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Combining scattering-matrix formalism with nonlinear o-model technique we analyze weak localization
effects in arrays of chaotic quantum dots connected via barriers with arbitrary distribution of channel trans-
missions. With the aid of our approach we evaluate magnetoconductance of two arbitrarily connected quantum
dots as well as of N X M arrays of identical quantum dots. Our results can be directly used for a quantitative
decription of magnetoconductance measurements in structures containing metallic quantum dots.
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I. INTRODUCTION

Quantum interference of electrons is fundamentally im-
portant for electron transport in disordered conductors.'™
Quantum coherent effects are mostly pronounced at low tem-
peratures in which case certain interaction mechanisms are
effectively “frozen out” and, hence, cannot anymore restrict
the ability of electrons to interfere. At the same time, there
exists at least one mechanism, electron-electron interactions,
which remains important down to lowest temperatures and
may destroy quantum interference of electrons down to T
=0. It is, therefore, highly desirable to formulate a general
theoretical formalism, which would allow one to describe
electron interference effects in the presence of disorder and
electron-electron interactions at any temperature, including
the limit 7—0.

In a series of papers* we offered such an approach, which
extends the Chakravarty-Schmid description® of weak local-
ization (WL) and generalizes the Feynman-Vernon path-
integral influence functional technique to fermionic systems
with disorder and interactions. With the aid of this technique
it turned out to be possible to quantitatively explain low-
temperature saturation of WL correction to conductance
SG"E(T) commonly observed in diffusive metallic wires. It
was demonstrated* that this saturation effect is caused by
electron-electron interactions.

It is worth pointing out that low-temperature saturation of
the WL correction and of the electron decoherence time 7,
[extracted from SG"(T) or by other means] has been repeat-
edly observed not only in metallic wires but also in virtually
any type of disordered conductors ranging from individual
quantum dots® to very strongly disordered three-dimensional
(3D) structures and granular metals.” It is quite likely that in
all these systems we are dealing with the same fundamental
effect of electron-electron interactions. In order to support
(or discard) this conjecture it is necessary to develop a uni-
fied theoretical description that would cover essentially all
types of disordered conductors. Although the approach* is
formally an exact procedure treating electron dynamics in
the presence of disorder and interactions, in some cases, e.g.,
for quantum dots and granular metals, it can be rather diffi-
cult to directly evaluate SG"(T) within this technique.

One of the problems in those cases is that the description
in terms of quasiclassical electron trajectories may become
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insufficient, and electron scattering on disorder should be
treated on a more general footing. Another (though purely
technical) point is averaging over disorder. In our approach*
disorder averaging is (can be) postponed until the last stage
of the calculation which is convenient in certain physical
situations. In other cases—Iike the ones studied below—it
might be, in contrast, more appropriate to perform disorder
averaging already in the beginning of the whole analysis. In
addition, it is desirable to deal with the model that would
embrace various types of conductors with well-defined prop-
erties both in the long- and short-wavelength limits.

In this paper we make a first step towards this unified
theory. Namely, we will describe a disordered conductor by
means of an array of (metallic) quantum dots connected via
junctions (scatterers) with an arbitrary distribution of trans-
missions of their conducting channels. This model will allow
one to easily cross over between the limits of granular metals
and those with pointlike impurities and to treat spatially re-
stricted and spatially extended conductors within the same
theoretical framework. Electron scattering on each such scat-
terer will be treated within the most general scattering-matrix
formalism®? adopted to include electron-electron interaction
effects.'%'* Averaging over disorder will be performed
within the nonlinear o-model technique in the Keldysh for-
mulation as first proposed by Horbach and Schén' for non-
interacting electrons. This method has certain advantages
over the imaginary time approach!® since it allows one to
treat both equilibrium and nonequilibrium problems and also
enables one to include Coulomb interaction between elec-
trons in a straightforward manner.'”

Information about quantum coherence of electrons in dis-
ordered conductors is most frequently extracted from the
magnetoconductance measurements. Such measurements are
routinely carried out in spatially extended conductors (see,
e.g., Refs. 5 and 7) as well as in single quantum dots (see,
e.g., Refs. 18 and 19) and in quantum dot arrays (see, e.g.,
Refs. 20 and 21). Such measurements provide direct access
to the electron dephasing time and—in the case of quantum
dots—also allow one to investigate the corresponding level
structure as well as other physical properties of the system.
Therefore it is of interest to theoretically analyze the magne-
toconductance of different types of disordered conductors.
While in the case of spatially extended conductors the corre-
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FIG. 1. 1D array of N—1 quantum dots coupled by N barriers.
Each quantum dot is characterized by mean level spacing &,. Each
barrier is characterized by a set of transmissions of its conducting
channels T;C").

sponding  theoretical framework is already well
established,!= for structures with restricted geometries, such
as arrays of quantum dots, a detailed theory should still be
worked out.

The aim of this paper is to provide a quantitative descrip-
tion of the universal low-field part of the magnetoconduc-
tance associated with weak localization. In what follows we
will derive analytical expressions for the magnetoconduc-
tance of finite size one- (1D) and two-dimensional (2D) ar-
rays of metallic quantum dots. Here we will merely consider
noninteracting electrons and will include interaction effects
only phenomenologically by introducing an effective elec-
tron dephasing time 7, as a parameter of our theory. In other
words, we will not specify the dominating mechanism of
electron dephasing, hence, enabling one to directly use our
expressions in order to fit the results of magnetoconductance
measurements in arrays of quantum dots and to extract infor-
mation about 7, Systematic analysis of the effect of
electron-electron interactions on weak localization within
our present formalism will be developed elsewhere.

