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decription of magnetoconductance measurements in structures containing metallic quantum dots.
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I. INTRODUCTION

Quantum interference of electrons is fundamentally im-
portant for electron transport in disordered conductors.1–3

Quantum coherent effects are mostly pronounced at low tem-
peratures in which case certain interaction mechanisms are
effectively “frozen out” and, hence, cannot anymore restrict
the ability of electrons to interfere. At the same time, there
exists at least one mechanism, electron-electron interactions,
which remains important down to lowest temperatures and
may destroy quantum interference of electrons down to T
=0. It is, therefore, highly desirable to formulate a general
theoretical formalism, which would allow one to describe
electron interference effects in the presence of disorder and
electron-electron interactions at any temperature, including
the limit T→0.

In a series of papers4 we offered such an approach, which
extends the Chakravarty-Schmid description3 of weak local-
ization �WL� and generalizes the Feynman-Vernon path-
integral influence functional technique to fermionic systems
with disorder and interactions. With the aid of this technique
it turned out to be possible to quantitatively explain low-
temperature saturation of WL correction to conductance
�GWL�T� commonly observed in diffusive metallic wires.5 It
was demonstrated4 that this saturation effect is caused by
electron-electron interactions.

It is worth pointing out that low-temperature saturation of
the WL correction and of the electron decoherence time ��

�extracted from �GWL�T� or by other means� has been repeat-
edly observed not only in metallic wires but also in virtually
any type of disordered conductors ranging from individual
quantum dots6 to very strongly disordered three-dimensional
�3D� structures and granular metals.7 It is quite likely that in
all these systems we are dealing with the same fundamental
effect of electron-electron interactions. In order to support
�or discard� this conjecture it is necessary to develop a uni-
fied theoretical description that would cover essentially all
types of disordered conductors. Although the approach4 is
formally an exact procedure treating electron dynamics in
the presence of disorder and interactions, in some cases, e.g.,
for quantum dots and granular metals, it can be rather diffi-
cult to directly evaluate �GWL�T� within this technique.

One of the problems in those cases is that the description
in terms of quasiclassical electron trajectories may become

insufficient, and electron scattering on disorder should be
treated on a more general footing. Another �though purely
technical� point is averaging over disorder. In our approach4

disorder averaging is �can be� postponed until the last stage
of the calculation which is convenient in certain physical
situations. In other cases—like the ones studied below—it
might be, in contrast, more appropriate to perform disorder
averaging already in the beginning of the whole analysis. In
addition, it is desirable to deal with the model that would
embrace various types of conductors with well-defined prop-
erties both in the long- and short-wavelength limits.

In this paper we make a first step towards this unified
theory. Namely, we will describe a disordered conductor by
means of an array of �metallic� quantum dots connected via
junctions �scatterers� with an arbitrary distribution of trans-
missions of their conducting channels. This model will allow
one to easily cross over between the limits of granular metals
and those with pointlike impurities and to treat spatially re-
stricted and spatially extended conductors within the same
theoretical framework. Electron scattering on each such scat-
terer will be treated within the most general scattering-matrix
formalism8,9 adopted to include electron-electron interaction
effects.10–14 Averaging over disorder will be performed
within the nonlinear �-model technique in the Keldysh for-
mulation as first proposed by Horbach and Schön15 for non-
interacting electrons. This method has certain advantages
over the imaginary time approach16 since it allows one to
treat both equilibrium and nonequilibrium problems and also
enables one to include Coulomb interaction between elec-
trons in a straightforward manner.17

Information about quantum coherence of electrons in dis-
ordered conductors is most frequently extracted from the
magnetoconductance measurements. Such measurements are
routinely carried out in spatially extended conductors �see,
e.g., Refs. 5 and 7� as well as in single quantum dots �see,
e.g., Refs. 18 and 19� and in quantum dot arrays �see, e.g.,
Refs. 20 and 21�. Such measurements provide direct access
to the electron dephasing time and—in the case of quantum
dots—also allow one to investigate the corresponding level
structure as well as other physical properties of the system.
Therefore it is of interest to theoretically analyze the magne-
toconductance of different types of disordered conductors.
While in the case of spatially extended conductors the corre-
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sponding theoretical framework is already well
established,1–3 for structures with restricted geometries, such
as arrays of quantum dots, a detailed theory should still be
worked out.

The aim of this paper is to provide a quantitative descrip-
tion of the universal low-field part of the magnetoconduc-
tance associated with weak localization. In what follows we
will derive analytical expressions for the magnetoconduc-
tance of finite size one- �1D� and two-dimensional �2D� ar-
rays of metallic quantum dots. Here we will merely consider
noninteracting electrons and will include interaction effects
only phenomenologically by introducing an effective elec-
tron dephasing time �� as a parameter of our theory. In other
words, we will not specify the dominating mechanism of
electron dephasing, hence, enabling one to directly use our
expressions in order to fit the results of magnetoconductance
measurements in arrays of quantum dots and to extract infor-
mation about ��. Systematic analysis of the effect of
electron-electron interactions on weak localization within
our present formalism will be developed elsewhere.

The structure of the paper is as follows. In Sec. II we
define the basic model of a 1D array of quantum dots and
outline the key features of our formalism. In Sec. III we will
introduce a convenient parametrization of the nonlinear �
model, which will then be used in Sec. IV to derive a WL
correction to the system conductance for the model in ques-
tion. This WL correction will be evaluated for various struc-
tures in Sec. V. Section VI contains a direct generalization of
our analysis and results to the case of 2D arrays of quantum
dots and is followed by a brief summary in Sec. VII. Some
technical details of our calculation are presented in the Ap-
pendix.

