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Zigzag spin-S chain near the ferromagnet-antiferromagnet transition point
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The properties of the ferromagnetic frustrated spin-S one-dimensional Heisenberg model in the vicinity of
the transition point from the ferromagnetic to the singlet ground state are studied using the perturbation theory
(PT) in small parameter characterizing the deviation from the transition point. The critical exponents defining
the behavior of the ground-state energy and spin correlation functions are determined using scaling estimates
of infrared divergencies of the PT. It is shown that the quantum fluctuations for s=1/2 are sufficiently strong
to change the classical critical exponents, while for spin systems with s=1 the critical exponents remain
classical. The dimerization in the singlet phase near the transition point is discussed.
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I. INTRODUCTION

The quantum spin chains with nearest-neighbor (NN) J;
and next-nearest-neighbor (NNN) J, interactions have been
subject of numerous studies.! The model with both antifer-
romagnetic interactions J;,J,>0 (AF-AF model) is well
studied.>”’” There is a critical value J,.=0.2411J,, which
separates doubly degenerated dimer phase (at J,>J,,) char-
acterized by the excitation gap and the gapless spin-fluid
phase (at J,<<J,,.). Relatively less is known about the F-AF
model with the ferromagnetic NN and the antiferromagnetic
NNN interactions (J;<0,J,>0). Although the latter model
has been subject of many studies,®~!3 the complete picture of
the phases of this model as a function of the frustration pa-
rameter J,/J; is unclear up to now. An additional motivation
to study this model is related to the fact that a class of re-
cently synthesized compounds containing CuO chains with
edge-sharing CuO, units is described by the F-AF zigzag
model.'*~!7 The Cu-O-Cu angle in these compounds is close
to 90° and usual antiferromagnetic NN exchange between Cu
ions is suppressed. This means that the sign of J; can be
negative, while the NNN exchange is antiferromagnetic.

It is well known that there is a critical value J,/J,=
—1/4, where the transition from the ferromagnetic ground
state to the incommensurate singlet state occurs.'®!® The
study of the character of this quantum transition is one of the
interesting problem related to the F-AF model. In this paper,
we focus on the behavior of the model in the vicinity of the
transition point. We hope that this analysis will be useful for
the study of the properties of the edge-shared copper oxides
where the frustration ratio is close to the critical point. In
particular, for edge-shared cuprate Li,ZrCuO,, the ratio is
JZ/JI ~—0.28 and for szCUzMO?,O]z it is JZ/JI ~ —0.37.20’21

The Hamiltonian of the F-AF model is

N N

H=_E(S11'Sn+l_sz)+-]2 (Sn'sn+2_52)v (1)

n=1 n=1

where we put J;=-1 and J,=J, s is a spin value, and peri-
odic boundary conditions are imposed. The constant shifts in
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Eq. (1) secure the energy of the ferromagnetic state to be
Zero.

Unfortunately, this model is not solved exactly. As was
noted above, the ground state of the model (1) is ferromag-
netic at 0 <J<1/4 and it becomes a singlet incommensurate
state for J>1/4. Though the transition point between these
phases is J=1/4 for any s,'® the spectra of the model with
s=1/2 and s=1 in this point are different. For s=1/2, the
singlet ground-state wave function in the transition point is
known exactly.'®?? It is degenerate with the ferromagnetic
state for any even N. For s= 1, the singlet ground-state wave
function is unknown. Finite-size calculations shows that at
J=1/4, the singlet state lies slightly higher than the ferro-
magnetic level and the energies of the singlet and the ferro-
magnetic states are equal in the limit N— < only.

In the vicinity of the transition point at 0<<y<<1(y=J
—1/4), the singlet ground-state energy E, behaves as
E,~ ", where B is a critical exponent. The classical ap-
proximation gives B=2. The spin-wave theory as well as
some other approximations>!'? do not change this critical ex-
ponent. Unfortunately, the exact diagonalization of finite
chains shows a complicated irregular size dependence of the
ground-state energy, which makes the numerical estimation
of the critical exponent 8 impossible. In the paper,?® we con-
jectured that for s=1/2, strong quantum fluctuation changes
the critical exponent and 8=5/3.