The structure of the paper is as follows. In Sec. II we
define the basic model of a 1D array of quantum dots and
outline the key features of our formalism. In Sec. III we will
introduce a convenient parametrization of the nonlinear o
model, which will then be used in Sec. IV to derive a WL
correction to the system conductance for the model in ques-
tion. This WL correction will be evaluated for various struc-
tures in Sec. V. Section VI contains a direct generalization of
our analysis and results to the case of 2D arrays of quantum
dots and is followed by a brief summary in Sec. VII. Some
technical details of our calculation are presented in the Ap-
pendix.

II. MODEL AND FORMALISM

Let us consider a 1D array of connected-in-series chaotic
quantum dots (Fig. 1). Each quantum dot is characterized by
its own mean energy-level spacing &,. Adjacent quantum
dots are connected via barriers that can scatter electrons.
Each such scatterer is described by a set of transmissions of
its conducting channels T;{") (here k labels the channels and n
labels the scatterers). Here we assume that the dots are me-
tallic, i.e., they are sufficiently large and the level spacing &,
is the lowest energy parameter in our problem. In particular,
8, is supposed to be smaller than temperature and applied
voltage. Besides that, we will ignore spin-orbit scattering
and, for the sake of definiteness and simplicity, we will first
focus our attention on 1D arrays only. Generalization of our
analysis to other situations can be performed in a straightfor-
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ward manner, as will be demonstrated in Sec. VI of the pa-
per.

An effective action S[Q] of an array depicted in Fig. 1

depends on the fluctuating 4 X 4 matrix fields?? Q,(t,,t,) de-
fined for each of the dots (n=1,...,N—1). Each of these
fields is a function of two times #;, and #, and obeys the
normalization condition

v

0,=1. (1)

The action of an array can be represented as a sum of two
terms,

iS[Q]=iS 0] +iS[O]. (2)

The first term iS,[Q] describes the contribution of bulk parts
of the dots. This term reads

N-1

v Jd v v v

iSL01=3 ~ T ~0,-a (A0 | ()
n=1 “n

Here H is an external magnetic field «,
=b,(e*/h>P)vpd® min{l,,d,}, b, is a geometry-dependent
numerical prefactor,®? d, is the size of the nth dot, I, is the
elastic mean free path in the dot, and A is the 4 X 4 matrix,

1 0 0 0
. [0 -10 0
A= (4)
00 1 0
0 0 0 -1

The second term in Eq. (2), iS,[Q], describes electron trans-
fer between quantum dots. It has the form>*

S v o
iSZ[Q]=522Tr1n 147000 -2 | (9
n=1 k

A similar expression was also considered within the imagi-
nary time technique.???

Note that here the magnetic field H is included only in the
term (3) describing the quantum dots while it is ignored in
the term (5). Usually this approximation remains applicable
at not too-low magnetic fields. We will return to this point in
Sec. VL.

An equilibrium saddle-point configuration A(z,—1,) of the

matrix field O(t,,1,) depends only on the time difference and
has the form

-1 0 0 0
y dE . 0 1 0 0
Alty= | —e™ , (6
@ 27 -¢%E) 0 1 0 ©
0 g5E) 0 -1

where gX(E)=2[1-2f(E)]=2 tanh(E/2T). This choice of
the saddle point corresponds to the following structure of the
4 X 4 matrix Green function G:
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GA 0 0 0
0 TGMT o 0

G= 7
-G o0 G* o0 @)
0 7TGNT o TGNT
Here we defined the time-inversion operator 7,
Tf(0) = fp=1), (8)

where 7, will be specified later. Note that the function G in
Eq. (7), defined for a given disorder configuration, should be
contrasted from the Green function

O Ve 5 -l ©)
=li—+—+— ,
Q l(?t 2m 27,

defined for a given realization of the matrix field Q In Eq.
(9) we also introduced the electron elastic mean-free time 7,.

III. GAUSSIAN APPROXIMATION

In order to evaluate the WL correction to conductance we
will account for quadratic (Gaussian) fluctuations of the ma-
trix field Qvn. This approximation is always sufficient pro-
vided the conductance of the whole sample exceeds e>/h. In
certain situations somewhat softer applicability conditions
can be formulated. Expanding in powers of such fluctuations
we introduce the following parametrization:

0,=e"ihe™™n= A +i[W,,A]+ W,AW, — E{Wﬁ,A}
+ O(W3). (10)

It follows from the normalization condition (1) that only

eight out of 16 matrix elements of W are independent param-
eters. This observation provides a certain freedom to choose
an explicit form of this matrix. A convenient parametrization
to be used below is

0 Uy, bln 0

. s, 0 0 by,
W= ’ (11)

a1n+bln 0 0 Uln

0 a2n+b2n Uy, 0

With this choice the quadratic part of the action takes the
form

is® = isDa,b]+iSPu,v], (12)

where iSfb)[a,b] does not depend on H and describes diffu-
son modes, while iS(ui)[u,v] is sensitive to the magnetic field
and is responsible for the Cooperons. The diffuson part of the
action iS(azb)[a,b] was already analyzed in Ref. 14 and will be
omitted here. Below we will focus our attention on the Coop-
eron contribution, which reads
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9

N1,
T
iSﬁ)[u,v] => — Tr{ p

S [ulml'th] - 16anH2M1M2:|
n=1 “n

N-1
2T 1%
+ — Tr| —[v901,] — 16a,H*v v
g@, [&t[z in] 12}

N
8n
- 2 E Tr[(uln - ul,n—l)(MZn - “2,}1—1)
n=1

+(Uln_vl,n—l)(UZn_vln—l)]’ (13)

where gn=22k7§€")=2wﬁ/ e’R,, is the dimensionless conduc-
tance of the nth barrier. With the aid of the action (13) we
can derive the pair correlators of the fields u;, and v,

