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The mechanism for the stability of the Al8V5 �-brass containing 52 atoms in its cubic unit cell has been
investigated by means of first-principles full-potential linearized augmented plane wave �FLAPW� and linear-
ized muffin-tin orbital-atomic sphere approximation �LMTO-ASA� electronic structure calculations. The
LMTO-ASA identified a deep valley at 0.5 eV above the Fermi level in its density of states �DOS� as arising
from orbital hybridizations between V 3d and Al 3p states. On the other hand, the FLAPW revealed the V 3d
states mediated resonance of electrons with different sets of lattice planes. The resonance involved is found to
be substantial not only at �G�2=18 or �330� and �411� zones but also at those in the range 14� �G�2�30. A
comparison with the electronic structure of the CsCl-type AlV compound proved that the V 3d states mediated
resonance occurs only in Al8V5 but not in AlV compound. The V 3d states mediated resonance is proved to
result in a significant suppression of the sp-partial DOS over the energy range from the Fermi level up to
+2.2 eV. A gain in the electronic energy has been attributed to the formation of highly condensed bonding
states below the Fermi level, again caused by the V 3d states mediated resonance. It is also proposed that the
Al8V5 is stabilized at e /a=1.94 rather than 21/13 as is expected from the Hume-Rothery electron concentra-
tion rule.
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I. INTRODUCTION

There exists a line compound having the composition
Al8V5 in the Al-V alloy system.1 As will be described in
detail below, its atomic structure is identical to that of the
Cu5Zn8 �-brass and is formed by stacking three body-
centered cubic �bcc� cells along the x, y, and z directions and
subsequently removing the center and corner atoms with
slight displacements of remaining atoms, leading to a total of
52 atoms in its cubic unit cell.2 Indeed, the �-brass has been
recognized for many years as being typical of a structurally
complex alloy phase. According to the phase diagram,1 the
V-rich bcc phase exists next to the Al8V5 and is extended
over the V concentration range from 46 at. % up to pure V.
The atomic structures of these two adjacent phases are obvi-
ously similar to each other. Hence, we consider a comparison
of the electronic structure between these two phases to be
important to extract the mechanism of why nature prefers to
stabilize a more complicated structure when Al concentration
is increased from 54 at. % in the bcc to 61.5 at. % in Al8V5.

Brandon et al.3 determined the atomic structure of the
Al8V5 compound by analyzing the diffraction spectrum mea-
sured on a single crystal. They confirmed that it crystallizes
into a cubic structure containing 52 atoms in its unit cell with

the space group I4̄3m, being isostructural to Cu5Zn8 known
as the prototype “�-brass.”4,5 It has been established that the

�-brass structure is viewed as being built up by stacking a
26-atom cluster both at the center and the corners of the
cubic unit cell with the space group of either I4̄3m or P4̄3m.6

The cluster is known to consist of four, four, six, and 12
atoms at vertices of the inner tetrahedron �IT�, outer tetrahe-
dron �OT�, octahedron �OH� and cubo-octahedron �CO�, re-
spectively. Brandon et al.3 were led to conclude that the IT is
occupied by a mixture of two Al and two V atoms, OT only
by V atoms, OH by a mixture of two Al and four V atoms,
and CO exclusively by 12 Al atoms to conform with the
stoichiometric composition Al8V5. This is illustrated in Fig.
1�a�.

In spite of the possession of different compositions, both
Cu5Zn8 and Cu9Al4 �-brasses are stabilized at a common
electron per atom ratio e /a equal to 21/13 �=1.615� and have
been regarded as electron compounds obeying the Hume-
Rothery electron concentration rule.7 Mott and Jones8

pointed out that the stability of the �-brass at e /a=21/13 can
be interpreted within the free electron model by assuming
that a spherical Fermi surface totally touches 36 zone planes
originating from sets of 24-fold �411� and 12-fold �330� lat-
tice planes unique to the �-brass structure. They also noted
that an increase in electron concentration from e /a=3/2, at
which the bcc phase is stabilized, to 21/13 acts in favor of
the �-brass structure. Obviously, the resonance of electrons
at the Fermi level with sets of lattice planes is enhanced from
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12 in bcc to 36 directions in the �-brass as a result of an
increase in the number of the relevant Brillouin zone planes.

The electronic specific heat coefficient in the �-brass has
been reported to decrease very sharply with increasing the
electron concentration e /a.9 This unique behavior was inter-
preted by assuming that the Fermi surface has touched the
�330� and �411� zone planes and that the Fermi level in the
�-brass falls on a declining slope of the density of states
�hereafter abbreviated as DOS� curve. The location of the
Fermi level on the sharply declining slope of the DOS, which
is now called the pseudogap, has been universally observed
in quasicrystals and their approximants and is believed to
play a crucial role in stabilizing such a structurally complex
structure.10 However, earlier interpretations based on the free
electron model are obviously too oversimplified to draw a
decisive conclusion about the stability mechanism, since it is
unable to reproduce the pseudogap structure in the DOS.