We note that the model (1) with s =1 has not been studied
before and the critical exponent for these cases is unknown.
In this paper, we confirm our conjecture for s=1/2 using
scaling estimates of the perturbation theory (PT) in small
parameter y. We show also that S=2 for s=1, though the
corresponding factor at 97 is different from the classical
value and it depends on s.

One of the most important and open questions in the zig-
zag model (1) is the possibility of the spontaneous dimeriza-
tion of the system in the singlet phase accompanied by a gap
in the spectrum. This problem has been mostly studied in the
limit of two weakly coupled AF s=1/2 chains (/> 1). The
one-loop renormalization-group analysis indicates>*> that
the gap is open. However, the existence of the gap has not
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been verified numerically.?> On the basis of a field theory
consideration, it has been proposed?® that a finite gap exists,
but it is so tiny that it cannot be observed numerically. On
the opposite side of the singlet phase, J— 1/4, there are no
reliable results about the dimerization and the gap. Strong
nonmonotonic finite-size effects do not allow us to study the
dimerization numerically.

In order to study the problem of the spontaneous dimer-
ization in the singlet phase of the model (1) close to the
transition point J=1/4, we consider a generalization of the
model (1) by adding to the Hamiltonian H the perturbation in
the form of a dimerization term. Unfortunately, the used spe-
cial version of the PT did not give us a rigorous answer about
the spontaneous dimerization in the model (1). However, it
allowed us to estimate the critical exponent of the dimer
order in case if the spontaneous dimerization in the model
(1) exists. Besides, it allowed us to obtain the critical expo-
nents of the ground-state energy and the dimer order for the
dimerized version of the model (1).

The paper is organized as follows. In Sec. II, we present
the scaling estimate of the critical exponent S using the PT in
v for the Hamiltonian (1) starting from the singlet ground
state at J.=1/4. In Sec. III, we analyze the PT for the Hamil-
tonian, which is transformed to new local axes forming a
spiral structure. We establish the scaling behavior associated
with y and with the pitch angle of the spiral. It is shown that
the critical exponents for the ground-state energy are differ-
ent for the spins s=1/2 and s=1. In Sec. IV, we study the
problem of the spontaneous dimerization in the model (1). In
Sec. V, we summarize our results.

II. SCALING ESTIMATE OF THE CRITICAL EXPONENT
NEAR THE TRANSITION POINT J=1/4

We are interested in the behavior of the model (1) in the
vicinity of the transition point J.=1/4. For this aim, it is
natural to develop the perturbation theory

H:H()+V.y,
1
H0=_E (Sn’sn+1_s2)+ZE (Sn'sn+2_sz)’

Vy = 72 (Sn : Sn+2 - S2) (2)

with a small parameter y=J—1/4<1(y>0).

At y>0, the ground state of the Hamiltonian H is a sin-
glet. Since the perturbation V,, conserves the total spin 52, the
PT to the lowest singlet state |W,) of the Hamiltonian H,
involves only singlet excited states. The low-lying singlet
excitations at the transition point have very small energies as
shown in Figs. 1 and 2, where we present finite-size calcu-
lations of the energy gap between the two lowest singlets.
These calculations show that the low-lying singlet excita-
tions have different powers in N for the cases s=1/2 and
s=1. As will be shown below, this fact leads to different
critical exponents for spin systems with s=1/2 and s=1.

The perturbation series for the singlet ground-state energy
can be written in the form
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FIG. 1. The gap between two lowest singlet states of the model

(1) at the transition point with a different value of spin s vs 1/N*.
Only the s=1/2 curve shows good linear behavior.

1
Eo(y) =(Vy|V,+ VyE I Vy+ [ W), (3)
o—Hp

Suppose that the low-lying excitations acting in the PT
behave as

Ek—EONN_(s, (4)

where 6 is a critical exponents for the excitation spectrum of
unperturbed Hamiltonian H,,.

The higher orders of perturbation series contain more dan-
gerous denominators, and, therefore, have higher powers of
the infrared divergency. Therefore, we use scaling arguments
to estimate the critical exponent for the ground-state energy.
Below, we will follow only powers of divergencies and omit
all numerical factors.