(g, (11,11, (2, 17)) = (U1, (2, )02, (81, 12))
O
=—0t;—t+t' =1")C,, (" = 1)),
2

(14)

where we defined a discrete version of the Cooperon C,,,(1)
obeying the equation

9 1 1 s,
—t+——+ Cnm+_[(gn+gn+l)cnm_gncn—l,m
It Ty, Tep 4ar

_gn+lcn+1,m]= 5nm5(t) (15)

This equation should be supplemented by the boundary con-
dition C,,,(1)=0, which applies whenever one of the indices
n or m belongs to the lead electrode. Here 7p,=1/16a,H? is
the electron dephasing time due to the magnetic field. In Eq.
(15) we also introduced an additional electron decoherence
time in the nth quantum dot 7, which can remain finite in
the presence of interactions. In this paper we are not aiming
to further specify the interaction mechanisms and only ac-
count for them phenomenologically by keeping the param-
eter 7, in the equation for the Cooperon.

IV. WL CORRECTIONS

Let us now derive an expression for the WL correction to
the conductance in terms of the fluctuating fields # and v. In
what follows we will explicitly account for the discrete na-
ture of our model and specify the WL correction for a single
barrier in-between two adjacent quantum dots in the array.

We start, however, from the bulk limit, in which case the
Kubo formula for the conductivity tensor o,z reads

Oopr,r') =~ iJ ar'(t=1")gt',r')joltr)

_ja(t’r)jﬁ(t’,r,»' (16)

Following the standard procedure,' approximating the
Fermi function as —dfx(E)/JE =~ &(E) (which effectively im-
plies taking the low-temperature limit) and using a phenom-
enological description of interactions as mediated by external
(classical) fluctuating fields, from Eq. (16) one can derive the
WL correction in the form
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(r r') dt dt”(V“ Vi) e mrmr
2771772

B B
X (V,.; - V,é)r{:ré:r’

X<GR(Z‘,I'1 ;t",ré)GA(t’,ri ;t’r2)>dis, max cross?»
(17)

which implies summation over all maximally crossed
diagrams,'3 as indicated in the subscript. At the same time,

averaging over fluctuations of Q within Gaussian approxima-
tion is equivalent to summing over all ladder diagrams. Since
we are not going to go beyond the above approximation, we
need to convert maximally crossed diagrams in Eq. (17) into
the ladder ones. Technically this conversion can be accom-
plished by an effective time-reversal procedure for the ad-
vanced Green function, which can be illustrated as follows.

Consider, e.g., the second-order correction to G* in the
disorder potential U (x),

t )
(5<2)GA(I',I‘{ ;t,rz) = f d’Tzf d’Tl j d3x2d3x1
t' t'

XGA(t'r (5 71,%1) Ugis(x ) GA(71,% 15 7,X5)

X Ugis(2) GA(7p,x58,75). (18)

Making use of the property GA(X,,X,)=GR"(X,,X,), we get
5(2)GA(I’,r; iLTy)

12 kp)
=f d’Tzf dTlfd3x2d3x1
t' t'

XGR (1,1 72,%5) Ugis (%) G¥ (7,% 5571,
XUdis(xl)GR*(Thxl;t,sri)' (19)
Setting #,=t+1', we rewrite this expression as follows:

SDGA(L 1 1,1)

11’ ) ;
= de dT] d3x2d3x]GR
ff—f l‘f—t

X(tp=1',ry; 72,%) Ugig(x2) G (13,205 71, )
XUdis(xl)GR*(Tl’x] = try). (20)

Close inspection of the right-hand side of Eq. (20) allows
one to establish the following relation:

52)GA(I',r{;t,r2) = TzS(z)GR*(t’,rz;t,r{)Z (21)

which turns out to hold in all orders of the perturbation
theory in Ug,. As before, the time-inversion operator 7 is
defined in Eq. (8) with tf—t+t

As a result, the expresswn for da'% «p takes the form

&TWL (r,r") dt

dt”(va - Va)rl—rz—r
><(V'3 VB)

r =r, !=r'

X<G (t’rl at” ré)TGR*(t,’rZ;t’ri)/I}dis, ladder- (22)
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Rewriting Eq. (22) in terms of the matrix elements of the
Green function (7), we obtain

dt

(r r') dt”(V“ -V

ry r] =ry=r
-0

B B
X (Vr{ - V,-é)r{:ré:r’

X{(G3(t,r 130", r5) Gt roi 1)) i, tadder- (23)

Our next step amounts to expressing the WL correction
via the Green function éQ [Eq. (9)]. For that purpose we will

use the following rule of averaging:
(Gas(t,r 131", 1) Gyt 13t r)) s
=(Gs3,0(t.1y ;f”,"é)G44;Q(t,J’2;IJ‘I»Q
—(Gago(t.r151,7) Gz ot 1231",19)) . (24)

One can check that within our Gaussian approximation in u
and v the first term in the right-hand side of Eq. (24) does not
give any contribution. Hence, we find

50'WL(r r') dt dl"(va - Va)’r’z—’

><(VB vﬁ Dririer

X{(Gsa,0(t,r131,7) Gz ot 1231",15)) . (25)

Let us now turn to our model of Fig. 1 in which case the
voltage drops occur only across barriers. In this case Eq.
(25), which only applies to bulk metals, should be general-
ized accordingly. Consider the conductance of an individual
barrier determined by the following Kubo formula:

