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Recent data on the bias dependence of the spin transfer effect in magnetic tunnel junctions have shown that
torque remains intact at bias voltages for which the tunneling magnetoresistance has been strongly reduced. We
determine the effect of magnons emitted by hot electrons on charge and spin transport in these junctions by
using Caroli’s formalism. The transport is described in terms of the direct, spin-dependent, and spin-flip
probabilities for transmission across the tunnel junction. By adopting values for these adjustable parameters
that were found by fitting the bias dependence of the conductance and magnetoresistance, we find that the
excitations due to hot electrons, while reducing the magnetoresistance, enhance both the charge current and
spin transfer in magnetic tunnel junctions in such a manner that the ratio of the torque to the charge current
does not significantly change.

DOI: 10.1103/PhysRevB.74.224446 PACS number�s�: 72.25.�b, 85.75.Mm

I. INTRODUCTION

A recent set of experiments have confirmed that the trans-
fer of spin angular momentum from a spin-polarized current
to the background magnetization, also known as the spin
transfer effect, exists in magnetic tunnel junctions
�MTJ’s�.1–4 To arrive at the critical current necessary for the
current-induced magnetization switching �CIMS� of one of
the magnetic electrodes �which is nearly the same for MTJ’s
as for the metallic multilayers in which this phenomenon was
first observed5�, one applies a bias of the order of several
hundred meV. For metallic multilayers, in which CIMS was
first observed, a correlation exists between its magnetoresis-
tance �MR� and the critical current for magnetization
reversal.6 What is unusual about the bias dependence of
MTJ’s is that the spin transfer effect is robust to an applied
bias, while the magnetoresistance is quenched �rapidly soft-
ens and eventually is driven to zero�, i.e., the ratio of the
torque to the current remains fairly constant as one increases
the bias.7 Here we give an explanation for this result.

The spin transfer effect has been observed when the mag-
netic elements are noncollinear; depending on whether the
transport is ballistic and diffusive, the origin of this effect is
different. Here we consider only magnetic tunnel junctions
for which Slonczewski8 showed that based solely on the
equilibrium band structure �wave functions� one expects an
out-of-equilibrium coupling of the magnetic electrodes of an
MTJ, which is proportional to the sine of the angle � be-
tween them �the spin torque�, and one proportional to cos �,
which is known as the effective field term; this latter cou-
pling is in addition to the one that exists in equilibrium �later
known as the “interlayer exchange coupling”�.8 In his semi-
nal paper, Slonczewski showed that the difference between
the spin currents leaving and entering an electrode represents
a transfer of spin angular momentum per unit time from the
current to the magnetic electrode, which creates a spin torque
on the latter. This spin transfer manifests itself by the switch-
ing, or reversal, of an electrode that occurs when the current

exceeds a critical value. In a recent study, Slonczewski am-
plified his original work on MTJ’s by considering the effect
of the applied bias on the barrier profile. He showed that
when the junction is forward biased, the ratio of the spin
torque to the current remains constant while the tunneling
MR �TMR� is rapidly quenched;9 when the biased is re-
versed, the torques falls nearly as fast as the TMR. While the
first agrees with recent data, the latter does not.7

As has been suggested by others,2,4,7 we will consider the
role of the current-induced magnetic excitations that occur
due to the hot electrons created by a finite potential differ-
ence between magnetic electrodes. It was previously shown
that the inelastic spin excitations �spin flips� localized at the
interfaces between the magnetic electrodes and the tunnel
barrier give rise to a rapid reduction of the MR of the MTJ
known as the zero bias anomaly.10 While these bias-driven
spin flips are partially able to explain the current-voltage
characteristics of the MR of MTJ’s, for several cases it is
necessary to invoke the energy dependence of the density of
states �DOS� in order to obtain a complete quenching of the
MR.11

The guiding principle in MTJ’s is that processes in the
barrier region, which includes interfaces, have a marked ef-
fect on the resistance of the junction, while those in the elec-
trodes affect magnetization reversal.12 When two electrodes
� and � with noncollinear magnetizations form a tunnel
junction, the direction of the polarization of the spin current

I�s is the vector sum of the polarizations �� �parallel to the
magnetizations� of the density matrices representing the
electrodes.8 In other words, the spin current is parallel to
neither electrode’s magnetization. Under the condition that
spin-flip scattering is a small perturbation of the spin current,
i.e., we maintain the zero bias eigenstates, we will show that
the net result of the exchange of angular momentum does not
cancel because the spin flips in the electrode and the spin
current are referred to as noncollinear axes; the component
of the vector sum of the difference that is transverse to the
electrode’s magnetization is the torque created by exchange
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of magnons between noncollinear entities. In this manner,
bias increases the spin current and concomitantly the torque
on the electrodes in the junction. As we show, the torque due
to the magnon exchange between the current and the up-
stream electrode � is directed toward the other electrode �,
and vice versa; therefore, the inelastic torques on the elec-
trodes are in opposite directions while the elastic torques are
in the same direction.