Suppose that the matrix elements of the perturbation op-
erator V, between low-lying states involved in the PT at
N — < behave as

3.5 T T T
i
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FIG. 2. The gap between two lowest singlet states of the model
(1) at the transition point with different value of spin s vs 1/N.
s=1 and 3/2 curves have linear dependence.
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(Vv W) ~ yN'™ (5)

with some exponent d.

Looking after powers of infrared divergencies in all or-
ders of the perturbation series, the correction to the ground-
state energy takes the form

Eo(y) ~ (Wo|V,JWe) D) ¢, X" ~ yN'"f(x), (6)

m=0
where c,, are unknown constants and
LA

Nﬁ-\\—l—d 7
E-£ " ™)

is a scaling parameter, which absorbs the infrared divergen-
cies.

The scaling function f(x) at x—0 is given by the first-
order correction. In the thermodynamic limit (x—°), the
behavior of f(x) is generally unknown, but the natural con-
dition Ey(y) ~N at N— oo requires

flx) ~ =0 (8)
and, finally,
E(y) ~ = NytoD/(3r1=d) 9)

The perturbation series for the lowest excited state E;(vy)
has the same form as Eq. (3). But a requirement of a finite
mass gap (if any) m=E;(y)—Ey(y) ~ O(1) leads to another
critical exponent

m~ 75l(5+1_d)- (10)

We note that for the models in fixed points with a linear
spectrum (5=1), a Egs. (7)-(10) reduce to the well-known
formulas?’

Y= ,yNZ—d’
E(y) ~ =Ny,
m~ ", (11)

where the exponent d represents the scaling dimension of the
perturbation operator.

However, the transition point J=1/4 is not a fixed point.
Finite-size calculations for the gap between lowest singlet
states give exponents d=4 for the s=1/2 chain and 6=3 for
the s=1 chain (see Figs. 1 and 2).

In order to determine the value of the exponent d, we
notice that the singlet ground state of H, has a spiral ordering
at N— o with a period of the spiral equal to N,

WIS, 8,0 =7 cos (12)
For the case s=1/2, this expression is an exact one, 922
while for s=1 we have observed the spin spiral structure in
exact diagonalization of finite-size systems (the spin correla-
tion function for the spin s=1 chain of size N=20 is shown
in Fig. 3). This means that the first-order correction to the
ground-state energy in 7y is
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FIG. 3. The spin correlation function (S,-S,,;) in the lowest
singlet state at the transition point for the spin s=1 chain of size
N=20. The spin spiral structure is obvious.

(4rs)?
N

(Wo|V | W) =—y (13)

We assume that all matrix elements between any low-
lying singlet states |¥,) and |¥)) have the same N depen-
dence,

WV, |JW) ~ % (14)

and, therefore, the exponent d=2.
Thus, as follows from Eq. (9), the critical exponents for
the ground-state energy are different for s=1/2 and s=1,

Ey(y) ~=Ny", s=1/2,

Ey(y) ~=-Ny, s=1. (15)

For the case s=1, the above scaling estimates reproduce
the classical value for the critical exponent of the ground-
state energy. But in the special case s=1/2, the quantum
fluctuations are strong enough to change the critical expo-
nent. In order to understand the nature of the difference be-
tween s=1/2 and s =1 systems and determine factors in Eqgs.
(15), in the next section we develop a special version of the
PT.

III. PERTURBATION THEORY FOR THE TRANSFORMED
HAMILTONIAN

Let us start from the classical picture of the ground state
of the model (1). In the classical approximation, the spins are
vectors that form the spiral structure with a pitch angle ¢
between neighboring spins. The classical energy per site,

Eq(@) =Ns*{1 —cos o= J[1 —cos2@)l},  (16)
is minimized by the angle
=cos™! 1 (17)
Pl = 47 .

The classical ground-state energy is
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2 2
Ecl(¢cl) = —N%)’Z (18)

Following this picture, we transform local axes on the nth
site by a rotation about the Y axis by ¢n. This rotation trans-
forms the original spin wave functions |¢,) to a new basis
depending on the angle ¢,

o) = Uglthy) (19)

where

N

U,= exp(igoz nSi,) (20)
n=1

is the rotation operator and UT U_,. For finite cyclic sys-

tems, the pitch angle ¢ takes quantlzed values go,,,——.