G=- ift dt’' (t =) . x")(t,x) = I(t,x)I(t' ,x")). (26)

Here I(¢,x) is the operator of the total current flowing in the
lead (or dot) and x is a longitudinal coordinate chosen to be
in a close vicinity of the barrier. Due to the current conser-
vation the conductance G should not explicitly depend on x
and x’. Comparing Egs. (26) and (16), and making use of Eq.
(25) and the relation I(t,x)=[d’z j (t,x,z), where j,_ is the
current density in the x direction and z is the vector in the
transversal direction, we conclude that the WL correction to
the conductance of a barrier between the left and right dots
should read

dt/ dt” d2zd2Z/

X(Vx] - sz)x]:xzzx(vx; - Vxé)x{:xé:x’

X{Gg,0(t,x1,2:1.x1,2") Gazo(t' x2.2:0".%2.2")) o (27)

In what follows we will assume that both coordinates x
and x’ are on the left side from and very close to the corre-
sponding barrier. Let us express the Green function in the
vicinity of the barrier in the form
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Golt,x,z;t' x',2') = 2 PP’ GH (11" x,x")

nm

— / [

+e ipx+ip,,x gmn(t,t',x,x’)
. . Py

+ etpnx+zpmx g,tm(t,t’,x,x’)

+ e P G (11 1,6 )} D, (2) D, (),
(28)

where ®,(z) are the transverse quantization modes that de-
fine conducting channels, p, is the projection of the Fermi
momentum perpendicular to the surface of the barrier, and
the semiclassical Green function G** slowly varies in space.
Equation (27) then becomes

Gir = f dr’ J di' 2 (ap,— ypy)
m mnkl a575—+1

X(Bpm - 5P1)<gmn 34(t,1,2,x )gkl st ’f",x,x’»Q

iap,x1—i X! +iypxo—ip X,
X @ AP X1 IBP X |+ VP~ 1Py N~ (29)

Next we require 5GZVRL to be independent on x and x’, i.e.,
in Eq. (29) we omit those terms that contain quickly oscil-
lating functions of these coordinates. This requirement im-
plies that ap,+ yp,=0 and Bp,,+ dp;=0. These constraints in
turn yield y=-—a, 6=—p, k=n, and /=m. Thus, we get

t
5GXVRL=—2 > dt’fdt”a,Bpnpm

mn af=+] J —»

X <gmn 34(t 1,x,x )gnm 43 (t t” X, X )>Q (30)

Let us choose the basis in which transmission and reflec-
tion matrices 7 and 7 are diagonal. In this basis the semiclas-
sical Green function is diagonal as well, G,,,*G,,5,,, and
Eq. (30) takes the form

pﬂ 1 —— ! "
8Gg=— f dt' fdt (GLn3a(t0G a3t 1)

+ gL nn; 34(t t)gL nn: 43(f ,l”)
GLon3a(t.DG L a3(t 1)
- gz,nn;34(t,t)gL;m;43(t ,l‘"»Q. (3 1)

What remains is to express WL correction in terms of the
field Q only. This goal is achieved by establishing an explicit

relation between the Green function G and the field Q A
derivation of this relation is presented in the Appendix. Here
we only display the final result expressed via the fluctuating
fields v; and v,. We obtain

2 t
5G{VRL=_6—EJ dl"fdt"(Tn[vlL(t,t)UZR(t’,t")
T )

+ 01100, (8] + Tolv, L(1,1) = v R(1,1)]
X[vyr(t',1") —vor(t',1")]). (32)

Note that the contribution linear in 7,, which contains the
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FIG. 2. Single quantum dot connected to the leads via two
barriers.

product of the fluctuating fields on two different sides of the
barrier, vanishes identically provided fluctuations on one side
tend to zero, e.g., if the barrier is directly attached to a large
metallic lead. In contrast, the contribution 0<T2 in Eq. (32)
survives even in this case. Double-barrier (i.e., smgle quan-
tum dot) structures constitute one of the simplest examples
of the above physical situation thus explaining why only the
term <77 survives in this case.
Finally, applying the contraction rule (14) we get

2 o0
5G{VRL =- %fo d{ Bl 6gCr(1) + 6,.Cre(1)]

+ (1 = B)[SgCrr(t) + 6,Cp1 (D]} (33)

Here &,  is the mean level spacing in the left (right) quan-
tum dot, g=22,T) is the dimensionless conductance of the
barrier, and B=3,T,(1-T,)/2,T} is the corresponding Fano
factor.

Likewise, the WL correction to the nth barrier conduc-
tance in the 1D array of N—1 quantum dots with mean level
spacings &, connected by N barriers with dimensionless con-
ductances g,, and Fano factors 3, reads

g [©
5GWL =- 3 dt{Bn[(SnCn—l n(t) + 5n—lCn n—](t)]
n 4772 0 B s

+ (1 - ﬂn)[‘sncnn(t) + 5n—1Cn—],n—l(t)]}~ (34’)

So far we discussed the local properties namely, WL cor-
rections to the conductivity tensor 50' (r r’), and to the
conductance of a single barrier 5G Our main goal is, how-
ever, to evaluate the WL correction to the conductance of the
whole system. For bulk metals one finds that at large scales
the WL correction (17) is local, 8o (r r'YecSr-r'). In
general though, there can exist other, nonlocal contributions
to the conductivity tensor.?® Without going into detail here,
we only point out that, even if these nonlocal terms are
present, one can still apply the standard Ohm’s law argu-
ments in order to obtain the conductance of the whole
sample. Specifically, in the case of 1D arrays one finds (cf.
Ref. 27)

1 1

N
> G,
n=1

5G WL _

N
> (G, + 8GVH!

n=1
N

WL, 2
E 5Gn /gn
n=1

= 5 + higher-order terms. (35)
(E l/gn)
n=1

Equations (33)—(35) will be used to evaluate WL corrections
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for different configurations of the quantum dots considered
below.