II. MODEL AND FORMALISM

Let us consider a 1D array of connected-in-series chaotic
quantum dots �Fig. 1�. Each quantum dot is characterized by
its own mean energy-level spacing �n. Adjacent quantum
dots are connected via barriers that can scatter electrons.
Each such scatterer is described by a set of transmissions of
its conducting channels Tk

�n� �here k labels the channels and n
labels the scatterers�. Here we assume that the dots are me-
tallic, i.e., they are sufficiently large and the level spacing �n
is the lowest energy parameter in our problem. In particular,
�n is supposed to be smaller than temperature and applied
voltage. Besides that, we will ignore spin-orbit scattering
and, for the sake of definiteness and simplicity, we will first
focus our attention on 1D arrays only. Generalization of our
analysis to other situations can be performed in a straightfor-

ward manner, as will be demonstrated in Sec. VI of the pa-
per.

An effective action S�Q̌� of an array depicted in Fig. 1

depends on the fluctuating 4�4 matrix fields22 Q̌n�t1 , t2� de-
fined for each of the dots �n=1, . . . ,N−1�. Each of these
fields is a function of two times t1 and t2 and obeys the
normalization condition

Q̌n
2 = 1. �1�

The action of an array can be represented as a sum of two
terms,

iS�Q̌� = iSd�Q̌� + iSt�Q̌� . �2�

The first term iSd�Q̌� describes the contribution of bulk parts
of the dots. This term reads

iSd�Q̌� = �
n=1

N−1
�

�n
Tr� �

�t
Q̌n − �nH2��Ǎ,Q̌n��2� . �3�

Here H is an external magnetic field �n
=bn�e2 /	2c2�vFdn

2 min�le ,dn	, bn is a geometry-dependent
numerical prefactor,9,23 dn is the size of the nth dot, le is the

elastic mean free path in the dot, and Ǎ is the 4�4 matrix,

Ǎ =

1 0 0 0

0 − 1 0 0

0 0 1 0

0 0 0 − 1
� . �4�

The second term in Eq. �2�, iSt�Q̌�, describes electron trans-
fer between quantum dots. It has the form24

iSt�Q̌� =
1

2�
n=1

N

�
k

Tr ln�1 +
Tk

�n�

4
��Q̌n−1,Q̌n	 − 2�� . �5�

A similar expression was also considered within the imagi-
nary time technique.23,25

Note that here the magnetic field H is included only in the
term �3� describing the quantum dots while it is ignored in
the term �5�. Usually this approximation remains applicable
at not too-low magnetic fields. We will return to this point in
Sec. VI.

An equilibrium saddle-point configuration 
̌�t1− t2� of the

matrix field Q̌�t1 , t2� depends only on the time difference and
has the form


̌�t� =� dE

2�
e−iEt


− 1 0 0 0

0 1 0 0

− gK�E� 0 1 0

0 gK�E� 0 − 1
� , �6�

where gK�E�=2�1−2fF�E��=2 tanh�E /2T�. This choice of
the saddle point corresponds to the following structure of the

4�4 matrix Green function Ǧ:

FIG. 1. 1D array of N−1 quantum dots coupled by N barriers.
Each quantum dot is characterized by mean level spacing �n. Each
barrier is characterized by a set of transmissions of its conducting
channels Tk

�n�.
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Ǧ =

GA 0 0 0

0 TGA*T 0 0

− GK 0 GR 0

0 TGK*T 0 TGR*T
� . �7�

Here we defined the time-inversion operator T,

Tf�t� = f�tf − t� , �8�

where tf will be specified later. Note that the function Ǧ in
Eq. �7�, defined for a given disorder configuration, should be
contrasted from the Green function

ǦQ = �i
�

�t
+

�2

2m
+

i

2�e
Q̌�−1

, �9�

defined for a given realization of the matrix field Q̌. In Eq.
�9� we also introduced the electron elastic mean-free time �e.

III. GAUSSIAN APPROXIMATION

In order to evaluate the WL correction to conductance we
will account for quadratic �Gaussian� fluctuations of the ma-

trix field Q̌n. This approximation is always sufficient pro-
vided the conductance of the whole sample exceeds e2 /h. In
certain situations somewhat softer applicability conditions
can be formulated. Expanding in powers of such fluctuations
we introduce the following parametrization:

Q̌n = eiW̌n
̌e−iW̌n = 
̌ + i�W̌n,
̌� + W̌n
̌W̌n −
1

2
�W̌n

2,
̌	

+ O�W3� . �10�

It follows from the normalization condition �1� that only

eight out of 16 matrix elements of W̌ are independent param-
eters. This observation provides a certain freedom to choose
an explicit form of this matrix. A convenient parametrization
to be used below is

W̌n =

0 u1n b1n 0

u2n 0 0 b2n

a1n + b1n 0 0 v1n

0 a2n + b2n v2n 0
� . �11�

With this choice the quadratic part of the action takes the
form

iS�2� = iSab
�2��a,b� + iSuv

�2��u,v� , �12�

where iSab
�2��a ,b� does not depend on H and describes diffu-

son modes, while iSuv
�2��u ,v� is sensitive to the magnetic field

and is responsible for the Cooperons. The diffuson part of the
action iSab

�2��a ,b� was already analyzed in Ref. 14 and will be
omitted here. Below we will focus our attention on the Coop-
eron contribution, which reads

iSuv
�2��u,v� = �

n=1

N−1
2�

�n
Tr� �

�t
�u1n,u2n� − 16�nH2u1u2�

+ �
n=1

N−1
2�

�n
Tr� �

�t
�v2n,v1n� − 16�nH2v1v2�

− �
n=1

N
gn

2
Tr��u1n − u1,n−1��u2n − u2,n−1�

+ �v1n − v1,n−1��v2n − v2,n−1�� , �13�

where gn=2�kTk
�n�=2�	 /e2Rn is the dimensionless conduc-

tance of the nth barrier. With the aid of the action �13� we
can derive the pair correlators of the fields u1,2 and v1,2,


u1n�t1,t2�u2m�t�,t��� = 
v1n�t�,t��v2m�t1,t2��

=
�m

2�
��t1 − t2 + t� − t��Cnm�t� − t1� ,

�14�

where we defined a discrete version of the Cooperon Cnm�t�
obeying the equation

� �

�t
+

1

�Hn
+

1

��n
�Cnm +

�n

4�
��gn + gn+1�Cnm − gnCn−1,m

− gn+1Cn+1,m� = �nm��t� . �15�

This equation should be supplemented by the boundary con-
dition Cnm�t�=0, which applies whenever one of the indices
n or m belongs to the lead electrode. Here �Hn=1/16�nH2 is
the electron dephasing time due to the magnetic field. In Eq.
�15� we also introduced an additional electron decoherence
time in the nth quantum dot ��n, which can remain finite in
the presence of interactions. In this paper we are not aiming
to further specify the interaction mechanisms and only ac-
count for them phenomenologically by keeping the param-
eter ��n in the equation for the Cooperon.