N
Under the unitary transformation U, the Hamiltonian H
takes the form

H,=UHU_,=H+V,,

= (1 — COos (ID) 2 [Sn n+l + S;S;H]
—J(1 —cos 2¢) >, [S38*,, + S55%,,]

- 2 [SIH gD(Sn n+l Slz152+1

—Jsin 2¢(S,S,., = S,5,10) 1. (21)

Now let us choose some eigenstate |i,) of the Hamil-
tonian H,

H|i,) =E,|¢h,). (22)

The state |4,) is the eigenstate of the Hamiltonian H, but
not of H,. Therefore, if we develop and exactly calculate the
perturbation theory in V, to this state, we arrive at some
eigenstate |lﬂm’<p> of the Hamiltonian H.,,

H | .0) = E(@)|h.0) (23)

corresponding to, generally speaking, another energy level
E,(¢) # E,. Obviously, the unitary transformation U, does
not change the spectrum. Therefore, the found energy level
E, (o) is also one of the eigenvalues of the original Hamil-
tonian H. Thus, taking different values of the pitch angle
On= 27"" (m=1,...,N) and applying the PT in V, to some
deﬁmte ei genstate |44, of the Hamiltonian H, we obtain a set
of N, generally different, levels E,,(¢) of H. So, we do not
need to fix the value of ¢ to its classical value in contrast to
the spin-wave approximation. Instead, we are free to pick out
the minimal energy from the set of the found N levels E,,(¢).
In the thermodynamic limit, when ¢ becomes continuous
variable, this procedure means the minimization of the found
energy E(¢) over o.

As a “source” function |¢,) of H, it is natural to choose
the ferromagnetic state with all spins pointing up,

[Fy=[11---1). (24)

This choice is equivalent to taking the function |F o
=U,|F) as a probe ground state for the model (1). The func-
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tion |F ) has a spiral structure arising in the classical ap-
proximation. The expectation value of the total S? in this
state is'”

N
FIS?F,) = 5 (25)

This means that |F ) is not a pure singlet state, but con-
tains an admixture of states with S# 0. However, it is clear
that the weights of states with §# 0 are negligible at N—
and we can treat the state |F ) as a singlet one.

Since we are interested in the behavior of the model near
the transition point J=1/4, it is convenient to represent the
Hamiltonian H, in the form

H,=Hy+V,+V, (26)

with Hj and V., defined above in Eq. (2) and to develop the
perturbation theory to the ferromagnetic state in V=V +V,,.
So, there are two channels V, and V,, in the perturbation
theory characterized by two small parameters ¢ and 7. The
ferromagnetic state |F) is the eigenstate of the Hamiltonian
H, with the energy E(=0 and also of the perturbation V,, but
not of V. The obvious relation Vy|F »=0 means that the per-
turbatlon series for the energy contains terms ~¢”9", but
does not contain terms ~ " without .

At first glance, it seems that as a result of the rotation Eq.
(20), we obtain a more complex Hamiltonian H, and a more
complicated perturbation theory with two channels. But the
advantage of this method is to construct the perturbation
theory in V=V _+V, to the simple ferromagnetic state instead
of the perturbation theory in V,, to a very complicated (and
even unknown for s=1) lowest singlet state of H|,, which
was analyzed using scaling arguments and numerical calcu-
lations in the previous section. The fact that we separate the
term V, from H and treat it as the perturbation does not
change our arguments about minimization of the found ex-
pression for energy E(¢,y) over ¢.

The ground state of the Hamiltonian H,, is manifold de-
generate: all the ferromagnetic states |F s ) with different total
S.=2S; have zero energy. Therefore, at first we have to split
this degeneration of the ground state with use of secular
equation. It turns out that diagonal elements are proportional
to (Fs|V|Fs)~N, while nondiagonal matrix elements are
(Fs, \VIF 5! Y~ O(1). Therefore, in the thermodynamic limit
we can neglect nondiagonal matrix elements and develop
regular perturbation theory directly to the ferromagnetic state
|F) with all spins pointing up.

