive dis-
persion of the transverse branches of fcc-Ca and fcc-Sr. The
pressure-dependent frequencies are also shown for the X point �fcc
phase� and the N point �bcc phase�. The labels T and L indicate the
transverse and longitudinal acoustic branches, respectively.
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the measurements. All the anomalous dispersions in Ca, Sr,
and Ba can trace their influence by the presence of an empty
d band just above the Fermi level.44,45,47 Both the electronic
and phonon features as shown in Figs. 1 and 2 indicate that
the divalent alkaline-earth metals �e.g., Ca, Sr, and Ba� are in
the middle of simple metal and transition metal. With the
variation of external pressure, the phonon frequencies at spe-
cial points, i.e., the X point of Ca and Sr, and the N point of
Ba, are also shown in Fig. 2. For these alkaline-earth metals,
the near-linear increasing of phonon frequency with increas-
ing of pressure is predicted. Additionally the highest fre-
quency mode has a larger positive slope than those of others.

Starting from both the electronic and phonon DOS’s at
several �seven in the present work� different volumes, the
free energies �F� of Ca, Sr, and Ba can be predicted based on
the quasiharmonic approximation, i.e., Eq. �8�. Accordingly,
the entropy �S� and internal energy �E� are estimated accord-
ing to Eqs. �9� and �10�, respectively,

S = − T� �F

�T
�

V
, �9�

E = F − T� �F

�T
�

V
, �10�

where T and V are temperature and volume, respectively.
Neglecting the influence of pressure �P� on solid phase �i.e.,
the PV term�, the internal and free energies are equal to the
enthalpy �H� and Gibbs �G� energy, respectively. Figure 3
shows the predicted S, H, and G, where the reference states
for H and G are the commonly used setting in the computer
coupling of phase diagrams and thermochemistry
�CALPHAD� community,54 i.e., the H at 298 K and 1 bar.

The widely accepted Scientific Group Thermodata Europe
�SGTE� data,55 evaluated from the experimental data, are
also given in Fig. 3 for comparison. As expected, Fig. 3
shows that the calculated S, H, and G of Ca, Sr, and Ba have
obvious differences with and without the electronic contribu-
tions. With the electronic contributions, the calculated values
of S and H increase, but the calculated values of G decrease.
There are perfect agreements between measurements �SGTE
data� and calculations �including both the electronic and pho-
non contributions� for Ca and especially for Sr. For bcc Ba,
the calculated G agrees with the SGTE data, but for S and H
there are big differences between calculations and the SGTE
data. Note that because the alkaline-earth metals, in particu-
lar Ba, are highly reactive metals, it is inevitable that oxygen
and hydrogen can easily contaminate samples and generate
significant thermal effects during measurements at elevated
temperatures, making all available data above room tempera-
ture unreliable. The uncertainty in the reported thermody-
namic values usually exceeds 15% for Ba.56 Based on this
consideration, the recommended data of bcc-Ba by Alcock et
al.56 are also shown in Fig. 3, which are close to the present
predictions. By considering the accurately predicted phonon
dispersion curves for Ca, Sr, and Ba �see Fig. 2� and the
accurately predicted thermodynamic data for Ca and Sr, it is
suggested that the present calculated thermodynamic data
can be considered as tentative for the further measurements
of thermodynamic data of Ba.

C. CaB6, SrB6, and BaB6

The divalent alkaline-earth hexaborides MB6 �M =Ca, Sr,

and Ba� have a bcc-like structure with space group of Pm3̄m,
in which metal ions M locate at the Wyckoff position 1a �0,
0, 0� and octahedral B6 at the Wyckoff position 6f �x, 1 /2,
1 /2�, as shown in Fig. 4. The structure information is deter-
mined by the lattice parameter a and the positional parameter
x �usually x�0.207�. When x=0.207, the intraoctahedral and
interoctahedral B-B distances become indistinguishable; see

FIG. 3. �Color online� Thermodynamic properties: entropy �S�,
enthalpy �H�, and Gibbs energy �G� for fcc-Ca, fcc-Sr, and bcc-Ba.
The lines are the calculated results with �Ph+El� and without �Ph�
the electronic contributions. The cycles are taken from the SGTE
database �Ref. 55�. The diamond symbols are recommended data by
Alcock et al. �Ref. 56�.