IV. WL CORRECTIONS

Let us now derive an expression for the WL correction to
the conductance in terms of the fluctuating fields u and v. In
what follows we will explicitly account for the discrete na-
ture of our model and specify the WL correction for a single
barrier in-between two adjacent quantum dots in the array.

We start, however, from the bulk limit, in which case the
Kubo formula for the conductivity tensor ��� reads

����r,r�� = − i�
−�

t

dt��t − t��
j��t�,r��j��t,r�

− j��t,r�j��t�,r��� . �16�

Following the standard procedure,1–3 approximating the
Fermi function as −�fF�E� /�E���E� �which effectively im-
plies taking the low-temperature limit� and using a phenom-
enological description of interactions as mediated by external
�classical� fluctuating fields, from Eq. �16� one can derive the
WL correction in the form
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����
WL�r,r�� = −

e2

4�m2�
−�

t

dt�� dt���r1

� − �r2

� �r1=r2=r

���r1�
� − �r2�

� �r1�=r2�=r�

�
GR�t,r1;t�,r2��G
A�t�,r1�;t,r2��dis, max cross,

�17�

which implies summation over all maximally crossed
diagrams,1–3 as indicated in the subscript. At the same time,

averaging over fluctuations of Q̌ within Gaussian approxima-
tion is equivalent to summing over all ladder diagrams. Since
we are not going to go beyond the above approximation, we
need to convert maximally crossed diagrams in Eq. �17� into
the ladder ones. Technically this conversion can be accom-
plished by an effective time-reversal procedure for the ad-
vanced Green function, which can be illustrated as follows.

Consider, e.g., the second-order correction to GA in the
disorder potential Udis�x�,

��2�GA�t�,r1�;t,r2� = �
t�

t

d�2�
t�

�2

d�1� d3x2d3x1

�GA�t�,r1�;�1,x1�Udis�x1�GA��1,x1;�2,x2�

�Udis�x2�GA��2,x2;t,r2� . �18�

Making use of the property GA�X1 ,X2�=GR*�X2 ,X1�, we get

��2�GA�t�,r1�;t,r2�

= �
t�

t

d�2�
t�

�2

d�1� d3x2d3x1

�GR*�t,r2;�2,x2�Udis�x2�GR*��2,x2;�1,x1�

�Udis�x1�GR*��1,x1;t�,r1�� . �19�

Setting tf = t+ t�, we rewrite this expression as follows:

��2�GA�t�,r1�;t,r2�

= �
tf−t

tf−t�
d�2�

tf−t

�2

d�1� d3x2d3x1GR*

��tf − t�,r2;�2,x2�Udis�x2�GR*��2,x2;�1,x1�

�Udis�x1�GR*��1,x1;tf − t,r1�� . �20�

Close inspection of the right-hand side of Eq. �20� allows
one to establish the following relation:

��2�GA�t�,r1�;t,r2� = T��2�GR*�t�,r2;t,r1��T , �21�

which turns out to hold in all orders of the perturbation
theory in Udis. As before, the time-inversion operator T is
defined in Eq. �8� with tf = t+ t�.

As a result, the expression for ����
WL takes the form

����
WL�r,r�� = −

e2

4�m2�
−�

t

dt�� dt���r1

� − �r2

� �r1=r2=r

���r1�
� − �r2�

� �r1�=r2�=r�

�
GR�t,r1;t�,r2��TGR*�t�,r2;t,r1��T�dis, ladder. �22�

Rewriting Eq. �22� in terms of the matrix elements of the
Green function �7�, we obtain

����
WL�r,r�� = −

e2

4�m2�
−�

t

dt�� dt���r1

� − �r2

� �r1=r2=r

���r1�
� − �r2�

� �r1�=r2�=r�

�
G33�t,r1;t�,r2��G44�t�,r2;t,r1���dis, ladder. �23�

Our next step amounts to expressing the WL correction

via the Green function ǦQ �Eq. �9��. For that purpose we will
use the following rule of averaging:


G33�t,r1;t�,r2��G44�t�,r2;t,r1���dis

= 
G33;Q�t,r1;t�,r2��G44;Q�t�,r2;t,r1���Q

− 
G34;Q�t,r1;t,r1��G43;Q�t�,r2;t�,r2���Q. �24�

One can check that within our Gaussian approximation in u
and v the first term in the right-hand side of Eq. �24� does not
give any contribution. Hence, we find

����
WL�r,r�� =

e2

4�m2�
−�

t

dt�� dt���r1

� − �r2

� �r1=r2=r

���r1�
� − �r2�

� �r1�=r2�=r�

�
G34;Q�t,r1;t,r1��G43;Q�t�,r2;t�,r2���Q. �25�

Let us now turn to our model of Fig. 1 in which case the
voltage drops occur only across barriers. In this case Eq.
�25�, which only applies to bulk metals, should be general-
ized accordingly. Consider the conductance of an individual
barrier determined by the following Kubo formula:

G = − i�
−�

t

dt��t − t��
I�t�,x��I�t,x� − I�t,x�I�t�,x��� . �26�

Here I�t ,x� is the operator of the total current flowing in the
lead �or dot� and x is a longitudinal coordinate chosen to be
in a close vicinity of the barrier. Due to the current conser-
vation the conductance G should not explicitly depend on x
and x�. Comparing Eqs. �26� and �16�, and making use of Eq.
�25� and the relation I�t ,x�=�d2z jx�t ,x ,z�, where jx is the
current density in the x direction and z is the vector in the
transversal direction, we conclude that the WL correction to
the conductance of a barrier between the left and right dots
should read