II. FORMALISM

The current in a tunnel junction can be written as13

I =
2e

h
�T̄q←p�p − T̄p←q�q� , �1�

where T̄q←p represents the transmission probability from
electrode p to electrode q, and �p is the electrochemical
potential of the pth electrode. When spin phenomena play a

role, the T̄q←p can be found from the following transmission
probabilities written in spinor form as �where we use � /�
instead of p /q�:14

T̂�←� =
1

2
�2��2�̂��t̂���†�̂�t̂�� �2�

and

T̂�←� =
1

2
�2��2�̂��t̂���†�̂�t̂��, �3�

where the factor 1
2 is for each spin channel, the 2� for the

�̂�/� represent the density matrices of the magnetic leads far
from the electrode/barrier interfaces, the hats over the sym-
bols signify 2�2 matrices in the spin 1

2 space of an electron,
and t̂�� is the transmission amplitude from the lead �deep in
the electrode� � to �; see, for example, Ref. 15.

The spinor density matrices will be written as

�̂ = �01 + 	� · �� , �4�

where the first term represents the charge or spin-
independent part and �� the spin-dependent portion or polar-
ization. The diagonal elements of the spinors represent the
longitudinal components �parallel to the local magnetization�
of these quantities, e.g., �↑↑/↓↓��↑/↓��0±�z the average,
and z component of the density matrices, while the off-
diagonal terms represent transverse components in which the
spin of the electron flips. For the matrices �̂�/� these ele-
ments do not appear when they are written in the natural axes
which diagonalize them; however, for noncollinear elec-
trodes we have to rotate these matrices so that off-diagonal
elements appear and are written as �↓↑/↑↓��±���
= ± i sin ��z.

16

The particle or charge current is the scalar part of Eq. �1�
and is found by taking the trace of the spinor transmission
probabilities. The trace is invariant under a cyclic permuta-
tion of the matrices and by using the Hermitian property for

the transmission amplitude �t̂���†= t̂�� one finds Tr	T̂�←�

=Tr	T̂�←�, so that the charge current between two electrodes
is

Ic =
2e

h
Tr	 T̂��� − ��� =

2e2V

h
Tr	 T̂ , �5�

where we made the identification for the potential drop eV
���−��; as e
0, it follows that V
0 for a positive dif-
ference in chemical potentials, thus the electron flow that we
call “the current” is opposite the conventional one in electri-
cal circuits, but conforms to the convention used to discuss
spin transfer.1,8 The index 	 on the trace indicates we are
summing over spinors; hereafter we drop this index. The
conductance and TMR of tunnel junctions are found from the
charge current and its dependence on the configuration of the
magnetic electrodes. The effect of bias-driven magnons on
these has been previously studied.10 To understand their ef-
fect on the spin current and torque is the purpose of this
paper.

The polarization or spin current is defined as the vector
part of the spinor current and is found by taking the trace of
the product of the Pauli spin vector 	� �written as a spinor�
and the spinor transmission probabilities; in this case,

Tr	� T̂�←�=Tr	� �̂��t̂���†�̂�t̂��, which upon using �t̂���†= t̂��

and doing a cyclic permutation yields Tr�̂��t̂���†	� �̂�t̂��

�Tr	� T̂�←�=Tr	� �̂��t̂���†�̂�t̂��. We find the spin current is
written as

I�s =
2e

h
�T���� − T����� , �6�

where T��/��Tr	� T̂�←�/�←�. By defining the average and dif-
ference between the chemical potentials ��/�= 1

2 ����

+���± ���−����, we write the spin current as

I�s =
2e

h
�1

2
��� + ����T�� − T��� + eV

1

2
�T�� + T���� , �7�

where the first term is the spin current that exists in equilib-
rium, while the second is the out-of-equilibrium part. Again
note that we made the identification for the potential drop
eV���−��; it follows that it is the electron flow that we
call “the current.”

Here we limit ourselves to T=0 K so that the electrodes
are in their ground states. In the presence of a finite bias
between the electrodes, it is possible to create magnons in
the electrodes if they are emitted by the spin current. This
costs energy so that the chemical potential entering the Fermi
distribution is reduced by ��q

�/� �see Ref. 9�; in this case, the
chemical potentials ��/� in Eq. �6� are replaced by ��/�
−��q

�/��eV−��q
�/��, where the theta function is a reminder

that the energy range of the magnons created in the magnetic
electrodes is limited by the bias applied across the junction.
By including these inelastic processes, the total spin current,
Eq. �7�, contains one additional term,

I�s
magnon = −

2e

h
�

q

��q
�/��eV − ��q

�/���T�� − T��� , �8�

therefore the total spin current is
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I�s =
2e

h �1

2
��� + ����T�� − T��� + eV

1

2
�T�� + T���

− �
q

��q
�/��eV − ��q

�/���T�� − T���� . �9�

From here on in we drop the first term, as we are not inter-
ested in this paper in the magnetic coupling that exists be-
tween electrodes before a bias is applied to the junction.