FIG. 4. Crystal structure for the alkaline-earth metal
hexaborides MB6 �M =Ca, Sr, Ba�. The large solid cycle is M atom;
the small solid cycles are B atoms.
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Fig. 4. It has been demonstrated that the band gap at the X
point of MB6 is sensitive and proportional to the values of a
and x.9,57 The present calculated structure parameters are in
excellent agreement with experiments9,12,15,58,59 as shown
Table IV. For CaB6, SrB6, and BaB6, the values of a and x
increase with increasing of mass. The predicted x value less
than 0.207 indicates that the interoctahedral B-B distance is
less than the intraoctahedral B-B distance. Table IV also
shows that the predicted bulk moduli of CaB6, SrB6, and
BaB6 are close to each other. The present bulk modulus of
CaB6 agree with the calculated ones by LDA and sX-LDA.9

The total electronic DOS’s around the Fermi level of
CaB6, SrB6, and BaB6 are shown in Fig. 5. In general, the
basic features of these electronic structures are similar. Fur-
thermore, the DOS of CaB6 is rather closer to that of SrB6,
while the DOS of BaB6 is somewhat complex because the
electronic structure of Ba is closer to transition metal than
those of Ca and Sr. Although the presently predicted elec-
tronic structure is in gross agreement with the predictions by
WDA,8 xS-LDA,9 and GW approximation,4 the DOS’s
around the Fermi level clearly indicates a semimetal charac-
teristic rather than an experimental semiconductor,7,10 due to
the fact that LDA and GGA approximations are usually un-
derestimate the band gap of semiconductor. However, the
capacity of GGA to predict accurate structure properties �see
Table IV� implies that the phonon calculations also would be
accurate.

Figure 6 shows the calculated phonon dispersion relations
for CaB6, SrB6, and BaB6. The general features of them are
identical except that the frequencies decrease from CaB6,
SrB6, to BaB6 due to the influence of mass, indicating the
similar properties of divalent alkaline-earth hexaborides. At
the � point, a group theory analysis60 leads to the following

vibrational modes for Wyckoff positions 1a and 6f of space

group Pm3̄m,

��1a,Pm3̄m� = T1u�IR� , �11a�

��6f ,Pm3̄m� = A1g�R� + Eg�R� + T2u + T2g�R� + 2T1u�IR�

+ T1g, �11b�

TABLE IV. Calculated properties of hexaborides MB6 �M =Ca,Sr,Ba�, at 0 K �without phonon contri-
bution� and 298 K �with both phonon and electronic contributions� together with the experimental data:
lattice parameter a0 �Å�, positional parameter x in Wyckoff position 6f �x, 1 /2, 1 /2� of B atoms, bulk
modulus B0 �GPa�, Debye temperature �D �K�, and enthalpy of formation �H �kJ/mol�.

Material
a0

�Å� x
B0

�GPa�
�D

�K�
�H

�kJ/mol�

CaB6 0 K 4.148 0.2018 149.04 1289a −40.774

298 K 4.168 138.59 −40.742

Experiment 4.1514b 0.2019b 151c 783e −17.078f

149d

SrB6 0 K 4.198 0.2031 147.43 1259a −44.794

298 K 4.217 141.08 −44.920

Experiment 4.1953b 0.2031b 736g −30.096f

BaB6 0 K 4.2787 0.2054 144.33 1202a −40.543

298 K 4.2967 138.58 −40.991

Experiment 4.2618b 0.2047b −47.533f

aEstimated from the second-moment Debye cutoff frequency obtained by phonon DOS.
bReference 15.
cCalculated value by LDA �Ref. 9�.
dCalculated value by sX-LDA �Ref. 9�.
eEstimated value through low-temperature specific heat below 11 K �Ref. 58�.
fReference 12.
gEstimated value through low-temperature specific heat below 8.9 K �Ref. 59�.

FIG. 5. Total electronic density of states �DOS’s� for CaB6,
SrB6, and BaB6; the vertical dotted line shows the Fermi level.
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where R and IR indicate the Raman and infrared active
modes, respectively. The sketches of these phonon modes in
Eq. �11� can be found in Refs. 61 and 62.