�GLR
WL =

e2

4�m2�
−�

t

dt�� dt�� d2zd2z�

���x1
− �x2

�x1=x2=x��x1�
− �x2�

�x1�=x2�=x�

�
G34;Q�t,x1,z;t,x1�,z��G43;Q�t�,x2,z;t�,x2�,z���Q. �27�

In what follows we will assume that both coordinates x
and x� are on the left side from and very close to the corre-
sponding barrier. Let us express the Green function in the
vicinity of the barrier in the form
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ǦQ�t,x,z;t�,x�,z�� = �
nm

�eipnx1−ipmx�Ǧmn
++�t,t�,x,x��

+ e−ipnx+ipmx�Ǧmn
−−�t,t�,x,x��

+ eipnx+ipmx�Ǧmn
+−�t,t�,x,x��

+ e−ipnx−ipmx�Ǧmn
−+�t,t�,x,x��	
n�z�
m

* �z�� ,

�28�

where 
n�z� are the transverse quantization modes that de-
fine conducting channels, pn is the projection of the Fermi
momentum perpendicular to the surface of the barrier, and
the semiclassical Green function Gmn

�� slowly varies in space.
Equation �27� then becomes

�GLR
WL =

e2

4�m2�
−�

t

dt�� dt� �
mnkl

�
����=±1

��pn − �pk�

���pm − �pl�
Gmn;34
�� �t,t,x,x��Gkl;43

�� �t�,t�,x,x���Q

�ei�pnx1−i�pmx1�+i�pkx2−i�plx2��x1=x2=x;x1�=x2�=x�. �29�

Next we require �GLR
WL to be independent on x and x�, i.e.,

in Eq. �29� we omit those terms that contain quickly oscil-
lating functions of these coordinates. This requirement im-
plies that �pn+�pk=0 and �pm+�pl=0. These constraints in
turn yield �=−�, �=−�, k=n, and l=m. Thus, we get

�GLR
WL =

e2

�m2�
mn

�
��=±1

�
−�

t

dt�� dt���pnpm

� 
Gmn;34
�� �t,t,x,x��Gnm;43

−�,−��t�,t�,x,x���Q. �30�

Let us choose the basis in which transmission and reflec-
tion matrices t̂ and r̂ are diagonal. In this basis the semiclas-
sical Green function is diagonal as well, Gmn�Gnn�nm, and
Eq. �30� takes the form

�GLR
WL =

e2

�
�

n

pn
2

m2�
−�

t

dt�� dt�
GL,nn;34
++ �t,t�GL,nn;43

−− �t�,t��

+ GL,nn;34
−− �t,t�GL,nn;43

++ �t�,t��

− GL,nn;34
+− �t,t�GL,nn;43

−+ �t�,t��

− GL,nn;34
−+ �t,t�GL,nn;43

+− �t�,t���Q. �31�

What remains is to express WL correction in terms of the

field Q̌ only. This goal is achieved by establishing an explicit

relation between the Green function Ǧ and the field Q̌. A
derivation of this relation is presented in the Appendix. Here
we only display the final result expressed via the fluctuating
fields v1 and v2. We obtain

�GLR
WL = −

e2

�
�

n
�

−�

t

dt�� dt�
Tn�v1L�t,t�v2R�t�,t��

+ v1R�t,t�v2L�t�,t��� + Tn
2�v1L�t,t� − v1R�t,t��

��v2L�t�,t�� − v2R�t�,t���� . �32�

Note that the contribution linear in Tn, which contains the

product of the fluctuating fields on two different sides of the
barrier, vanishes identically provided fluctuations on one side
tend to zero, e.g., if the barrier is directly attached to a large
metallic lead. In contrast, the contribution �Tn

2 in Eq. �32�
survives even in this case. Double-barrier �i.e., single quan-
tum dot� structures constitute one of the simplest examples
of the above physical situation thus explaining why only the
term �Tn

2 survives in this case.
Finally, applying the contraction rule �14� we get

�GLR
WL = −

e2g

4�2�
0

�

dt����RCLR�t� + �LCRL�t��

+ �1 − ����RCRR�t� + �LCLL�t��	 . �33�

Here �L,R is the mean level spacing in the left �right� quan-
tum dot, g=2�kTk is the dimensionless conductance of the
barrier, and �=�kTk�1−Tk� /�kTk is the corresponding Fano
factor.

Likewise, the WL correction to the nth barrier conduc-
tance in the 1D array of N−1 quantum dots with mean level
spacings �n connected by N barriers with dimensionless con-
ductances gn and Fano factors �n reads

�Gn
WL = −

e2gn

4�2�
0

�

dt��n��nCn−1,n�t� + �n−1Cn,n−1�t��

+ �1 − �n���nCnn�t� + �n−1Cn−1,n−1�t��	 . �34�

So far we discussed the local properties, namely, WL cor-
rections to the conductivity tensor ���,�

WL�r ,r��, and to the
conductance of a single barrier �GLR

WL. Our main goal is, how-
ever, to evaluate the WL correction to the conductance of the
whole system. For bulk metals one finds that at large scales
the WL correction �17� is local, ���,�

WL�r ,r�����r−r��. In
general though, there can exist other, nonlocal contributions
to the conductivity tensor.26 Without going into detail here,
we only point out that, even if these nonlocal terms are
present, one can still apply the standard Ohm’s law argu-
ments in order to obtain the conductance of the whole
sample. Specifically, in the case of 1D arrays one finds �cf.
Ref. 27�

�GWL =
1

�
n=1

N

�Gn + �Gn
WL�−1

−
1

�
n=1

N

Gn
−1

=

�
n=1

N

�Gn
WL/gn

2

��
n=1

N

1/gn�2 + higher-order terms. �35�

Equations �33�–�35� will be used to evaluate WL corrections

FIG. 2. Single quantum dot connected to the leads via two
barriers.
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for different configurations of the quantum dots considered
below.