The sum over the magnons is written as

�
q

��q
�/��eV − ��q

�/�� = 	
0

eV

g�/���� ��d� , �10�

where the density of states for the magnons g�/���� depends
on whether they are created inside the electrodes or at the
electrode/barrier interfaces. We will use the same approxima-
tion as that used in Ref. 9 and replace the magnon dispersion
relation by a simple isotropic parabolic one. The magnons
created at the electrode/barrier interface are two dimensional
and their DOS is g�/����=N�/�

i /Em
�/�, where Em

�/�

=3kTc
�/� / �S�/�+1�, and N�/�

i is the number of spins per unit
area at the interface; those in the bulk of the electrodes are
three dimensional so that g�/����= 3

2N�/�
b /Em

�/�
�� /Em
�/�,

where here N�/�
b is the number of spins per unit volume. By

using these DOS, we find for interface magnons

I�s
magnon = −

eN�/�
i

h
� eV

Em
�/���eV���T��

i − T��
i � , �11�

while for bulk magnons

I�s
magnon = −

6eN�/�
b

5h
� eV

Em
�/��3/2

eV��T��
b − T��

b� , �12�

where the superscripts i /b on the transmission probabilities
denote, as we presently show, the different transmission am-
plitudes used for the interface and bulk magnon production,
tm
i/b. The maximum number of spin flips a spin can make is

2S�; it is for this reason that for larger bias eV�Em
�

one replaces eV /Em
� by �2−Em

� /eV� in Eq. �11� and by
�22/3−Em

� /eV� in Eq. �12� so that in the limit as eV→� they
approach 2.

III. CALCULATION OF SPIN CURRENT

To complete our calculation of the bias dependence of the
spin current in a MTJ, we have to specify the spinor trans-
mission amplitudes

t̂�� = td1̂ + tm	� · S��/�, �13�

where td denotes the direct transmission between the mag-
netic leads that are used to calculate the spin current in Eq.
�7�, and tm is spin-dependent transmission amplitudes �tm

i/b�

entering the magnon-assisted spin currents entering Eqs. �11�
and �12�.17 We leave these amplitudes as parameters used to
fit the data; as a general rule, we expect td� tm

i , tm
b inasmuch

as the probability �frequency� of scattering at the interface or
in the bulk of an electrode is lower than a direct transmis-
sion. As written, the spinor gives the erroneous impression
that there is a single spin-flip scattering; however, in the 2
�2 spin space of an electron, this is the most general form of
the spin scattering of an electron by a magnetic background

characterized by the spin operator S� , i.e.,

t̂�� = �td + tmSz
�/� tmS−

�/�

tmS+
�/� td − tmSz

�/� � . �14�

Hot electrons appear only when an electron leaves the
electrode at the higher potential, which is � in our example.
At the interfaces, the relative probability of scattering these
electrons is much less than a direct transmission, e.g., from a
fit to the zero point anomaly in magnetic transition-metal
tunnel junctions td / tm

i 2=17.10 In this case, it is reasonable to
replace Sz

�/�⇒S�/�, and the only current-induced excitations
in the barrier due to hot electrons are the off-diagonal terms
in Eq. �14�. However, if a hot electron does not give up its
energy in the barrier region, it can excite magnons in the
bulk of the electrode at the lower potential ��. In this case,
there can be multiple exchanges of spin and energy between
the electron and the magnetic electrode before it exits into
the lead represented by �̂�. Under these conditions, if an
electron enters the reservoir �magnetic lead �̂�� with its spin
in the same direction as it left the lead �̂�, there is no net
spin-flip; nonetheless the multiple scattering contributes to
the transmission amplitudes tm

b Sz
�/� and now we should write

the transmission probability as proportional to tm
b 2��Sz

��2�
as ⇒tm

b 2��S��2− 1
2 ��S+

�S−
��+ �S−

�S+
����, i.e., even at T=0 K

the magnons emitted by the current lower the longitudinal
component of the transmission in a manner reminiscent of
there being a heating of the magnetic electrode by the
current. Of course if the electron enters �̂� with its spin
flipped, the multiple scattering contributes to the transmis-
sion amplitudes tm

b S±
�/�, and to the transmission probability as

tm
b 2�S±

�S�
� �.