V. EXAMPLES
A. Single quantum dot

We start from the simplest case of a single quantum dot
depicted in Fig. 2. In this case the solution of Eq. (15) reads

C11(f)=exp{—L—i—L] (36)

) Ty T‘P

where 1p,=4m/(g,+g,)5,; is the dwell time, and &, is the
mean level spacing in the quantum dot. All other components
of the Cooperon are equal to zero. From Eq. (33) we get

5GWL=_62gI(1_Bl)5d 1
! 4o VUrp+ Uty +1/7,
20,(1-,)8, 1
5G§VL=— e 82( ,32) 'd (37)

4 Urp+ Ury+ U7,

According to Eq. (35) the total WL correction becomes

<C11 C12> a 477((821 +8nt+gy+ 1)

Cy Cp A 8,/ 6,

With the aid of Eq. (33) we derive WL corrections for all five
barriers in our setup:

e’g16,(1 =By
SGME = 11 iﬂl we
:_e_2g11(821+822+8y+ )1 = Biy)
i A ’
2
e"g126,(1 = B)
SGWE = 12 iﬂl e
_ €_2g12(821 t8mtgyt ) (1= B1)
T A ’
2
€°8216,(1 = Byy)
sl =- CEnA e,
=_€_2821(811+812+gv+71)(1—,321)
T A ’
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s 21851 - B) +gig:(1- B,)

SGWL = — )
47 (g, + 82)* (V7 + U, + UTy)

(38)

Since 1/ 7, H?, the magnetoconductance has the Lorentzian
shape.” In the limit H=0 and in the absence of interactions
(7,— ) Eq. (38) reduces to 8

i € 8183(1= ) +8iea(1 = By)

5G
™ (g1+8)°

(39)

B. Two quantum dots

Next we consider the most general setup composed of two
quantum dots with the corresponding conductances and Fano
factors defined as in Fig. 3. The Cooperon is represented as a
2 X2 matrix whose zero-frequency component satisfies the
following equation:

<811+812+8y+7’1 -8 )(Cn CIZ)
-8y 821+ 8n+tg+t v/ \Cy Cp
(477/5] 0 )
“\ o0 ams) (40)
where
)
51,2 TH12 Tel2

Defining A=(g;+g12+8&+71)(821+82+8,+72) - &} We get

8,5 )
(g1 +8ntgyt+ Y8 )

_ ¢*g28)(1 - ﬁzz)c

8Gyy = A2 2
__ e gn(gn+gn+eg,+ 7)1 - B
T A ’

e’g
5G;VL == #[@(516'21 +8,Cpp) + (1= B,)(6,Cyy + 5,Cr)]

2
== e;ix[zgyﬂy"' (1 _IBy)

X(g11+ 81+ g+ 8n+28+ N+ ] (42)

The WL correction to the conductance of the whole struc-
ture SG" is obtained from the general expression for the

conductance determined by Ohm’s law

G =[G11G12(Gy1 + G) + G31G(Gyy + Gyy)
+G(Gp+ Gp) (G + Gy V(G + G 1) (G + Gyy)
+Gy(G 1+ G+ Gy +Gy). (43)
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921’B21 gZZ’BZZ

FIG. 3. Most general system with two quantum dots.

Substituting G;;— G+ 6G¥L into this formula and expand-

ing the result to the first order in 5G};’L, we get
G G
G = X —5GI" + —8G)". (44)
=12 9Gjj JG,

Combining Egs. (42)—(44) we arrive at the final result for the
WL correction to the conductance of the whole structure.
This general result is rather cumbersome. It is illustrated in
Fig. 4 for a particular choice of the system parameters. Be-
low we will specifically consider two important limits.

First we analyze the system of two quantum dots con-
nected in series, as shown in Fig. 5, i.e., in the general struc-
ture of Fig. 3 we set G1,=G,=0, G;,=G,, G;=G,, Gy,
=G;, B11=B1, B,=P,, and Bp=F;. We also assume H=0
and 7,=%. WL corrections to the barrier conductances then
take the form

o
E
Q
=]
®

-0.55 r r T .

10 5 0 5 10

H/H,
FIG. 4. The magnetoconductance of two dots of Fig. 3 for
dy,dr>1,, d\/dr=5, g;j=80, B;j=0, By=0, 7, =T7,n=2. Here H,

=1/4\a;mp, is the field at which weak localization is effectively
suppressed in the first dot. For g,=0 the magnetoconductance is
given by superposition of two Lorentzians with different widths
(decoupled dots), while for large g, only one Lorentzian survives
corresponding to the contribution of a single “composite dot.”
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FIG. 5. Two quantum dots in series.