The first-order correction to the energy reproduces the
leading terms of the classical result (18),

4
ED = (F]| V¢|F> =—2Ns*yg® + st%. (27)

The second-order correction to the energy,

2 <\I,k|v|F>

, (28)
«  Eo—Ey

relates to a two-magnon states, because operator V (actually
V,) has nonzero matrix elements in Eq. (28) only with the
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states |¥;) containing two magnons with total quasimomen-
tum Q=0 and relative quasimomentum k. Exact calculation
of the two-magnon problem gives for the sum the following
result:

3S2‘P4

Q- _ N2
16(s+1)

(29)
This sum converges, because a dangerous denominator
4
e)(k) =Ey - Ey= Ek (30)

for small k is compensated by the matrix elements in a nu-
merator,

2 2
3s7p” ,

<‘I’k|vqo|F> = 4(.5‘ + 1)

(31)
As one can see, the two-magnon spectrum of H, at Q

=0 and k<1 is simply twice an energy of one magnon

g,(k)=2¢,(k), where the one-magnon spectrum of H is

&,(k) = 25(1 = cos k) - %[1 — cos(2K)] (32)

and &,(k)=sk*/4 at small k. So, the low-lying states of H,,
with a small number of magnons have energies &,,=me (k)
~sN™*, which leads to infrared divergencies in the next-
order corrections to the energy. Similar to Eq. (3), we sum
them up using the scaling arguments.

The PT for Eq. (26) contains two channels V., and V,,
which are described by two independent scaling parameters.
In order to determine these scaling parameters, one should
estimate large-N behavior of the matrix elements of the op-
erators V., and V,, between low-lying states |¥;) and |¥),
acting in the PT. Since the operators V,, and V,, create (anni-
hilate) not more than two magnons, we look after only low-
lying states with a small number of magnons and energies,

&y, ~ SN, (33)

We note that these states are very different from the sin-
glet states (with N/2 magnons) presented in Eq. (3), and this
fact is crucial.

The diagonal matrix elements for one-magnon states with
small quasimomentum k behave as

K|V Jky = — 4s vk,

3 <p4
(k| V k) = ZS(szz =5y +4syp? (34)

(nondiagonal elements in the one-magnon sector are zero).

For a small number of magnons m << N, we can treat them
as almost independent, because the interactions between
magnons give only corrections of the order of magnon den-
sity p=m/N to the excitation energies and to the matrix ele-
ments. Therefore, the large-N behavior of the matrix ele-
ments (k~1/N) is

(W|V,|¥,) ~ ysN~2,
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<‘I’l|V¢|‘I’]> -~ (PzSN_z. (35)

These formulas are validated by the exact solution of the
two-magnon problem.

Now we are ready to identify the scaling parameters of
the perturbations V., and V. Similar to Eq. (7), they are

<\P1|V7|\P]> " ’)/Nz,
Em
(TilVo[ ¥ |8“’| ) _ N, (36)

The scaling parameter @N looks natural, because for the
finite cyclic system the pitch angle ¢ is quantized as

_2mm

Pm="nN -
The infrared divergencies are absorbed by these scaling
parameters so that the divergent part of the perturbation se-
ries in both channels has the form

EW =(W|V W) X cpl@N)" (N (37)
m,n=0
with unknown constants c,,,. '
In order to satisfy the thermodynamic relation E‘4")~ N,
we rewrite Eq. (37) as

EWY = Ns@® >, gn((pN)<lz> : (38)
n=0 ¢
where,
2a(@N) = 2 ¢, @)+ (39)
m=0

are a set of (generally unknown) scaling functions. They
should converge in the thermodynamic limit N— % to some
constants

a,= lim g,(eN), (40)
N—oo

which are Taylor coefficients of an unknown scaling function

AZ),

E9) = Nsg®Y, an<%> =NS<P5f<lz>- (41)
¢ ¢

n=0

Thus, collecting the converged first-order E(!) and second-

order E corrections with the divergent part £V, the en-
ergy takes the form
4
s—1/2
E=-2Ns*y¢* + Ns2£— + Ns<p5f<lz> . (42
8 s+1 @

At y=0, the estimate of the energy relates to the spectrum
of the Hamiltonian H,. One can see that the energy for
s=1is E~Ng*, which for small ¢~ agrees with the nu-
merical estimate E~N~3 (see Fig. 2). However, in the spe-
cial case s=1/2, the second term in Eq. (42) vanishes and the
energy becomes E~ N@’f(0), which for (p~ll\, agrees again
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with the numerical estimate E~N~* (see Fig. 1). From the
positivity of the spectrum of the Hamiltonian H,, we con-
clude that £(0)>0.