V. EXAMPLES

A. Single quantum dot

We start from the simplest case of a single quantum dot
depicted in Fig. 2. In this case the solution of Eq. �15� reads

C11�t� = exp�−
t

�D
−

t

�H
−

t

��
� , �36�

where �D=4� / �g1+g2��d is the dwell time, and �d is the
mean level spacing in the quantum dot. All other components
of the Cooperon are equal to zero. From Eq. �33� we get

�G1
WL = −

e2g1�1 − �1��d

4�2

1

1/�D + 1/�H + 1/��

,

�G2
WL = −

e2g2�1 − �2��d

4�2

1

1/�D + 1/�H + 1/��

. �37�

According to Eq. �35� the total WL correction becomes

�GWL = −
e2�

4�2

g1g2
2�1 − �1� + g1

2g2�1 − �2�
�g1 + g2�2�1/�D + 1/�� + 1/�H�

. �38�

Since 1/�H�H2, the magnetoconductance has the Lorentzian
shape.9 In the limit H=0 and in the absence of interactions
���→ � � Eq. �38� reduces to 28

�GWL = −
e2

�

g1g2
2�1 − �1� + g1

2g2�1 − �2�
�g1 + g2�3 . �39�

B. Two quantum dots

Next we consider the most general setup composed of two
quantum dots with the corresponding conductances and Fano
factors defined as in Fig. 3. The Cooperon is represented as a
2�2 matrix whose zero-frequency component satisfies the
following equation:

�g11 + g12 + gy + �1 − gy

− gy g21 + g22 + gy + �2
��C11 C12

C21 C22
�

= �4�/�1 0

0 4�/�2
� , �40�

where

�1,2 =
4�

�1,2
� 1

�H1,2
+

1

��1,2
� . �41�

Defining �= �g11+g12+gy +�1��g21+g22+gy +�2�−gy
2, we get

�C11 C12

C21 C22
� =

4�

�
��g21 + g22 + gy + �2�/�1 gy/�2

gy/�1 �g11 + g12 + gy + �1�/�2
� .

With the aid of Eq. �33� we derive WL corrections for all five
barriers in our setup:

�G11
WL = −

e2g11�1�1 − �11�
4�2 C11

= −
e2

�

g11�g21 + g22 + gy + �2��1 − �11�
�

,

�G12
WL = −

e2g12�1�1 − �12�
4�2 C11

= −
e2

�

g12�g21 + g22 + gy + �2��1 − �12�
�

,

�G21
WL = −

e2g21�1�1 − �21�
4�2 C22

= −
e2

�

g21�g11 + g12 + gy + �1��1 − �21�
�

,

�G22
WL = −

e2g22�1�1 − �22�
4�2 C22

= −
e2

�

g22�g11 + g12 + gy + �1��1 − �22�
�

,

�Gy
WL = −

e2gy

4�2 ��y��1C21 + �2C12� + �1 − �y���1C11 + �2C22��

= −
e2gy

��
�2gy�y + �1 − �y�

��g11 + g12 + g21 + g22 + 2gy + �1 + �2�� . �42�

The WL correction to the conductance of the whole struc-
ture �GWL is obtained from the general expression for the
conductance determined by Ohm’s law

G = �G11G12�G21 + G22� + G21G22�G11 + G12�

+ Gy�G12 + G22��G11 + G21��/��G11 + G12��G21 + G22�

+ Gy�G11 + G12 + G21 + G22�� . �43�

DMITRI S. GOLUBEV AND ANDREI D. ZAIKIN PHYSICAL REVIEW B 74, 245329 �2006�

245329-6



Substituting Gij→Gij +�Gij
WL into this formula and expand-

ing the result to the first order in �Gij
WL, we get

�GWL = �
i,j=1,2

�G

�Gij
�Gij

WL +
�G

�Gy
�Gy

WL. �44�

Combining Eqs. �42�–�44� we arrive at the final result for the
WL correction to the conductance of the whole structure.
This general result is rather cumbersome. It is illustrated in
Fig. 4 for a particular choice of the system parameters. Be-
low we will specifically consider two important limits.

First we analyze the system of two quantum dots con-
nected in series, as shown in Fig. 5, i.e., in the general struc-
ture of Fig. 3 we set G12=G21=0, G11=G1, Gy =G2, G22
=G3, �11=�1, �y =�2, and �22=�3. We also assume H=0
and ��= � . WL corrections to the barrier conductances then
take the form

�G1
WL = −

e2

�

g1�g2 + g3��1 − �1�
g1g2 + g2g3 + g1g3

,

�G2
WL = −

e2

�

g2�g1 + g3��1 − �2� + 2g2
2

g1g2 + g2g3 + g1g3
,

�G3
WL = −

e2

�

g3�g1 + g2��1 − �3�
g1g2 + g2g3 + g1g3

, �45�

while Eq. �43� reduces to

G =
G1G2G3

G1G2 + G1G3 + G2G3
. �46�

WL correction for the whole system then reads

�GWL = −
e2

�

g1g2
2g3

2�g2 + g3��1 − �1�
�g1g2 + g2g3 + g1g3�3

−
e2

�

g1
2g2g3

2�g1 + g3��1 − �2�
�g1g2 + g2g3 + g1g3�3

−
e2

�

g1
2g2

2g3�g1 + g2��1 − �3�
�g1g2 + g2g3 + g1g3�3

−
2e2

�

g1
2g2

2g3
2

�g1g2 + g2g3 + g1g3�3 . �47�

In the limit of open quantum dots, i.e., �1,2,3=0, we repro-
duce the result of Ref. 27. It is easy to see that provided the
conductance of one of the barriers strongly exceeds two oth-
ers, Eq. �47� reduces to Eq. �39�. If all three barriers are
tunnel junctions, �1,2,3→1, the first three contributions in
Eq. �47� vanish, and only the last contribution—independent
of the Fano factors—survives in this limit. If, on top of that,
one of the tunnel junctions, e.g. the central one, is less trans-
parent than two others, g2�g1 ,g3, the result acquires a par-
ticularly simple �non-Lorentzian� form

�GWL = −
2e2

�

g2
2

�g1 + �1��g3 + �2�
, �48�

with �1,2 defined in Eq. �41�. Note that �GWL�g2
2, i.e., this

result is dominated by the second-order tunneling processes
across the second barrier.