WL _ 6_281(82"‘83)(1 -B1)
=

oG ,
T 8182+ 8283+ 8183

P glg1+85)(1 - Bo) +2

Gt =
T 8182182831 8183

e g3(g1+8)(1-By)
T 8182+ 8283+ 8183

8GYt =~ (45)

while Eq. (43) reduces to

G= GGG,
" G,G,+G,G3+ GG

(46)

WL correction for the whole system then reads

Q

218383(82+ 83)(1 = By)
(8182 + 8283+ 8183)°
12283(81 + 83)(1 = Bo)
(8182 + 8283+ 8183)°

828583(81 +g7)(1 - 33)

1
(2182 + 8283 +8183)°

2 2.2 2
_ glg2g3 (47)

7 (2182+ 8283+ 8183)°

SGWE = —

8

Roal% al% a3

In the limit of open quantum dots, i.e., B;,3=0, we repro-
duce the result of Ref. 27. It is easy to see that provided the
conductance of one of the barriers strongly exceeds two oth-
ers, Bq. (47) reduces to Eq. (39). If all three barriers are
tunnel junctions, B;,3— 1, the first three contributions in
Eq. (47) vanish, and only the last contribution—independent
of the Fano factors—survives in this limit. If, on top of that,
one of the tunnel junctions, e.g. the central one, is less trans-
parent than two others, g,<<gy,g3, the result acquires a par-
ticularly simple (non-Lorentzian) form

GV ————22
m (g1 + v)(g3+ 7)

(48)

with v, , defined in Eq. (41). Note that 5GWL0<g§, i.e., this
result is dominated by the second-order tunneling processes
across the second barrier.

Our second example is the system depicted in Fig. 6,
which corresponds to the following choice of parameters in
Fig. 3: G;=Gy, G;p=Gy, Gy1=G»=0, B;;=pB;, and B,
=[,. In addition, we assume that electrons are subject to
dephasing only in the second quantum dot, i.e., 7, =% while
T, 1s finite. This setup allows one to analyze the so-called
dephasing by voltage probes.>*3° We obtain
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FIG. 6. The system of two connected quantum dots, only one of
which is in turn connected to the leads.

41 + 476,
Cu=—" b @9
o (g1 + 82)gy +4m(g + g+ 8y 5Ty
In the limit 7, —  this result reduces to
47 1
1n=4 (50)
01 81+ &

and we again arrive at Eq. (39), i.e., the second quantum dot
attached to the first one does not affect the expression for the
WL correction. In the opposite limit of short decoherence
times T¢2—>O, we find

4 1
Co="F—"—— (51)
01 81+82+8,y
and arrive at the WL correction3”
5GWL=_‘f_2glg§(1—ﬂ1)+g?gz(1—ﬁz) (52)
T (g1+8) (I +7p/7g)
where
1 g 1
Teff = - (53)

T, 81187

is the electron decoherence rate induced in the first quantum
dot due to coupling to the second one acting as an effective
voltage probe.

C. 1D array of identical quantum dots

Let us now turn to 1D arrays of quantum dots depicted in
Fig. 1. For simplicity, we will assume that our array consists
of N—1 identical quantum dots with the same level spacing
8,= 6, and of N identical barriers with the same dimension-
less conductance g, = g and the same Fano factor 8,= 3. We
will also assume that the quantum dots have the same shape
and size so that 7,= 74 and 7,,= 7, For this system the
Cooperon can also be found exactly. The result reads

PHYSICAL REVIEW B 74, 245329 (2006)

. mgn . mwqm
N-1 sin —— sin
N

2
QA@=NZ . (54)
q=1

mq
1—-cos —
) 1 1 N
—ilw+—+—+
'TH T(p TD

Here 7,=27/g38, and 7,y=1/16aH>.
The WL correction then takes the form

mq
N-1 Bcos—+1-p

> al . (55)

- T
7=l | = cos 4
N

328 Oa

SGWE = —
27N>

1 1
—+—+
Ty Ttp D

The sum over ¢ can be handled exactly and yields

2 2N 2
1+ 1+
SG" = - 6_2 (N MzN_ M2>
TN 1-u 1-u

o B(1+u?) +2(1 - B)u

1-u?

- (V- l)ﬂ}, (56)

where

2
u=1+@+@—\/(1+@+@> ~1. (57

Ty Ttp Ty T‘P

In the tunneling limit S=1 and for 7,— % our result defined
in Egs. (56) and (57) becomes similar—though not exactly
identical—to the corresponding result.?!

If 7, is long enough, namely, 1/7,=<Ey, where Eq,
=1?/2N?1), is the Thouless energy of the whole array; in
Egs. (55) and (56) it is sufficient to set 7,=%. In this case the
magnetic field H significantly suppresses the WL correction
provided 1/7y;= Epy, or, equivalently, if

1 mg oy,
H=Hy, Hy=—~\/—7", 58
v Hy=oo\ T (58)
(see Fig. 7).
In the opposite limit 1/7,= Eyy, we find
™
WL 62 B<1+TH+T>+]_3
6G"=— _N £ > -B. (59
T
\/ (1 + T + @> -1
Ty 7'43
In particular, in the diffusive limit 7, 7,> 7, we get
2
e Dty
SGVL = _ = [ e , (60)
7Nd N 1+ 7,
where we introduced the diffusion coefficient
D=d27p. (61)

Equation (60) coincides with the standard result for quasi-1D
diffusive metallic wire. Note, however, that the values of 7
within our model may differ from those for a metallic wire.
The ratio of the former to the latter is 7%/ 70~ 7/,
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where 73~d/vp is the flight time through the quantum dot.
Since typically 73 <7, we conclude that for the same value
of D the magnetic field dephases electrons stronger in the
case of an array of quantum dots.

For a single quantum dot (N=2) Eq. (56) reduces to

2(1- 1
SGVE = _ e (4 B) (62)
m <1+@+@)
Ty TQD

in agreement with Eq. (38).
For two identical quantum dots in series we obtain

2
2 __:B
DL g
ol 2 2 27 27 |
Ty Ty 31y 37,

(63)

i.e., the magnetoconductance is just the sum of two Lorent-
zians in this case.