By placing the transmission amplitude t̂��, Eq. �13�, in the
expressions �2� and �3�, for the spin current transmission

probabilities T��/� �see the definition after Eq. �6�� we have
determined the contributions of the direct and magnetic
transmission amplitudes to the out-of-equilibrium spin cur-
rent, Eqs. �7� and �8�. To obtain the trace over the spinors
entering these expressions, we have to write them in a com-
mon representation. As we are dealing with noncollinear
magnetic electrodes, this entails rotating some of the spinors
as discussed in Ref. 15; we also used the identity

�	� · a���	� · b�� = a� · b� + i	� · �a� � b�� , �15�

where special attention has to be paid to the ordering when

the vectors a� ,b� are operators representing the same spin be-
cause their components do not commute with one another,

e.g., S� �S� = iS� .
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IV. SPIN TORQUE

To obtain the torques on the individual electrodes from
the spin currents, we adopt the definition given by Sloncze-
wski that it is the negative of the difference between the spin
current �electron flows� leaving and entering an electrode.18

By applying this to the electrode at the higher ��� and lower

��� potentials, we can write ����−��I�s− I�s
�� and ����−��I�s

�

− I�s�, where I�s is the spin current in the junction, while I�s
�/�

are the currents in the magnetic leads �reservoirs� � /�. One
final hurdle to overcome in obtaining the torques is that the

spin current I�s has to be written in the coordinate axes of the
magnetic leads � /� so as to properly obtain the components
of the current transverse to the magnetization of the elec-
trodes; this requires further rotations.16

A. Elastic contributions

When we use the direct �elastic� term in the transmission
amplitude Eq. �13� in Eq. �7�, we find for the out-of-
equilibrium spin current when we include the unit of angular
momentum � for the spin current

I�s =
2e

h
eV

1

2
��T��

d + T��
d�

I�s��̂� =
2e

h
eV�4�2td2��0

������� + �0
����� �16�

when it is referred to the � electrode, and

I�s��̂� =
2e

h
eV�4�2td2��0

���� + �0
�����− ��� �17�

referred to the � electrode; the rotated elements of the den-
sity matrices are defined in Ref. 15. As shown by Sloncze-

wski, the direction of the polarization of the spin current I�s
can be written in an invariant form as the vector sum of the
polarizations �� of the density matrices representing the
electrodes,8 i.e.,

I�s � ��� + ���. �18�

In other words, the spin current is parallel to neither elec-
trode’s magnetization.

In our rotations, we have the downstream electrode � at
an angle � in a clockwise direction with respect to �; as this
is opposite to that conventionally chosen, it produces torques
in an opposite sense to those of Slonczewski,8 i.e., we will
assume the downstream electrode’s magnetization is rotated
counterclockwise to the upstream’s. So as not to have minus
signs throughout, we reverse the direction of � from hereon
in. Then with the currents Eqs. �16� and �17�, we reproduce
Slonczewski’s original result for the spin torques acting on
the electrodes by taking their transverse components, i.e.,

�y
� = 4�etd2eV sin ��0

��z
� �19�

and

�y
� = 4�etd2eV sin ��0

��z
�. �20�

We note that the torques are in the same direction and in the
same sense as that found by Slonczewski8 when one recog-
nizes that we have to replace � by −� in Eqs. �16� and �17� to
conform to the conventional sense of rotation. It follows that
for elastic processes

�y
� = �y

��� � �� . �21�

The axes we have chosen are such that ẑ� is along the mag-
netization of the � electrode, ŷ� lies in the plane of the cross
section of the electrode, and x̂ is perpendicular to this plane;
for the � electrode, ẑ� is along its magnetization, ŷ� is per-
pendicular to it, and in the same plane defined by ẑ� and ŷ�,
and they have a common x̂ axis.

Here we derived the spin torque by using density matrices
for pure states, while the original derivation used wave func-
tions; the physical content of the two is the same.

B. Inelastic contributions: Magnons

Next we consider the contribution from magnons created
at the electrode barrier interfaces; these were previously used
to understand the zero bias anomaly found in the bias depen-
dence of the TMR of magnetic transition-metal tunnel
junctions.10 By using the spin-dependent scattering in the
transmission amplitude, i.e., the second term in Eq. �13�, and
by taking the components of the ensuing spin current that are
transverse to the magnetization of the upstream electrode, we
find there is an elastic contribution to the torque �see Eq.
�16��,

�y
� = 2�etm

i 2N�
i eV sin �

1

2�
	

�− �	�	
��− ���	

���Sz
��2� ,

�22�

and an inelastic spin-flip contribution �see Eq. �8��,

�y
�magnons

� �T��
i − T��

i � = 2�2tm
i 2 sin �

1

2�N�
i �z

���↑
��S+

�S−
��

+ �↓
��S−

�S+
��� + N�

i �z
� cos ���↑

��S+
�S−

�� + �↓
��S−

�S+
���

− �
	

�− �	�	
��− ���	�

� ��S+
�S−

�� + �S−
�S+

���� , �23�

where �	�����	 cos2 � /2+�	� sin2 � /2, 	= ↑ /↓, 	�= ↓ /↑,
and �−�	=± for ↑ /↓. It follows that �	�−�	�	