Our second example is the system depicted in Fig. 6,
which corresponds to the following choice of parameters in
Fig. 3: G11=G1, G12=G2, G21=G22=0, �11=�1, and �12
=�2. In addition, we assume that electrons are subject to
dephasing only in the second quantum dot, i.e., ��1=� while
��2 is finite. This setup allows one to analyze the so-called
dephasing by voltage probes.29,30 We obtain

FIG. 3. Most general system with two quantum dots.

FIG. 4. The magnetoconductance of two dots of Fig. 3 for
d1 ,d2� le, d1 /d2=5, gij =g0, �ij =0, �y =0, ��1=��2=�. Here H1

=1/4��1�D1 is the field at which weak localization is effectively
suppressed in the first dot. For gy =0 the magnetoconductance is
given by superposition of two Lorentzians with different widths
�decoupled dots�, while for large gy only one Lorentzian survives
corresponding to the contribution of a single “composite dot.”

FIG. 5. Two quantum dots in series.
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C11 =
4�

�1

gy + 4�/�2��2

�g1 + g2�gy + 4��g1 + g2 + gy�/�2��2
. �49�

In the limit ��2→� this result reduces to

C11 =
4�

�1

1

g1 + g2
�50�

and we again arrive at Eq. �39�, i.e., the second quantum dot
attached to the first one does not affect the expression for the
WL correction. In the opposite limit of short decoherence
times ��2→0, we find

C11 =
4�

�1

1

g1 + g2 + gy
�51�

and arrive at the WL correction30

�GWL = −
e2

�

g1g2
2�1 − �1� + g1

2g2�1 − �2�
�g1 + g2�3�1 + �D/��

eff�
, �52�

where

1

��
eff =

gy

g1 + g2

1

�D
�53�

is the electron decoherence rate induced in the first quantum
dot due to coupling to the second one acting as an effective
voltage probe.

C. 1D array of identical quantum dots

Let us now turn to 1D arrays of quantum dots depicted in
Fig. 1. For simplicity, we will assume that our array consists
of N−1 identical quantum dots with the same level spacing
�n��d and of N identical barriers with the same dimension-
less conductance gn�g and the same Fano factor �n��. We
will also assume that the quantum dots have the same shape
and size so that �Hn��H and ��n���. For this system the
Cooperon can also be found exactly. The result reads

Cnm��� =
2

N
�
q=1

N−1 sin
�qn

N
sin

�qm

N

− i� +
1

�H
+

1

��

+

1 − cos
�q

N

�D

. �54�

Here �D=2� /g�d and �H=1/16�H2.
The WL correction then takes the form

�GWL = −
e2g�d

2�2N2 �
q=1

N−1 � cos
�q

N
+ 1 − �

1

�H
+

1

��

+

1 − cos
�q

N

�D

. �55�

The sum over q can be handled exactly and yields

�GWL = −
e2

�N2��N
1 + u2N

1 − u2N −
1 + u2

1 − u2�
�

��1 + u2� + 2�1 − ��u
1 − u2 − �N − 1��� , �56�

where

u = 1 +
�D

�H
+

�D

��

−��1 +
�D

�H
+

�D

��
�2

− 1. �57�

In the tunneling limit �=1 and for ��→� our result defined
in Eqs. �56� and �57� becomes similar—though not exactly
identical—to the corresponding result.31

If �� is long enough, namely, 1 /���ETh, where ETh
=�2 /2N2�D is the Thouless energy of the whole array; in
Eqs. �55� and �56� it is sufficient to set ��=�. In this case the
magnetic field H significantly suppresses the WL correction
provided 1/�H�ETh or, equivalently, if

H � HN, HN =
1

8N
��g�d

�
, �58�

�see Fig. 7�.
In the opposite limit 1 /���ETh we find

�GWL = −
e2

�N���1 +
�D

�H
+

�D

��
� + 1 − �

��1 +
�D

�H
+

�D

��
�2

− 1

− �� . �59�

In particular, in the diffusive limit �H ,����D we get

�GWL = −
e2

�Nd
�D�H��

�H + ��

, �60�

where we introduced the diffusion coefficient

D = d2/2�D. �61�

Equation �60� coincides with the standard result for quasi-1D
diffusive metallic wire. Note, however, that the values of �H
within our model may differ from those for a metallic wire.
The ratio of the former to the latter is �H

qd/�H
met��fl /�D,

FIG. 6. The system of two connected quantum dots, only one of
which is in turn connected to the leads.
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where �fl�d /vF is the flight time through the quantum dot.
Since typically �fl��D we conclude that for the same value
of D the magnetic field dephases electrons stronger in the
case of an array of quantum dots.

For a single quantum dot �N=2� Eq. �56� reduces to

�GWL = −
e2�1 − ��

4�

1

�1 +
�D

�H
+

�D

��
� �62�

in agreement with Eq. �38�.
For two identical quantum dots in series we obtain

�GWL = −
e2

9�� 2 − �

1 +
2�D

�H
+

2�D

��

+

2

3
− �

1 +
2�D

3�H
+

2�D

3��

� ,

�63�

i.e., the magnetoconductance is just the sum of two Lorent-
zians in this case.

Finally, in the absence of any interactions ���= � � and at
H=0 we obtain

�GWL = −
e2

�
�1

3
−

�

N
+

1

N2�� −
1

3
�� . �64�

In the limit N→� this result reduces to the standard one for
a long quasi-1D diffusive wire32 while for any finite N we
reproduce the results for tunnel barriers31 ��→1� and open
quantum dots33 ��→0�.

VI. GENERALIZATION TO 2D ARRAYS

Until now our analysis was only focused on structures
with several quantum dots and 1D arrays. Generalization to
the case of 2D and 3D systems is straightforward. Below we
analyze an important case of 2D arrays.