Finally, in the absence of any interactions (7,=) and at
H=0 we obtain

2
wL_ ¢ l_é L( _l)}
06T = 77[3 AAGEEYIE

In the limit N— oo this result reduces to the standard one for
a long quasi-1D diffusive wire’? while for any finite N we
reproduce the results for tunnel barriers’! (8— 1) and open
quantum dots® (8—0).

(64)

VI. GENERALIZATION TO 2D ARRAYS

Until now our analysis was only focused on structures
with several quantum dots and 1D arrays. Generalization to
the case of 2D and 3D systems is straightforward. Below we
analyze an important case of 2D arrays.

Consider an array consisting of N—1X M quantum dots.
For simplicity, here we will only deal with the case of iden-
tical quantum dots (see Fig. 8). The WL correction to the
conductance of this array reads

N-1 M-1 sin

PHYSICAL REVIEW B 74, 245329 (2006)

-0.20 —

n 6G"/e?

-0.25

-0.30

0%l 77—

FIG. 7. Magnetoconductance of a 1D array of N—1 identical
open (8=0) quantum dots in the absence of interactions (7,— ).
The field Hy is defined in Eq. (58).

N M
SGVE = 2 > SGUE (65)
n=1 m=1

where, similarly to Eq. (33),

ezgxﬁd

S == | AHBLCo )+ Coporion 0]

+ (1 - 6)[Cnn;mm(t) + Cn—l,n—l;mm(t)]} (66)

defines the WL correction for the barrier with “coordinates”
n,m. In order to find the Cooperons C,,.,,/(f) one needs to
solve the equation

(a 1 1>C
—t+—+— V!
ot Ty T(p nn';mm

O
—[(2g,+2¢g,)
7T
X Cnn’;mm' - ngn—l,n’;mm’ - ngn+l,n"mm’
mm’é(t)

(67)

- gycn,n’—l;mm’ - gycn,n’+1;mm'] = 5}1

which is directly analogous to Eq. (15). In the zero-
frequency limit the solution of this equation with appropriate
boundary conditions reads

. mq.n' [ mq,m
cos
M

+ COos

! 7q,(m' — l)}
N M

C}’H’l mm (w_) 0

q,=1 q,=0 — l
Ty T,

1) ) !
+M<l—cos %) +§u(l—cos %>

T 21T M

sin
N
X

g N { mg,m mq,(m—1) }
COS + COS

84 +1+cos

4y

(68)
ﬂl
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Combining Egs. (65), (66), and (68), we obtain

N-1 M-1
2
€ gxéd

PHYSICAL REVIEW B 74, 245329 (2006)

Bcos%+l—,8

SG"E = > >

o 1
q,=1q,=0 __ +
r

- 2mN?

This result is valid provided an external magnetic field H
dephases electrons predominantly inside quantum dots. This
is the case provided the field is not too low,*** H=H"
where H"=mcgdty/ed®. At lower fields H<H", one can ap-
ply the standard theory? developed for homogeneous metals,
in which case 1/75"=4eDH/c, where D is now defined in
Eq. (61). Substituting the value H" into this expression we
get 1/7,~ 14/ 7%). Comparing this energy scale with 1/7,
and Ep, we immediately arrive at the condition
max{1/7,,Eq,} > g*&8m, (70)
for which Eq. (69) is applicable at all values of H.
Turning to concrete examples we first consider the sim-
plest case with N=2,M =2, which is a symmetric version of
the system of Fig. 3. Equation (69) then yields

5GWL _ €2gx5d 1- ﬂ
8T 1 1 g8
1,1 sd
T, Ty 2T
_ e2gx5d 1- B (71)
87 1 1 S 80,
1,1 8d 8%
T, Ty 2w 2m
For H=0 and 7,— < this expression reduces to
c1-p
SGVE = — 14—, (72)
™ 8xT 8y

Next we consider an extended isotropic (g,=g,) 2D array
and stick to the diffusive regime

1
Erp=s—+—=—.
T(p Ty D

In this case we find

e M THT,

GV =— ——|In ——5—+2773-=wB|. (73)
27 N (T + 7,)

The leading term in this equation matches with the standard
WL correction for a 2D diffusive metallic film in the parallel
magnetic field.?

Let us briefly discuss an effect of anisotropy. In the limit
of small gy<gx/N2 the system reduces to a set of M essen-
tially independent 1D arrays and, hence, sG"'=M5G!,

1 1)
_+gx d
o TH 27

(69)

; 0 '
<1 —cos %> +§‘—d<1 —cos mh)
N 2 M

where 5G¥VDL is defined in Egs. (55) and (56). In the opposite
limit of large g,>g.M? electron diffusion in the direction
perpendicular to the current becomes fast, and one can treat
the system as a 1D array of N—1 composite quantum dots,
each of them consisting of M original dots. In this limit we
get GV=6G'E

Finally, let us note that our Eq. (69) also allows one to
reproduce recent results® for the WL the correction to the
conductivity of bulk granular metals. In order to handle this
limit, in Eq. (69) one should formally set M ,N— o (which
yields 6G"Foc M/N and allows one to define the conductiv-
ity) and then put =1 and g,=g, (Fig. 8).

VII. SUMMARY

In this paper we have developed a theoretical approach
based on a combination of the scattering-matrix formalism
with the nonlinear o-model technique. This approach allows
one to analyze WL effects for an arbitrary system of quantum
dots connected via barriers with an arbitrary distribution of
channel transmissions. This general model can be used to
describe virtually any type of disordered conductors. Em-
ploying our approach we have evaluated WL corrections to
the system conductance in a number of important physical
situations, e.g., for the case of two quantum dots connected
to each other and to external leads in an arbitrary way (Sec.
V B), as well as for 1D (Sec. V C) and 2D (Sec. VI) arrays of
identical quantum dots. In a number of specific limits our
general results reduce to those derived earlier by means of
other approaches.