Attempts beyond such qualitative discussions for the
�-brass were first made by Paxton et al.,11 who performed
first-principles LMTO-ASA �linearized muffin-tin orbital-
atomic sphere approximation� electronic structure calcula-
tions for the Cu5Zn8 �-brass. Mizutani et al.12 discussed the
formation of the pseudogap across the Fermi level in terms
of both sp-d hybridization and the Fermi surface–Brillouin
zone �hereafter abbreviated as FsBz� interaction by analyzing
the electronic structure calculated from the LMTO-ASA
method for the Cu5Zn8. Soon after that, we realized that,
rather than the LMTO-ASA, FLAPW �full-potential linear-
ized augmented plane wave� electronic structure calculations
should be more straightforward to extract the FsBz interac-
tion, since the self-consistent eigenfunction is cast into plane
waves summed over reciprocal lattice vectors in the intersti-
tial region outside the muffin-tin �hereafter abbreviated as
MT� potential.10,13–15

Asahi et al.13 performed the FLAPW electronic structure
calculations for both Cu5Zn8 and Cu9Al4 �-brasses to clarify

the origin of the existing pseudogap across the Fermi level.
They calculated the sum of squared coefficients, ��hkl��Chkl�2,
over equivalent zones �hkl� of the wave function outside the
MT potential at the symmetry point N at energies sustaining
the pseudogap near the Fermi level and plotted it against the
sum of squared Miller indices h2+k2+ l2 or square of recip-
rocal lattice vector �G�2 in units of �2� /a�2, where a is the
lattice constant. It turned out that, only when �G�2=18 corre-
sponding to the �330� and �411� zone planes, the value of
��hkl��Chkl�2 for both Cu5Zn8 and Cu9Al4 becomes extremely
large for both the highest occupied and lowest unoccupied
states responsible for the formation of the pseudogap. It was
further shown that electrons near the Fermi level exclusively
resonate with the set of lattice planes �330� and �411�, result-
ing in cos- and sin-type stationary waves and, in turn, the
pseudogap. This was indeed the attempt beyond the nearly
free-electron �NFE� model and was successfully applied for
realistic systems, where the Cu 3d states form a more local-
ized band immediately below the Fermi level.10,13–15

Asahi et al.14 further extended their approach to the
TM2Zn11 �TM =Pd, Ni, Co, and Fe� �-brasses containing the
transition metal element TM with the intent to test if the
pseudogap is formed, regardless of the atomic species TM,
and if the �G�2=18 resonance is again responsible for its
formation. They found it to be true for both Ni2Zn11 and
Pd2Zn11 but to collapse in Co2Zn11 and Fe2Zn11, where the
pseudogap is shifted above the Fermi level. This suggested
the presence of a different stabilization mechanism in the
latter two, even though they equally crystallize into the same
complex structure as the prototype Cu5Zn8.

The present work is carried out to gain deeper insight into
why the Al8V5 �-brass, which involves the early transition
metal element V as a partner to Al, is stabilized by crystal-
lizing into the same complex structure as Cu5Zn8. Remember
that the smaller its atomic number in the 3d element of the
periodic table is, the more the center of gravity of the d band

FIG. 1. �a� Experimentally de-
termined atomic structure of
Al8V5 �-brass �Ref. 3� and �b�
chemical disorder-free model em-
ployed in the present electronic
structure calculations.
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towards the Fermi level is shifted and, hence, the more com-
plex the evaluation of the Hume-Rothery electron concentra-
tion rule would be. We attempted to explain why an increase
in the number of atoms in a unit cell is needed to stabilize the
Al8V5 compound relative to the bcc phase by comparing its
electronic structure with that of the hypothetical CsCl-type
AlV compound, which contains only two atoms in its cubic
cell. We also focus on whether the Hume-Rothery electron
concentration rule, according to which the �-brass structure
would be stabilized, still plays a key role for the system,
where the V 3d band dominates the DOS near the Fermi
level. As a second objective, we have evaluated the effective
e /a value for the Al8V5 �-brass to examine if the Hume-
Rothery electron concentration rule claiming the �-brass
structure to be stabilized at e /a=21/13, is universal or not.

II. ATOMIC STRUCTURE

A. Al8V5 �-brass

As mentioned in the Introduction, chemical disorder ex-
ists in the experimentally determined atomic structure of the
Al8V5 �-brass.3 We consider this disorder in Al8V5 to be
unavoidable, since the �-brass is formed through a peritectic
reaction at temperatures higher than 1670 °C.1 Nevertheless,
the ground state at absolute zero would be free from such
chemical disorder to fulfill with the third law of thermody-
namics.

Chemical disorder must also be avoided in first-principles
electronic structure calculations. A chemical disorder-free
structure is constructed for the electronic structure calcula-
tions by minimizing departure from the experimentally de-
rived structure. The structure is simplified in such a way that
IT, OT, OH, and CO are exclusively occupied by four Al,
four V, six V, and 12 Al atoms in the 26-atom cluster, respec-
tively, without altering the composition Al8V5. The chemical
disorder-free model thus constructed is shown in Fig. 1�b� in
comparison with the experimentally determined one in Fig.
1�a�. The lattice constant of 9.223 A is employed.3

B. CsCl-type AlV compound

The FLAPW electronic structure calculations were also
performed for a hypothetical equiatomic compound AlV with
the CsCl-type ordered structure. The lattice constant a
=3.078 A was chosen by extrapolating the V concentration
dependence of the lattice constant available in literature for
the bcc phase.16

III. FIRST-PRINCIPLES ELECTRONIC STRUCTURE
CALCULATIONS

A. LMTO-ASA method

The LMTO-ASA electronic structure calculations provide
decisive information about the role of orbital hybridizations
with computational efficiency and are performed in the peri-
odic zone scheme in combination with the local density func-
tional theory. The potential parameters are self-consistently
determined at 285 independent k points in the irreducible
wedge of the Brillouin zone for the Al8V5 �-brass.17,18 The
hybridization terms between the V 3d and Al 3p states are
intentionally deleted to examine how orbital hybridizations
between the neighboring constituent elements affect the band
structure. The effect of orbital hybridizations between the V
3d and Al 3p states on the electronic structure was also stud-
ied for the CsCl-type AlV compound.