Now we need to minimize the ground-state energy over ¢.
As follows from Eq. (42), this procedure is different for
s=1/2 and s=1. For the case s=1/2,

2

5
YP ® Y
E=—N—+N—f| = ). 43

2 * 2f(<p2> “43)

The comparison of powers in ¢ and vy of two terms in Eq.
(43) shows that the minimum of E is reached at ¢,,;, ~ ">
Therefore, f(;?) — f(0) at y— 0 and the expression for @,
takes the form

) 1/3
=Y ) . (44)
5£(0)

As was shown above, f(0)>0, which justifies Eq. (44).
The corresponding minimal energy is

____ 6
" s[20£(0)

(Pmin( 7) = (

E Ny, (45)

For the case s=1, the minimum is defined by the first two
terms in Eq. (42) and

] s+1 —
Pmin = 7\ s_1/2\7,

) s+1
s=1/2

Epnin=—8Ns Y. (46)

The last term in Eq. (42) gives the correction to the en-
ergy proportional to ~Nsy>/2.

Thus, we reproduce the critical exponents obtained in Sec.
II. However, this special type of the PT allowed us to deter-
mine also the factor at y* for the case s=1, which at
s— oo tends to the classical result Eq. (18).

According to Egs. (44) and (46), the pitch angle ¢,,;, has
different behavior at y—0 for s=1/2 and s=1. It does not
coincide with its classical value (17) for any s, but it natu-
rally tends to ¢, at s— . The found nonzero pitch angle
¢@min indicates the helical (spiral) structure of the ground
state. Of course, this does not imply the helical long-range
order, which is destroyed by strong quantum fluctuations.
Instead, this means an incommensurate behavior of the spin
correlation function and the pitch angle ¢,,;, can be identified
with the quasimomentum ¢,,,, at which the static structure
factor takes its maximal value.

IV. DIMERIZED ZIGZAG MODEL

In order to study the problem of the spontaneous dimer-
ization in the zigzag model (1) close to the transition point
J=1/4, we add to the Hamiltonian H the dimerization per-
turbation V,,

H;=H+V,,

Ve=aX (=1)'S,- S, (47)

PHYSICAL REVIEW B 75, 014424 (2007)

Then, the behavior of the ground-state energy Ey(a, y) of
the model (47) gives us the dimerization order parameter,

1 9Ey(e,y)

Py =S (178, -8, )= - -0

(48)

If Ej(a,y) ~-Nap(0,7y) at @a— 0, then the singlet phase
of the model (1) is spontaneously dimerized and p(0,y) is
the corresponding order parameter.

The classical approximation for the model (47) shows that
the spins form a double-spiral structure defined by two pitch
angles ¢ and 6 so that the rotation angle about the Y axis on
the nth site is

—1)"
(p,,:n(p+( 2) 0. (49)
The expansion of the classical energy at (a,y, ¢, ) <1,
¢
Eg(a, 7. ¢,0) = st(% +5 - 2yp* - cwﬂ), (50)

is minimized by the angles

Qo= \e”8y+ 207,

0= agq, (51)
which give the ground-state energy at «, y<<1,

1
Eg(a,y)=- ENSZ(47+ a’)?. (52)

As follows from Eq. (52), E,(«,y) vanishes on the line
4y+a*=0, (53)

which determines the transition line between the ferromag-
netic and the singlet phases for the model (47).

For the case s=1/2, the exact singlet ground state on this
line is known.?>?8 It has double-spiral long-range order,

1
<Si : Si+n> = Z COS @,

where the angles ¢, are defined by Eq. (49) with pitch angle
go:zﬁ and small shift angle between spirals Gz%a. It is
interesting that the classical relation f=a¢ [see Eq. (51)]
remains for the strong quantum s=1/2 case on the transition
line. The dimerization parameter on the transition line be-
haves as
0
pe= =T o

Though p, # 0, the spontaneous dimerization is absent on
the transition line in the thermodynamic limit.