At the � point, the present calculated optical phonon
modes of CaB6, SrB6, and BaB6 pertaining to the equilib-
rium volumes at 0 K are given in Table V, which are in
excellent agreements with the available Raman and infrared
measurements.2,7,63–65 To our knowledge, there are no avail-
able measurements for BaB6; however, it is believed that the
present calculations are rather accurate according to the fol-
lowing two facts: �i� the phonon modes should be similar
among the divalent alkaline-earth hexaboride, and �ii� a de-
creasing trend of phonon frequency is present with increas-
ing the mass of metal in the divalent alkaline-earth
hexaboride �or the lattice parameter�.61,64 As shown in Table
V, the sX-LDA calculated T2g mode of CaB6 �the breathing
mode is indicated in Ref. 9; however, it should be the T2g
mode according to the reported value� is about 3 THz lower
that the experimental observations, and it can be understood
that the force constants are not predicted correctly, although
sX-LDA predicted the correct band gap of CaB6. The
pressure-dependent optical modes at the � point are also il-
lustrated in Fig. 6. A linear increasing trend with respect to
external pressure is shown for these modes except for the T1g
mode with a pressure-independent characteristic. The pre-
dicted pressure-dependent T2g mode for CaB6 agrees well
with the Raman measurements.66

The present calculations �see Fig. 5� show that the diva-
lent hexaborides CaB6, SrB6, and BaB6 are semimetals, even
having zero electronic densities at the Fermi levels. In prin-
ciple, the long range of the Coulomb interactions in these
ionic compounds should cause the frequencies of longitudi-
nal optical �LO� modes above those of transversal optical
�TO� modes.67 The LO/TO splitting occurs at the � point of
the Brillouin zone, and only for infrared active modes, e.g.,
the T1u modes for the hexaborides. The supercell method
used above cannot be employed to estimate the LO/TO split-
ting directly, because only finite wave vector ��0 calcula-

TABLE V. Calculated and measured optical frequencies �in THz� at the � point for the hexaborides MB6

�M =Ca,Sr,Ba�, where R represents Raman mode, IR infrared mode.

Material
A1g

�R�
Eg

�R�
T1u

�IR�
T2g

�R� T1g T2u

T1u

�IR�

CaB6 This work 37.74 34.06 26.29 23.33 17.73 13.90 3.56

Ref. 7 4.48

Ref. 9 20.4a, 23.5b

Ref. 63 38.5c 34.5c 23.4c

Ref. 64 38.07 33.73 23.23

Ref. 65 37.38 33.64 22.60

Ref. 2 37.77 33.61 22.99

SrB6 This work 36.00 32.28 25.83 23.09 18.26 13.86 4.93

Ref. 64 36.72 33.13 23.08

BaB6 This work 32.66 29.39 24.90 22.49 18.45 13.50 5.63

aCalculated by sX-LDA.
bCalculated by LDA.
cMeasured at 13 K.

FIG. 6. Calculated phonon dispersion curves of CaB6, SrB6, and
BaB6 pertaining to the equilibrium volumes at 0 K. The pressure-
dependent frequencies at the � point are also shown, together with
the measured T2g modes �Ref. 66� �open circles� for CaB6. Note
that the LO/TO splitting is not shown for the infrared active T1u

modes �see Sec. IV C�.
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tions are possible. Therefore, the elongated supercells are
needed to recover the wave vector �→0 limit of the LO
optical branches.67 In the present work, the elongated super-
cell 1
1
10 and the PHONON code68 are employed to
probe the appearances of LO/TO splitting for the
hexaborides. It is found that the LO/TO splitting appears
obviously for the low frequency T1u modes �with frequencies
around 5 THz, see Table V�. The predicted frequencies of the
LO modes are 11.8, 11.6, and 11.2 THz for CaB6, SrB6, and
BaB6, respectively. However, for the high frequency T1u
modes �with frequencies around 25 THz, see Table V�, no
obvious LO/TO splitting appears. It should be mentioned
that the LO modes contribute very little to the phonon
DOS’s, since they differ from TO modes only in a small
volume of the reciprocal lattice in the vicinity of the � point.
Therefore, the influences of LO/TO splitting on the predicted
properties are not taken into account in the present work.