��−���	
�

= ��	�−�	�	
��	

��cos2 � /2− ��	�−�	�	
��	�

� �sin2 � /2. At T=0 K,
and when we do not have multiple scatterings at the interface
when an electron eventually tunnels, ��Sz

��2�⇒ �S��2�2 so
that the elastic term Eq. �22� adds to the direct transmission
Eq. �19� in the proportion tm

i / td2, which for transition-metal
electrodes is small, 1 /17.10 By making the exchange ���
in Eq. �22�, we find the contribution to �y

� with the same sign
as �y

�.
The inelastic contributions, Eq. �23�, arise from the ex-

change of spin flips between the electrons comprising the

PETER M. LEVY AND ALBERT FERT PHYSICAL REVIEW B 74, 224446 �2006�

224446-4



current and those of the magnetic background; they are rep-
resented by off-diagonal elements of the scalar spin interac-

tion 	� ·S��/� �see Eqs. �13� and �14�� so that the angular mo-
mentum exchanged between them is equal in magnitude and
opposite in sign. For an isolated �single� electrode, or when
the electrodes in a junction are collinear, the spin current is
polarized along the direction of the magnetization�s�. The
exchange of a pair of spin flips �magnons� between the cur-
rent and electrode�s� does not create a torque; its effect is to
reduce the magnetization�s� of the electrode�s� while increas-
ing the polarization of the spin current. Indeed in this case
there are no components of the spin current transverse to the
magnetization�s�. However, when the electrodes are noncol-
linear, the ensuing rotations of the spinors, which are needed

to evaluate the expectation values of the spin operators S��/�

shown in Eq. �23�, create the transverse components of the
spin current and thus the additional spin torque due to mag-
nons. The component of the vector sum of the difference
between the spin angular momentum gained by the current
and that lost by the background magnetization that is trans-
verse to the electrode’s magnetization is the torque created
by exchange of magnons between noncollinear entities.

1. Interface

The contribution at T=0 K from the interfacial magnons
��S+S−�=2S�2� to the torque on the � electrode is in the same
direction as the elastic contributions Eqs. �19� and �22�.
From Eqs. �23� and �11�, we find

�y
�interface magnons

= �etm
i 2 sin ��eV��� eV

Em
� �N�

i S��2�↑
��z

�

+ � eV

Em
� �N�

i S��2��z
��↑

� cos �

− �
	

�− �	�	
��− ���	�

� �� . �24�

However, we find that the contribution from the magnons
to the torque on the downstream electrode � is the negative
of the torque on the upstream electrode �, i.e.,

�y
�magnons

= − �y
�magnons

�� � �� . �25�

This is due to the form of the spin current coming from the

magnon production Eq. �8�, i.e., the difference between T��

and T��. From a closer inspection of the contributions to Eq.
�23� we find that the spin-flip scattering �S+

�S−
�� creates a

torque on the � electrode that is just the opposite to the
torque created by �S+

�S−
�� on the � electrode; also, we find

�S+
�S−

�� creates a torque on the � electrode that is just the
opposite to the torque created by �S+

�S−
�� on the � electrode.

This somewhat counterintuitive result can be a posteriori
understood by the following argument. The elastic spin cur-
rent is polarized by the weighted average of the polarization
of the two magnetic leads; see Eq. �18�. From their defini-
tion, it follows that the torques on the two are in the same
direction. From our results, the inelastic contributions reduce

the effect of the polarization of the magnetic leads as epito-
mized by the density matrices ���/� while at the same time
adding to the spin current, albeit along another axis �direc-
tion�. For the electrode at the higher potential, �, we find
from Eq. �23� that the diminution due to �S+

�S−
�� causes the

polarization of the spin current to move toward ���, which is
effectively a torque in the same direction as the elastic con-
tribution; however, for the downstream electrode � this re-
orientation of the polarization reduces the effect of the elastic
term. This can be seen by drawing the vector sum of the
difference between the spin angular momentum gained by
the current and that lost by the background magnetization
that is transverse to the electrode’s magnetization. By using
the relation Eq. �25� and from Eq. �23� we find that spin flips
�S+

�S−
�� in the downstream electrode lead to a torque on that

electrode in the sense opposite to the elastic current �as well
as a torque opposite in a sense to that created by �S+

�S−
�� on

the � electrode�. The net result of all these considerations is
epitomized by the relation in Eq. �25�.