As follows from Eq. (48), the classical approximation
yields the dimerization order for the model (47),

pcl(av 7) = Sz()oclacl = 2Sza(47+ a2) . (55)

Equation (55) shows that the dimerization vanishes on the
transition line Eq. (53), which accords with Eq. (54), and it
vanishes also at a=0, which implies the absence of the spon-
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taneous dimerization for the model (1). Since the classical
approximation describes the limit s — o, one can expect that
at least in the limit s — % the spontaneous dimerization in the
model (1) is absent.

Following the classical picture, we transform the local
axes on the nth site by a rotation about the Y axis by angle ¢,
as written in Eq. (49), but not fixing ¢ and @ to their classical
values. Under this unitary transformation, the Hamiltonian
H, (47) takes the form

H,y=Hy+V(a,vy,¢.0), (56)

where the perturbation V(a,y, ¢, 6) has a very cumbersome
form and we do not present it here.

Similar to the analysis done in Sec. III, we develop PT in
V(a, v, ¢, 0) to the fully polarized state (24). The first order
in V exactly reproduces the classical energy (50),

EV=Ey(a,7,¢,6). (57)

The second-order correction to the ground-state energy
gives

(58)

4 2
E(z>:_st< 3¢ (60— ap) )

+
16(s+1) 2

As one can see, the terms containing the angle # in the
first order E\V) are exactly compensated by the contributions
of the second order E®. This result is rather unexpected. The
classical approximation corresponds to the limit s— o0 and it
would seem that the quantum effects will give relative cor-
rections ~s~! to the energy. However, in this case the quan-
tum corrections have the same order in s as the classical
energy.

The next-order corrections contain infrared divergencies
and we treat them using the scaling arguments similar to that
done in Sec. III. The analysis shows that the most divergent
parts of the PT are accumulated in the following scaling
parameters:

Xq~ aN,
Xp ™ @N,
Xy~ YN?. (59)

It turns out that the angle 6 is not accompanied by the
infrared divergencies and, therefore, it does not form a scal-
ing parameter. After the algebraic manipulations with the di-
vergent series of the PT similar to Egs. (37)—(41), the main
contribution of the next-order corrections to the ground-state
energy at N—  takes the form

E@ =Ns<p5f<fz,%>, (60)
N

where f(%,%) is an unknown scaling function of two scal-
ing variables. The angle 6 does not contribute to the most
divergent parts of the PT Eq. (60) because it is not accom-
panied by the infrared divergencies.

Collecting the corrections E/" and E® with the scaling
part EY) we obtain the leading terms for the ground-state
energy:

PHYSICAL REVIEW B 75, 014424 (2007)

Y «
(PSfY(_29 ?) .
¢ Ny

(61)

1 ots—1/2
E=——Ns’(4y+ a?)¢?> + Ns>——— +N.
NS Gy + @)@t Nemrmm i + N

As follows from Eq. (61), the leading terms do not con-
tain the angle 6. In fact, we have checked that the energy
does not contain terms up to ~ @*. This result is not surpris-
ing. In general, the PT in V(a,y, ¢, ) for the ferromagnetic
state results in the energy E(«,y, ¢, 6) depending on 6. On
the other hand, the spectra of the Hamiltonians H, (47) and
H,, (56) coincide and the eigenvalues E,(a,7y) of both
Hamiltonians do not depend on € and ¢. Therefore, for any
values of 6 and ¢, the PT leads to one of the determinate
levels E,(a,y) of the Hamiltonian H. The pitch angle ¢ is
quantized as go,,:z% for finite N, and the PT with different
¢, leads to generally different levels E,(«,y). At the same
time, in contrast to the pitch angle ¢, the angle 6 is a con-
tinuous variable even for finite N. Therefore, the continuity
condition of the dependence E(a,y, ¢, ) on 6 implies that
the PT in V(a, v, ¢, 6) with any value of @ leads to the same
energy level as at #=0. In other words, the energy obtained
in the PT ground state does not depend on 6.

This fact is an argument for the absence of the spontane-
ous dimerization in the zigzag model (1). Really, the PT with
any value of @ arrives at the same state as it does at §=0. But
at =0 and «=0, the PT in V(a,y, ¢, 0) reduces to the PT
(21) in V,, considered in Sec. III. There are no terms in the
perturbation V,, that break translational symmetry and can
potentially lead to the dimer order.

However, the above arguments do not prove the absence
of the spontaneous dimerization in the model (1). The rigor-
ous method is to calculate the dimer order parameter directly
from Eq. (48), which we follow below.