B. FLAPW method

The details of the present FLAPW electronic structure
calculations have been described elsewhere.13 Briefly, the
wave function is expressed as

�i�r,k� = �
G

Ck+G
i ��r,k + G� , �1�

where k is an arbitrary wave vector in the irreducible Bril-
louin zone, G is a reciprocal lattice vector, and i is the band
index. Here the basis functions are given as19,20

��r,k + G� =� �−1/2ei�k+G�·r, r � interstitial,

�
lm

�Alm
� �k + G�ul�El

�,r�� + Blm
� �k + G�u̇l�El

�,r��	Ylm�r̂�� , r � sphere, 
 �2�

where u�El
� ,r�� and u̇l�El

� ,r�� are solutions of the radial
Schrödinger equation solved at a fixed energy El

� and their
derivatives, respectively, Ylm�r̂�� is a spherical harmonics,
and the coefficients Alm

� �k+G� and Blm
� �k+G� are determined

by the requirement that the plane waves and their radial de-
rivatives are continuous at the surface of the atomic spheres.
The number of plane waves was about 2900 in the present
Al8V5 �-brass. The electronic structure was also calculated
for the CsCl-type AlV compound.

IV. DISCUSSION

A. Extraction of orbital hybridization effect

Figure 2�a� shows the LMTO-ASA-derived DOS for the
Al8V5 �-brass. It has a deep pseudogap at about 0.5 eV
above the Fermi level. To study its origin, we calculated the
DOS without the contribution from orbital hybridizations be-
tween the V 3d and Al 3p states. As shown in Fig. 2�b�, the
pseudogap has essentially disappeared. This means that the V
3d states are split into bonding and antibonding states caused
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by orbital hybridizations with the Al 3p states. Hence, this is
equally expected to occur in the CsCl-type AlV compound.
Indeed, a deep pseudogap is found at about 2 eV above the
Fermi level in AlV, as will be shown in Fig. 10�a�. However,
it must be noted that the pseudogap above the Fermi level
cannot contribute to the stabilization of this complex struc-
ture. Hence, we need to explore other origins for the stabili-
zation mechanism.

B. Extraction of resonance effect with sets of lattice planes

The energy dispersion relations calculated from the
FLAPW method for the Al8V5 �-brass are shown in Fig. 3.
As mentioned above, the corresponding DOS is included in
Fig. 10�a�. The densely populated states over the range
−3 to +3 eV in the dispersion relations can be well ascribed
to the V 3d states. It is apparently separated into the bonding
and antibonding states by a sparse region, i.e., the pseudogap
discussed above at about 0.5 eV above the Fermi level. In-
deed, the FLAPW-derived DOS in Fig. 10�a� is well consis-
tent with the LMTO-derived one in Fig. 2�a�.

To begin with, the �G�2 dependence of a squared coeffi-
cient ��hkl��Chkl�2 summed over equivalent zones �hkl� of the
wave function outside the MT potential, i.e., the Fourier
spectrum of plane wave components is calculated at six dif-
ferent energy eigenstates at the symmetry point N. The re-
sults are shown in Fig. 4. At the energy of −7.41 eV, the
Fourier component is extremely strong only at �G�2=6 cor-
responding to �211� zone planes. The intensity ratio of the
strongest peak over the next strongest one, IG2=6 / Inext, turns
out to be 59. The exclusive contribution due to �G�2=6 at this

energy can be easily understood from Fig. 3, where free
electron-like states are split into bonding and antibonding
states and open a small energy gap across the �211� zone
planes.

The Fourier spectrum, when the energy is increased, is
spread more widely over a wide range of �G�2. This is due
certainly to mixing with wave functions originating from
more localized V 3d states. But it is interesting to note that
the component at �G�2=18 is always significant for all ener-
gies studied, though the intensity ratio IG2=18/ Inext is sup-
pressed below 15. This means that the resonance of electrons
extending outside the MT potential with sets of lattice planes
�411� and �330� is occurring in all energies, over which the V
3d states are spread. This is in sharp contrast to the previous
findings that the �G�2=18 resonance occurs only at energies
sustaining the pseudogap in �-brasses like Cu5Zn8 and
Cu9Al4, where Cu 3d states have little to do with the forma-
tion of the pseudogap.13 Thus, we note that the �G�2=18 reso-
nance is important but those in the range �G�2	14 are also
equally important in the Al8V5.

The energy dependence of the coefficient ��hkl��Chkl�2 at
selected values of �G�2 at the point N is plotted in Fig. 5. As
is expected, peaks are well centered in a narrow energy
range, when �G�2 is lower than 10, since electronic states are
hardly perturbed by the V 3d states. However, the spectrum
begins to widen and be split into two peaks, i.e., one below
and the other above the Fermi level, as �G�2 increases beyond
14. This is interpreted as the formation of bonding and anti-
bonding states caused by the resonance of more itinerant
electrons with a set of lattice planes specified by the recip-
rocal lattice vector G in the energy range, where the V 3d
states coexist. Indeed, the bonding and antibonding states are
widely separated as if they were repelled by the V 3d states.
As a result, the Fermi level is located at the position where
only the bonding states are filled. This implies that V 3d
states would serve to mediate the resonance of more mobile
electrons with sets of lattice planes and play a key role in

FIG. 2. �a� LMTO-ASA-derived total DOS and �b� the DOS
associated with no hybridization terms between V 3d and Al 3p in
the LMTO-ASA basis functions for the Al8V5 �-brass. The deep
pseudogap at 0.5 eV above the Fermi level has disappeared after
zeroing orbital hybridizations.