2. Bulk magnons

If the current does not give up its excess energy, which is
the potential difference eV, in tunneling from � to � it re-
mains hot in the downstream � electrode, and the additional
torque created by possibly multiple spin-flip scattering in �
depends on whether the electrons leave the electrode with
their spins in the same direction �NSF� or whether they have
flipped �SF�, i.e., the NSF and SF scattering cross sections
are different.19 The SF processes produce a transverse com-
ponent to the spin current; therefore, they affect the torque
on both electrodes according to Eq. �25�. By using Eq. �23�
with only �S+

�S−
�� at T=0 K in Eq. �12�, we find that the

contribution from bulk magnons to the torque in the up-
stream electrode is20

�y
�bulk transverse magnons

=
6

5
�e� eV

Em
� �3/2

eVtm
b 2N�

bS��2 sin �

���z
��↑

� cos � − �
	

�− �	�	
��− ���	�

� � ,

�26�

where the expression in square brackets can be written as
��0

��↑
�−�↑

�����↓
��. From Eqs. �24� and �25� we find the torque

on the downstream electrode � by replacing the square
brackets in Eq. �26� with −�z

��↑
�.

The NSF processes only affect the longitudinal compo-
nent of the spin current and do not contribute to the torque
on the � electrode. However, this reduction of the longitudi-
nal part of the current contributes to the torque on the �
electrode when the electrodes are noncollinear; this can be
seen by writing the components of the spin current transverse
to the magnetization of the � electrode ��̂� in terms of its

components parallel and perpendicular to Is
±��̂�,

I�s��̂ = cos2 �/2Is
±��̂� + sin2 �/2Is

���̂� ± i sin �Is
z��̂� ,

�27�

where Is
±��̂�� 1

2 �Is
x± Is

y� are the components transverse to �̂.
By using the tm

b Sz
� part of the transmission amplitude t̂��, Eq.
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�13�, in Eq. �12�, we obtain Is
z��̂� due to bulk magnons; by

placing this in the equation above we find the torque on the
upstream electrode at T=0 K coming from the multiple spin-
flips, that leave the current existing from the downstream
electrode non-spin-flipped, is

�y
�bulk longitudinal magnons

= −
6

5
�e� eV

Em
� �3/2

eVtm
b 2N�

bS��2 sin � cos ��z
��0

�,

�28�

while �y
�bulk longitudinal magnons

=0, and the minus sign comes from
replacing ��Sz

��2� with �S��2− 1
2 ��S+

�S−
��+ �S−

�S+
���. The term

�S��2 represents processes in the � electrode in which no spin
flips occur at all; therefore, they contribute to the spin current
through the second term in Eq. �7�, rather than Eq. �12�, and
produce the same term as the spin-dependent scattering at the
barrier/electrode � interface as Eq. �22� except that the trans-
mission coefficient is tm

b 2, and the contribution to �y
�=0.

By collecting the various contributions to the torques, we
find for the torque on the upstream electrode

�y
� = 2�e�eV�sin ��2td2�0

��z
� +

1

2��tm
i�2 + tm

b�2�

��
	

�− �	�	
��− ���	

�� +
1

2�� eV

Em
� � tm

i�2

S� �↑
��z

�

+ � eV

Em
� � tm

i�2

S� ��z
��↑

� cos � − �
	

�− �	�	
��− ���	�

� ��
+ 3/5� eV

Em
� �3/2 tm

b�2

S� ��z
��z

� cos � − �
	

�− �	�	
��− ���	�

� �� ,

�29�

where tm
i/b,�/�2�tm

i/b2N�/�
i/b �S�/��2�2. For the downstream

electrode, we find

�y
� = 2�e�eV�sin ��2td2�z

��0
� +

1

2
tm

i�2�
	

�− �	�	
��	

��− ��

−
1

2�� eV

Em
� � tm

i�2

S� ��↑
��z

� cos � + �
a

�− �	�	
��	�

� �− ���
+ � eV

Em
� � tm

i�2

S� �z
��↑

�� − 3/5� eV

Em
� �3/2 tm

b�2

S� �z
��↑

� cos �� .

�30�

V. CHARGE CURRENT

To compare with experimental data, we take the ratio of
the torque to the charge current. This was calculated for a
MTJ for the cases of parallel and antiparallel alignment of
the electrodes, and we have extended it to arbitrary angles
between them.21 The controlling elements for the charge cur-
rent are the transmission amplitudes across the barrier, which

are determined by the parameters in Eq. �13�. Whereas the
scattering in the bulk of the electrodes tm

b plays a role for the
spin transfer, it is not dominant for the tunneling process
itself and therefore has not been singled out in the transfer
Hamiltonian approach used to determine the charge current
in a MTJ,10 i.e., the scattering in the bulk of the electrodes
alters their resistance, which, for the MTJ’s we compare our
results to, is very small compared to the resistance �rather
small transmission� of the barrier itself. Therefore, while the
transmission amplitudes for the charge current take into ac-
count the spin-dependent scattering potential across the bar-
rier, those for the torque include an additional parameter tm

b ,
i.e., the spin interaction of the conduction electrons with the
magnetic background of the electrodes. In a manner of
speaking, the magnetic leads in the Landauer or Caroli
formalism14 start just behind the interfaces in the calculation
of the charge current, but far from the electrode/barrier inter-
faces for the torque.