The minimization of the ground-state energy over ¢ is
performed in the same manner as was done in Sec. III. For
the case s=1/2, the second term in Eq. (61) disappears. The
comparison of powers in ¢ of two terms in Eq. (61) shows
that the minimum of E is reached at ¢.;,~ (4y+a®)'>.
Therefore, we substitute f(;zL_,%) Hf(O,\%) at y—0 and
the expression for ¢, becomes

@min(@,y) = (dy+ a)g(n), (62)

where 7= and g(7)=[10£(0, 7)]"'".
The corresponding minimal energy is

3N
Epin=— E(4y+ a®)Pg? (7). (63)

For the case s= 1, the energy minimum is defined by the
first two terms in Eq. (61) and

[ s+1 ———
@Pmin = 2 \'4‘y+ a,2’
s—1/2
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s+ 1
Eminz_]vsz2 1(47+ 02)2+NS(47’+012)5/28s(77),
5
(64)
2s+1) 502
where gs(n):[ﬁ fs(;z— , 7]). So, the leading term in the

ground- state energy for s=1 is determined by the regular
parts of the PT, while the scaling part [the last term in Eq.
(64)] gives only a small correction to the energy.

We see that the difference in the critical exponents for the
cases s=1/2 and s=1 remains for the more general dimer-
ized model (56) as well. The pitch angle ¢, and the
ground-state energy E,;, naturally vanish on the transition
line Eq. (53) for both cases s=1/2 and s=1.

The dimerization of the model (56) is defined as a deriva-
tive of the energy with respect to a (48). As follows from
Egs. (63) and (64), the dimerization at y=0 appears with
critical exponents

p(a,0)~a’B, s=1/2,

pla,0)~a?, s=1. (65)

As for the model (1) (a=0), the dimerization depends on
the behavior of the scaling functions f,(7) at small 7. There
are two possible scenarios. First, the expansion of f,(7) at
n—0 is f(n)=a+bn* with some constants a and b and
> 1, so that f7(0)=0. In this case, the dimer parameter is zero
for the model (1). Second, f(7)=a+bn at —0 and f,(0)
=b. For this case the translation symmetry of the zigzag
model (1) is spontaneously broken and dimer long-range or-
der appears as

p(0,9) ~ 9", s=1/2,

p(0,7) ~ ¥,

Here the critical exponent for the dimerization (66) for s
=1 comes not from the leading term in Eq. (64), but from
the scaling correction (the last term).

Unfortunately, we do not have any information about the
behavior of the scaling functions f,(7). Therefore, we can
only state that if the zigzag model (1) is in the dimerized
singlet phase at y>0, then the critical exponents for the
dimer LRO are given by Egs. (66).

s=1. (66)
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V. SUMMARY

We have studied the frustrated Heisenberg chain with the
nearest ferromagnetic and the next-nearest-neighbor antifer-
romagnetic exchange interactions. It was shown that the be-
havior of the model in the vicinity of the transition point
between the ferromagnetic and the singlet phases depends on
the value of the spin. For s=1/2, the critical exponent char-
acterizing the behavior of the energy is $=5/3 in contrast to
the “classical” exponent S=2 for s= 1. This difference is a
result of different finite-size dependencies of the spectrum at
the transition point y=0 for the cases s=1/2 and s=1. The
pitch angles characterizing the incommensurate behavior of
the spin correlation functions are different for s=1/2 and s
=1, too. In particular, the pitch angle ¢ of the spiral is pro-
portional to y'/3 for s=1/2 and to y"? for s= 1. This means
that the considered model with s=1/2 is special and the
quantum effects for this value of s are the most strong.

One more intriguing question is related to the existence of
the spontaneous dimerization in the singlet phase. In order to
study this problem, we added to the Hamiltonian H the
dimerization term and treated it as a perturbation. Unfortu-
nately, the used special version of the PT did not give us a
rigorous answer about the spontaneous dimerization in the
singlet phase. Instead, under assumption of the existence of
the spontaneous dimerization, the PT allowed us to estimate
the critical exponent of the dimer order parameter. Besides,
using the special version of the PT, we obtain the critical
exponents of the ground-state energy and the dimer order for
the dimerized version of the model (1).
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