FIG. 3. Dispersion relations derived from FLAPW electronic
structure calculations for the Al8V5 �-brass.
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gaining the electronic energy to stabilize the Al8V5 �-brass
structure.

To elucidate more the origin of the V 3d states mediated
resonance, we calculated two different population-weighted
electronic energies Uav and Uoc defined below at different
values of G at the three symmetry points N, H, and 
 in the
reduced Brillouin zone:

Uav�G� =
�E=E0

�
�CG�E��2E

�E=E0

�
�CG�E��2

�3�

and

Uoc�G� =
�E=E0

EF �CG�E��2E

�E=E0

EF �CG�E��2
, �4�

where E0 refers to the bottom of the valence band. Equation
�3� represents the electronic energy averaged over both bond-

ing and antibonding states extended from E0 to infinity,
whereas Eq. �4� defines the electronic energy averaged only
over occupied states. Both Uav and Uoc thus calculated are
plotted in Fig. 6 as functions of the square of the reciprocal
lattice vector �G�2 along with the free electron line drawn so
as to meet the value of Eav at �G�2=0.

The value of Uav is found to agree well with the free
electron line up to about �G�2=10 but begins to gradually
deviate downwards with further increase in �G�2. Both the
free electron line and Uav cross the Fermi level at �G�2=21
and 22.5, respectively. On the other hand, Uoc remains low
relative to Uav up to the Fermi level. This is certainly caused
by the fact that antibonding states appearing above the Fermi
level are not counted in the calculation of Uoc. In other
words, we consider the difference Uav−Uoc to reflect the gain
in the electronic energy due to the splitting into bonding and
antibonding states, though the energy is evaluated only at
specific symmetry points in the Brillouin zone. It is, there-
fore, worthwhile noting that both Uav and Uoc in Fig. 6 fall

FIG. 4. �G�2 dependence of ��hkl��Chkl�2 of the FLAPW wave function outside the MT potential at energy eigenvalues of −7.41, −4.33,
−2.74, −2.13, −0.507, and +2.539 eV at the symmetry point N in Fig. 3. The ordinate is on a logarithmic scale. At energy of −7.41 eV, the
ratio IG2=6 / Inext refers to the intensity at �G�2=6 over the next strongest one, i.e., �G�2=10 in this case. Otherwise, the ratio IG2=18/ Inext refers
to the intensity at �G�2=18 over the next strongest one.

FIG. 5. Energy dependence of
��hkl��Chkl�2 at selected values of
�G�2 at the point N for the Al8V5

�-brass. Note that the splitting
into bonding and antibonding
states is observed for all values of
�G�2 over the range 14–30.
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on the universal curve within resolution, regardless of the
choice of the three symmetry points N, H, and 
.

The squared Fourier coefficient is summed over all occu-
pied states below the Fermi level, �E0

EF��hkl��Chkl�G ,E��2, at a
fixed value of �G�2 at the point N for the Al8V5. Its �G�2
dependence is shown in Fig. 7. One can clearly see a large
enhancement in the plane-wave components over the range
14� �G�2�30. This indicates that momentum transfer medi-
ated by more localized V 3d states is substantial in this �G�2
range. Its unique �G�2 dependence is apparently reflecting the
multiplicity of equivalent lattice planes: �G�2=14, 18, 22, and
26 correspond to 48-fold �321�, 36-fold �411� plus �330�,
24-fold �332�, and 72-fold �431� plus �510� zones, respec-
tively.

C. Electronic structure calculations for the hypothetical
CsCl-type AlV compound

As mentioned in the Introduction, the bcc phase is stable
down to 46 at. % V at high temperatures around 1670 °C in
the Al-V phase diagram.1 An AlV alloy with equiatomic

composition may be stable at high temperatures in the range
1440–1740 °C. Upon lowering temperature, it will decom-
pose into the bcc phase with less V concentration and Al8V5.
Hence, the AlV bcc phase will no longer be stable at absolute
zero. We nevertheless performed the FLAPW electronic
structure calculations for a hypothetical equiatomic com-
pound AlV with the CsCl-type ordered structure to examine
how the resonance effect discussed in Sec. IV B for the
Al8V5 changes when the number of atoms in a unit cell is
reduced from 52 to two.

Figure 8 shows the FLAPW-derived energy dispersion re-
lations for the AlV compound. The corresponding DOS is
also included in Fig. 10�a�. We have also performed the
LMTO-ASA electronic structure calculations for the AlV
compound and obtained results consistent with those derived
from the FLAPW method. Briefly, the deletion of V-3d–Al
-3p hybridization terms substantially narrowed the V 3d
band in the energy range from −1.6 to +1.9 eV and disinte-
grated hump structures in the sp-partial DOS, which will be
further discussed in Sec. IV D.

The squared coefficient ��hkl��Chkl�2 summed over equiva-
lent zones �hkl� of the wave function outside the MT poten-
tial is plotted in Fig. 9�a� on a logarithmic scale as a function
of �G�2 at three different energy eigenvalues at the symmetry
point M. As far as energies below the Fermi level are con-
cerned, values of ��hkl��Chkl�2 higher than 0.01 are distributed
only in �G�2 lower than 10. This is in sharp contrast to the
data in Fig. 4 for Al8V5, where those in the range �G�2	14
are substantial. This obviously reflects the difference in the
size of the unit cell between the two phases.