On the basis of the second-moment Debye cutoff fre-
quency estimated from the phonon DOS’s, the Debye tem-
peratures of CaB6, SrB6, and BaB6 are calculated and shown
in Table IV. The predicted Debye temperatures are much
higher than the measured values58,59 obtained through the
data of low temperature ��11 K� specific heat. It is argued
that the measured Debye temperatures from the heat capacity
at low temperatures are inconsistent with the high melting
points and the low coefficients of thermal expansion charac-
teristic of the hexaborides.1 As indicated by Mandrus et al.69

for LaB6, the Debye temperature obtained from the heat ca-
pacity in low temperature are around 250 K, mainly reflect-
ing the contribution of the La local mode. However, the ob-
tained Debye temperature for LaB6 is 1160 K from the room
temperature crystallography data.69 Due to the lattice prop-
erties of B-rich compounds depend mainly on the B-B bond-
ing, and the melting point of MB6 is comparable with those
of B12C3, �-B, and YB66,

70 with the Debye temperature of
�-B reported to be 1300 K �see Table II�, the present pre-
dicted Debye temperatures of CaB6, SrB6, and BaB6 are
more reasonable.

In terms of the quasiharmonic approximation, Fig. 7
shows the predicted thermodynamic properties for CaB6,
SrB6, and BaB6, including entropy �S�, enthalpy �H�, and
Gibbs �G� energy. It is shown that the electronic contribu-
tions are negligible due to the lower electronic DOS’s near
the Fermi level �see Fig. 5�. In fact, the electronic contribu-
tions can be neglected safely owing to the semiconductor
natures of the divalent alkaline-earth hexaborides, just as the
previous treatments for �- and �-B. Using results shown in
Ref. 32 and Figs. 4 and 7, the predicted enthalpies of forma-
tion for CaB6, SrB6, and BaB6 are shown in Table IV to-
gether with the experimental data.12 Large differences be-
tween measurements and calculations are noticed for CaB6
and SrB6. This may be because the measurements for CaB6
and SrB6 were conducted at very high temperatures. In con-
tract to the big differences of the measured enthalpies of
formation among CaB6, SrB6, and BaB6, this work predicts
similar enthalpies of formation, which agree with the facts
that they have the similar melting temperatures,1,2 standard
entropies,12 bulk moduli, and Debye temperatures �see
Table IV�.

V. CONCLUSIONS

In terms of first-principles quasiharmonic phonon calcu-
lations, the phonon and thermodynamic properties have been
investigated for the divalent alkaline-earth hexaborides, MB6
�M =Ca, Sr, and Ba�, and the reference elements B, Ca, Sr,
and Ba. The calculated phonon dispersion relations using the
supercell approach are in good agreements with those ob-
tained by the inelastic neutron scattering, Raman scattering,
and infrared absorption. The experimentally revealed anoma-
lous behaviors of phonon dispersions in the alkaline-earth
metals are correctly predicted; i.e., for both fcc-Ca and fcc-
Sr, the frequency of the lower transverse �� � 0� branch ex-
hibits slightly positive dispersion, and for bcc-Ba the fre-
quency of longitudinal branch along the �� 0 0� direction is
lower than that of the transverse branch. These anomalous
phenomena of alkaline-earth elements can be traced back to
the effects of d electrons. The predicted phonon dispersion
relations among CaB6, SrB6, and BaB6 show similar features
except the frequencies decrease from CaB6, SrB6, to BaB6
due to the influence of mass. It is also found that the low
frequency T1u modes of CaB6, SrB6, and BaB6 have large
LO/TO splitting �greater than 5 THz�. To that end, the finite
temperature thermodynamic properties �entropy, enthalpy,
and Gibbs energy� of hexaborides CaB6, SrB6, BaB6, and
elements B, Ca, Sr, and Ba are calculated; herein, both the
phonon and electronic contributions are considered. This
work indicates that the difference of the enthalpies of forma-
tion of CaB6, SrB6, and BaB6 is small, which agrees with the
facts that they possess similar phonon dispersion relations,
melting temperatures, bulk moduli, and Debye temperatures.
The thermodynamic descriptions obtained here can be used
for better fabrication of these alkaline-earth hexaborides
CaB6, SrB6, and BaB6, which continue to garner interest in
the scientific community.

FIG. 7. Thermodynamic properties: entropy �S�, enthalpy �H�,
and Gibbs energy �G� for CaB6, SrB6, and BaB6. The lines are the
calculated results with �Ph+El� and without �Ph� the electronic
contributions.
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