In terms of the transmission amplitudes we adopt here, the
charge current across the MTJ at T=0 K is21

I0 =
4�e2V

� ��td2 + tm
i�2 + tm

i�2��
	

�	
��	

����

+
eV

Em
�

tm
i�2

S� �↓
��↑

���� +
eV

Em
�

tm
i�2

S� �↑
��↓

����� , �31�

where in Ref. 10 we had Td instead of td, and SL/R
z TJ instead

of tm
i,�/�.

VI. SIMPLIFICATIONS

These expressions simplify further when the density ma-
trices for the magnetic leads and the electrodes are made of
the same material; we find the torque on the � electrode
reduces to

�y
� = 2�e2V sin ��2td2�0�z +

1

2��tm
i 2 + tm

b 2�

��
	

�− �	�	����	� +
1

2
� eV

Em
� tm

i 2

S ��↑�z�1 + cos ��

− �
	

�− �	�	����	�� + 3/5� eV

Em
�3/2 tm

b 2

S ��z
2 cos �

− �
	

�− �	�	����	��� , �32�

=2�e2V sin ��1

2
��↑

2 − �↓
2��td2 + �tm

i 2 + tm
b 2�cos2 �/2�

+
1

2
� eV

Em
� tm

i 2

S
��↑

2 − �↓�↑���� + 3/5� eV

Em
�3/2 tm

b 2

S

���z
2 cos � + ��↑

2 − �↓
2�sin2 �/2�� . �33�

To bring out the bias dependence, we write this as
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�y
� = 2�e2V sin �td2�↑

21

2
�1 − p2��1 + ��i + �b�cos2 �/2��1 + � eV

Em�
�� �i

1 + ��i + �b�cos2 �/2

1 − p�cos2 �/2 + p sin2 �/2�
1 − p2

+ 6/5
eV

Em

�b

1 + ��i + �b�cos2 �/2

��1 − p�2 cos � + �1 − p2�sin2 �/2�
1 − p2 �� , �34�

where we set p��↓ /�↑ ,�i/b�tm
i/b2 / td2, and Em� �SEm

= 3S
S+1kTc. For the downstream electrode, we find the torque is

�y
� = 2�e2V sin ��2td2�0�z +

1

2
tm

i 2�
	

�− �	�	����	

−
1

2
� eV

Em
� tm

i 2

S ��↑�z�1 + cos �� − �
	

�− �	�	����	��
− 3/5� eV

Em
�3/2 tm

b 2

S
�↑�z cos �� , �35�

=2�e2V sin ��1

2
��↑

2 − �↓
2��td2 + tm

i 2 cos2 �/2�

−
1

2
� eV

Em
� tm

i 2

S
��↑

2 − �↓�↑����

− 3/5� eV

Em
�3/2 tm

b 2

S
�↑�z cos �� , �36�

=2�e2V sin �td2�↑
21

2
�1 − p2�

��1 + �i cos2 �/2��1 − � eV

Em�
�

�� �i

1 + �i cos2 �/2

1 − p�cos2 �/2 + p sin2 �/2�
1 − p2

+ 6/5
eV

Em

�b

1 + �i cos2 �/2

1

1 + p
cos ��� . �37�

And the current reduces to

I0 =
4�e2V

� ��td2 + 2tm
i 2��

	

�	����	

+
eV

Em

tm
i 2

S �
	

�	����	�� , �38�

=
4�e2V

�
��td2 + 2tm

i 2����↑
2 + �↓

2�cos2 �/2

+ 2�↑�↓ sin2 �/2� +
eV

Em

tm
i 2

S
�2�↑�↓ cos2 �/2

+ ��↑
2 + �↓

2�sin2 �/2�� , �39�

=
4�e2V

�
td2�↑

2�1 + 2�i���1 + p2�cos2 �/2

+ 2p sin2 �/2� � �1 + � eV

Em�
�

�� �i

1 + 2�i

�2p cos2 �/2 + �1 + p2�sin2 �/2�
�1 + p2�cos2 �/2 + 2p sin2 �/2

�� .