In a way similar to Fig. 5, the energy spectrum of
��hkl��Chkl�2 is plotted in Fig. 9�b� at different �G�2 values for
the AlV compound. Note that each spectrum represents the
energy distribution of the electron wave at a fixed �G�2. For
example, the energy spectrum at �G�2=2 at point M is
viewed as splitting into bonding and antibonding states
across 12-fold �110� zone planes. Such splitting is found to
hold for �G�2=4 or �200� zone planes at point 
, �G�2=1 and

FIG. 6. �G�2 dependence of the electronic energies Uav and Uoc

calculated from Eqs. �3� and �4� at the points N, H, and 
 for the
Al8V5 �-brass, respectively.

FIG. 7. �G�2 dependence of the squared coefficient summed over
both equivalent �hkl� planes and all occupied states below the Fermi
level, �E0

EF��hkl��Chkl�G ,E��2, for the Al8V5 �-brass. An enhance-
ment in the plane-wave components is found over the range 14
� �G�2�30.

FIG. 8. Dispersion relations derived from FLAPW electronic
structure calculations for the CsCl-type AlV compound.
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5 at point X, and �G�2=3 at point R. However, the “bonding
states” thus formed are certainly far less populated than those
at point N for Al8V5 shown in Fig. 5. Hence, the energy
spectrum for AlV in Fig. 9�b� differs qualitatively from that
for Al8V5 in Fig. 5.

D. Comparison of total and partial DOS between
Al8V5 and AlV

Figures 10�a�–10�c� represent the total, d-partial, and
sp-partial DOS calculated from the FLAPW method for both
the Al8V5 and AlV compounds. First, we direct our attention
to the total DOS. The overall features in the total DOS are
similar to each other in the sense that the V 3d band spreads
from −3 to +3 eV and is split into bonding and antibonding
states with the deep valley +2 eV above the Fermi level.
However, the DOS in AlV is no longer spiky because of

great reduction in foldings in energy dispersions as a result
of the existence of only two atoms in the unit cell.

Some caution is needed when the FLAPW-derived partial
DOS is discussed. As is clear from Eq. �2�, the wave function
is expanded into partial waves inside the MT potential but
into plane waves outside it. The partial DOS is calculated
from the wave functions inside the MT potential. Hence, the
sp-partial DOS thus obtained would not quantitatively repro-
duce that of sp-electrons extending widely in the interstitial
region. The situation in the d-partial DOS is better, since it
largely represents the V 3d states mostly residing inside the
MT potential. As a matter of fact, the sum of sp- and
d-partial DOS does not reproduce the most accurate total
DOS.

The total electron concentration including both sp- and
d-electrons per atom, Ntotal, and the electronic energy per
atom, Utotal, may be calculated by integrating the total DOS,

FIG. 9. �a� �G�2 dependence of
��hkl��Chkl�2 of the FLAPW wave
function outside the MT potential
at energy eigenvalues of −4.979,
0.1627, and 4.330 eV at point M
in Fig. 8 for the AlV compound.
�b� Energy dependence of
��hkl��Chkl�2 at �G�2=2, 6, and 10
at point M for the AlV compound.

FIG. 10. �a� Total DOS, �b�
d-partial DOS, and �c� sp-partial
DOS calculated from FLAPW for
Al8V5 �thin black� and AlV �thick
gray� compounds. The d-partial
DOS for AlV shown in �b� is mul-
tiplied by the factor 10/13 to al-
low a direct comparison with the
d-partial DOS for Al8V5. The
thick black line in �c� approxi-
mates the sp-partial DOS of
Al8V5 after smoothing. “A” and
“D” refer to the edges of the
pseudogap, “B” and “C” the pla-
teau and hump inside the
pseudogap, respectively.
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Dtotal�E�, from the bottom of the valence band E0 up to the
Fermi level:

Ntotal = �
E0

EF

Dtotal�E�dE �5�

and

Utotal = �
E0

EF

Dtotal�E�EdE . �6�

The value of Ntotal turned out to be 3.77 and 4.04 electrons
per atom for Al8V5 and AlV, respectively, being consistent
with the fact that V and Al donate five and three electrons per
atom to form the valence band. The respective electronic
energies Utotal thus deduced are 26.6 and 29.0 eV/atom, in-
dicating that the Al8V5 �-brass apparently possesses a lower
electronic energy. But a straightforward conclusion about
stability cannot be drawn from this, since we are comparing
two phases at different alloy compositions.

As noted above, the d-partial DOS mainly reflects the V
3d states inside the MT potential. Since the V concentration
for AlV is 10/13 times as large as that in the Al8V5, the
d-partial DOS for AlV shown in Fig. 10�b� is shown after
multiplying the DOS by this factor. As far as the DOS below
the Fermi level is concerned, they are quite similar, though
the spiky structure is lost in AlV. Instead, the d-partial DOS
above the Fermi level is sharply different between them: the
DOS for the Al8V5 is much smaller than that for the AlV in
the energy range up to about +1 eV because of the presence
of the deep pseudogap centered at +0.5 eV in the former.
Hence, even a small change in the position of the Fermi level
relative to peaks in the d-partial DOS for both phases might
delicately affect phase stability, though unoccupied states
above the Fermi level do not contribute to the electronic
energy.

We consider the effect of the sp-partial DOS on stability
to be more important and focus on V 3d mediated resonance
effects. Since the sp-partial DOS in Al8V5 is spiky, it may be
smoothed as shown in Fig. 10�c� with a thick curve. The
smoothed sp-partial DOS is characterized by a deep
pseudogap sandwiched by its boundaries at −2.2 �marked as
“A” in Fig. 10�c�	 and +2.2 eV �“D”� with a plateau marked
as “B” and a small hump “C.” Note that a slope from “A”
through “B” to “C” is steep but finite whereas that at “D” is
almost infinite. On the other hand, the sp-partial DOS in the
AlV compound exhibits a rather large hump across the Fermi
level.