Consider an array consisting of N−1�M quantum dots.
For simplicity, here we will only deal with the case of iden-
tical quantum dots �see Fig. 8�. The WL correction to the
conductance of this array reads

�GWL =
1

N2 �
n=1

N

�
m=1

M

�Gnm
WL, �65�

where, similarly to Eq. �33�,

�Gnm
WL = −

e2gx�d

4�2 �
0

�

dt���Cn−1,n;mm�t� + Cn,n−1;mm�t��

+ �1 − ���Cnn;mm�t� + Cn−1,n−1;mm�t��	 �66�

defines the WL correction for the barrier with “coordinates”
n ,m. In order to find the Cooperons Cnn�;mm��t� one needs to
solve the equation

� �

�t
+

1

�H
+

1

��
�Cnn�;mm� +

�d

4�
��2gx + 2gy�

�Cnn�;mm� − gxCn−1,n�;mm� − gxCn+1,n�;mm�

− gyCn,n�−1;mm� − gyCn,n�+1;mm�� = �nn��mm���t� .

�67�

which is directly analogous to Eq. �15�. In the zero-
frequency limit the solution of this equation with appropriate
boundary conditions reads

Cnn�;mm��� → 0� =
2

MN
�
qx=1

N−1

�
qy=0

M−1

�

sin
�qxn�

N
�cos

�qym�

M
+ cos

�qy�m� − 1�
M

�
1

�H
+

1

��

+
gx�d

2�
�1 − cos

�qx

N
� +

gy�d

2�
�1 − cos

�qy

M
�

�

sin
�qxn

N
�cos

�qym

M
+ cos

�qy�m − 1�
M

�
�0,qy

+ 1 + cos
�qy

M

. �68�

FIG. 7. Magnetoconductance of a 1D array of N−1 identical
open ��=0� quantum dots in the absence of interactions ���→ � �.
The field HN is defined in Eq. �58�.
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Combining Eqs. �65�, �66�, and �68�, we obtain

�GWL = −
e2gx�d

2�2N2 �
qx=1

N−1

�
qy=0

M−1 � cos
�qx

N
+ 1 − �

1

��

+
1

�H
+

gx�d

2�
�1 − cos

�qx

N
� +

gy�d

2�
�1 − cos

�qy

M
� . �69�

This result is valid provided an external magnetic field H
dephases electrons predominantly inside quantum dots. This
is the case provided the field is not too low,34,35 H�H*,
where H*=�cg��fl /ed2. At lower fields H�H*, one can ap-
ply the standard theory2 developed for homogeneous metals,
in which case 1/�H

met=4eDH /c, where D is now defined in
Eq. �61�. Substituting the value H* into this expression we
get 1 /�H

* ��fl /�D
2 . Comparing this energy scale with 1/��

and ETh we immediately arrive at the condition

max�1/��,ETh	 � g2�2�fl, �70�

for which Eq. �69� is applicable at all values of H.
Turning to concrete examples we first consider the sim-

plest case with N=2,M =2, which is a symmetric version of
the system of Fig. 3. Equation �69� then yields

�GWL = −
e2gx�d

8�2

1 − �

1

��

+
1

�H
+

gx�d

2�

−
e2gx�d

8�2

1 − �

1

��

+
1

�H
+

gx�d

2�
+

gy�d

2�

. �71�

For H=0 and ��→� this expression reduces to

�GWL = −
e2�1 − ��

4�
�1 +

gx

gx + gy
� . �72�

Next we consider an extended isotropic �gx=gy� 2D array
and stick to the diffusive regime

ETh �
1

��

+
1

�H
�

1

�D
.

In this case we find

�GWL = −
e2

2�2

M

N
�ln

�H��

�D��H + ���
+ 2.773 − ��� . �73�

The leading term in this equation matches with the standard
WL correction for a 2D diffusive metallic film in the parallel
magnetic field.2

Let us briefly discuss an effect of anisotropy. In the limit
of small gy �gx /N2 the system reduces to a set of M essen-
tially independent 1D arrays and, hence, �GWL=M�G1D

WL,

where �G1D
WL is defined in Eqs. �55� and �56�. In the opposite

limit of large gy �gxM
2 electron diffusion in the direction

perpendicular to the current becomes fast, and one can treat
the system as a 1D array of N−1 composite quantum dots,
each of them consisting of M original dots. In this limit we
get �GWL=�G1D

WL.
Finally, let us note that our Eq. �69� also allows one to

reproduce recent results35 for the WL the correction to the
conductivity of bulk granular metals. In order to handle this
limit, in Eq. �69� one should formally set M ,N→� �which
yields �GWL�M /N and allows one to define the conductiv-
ity� and then put �=1 and gx=gy �Fig. 8�.

VII. SUMMARY

In this paper we have developed a theoretical approach
based on a combination of the scattering-matrix formalism
with the nonlinear �-model technique. This approach allows
one to analyze WL effects for an arbitrary system of quantum
dots connected via barriers with an arbitrary distribution of
channel transmissions. This general model can be used to
describe virtually any type of disordered conductors. Em-
ploying our approach we have evaluated WL corrections to
the system conductance in a number of important physical
situations, e.g., for the case of two quantum dots connected
to each other and to external leads in an arbitrary way �Sec.
V B�, as well as for 1D �Sec. V C� and 2D �Sec. VI� arrays of
identical quantum dots. In a number of specific limits our
general results reduce to those derived earlier by means of
other approaches.