The results obtained here remain valid either in the ab-
sence of interactions or provided the interaction effects on
weak localization are taken into account within a phenom-
enological scheme, which amounts to introducing electron
decoherence time 7, as an additional parameter. Our results
can be directly used for a quantitative decription of magne-

FIG. 8. 2D array of identical quantum dots. Here the number of
barriers in the x direction is chosen to be N=4, and the number of
quantum dots in the y direction is M =2. The barriers are character-
ized by the dimensionless conductances g, and g, and the Fano
factor 3.
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toconductance measurements in spatially restricted disor-
dered conductors, such as single metallic quantum dots and
arrays of such dots. The method proposed here also serves as
a good starting point for a more general and systematic
analysis of electron-electron interaction effects. This analysis
will be worked out in our forthcoming publications.
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APPENDIX: RELATION BETWEEN GREEN FUNCTION G
AND Q
Here we will closely follow the method proposed by

Nazarov.?* Let us select one of the barriers in our array and
denote (coordinate-independent) Q fields in the left (right)

dot with respect to this barrier as QL (QR). Provided QVL,R are
slow functions of time, in the barrier vicinity one can neglect
the term id/d¢. In addition, one can linearize the electron
spectrum in the vicinity of the Fermi energy and replace
V2/2m— %iv,,d/dx, where v,=p,/m is the electron velocity
in a given channel. As a result, for the left dot one gets

d I v\
. 1 ap_ ,
—+ =0(x—x")5,,008- Al
(la/vn(9x 2TEQL)gnm (X X) nm%af ( )
Defining the diagonal matrix ¥=v,§,,, and making use of

the normalization condition (1), we can write the solution in
the form

Sa ’ 1 52 r A -5\, A
GiP(xx') = Z[e” Pre(l - aQp) + e (1 +aQ,)]

X[~ ia8,507" 0(x - x") + R{¥]

X[eﬁ_lx’/ZTg(l + aéL) +e—z§'1x’/27-e(1 _ anL)].
(A2)

Here Iégﬁ is an arbitrary operator. Requiring ézﬁ not to grow
exponentially far from the barrier we arrive at the following

constraints:
0 1-0,/)\&* RS
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R* R \[(1-0, O
(VL L)( 0. 0 >=o. )
R BRI\ 0 140,
Similarly, for the right dot we obtain
0 140/ \Ry Ry)
Ry Ry \[1+0 0
(VR vR )( Or ] ):0. (A4)
R Ry /\ 0 1-0p

Note that the elastic mean-free time 7, drops out of Egs. (A3)
and (A4), thus indicating a very general nature of these con-
straints. The Green functions on the left and right barrier
sides are related to each other by the S matrix

N Por
s={. (A5)
t r
of this barrier. This relation has the form
\Eégﬁ N \/E_C';Z‘B VoM', (A6)
R
M= —pr-lp -1 ’ (A7)

being the transfer matrix, which satisfies M O'ZM =0,

Equations (A3), (A4), and (A6) for Iéf% can be resolved
making use of the fact that in the barrier vicinity, i.e., for
|x|,|x'| <v,T,, the Green function takes the form

Saf Rz;? RZ_R
gL,R =

Rz Riz
+ ﬂ(— sgn(x; —xp) — QL,R 0 )
2 0 sgn(x; —x,) — QL,R
(AB)

The operators Iéz'% turn out to be diagonal in the channel
indices in the basis for which the matrices  and 7 are diag-
onal as well. Defining the channel-transmission values 7,
=|t,]>, we get

. i To, . x x -!
sz’m == U_énm 1+ Z({QL’ QR} - 2)

n

Tn(éR + [QVR’ QL] - QLQRQL) _ ”:(1 - QL)
8 2
. . Lo ... |, (A9
r(1+0Q;) T,(0r—[0g, 01— 0,0:0;)
2 8
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Tn(éL + [QR, QL] - QRQLQR) ro(1+ QVR)
i T, - « - 8 2
RR nm = _5nm 1+ Z({QL’ QR} - 2) , v . N N (AIO)
Un T *(1-0p) T,(01—[Or O] — Q01 0r)
2 8
I
In order to find the WL correction Eq. (30) it is sufficient -2 —2uy; 0 0
to determine the Green function only in the left dot [Eq. u 0 0 0
(A9)] and keep only the first order in fluctuating fields « and A=i .2; © K
v. Thus we find -8 —U118 — 8 UL 0 2vy
v 85+ g uyy, ig" -2vy -2i
0 248 0 0 Here R}’ fm has been expanded to the first order in u;, and
sor Ly 0 0 0 0 vy 5. From Egs. (A8) and (A11) we find
Lm0, 0 ¢ 0 0 vy — vy, - T,Av,
— szgk 0 2sz 0 gL nn;34 = U_n, gL,nn;34 = U—n ’
U v
0 0 0 0 gLnn 34__rn_l’ gz::m;34=_rni7
PR 20u, 0 0 0 Un Un
Lm0, 0 AvigX 0 -2Av, vy + T, Avs B Var
— gKAuz 0 0 0 gL nni43 = v, > gL,nn;43 - v, >
.k v v
DO 0 W . N Gl m=r G =k Al2
Z,nm nn A, RL::“n 5 A , (Al 1) L,nn;43 v, L.nn;43 ) ( )

n

Where AM1’2:M1,2R—M1’2L, Avl,zzvl,ZR_vl,2L3 and

Substituting these expressions into Eq. (31), after some
transformations we arrive at Eq. (32).
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