Though energy spectra of ��hkl��Chkl�2 were already shown
in Fig. 5, we show in Fig. 11 all the spectra over the range
6� �G�2�50 at the point N for the Al8V5 �-brass without
differentiating its �G�2 dependence. The d-partial DOS shown
in Fig. 10�b� is superimposed. The separation into bonding
and antibonding states due to the V 3d states mediated reso-
nance is now much clearer with an apparent band gap of
2 eV located immediately above the Fermi level. The num-
ber of states there should be heavily suppressed in spite of
the existence of a high d-partial DOS. This means that mo-
bile sp-electrons must be very limited in this energy range, at
least, at the symmetry point N we studied. The sp-partial

DOS, however, is not strictly zero but even a small hump
“C” remains in Fig. 10�c�. This may represent the contribu-
tion from regions other than around point N in the Brillouin
zone. Another point to be emphasized in Fig. 11 is that the
bonding state is densely populated immediately below the
Fermi level and gives rise to a steep negative slope from “A”
up to the Fermi level in the sp-partial DOS in Fig. 10�c�. The
hump across the Fermi level in the AlV compound is essen-
tially wiped out and replaced by a less structured declining
slope with a plateau “B” in Al8V5 as a result of the V 3d
mediated resonance coupled with an increased zone folding.

A phase competition between the �-brass and AlV may
still be delicate, based on a quick inspection of the two
sp-partial DOSs shown in Fig. 10�c�. But, a gain in the elec-
tronic energy has been evidenced not only from Fig. 6 but
also from Fig. 11, where bonding states caused by the V 3d
states mediated resonance are highly condensed below the
Fermi level. We believe this to play a critical role for ex-
plaining the stability of the complex �-brass structure.

E. Determination of the effective e /a for the V atom in Al8V5

First of all, the Fermi level in the Al8V5 and AlV com-
pounds is determined by filling �4s�2�3d�2 electrons from the
V atom and �3s�2�3p� electrons from Al atoms into the va-
lence band. Thus, an increase in the V concentration in-
creases the total number of electrons per atom, Ntotal, as de-
fined by Eq. �5�. On the other hand, the Hume-Rothery
electron concentration rule counts only sp-electrons per atom
in the valence band, which is often denoted as e /a. For ex-
ample, the e /a value of pure Cu is unity, though Ntotal is 11.

Figures 12�a� and 12�b� show the dispersion relations
along the 
N
 direction for the Al8V5 �-brass in the free
electron model and the one derived after ignoring the hybrid-
ization terms between V 3d and all other states including Al
3s, Al 3p, V 4s, V 4p, and V 3d in the LMTO-ASA elec-
tronic structure calculations, respectively. In the latter, the V
3d states are isolated as a level at 0.73 eV above the Fermi
level and, hence, may be regarded as a “nearly free electron”

FIG. 11. All energy spectra of ��hkl��Chkl�2 are plotted without
differentiating the �G�2 dependence over the range 6� �G�2�50 for
the Al8V5 �-brass. The d-partial DOS shown in Fig. 10�b� is super-
imposed. A scarcely populated window opens in the energy region
from the Fermi level up to 2.2 eV in spite of the presence of a large
d-partial DOS.
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model. Its comparison with the free electron model allows us
to index bonding �marked as B� and antibonding �marked as
AB� states caused by the zone splitting in terms of �G�2 at
point N, as shown in Fig. 12�b�. The electronic states near
the Fermi level are found to be most heavily perturbed by the
resonance with �G�2=22 and 26. Instead, the �G�2=18 reso-
nance occurs in the energy range −1.6 to −2.6 eV below the
Fermi level, as can be seen from the dotted-dashed line
drawn in Fig. 12�b�.

The total DOS is calculated from the dispersion relations
in Fig. 12�b� and is shown in Fig. 13. The pseudogap is
located in the energy range −2.4 to −1.6 eV. This is safely
attributed to the resonance of sp electrons with a set of lattice
planes with �G�2=18. Indeed, the electron concentration
close to 21/13 is obtained at the center of the pseudogap, as
indicated by the arrow in Fig. 13. Thus, this reproduces well
the electronic structure obtained for the prototype �-brass
like Cu5Zn8.13 It is to be emphasized that the electron con-
centration in Al8V5 must be higher than 21/13, since the
Fermi level is located about 2 eV higher than the energy at
which the �G�2=18 resonance occurs. Indeed, the electron
concentration of 2.19 is obtained at the Fermi level. How-
ever, we are well aware that the derivation given above is
oversimplified, since the V 3d state and its interaction with
all other states are fully ignored. More elaborate arguments
are required to assess more reliably the e /a value for the
Al8V5 �-brass.

Asahi et al.14 proposed a new method to evaluate the e /a
value for the �-brass involving a transition metal element as
a partner element by constructing a single-branch energy dis-
persion relation in the extended zone scheme. The value of
2�ki+G� giving the largest Fourier component was first de-
duced from the Fourier spectrum of the FLAPW wave func-
tion at a given energy eigenvalue, where ki is selected at 200
points in the irreducible wedge corresponding to 1/48 of the
reduced Brillouin zone. The quantity kG�E� is defined as

2kG�E� � 2�
i=1

N

�i�ki + G�E, �7�

where i runs over the ki points mentioned above, � is the
weight associated with each ki point, and �ki+G�E is evalu-
ated at the energy E by linearly interpolating between energy
eigenvalues. The energy dependence of �2kG�E��2 provides a
single-branch dispersion relation in the extended zone
scheme for electrons represented by the dominant FLAPW
wave function outside the MT potential. The value of e /a
can be evaluated from the value of �2kG�E��2 at EF, since it
would directly correspond to the square of the diameter of
the Fermi sphere.