The results obtained here remain valid either in the ab-
sence of interactions or provided the interaction effects on
weak localization are taken into account within a phenom-
enological scheme, which amounts to introducing electron
decoherence time �� as an additional parameter. Our results
can be directly used for a quantitative decription of magne-

FIG. 8. 2D array of identical quantum dots. Here the number of
barriers in the x direction is chosen to be N=4, and the number of
quantum dots in the y direction is M =2. The barriers are character-
ized by the dimensionless conductances gx and gy and the Fano
factor �.
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toconductance measurements in spatially restricted disor-
dered conductors, such as single metallic quantum dots and
arrays of such dots. The method proposed here also serves as
a good starting point for a more general and systematic
analysis of electron-electron interaction effects. This analysis
will be worked out in our forthcoming publications.
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APPENDIX: RELATION BETWEEN GREEN FUNCTION Ǧ
AND Q̌

Here we will closely follow the method proposed by
Nazarov.24 Let us select one of the barriers in our array and
denote �coordinate-independent� Q fields in the left �right�
dot with respect to this barrier as Q̌L �Q̌R�. Provided Q̌L,R are
slow functions of time, in the barrier vicinity one can neglect
the term i� /�t. In addition, one can linearize the electron
spectrum in the vicinity of the Fermi energy and replace
�2 /2m→ ± ivm� /�x, where vn= pn /m is the electron velocity
in a given channel. As a result, for the left dot one gets

�i�vn
�

�x
+

i

2�e
Q̌L�Ǧnm

�� = ��x − x���nm���. �A1�

Defining the diagonal matrix v̂=vn�nm, and making use of
the normalization condition �1�, we can write the solution in
the form

ǦL
���x,x�� =

1

4
�ev̂−1x/2�e�1 − �Q̌L� + e−v̂−1x/2�e�1 + �Q̌L��

��− i����v̂−1��x − x�� + ŘL
���

��ev̂−1x�/2�e�1 + �Q̌L� + e−v̂−1x�/2�e�1 − �Q̌L�� .

�A2�

Here ŘL
�� is an arbitrary operator. Requiring ǦL

�� not to grow
exponentially far from the barrier we arrive at the following
constraints:

�1 + Q̌L 0

0 1 − Q̌L

��ŘL
++ ŘL

+−

ŘL
−+ ŘL

−−
� = 0,

�ŘL
++ ŘL

+−

ŘL
−+ ŘL

−−
��1 − Q̌L 0

0 1 + Q̌L

� = 0. �A3�

Similarly, for the right dot we obtain

�1 − Q̌R 0

0 1 + Q̌R

��ŘR
++ ŘR

+−

ŘR
−+ ŘR

−−
� = 0,

�ŘR
++ ŘR

+−

ŘR
−+ ŘR

−−
��1 + Q̌R 0

0 1 − Q̌R

� = 0. �A4�

Note that the elastic mean-free time �e drops out of Eqs. �A3�
and �A4�, thus indicating a very general nature of these con-
straints. The Green functions on the left and right barrier
sides are related to each other by the S matrix

Ŝ = � r̂ t̂�

t̂ r̂�
� �A5�

of this barrier. This relation has the form

�v̂ǦR
���v̂ = M̂�v̂ǦL

���v̂M̂†, �A6�

M̂ = � t̂ − r̂�t̂�−1r̂ r̂�t̂�−1

− t̂�−1r̂ t̂�−1 � , �A7�

being the transfer matrix, which satisfies M̂�zM̂
†=�z.

Equations �A3�, �A4�, and �A6� for ŘL,R
�� can be resolved

making use of the fact that in the barrier vicinity, i.e., for
�x � , �x� � �vn�e, the Green function takes the form

ǦL,R
�� = �ŘL,R

++ ŘL,R
+−

ŘL,R
−+ ŘL,R

−−
�

+
iv̂−1

2 �− sgn�x1 − x2� − Q̌L,R 0

0 sgn�x1 − x2� − Q̌L,R

� .

�A8�

The operators ŘL,R
�� turn out to be diagonal in the channel

indices in the basis for which the matrices t̂ and r̂ are diag-
onal as well. Defining the channel-transmission values Tn
= �tn�2, we get

ŘL,nm
�� = −

i

vn
�nm�1 +

Tn

4
��Q̌L,Q̌R	 − 2��−1
Tn�Q̌R + �Q̌R, Q̌L� − Q̌LQ̌RQ̌L�

8
−

rn
*�1 − Q̌L�

2

rn�1 + Q̌L�
2

Tn�Q̌R − �Q̌R,Q̌L� − Q̌LQ̌RQ̌L�
8

� , �A9�
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ŘR,nm
�� = −

i

vn
�nm�1 +

Tn

4
��Q̌L,Q̌R	 − 2��−1
Tn�Q̌L + �Q̌R,Q̌L� − Q̌RQ̌LQ̌R�

8

rn��1 + Q̌R�
2

−
rn� * �1 − Q̌R�

2

Tn�Q̌L − �Q̌R,Q̌L� − Q̌RQ̌LQ̌R�
8

� . �A10�

In order to find the WL correction Eq. �30� it is sufficient
to determine the Green function only in the left dot �Eq.
�A9�� and keep only the first order in fluctuating fields u and
v. Thus we find

ŘL,nm
++ =

Tn�nm

2vn 

0 2�u1 0 0

0 0 0 0

0 gK�u1 0 0

− �v2gK 0 2�v2 0
� ,

ŘL,nm
−− =

Tn�nm

2vn 

0 0 0 0

− 2�u2 0 0 0

0 �v1gK 0 − 2�v1

− gK�u2 0 0 0
� ,

ŘL,nm
+− =

irn
*�nm

2vn
Ǎ, ŘL,nm

−+ =
irn�nm

2vn
Ǎ , �A11�

where �u1,2=u1,2R−u1,2L, �v1,2=v1,2R−v1,2L, and

Ǎ = i

− 2i − 2u1L 0 0

2u2L 0 0 0

− igK − v1LgK − gKu1L 0 2v1L

v2LgK + gKu2L igK − 2v2L − 2i
� .

Here RL,nm
�,� has been expanded to the first order in u1,2 and

v1,2. From Eqs. �A8� and �A11� we find

GL,nn;34
++ = −

v1L

vn
, GL,nn;34

−− =
− v1L − Tn�v1

vn
,

GL,nn;34
+− = − rn

*v1L

vn
, GL,nn;34

−+ = − rn
v1L

vn
,

GL,nn;43
++ =

v2L + Tn�v2

vn
, GL,nn;43

−− =
v2L

vn
,

GL,nn;43
+− = rn

*v2L

vn
, GL,nn;43

−+ = rn
v2L

vn
. �A12�

Substituting these expressions into Eq. �31�, after some
transformations we arrive at Eq. �32�.
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