As emphasized in Ref. 14, the evaluation of the variance
�2�E� is critically important in the analysis, since �2kG�E��2

is a quantity averaged over selected electronic states in the
Brillouin zone. It is defined as

�2�E� = �2�kG�E� + �G�E��	2 − �2kG�E��2

= 8kG�E��G�E� + 4�G�E�2, �8�

where the standard deviation �G�E� is defined as

�G�E� � �
i

�i„�ki + G�E − kG�E�…2. �9�

FIG. 12. Energy dispersion relations along 
N
 directions in �a�
the free-electron model and �b� the nearly free-electron model,
where hybridization terms of V 3d with all other states are ne-
glected in the LMTO-ASA method for the Al8V5 �-brass. The de-
generate states at point N are easily identified in terms of �G�2 in �a�.
Zones splitting giving rise to bonding �B� and antibonding �AB�
states in �b� are assigned by using �a� as a guide.

FIG. 13. The total DOS calculated from the dispersion relations
shown in Fig. 12�b� for the Al8V5 �-brass. The pseudogap centered
at −2 eV is easily identified as originating from the resonance with
set of lattice planes specified by �G�2=18 and the e /a value of
21/13 is obtained by integrating the DOS up to the middle of this
pseudogap.
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Figure 14 shows the energy dependence of �2kG�E��2 for
the Al8V5 �-brass, along with that of the variance �2�E�. We
consider the value of �2kG�E��2 to become meaningless,
when �2�E� becomes significant. This happens in the energy
range from −3 to +3 eV, where the V 3d states are located.
This obviously indicates that the determination of e /a for
this system is inherently difficult. Nevertheless, we at-
tempted to estimate the e /a value in this system while keep-
ing this dilemma in mind. The data outside ±3 eV range,
where V 3d states become negligibly small, may be well
fitted to two independent straight lines, as shown by solid
lines in Fig. 14. The square of the Fermi diameter �2kF�2 is
determined to be 21 by taking the mean value of “A” and
“B” at the intersection of the two lines with the Fermi level.
This is marked as “C” in Fig. 14. It is interesting to note that
the value thus obtained is in good agreement with the value
derived when Uav crosses the Fermi level in Fig. 6.

The effective e /a value for the Al8V5 �-brass is then cal-
culated to be 1.94 by inserting �2kF�2=21 into the relation
e /a=8�kF

3 /3N, where N is the number of atoms in the unit
cell equal to 52 and the Fermi wave number kF is in units of
2� /a. The e /a value of 1.94 is obviously much larger than
the magic number of 21/13=1.615 characterizing the stabil-
ity of the prototype �-brasses.10,13–15 The effective e /a value
for the V atom is deduced to be 0.23 from the total e /a
=1.94 by assuming the valency of Al to be 3.

The value may be compared with those for other
�-brasses:14,15 0.96, 0.97, 0.15, 0.07, −1.7, and −2.5 for the

e /a value of Cu in Cu5Zn8, Cu in Cu9Al4, Ni in Ni2Zn11, Pd
in Pd2Zn11, Co in Co2Zn11, and Fe in Fe2Zn11 �-brasses,
respectively. Among them, a comparison with Co and Fe is
particularly interesting, since negative e /a values were as-
signed to them in contrast to the positive number in the
present Al8V5 �-brass. Here the negative e /a values for Co
and Fe were deduced by taking into account only the data
near the Fermi level in the energy dependence of �2kG�E��2.

As discussed above, the variance in Al8V5 remained high
in the energy range including the Fermi level, across which
the V 3d states exist. Hence, we had to employ the data in
the region outside the V 3d states. To maintain consistency
among the results, we re-evaluated the e /a value of Co and
Fe in Co2Zn11 and Fe2Zn11 by avoiding the use of the data,
where Co 3d and Fe 3d states exist, in the same manner as
that adopted in the present analysis. The values turn out to be
+0.26 and +0.70 for Co and Fe, respectively. All the results
thus obtained are listed in Table I, together with those re-
ported in Ref. 14.

The assessment of the valency of the transition metal el-
ement has been controversial for many years. Raynor21 as-
signed negative valencies to Cr, Mn, Fe, Co, and Ni by as-
suming that CrAl7, MnAl6, FeAl3, Co2Al9, and NiAl3
compounds are stabilized at a common e /a value of 2.1. The
physical meaning for assigning negative valencies to the TM
elements has been discussed elsewhere.22,23 In contrast, there
also exist reports, in which use of positive e /a values is more
appropriate. Haworth and Hume-Rothery24 assigned positive
valencies of 1.8, 1.0, 0.8, and 0.6 for Mn, Fe, Co, and Ni so
as to meet the phase boundary of the �- to �+�-phases in
Cu-TM-Zn and Cu-TM-Al ternary alloys at the same e /a
value. Mizutani et al.12 evaluated the effective e /a value of
Ru in the Al-Cu-Ru-Si approximant to be 0.76 by applying
the Hume-Rothery electron concentration rule under the as-
sumption that the Fermi surface comes closest to �543�,
�710�, and �550� zones and that Cu, Al, and Si donate one,
three, and four electrons per atom, respectively. Ishimasa et
al.25 pointed out that the use of positive valencies proposed
by Haworth and Hume-Rothery brings the stability range of
their newly discovered Sc-TM-based quasicrystals to a uni-
versal e /a value of around 2.1.

We proposed in the present work the possession of small
positive valencies for all TM elements by casting the
FLAPW-derived electronic structure into the framework of
the free electron model while preserving overall band fea-

FIG. 14. Energy dependence of �2kG�E��2 and its variance �2�E�
calculated from Eqs. �7�–�9� for the Al8V5 �-brass. The square of
the Fermi diameter is determined by taking a mean value of “A”
and “B” intersecting of two straight lines with the Fermi level. The
gray line refers to the free-electron model.

TABLE I. �2kF�2, �e /a�total, and �e /a�TM values for different �-brasses.

�-brass

Al8V5 Fe2Zn11 Co2Zn11 Ni2Zn11 Pd2Zn11 Cu5Zn8 Cu9Al4

�2kF�2 21.0 20.0 19.5 19.36 19.27 18.47 18.45

Zones 14�G2�30 Not
studied

Not
studied

G2=18
�411�,
�330�

G2=18
�411�,
�330�

G2=18
�411�,
�330�

G2=18
�411�,
�330�

�e /a�total 1.94 1.80 1.73 1.72 1.70 1.60 1.60

�e /a�TM 0.23 0.70 0.26 0.15 0.07 0.96 0.97

Ref. Present Present Present 14 14 14 14
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tures deduced from the ab initio electronic structure calcula-
tions. The assignment of a small but positive valency for TM
elements like the V atom means that TM elements are ca-
pable of increasing the number of mobile electrons in the
interstitial region. In contrast, a negative valency assigned to
the TM element means a transfer of mobile electrons donated
by its partner element like Al from the interstitial region to
the region inside the MT potential.

F. bcc to �-brass phase transformation

As mentioned in the Introduction, the structurally com-
plex �-brass is constructed by a slight modification of the
bcc structure. It is, therefore, of particular interest to shed
more light on the phase transformation between these two
phases. Our previous work on the Cu5Zn8 and Cu9Al4
�-brasses13 proved that the Fourier component of the
FLAPW wave function at energies responsible for the forma-
tion of the pseudogap is extremely strong only at �G�2=18,
i.e., the center of �411� and �330� zones. This naturally led to
the supposition that they would best stabilize at the e /a value
of 21/13 as a line compound. However, the �-brass phase
has a sizable solid solution range in both Cu-Zn and Cu-Al
equilibrium phase diagrams.1 At this stage, it may be worth-
while noting that the number of atoms in the unit cell de-
creases with increasing Al concentration beyond 35 at. % Al
in the Cu-Al �-brass phase field.26 Hence, the FsBz interac-
tion associated with the �411� and �330� zones can remain
active in the Al-rich side, provided that the decrease in the
number of atoms in its unit cell compensates for an increase
in the number of electrons due to an increase in Al concen-
tration so as to keep the number of electrons per unit cell
unchanged.26,27 However, we consider more elaborate work
to be needed to explain the existence of a solid solution
range in both Cu-Al and Cu-Zn alloy systems.

In the present Al8V5 �-brass, we emphasized that all
zones in the range 14� �G�2�30 harmoniously resonate with
mobile electrons to form a wide pseudogap in the sp-partial
DOS. The interpretation based on the V 3d states mediated
resonance does not specify the particular zones and, hence,
would not rule out the possession of a solid solution range
around the stoichiometric composition of Al8V5. However,
the �-brass exists only as a line compound in the Al-V equi-
librium phase diagram.1 The atom size difference between Al
and V is only 5.7%. Hence, its existence as a line compound
is more difficult to understand and is beyond the level of our
present understanding.

The Mott and Jones theory claims that an increase in elec-
tron concentration from 3/2 to 21/13 enables the bcc to
�-brass transformation by adjusting the expanding free elec-
tron Fermi sphere to the set of larger zones with �G�2=18,
i.e., �330� and �411� zones in place of the set of �110� zones
with �G�2=2 for the bcc. If we assign the e /a value of 0.23 to
both bcc Al54V46 and Al8V5, their electron concentrations
turn out to be 1.73 and 1.94, respectively. Thus, the phase
transformation from the bcc to �-brass in the Al-V system is
brought about by an increase in the electron concentration in
the same way as that in the Cu-Zn system. Judging from the
discussion above, however, we consider it not to be legiti-
mate at the moment to discuss the phase transformation in
the system characterized by the d states mediated resonance
in line with the naïve Mott and Jones theory.

V. CONCLUSIONS

By making full use of the advantage of two different first-
principles electronic structure calculations, FLAPW and
LMTO-ASA, we attempted to gain a deeper insight into why
the Al8V5 �-brass can be stabilized by accommodating 52
atoms in its unit cell. The LMTO-ASA calculations could
identify a deep valley at 0.5 eV above the Fermi level in the
DOS as arising from orbital hybridizations between the V 3d
and Al 3p states. On the other hand, the FLAPW electronic
structure calculations revealed the V 3d states mediated reso-
nance of mobile electrons with different sets of lattice planes
including not only �G�2=18 corresponding to �330� and �411�
planes but also those in the range 14� �G�2�30. The elec-
tronic structure of the CsCl-type AlV compound was also
calculated in the context of the FLAPW and LMTO-ASA
methods. It turned out that the V 3d mediated resonance is
unique only for a large unit cell system, where sets of lattice
planes in a wide range of �G�2 can participate with the assis-
tance of the V 3d states, which serves as a source supplying
high reciprocal lattice vectors, i.e., high momentum transfer
vectors. The resonance effect is found to play a key role in
condensing the bonding states below the Fermi level to gain
electronic energy in the Al8V5 �-brass.
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