�40�

VII. COMPARISONS TO DATA

To compare these results with experimental data, we take
the ratio of the torque to the current needed to produce it,
i.e., we obtain the torque per unit current rather than Eqs.
�34� and �37�, which give the torque in terms of the bias. By
taking the ratios of Eqs. �34� and �37� to Eq. �40�, we find

�y
�/�

I0
=

�

2
sin �A�/����

1 ± b�/��V,��
1 + c�V,��

, �41�

where the � refers to � /�,

A���� =
1 + ��i + �b����cos2 �/2

1 + 2�i

�

1

2
�1 − p2�

�1 + p2�cos2 �/2 + 2p sin2 �/2
, �42�

b��V,�� = � eV

Em�
�� �i

1 + ��i + �b����cos2 �/2

�
1 − p�cos2 �/2 + p sin2 �/2�

1 − p2

+ 6/5
eV

Em

�b

1 + ��i + �b����cos2 �/2

�� ��1 − p�2 cos � + �1 − p2�sin2 �/2�
1 − p2 ���

+
1

1 + p
cos ������ , �43�

and
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c�V,�� = � eV

Em�
�� �i

1 + 2�i

2p cos2 �/2 + ��1 + p2�sin2 �/2�
�1 + p2�cos2 �/2 + 2p sin2 �/2

� ,

�44�

where �=� /�.
Finally, we evaluate these expressions for MTJ’s with Co

electrodes for which we previously were able to fit the zero-
bias anomaly found in the bias dependence of the TMR of
Co/Al2O3/CoFe with the following parameters:10 td2 / tm

i 2
=17, �↑ /�↓=2.1−2.2, S=3/2, and kTc=110 meV. These
yield �i=0.06, p=0.48⇒ 1

2 , and Em=132 meV �Em�
=198 meV�; �b is an adjustable parameter inasmuch as it
was not critical to fitting the TMR. With these parameters,
we find for the upstream electrode

�y
�

I0
�� � 0� �

�

2
sin � · 0.3�1 + �b�

�

1 + 0.03
eV

130

1

1 + �b
�1 + 10�b
 eV

130
�

1 + 0.03
eV

130

�45�

and

�y
�

I0
�� � �� �

�

2
sin � · 0.36

1 + 0.04
eV

130
�1 + 13�b
 eV

130
�

1 + 0.04
eV

130

.

�46�

For the downstream electrode we find

�y
�

I0
�� � 0� �

�

2
sin � · 0.3

1 − 0.03
eV

130
�1 + 20�b
 eV

130
�

1 + 0.03
eV

130

,

�47�

and

�y
�

I0
�� � �� �

�

2
sin � · 0.36

1 − 0.04
eV

130
�1 − 13�b
 eV

130
�

1 + 0.04
eV

130

.

�48�

The salient feature of these results is that �i� the bias-
dependent torques are in the same direction as the elastic for
the upstream electrode and opposite for the downstream, and
�ii� the torque increases with bias at least as fast as the charge
current for the upstream electrode, i.e., even when we set
aside the contribution from the bulk scattering �b, the ratios
in Eqs. �45� and �46� are constant. We should stress that this
constancy is not an exact result; rather, the coefficients after
rounding off are close, e.g., 0.03 in the numerator of Eq. �45�

was arrived at from 0.027. It follows that the torque on the
upstream electrode is assisted by the applied bias, which is in
agreement with the data on CoFeB/Al2/3Ox /CoFeB and
CoFe/MgO/CoFe �see Refs. 1, 2, and 7�.

We stress that for the data available, the upstream elec-
trode is the thinner or “free” layer, while the downstream is
thicker and fixed.

Reversed polarity

When the polarity is reversed, the � electrode is at the
higher potential �upstream� while � now is downstream. In
this case, one must replace ��� in Eqs. �41�–�44�, and
from Eq. �9� �and previous work22� we see that the sign of
the elastic contribution to the spin current is reversed, while
that coming from the magnons does not change sign.23 The
resulting torques for reverse bias are for the upstream elec-
trode �note that I0 denotes the magnitude and does not
change sign�,

�y
�

I0
�� � 0� � −

�

2
sin � · 0.3�1 + �b�

�

1 − 0.03
eV

130

1

1 + �b
�1 + 10�b
 eV

130
�

1 + 0.03
eV

130

�49�

and

�y
�

I0
�� � �� � −

�

2
sin � · 0.36

1 − 0.04
eV

130
�1 + 13�b
 eV

130
�

1 + 0.04
eV

130

.

�50�

For the downstream electrode, we find

�y
�

I0
�� � 0� � −

�

2
sin � · 0.3

1 + 0.03
eV

130
�1 + 20�b
 V

130
�

1 + 0.03
eV

130

�51�

and

�y
�

I0
�� � �� � −

�

2
sin � · 0.36

1 + 0.04
eV

130
�1 − 13�b
 eV

130
�

1 + 0.04
eV

130

.

�52�

In this case, it is the torque on the downstream electrode �
that is assisted by the magnons. This is in agreement with the
data inasmuch as it is the free layer that is upstream for the
forward bias ����� and is downstream in reverse bias for
the MTJ’s that have been studied.2,7 It also conforms the
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reasoning of Waintal et al.22 When bulk magnons contribute,
the magnitude of the torque on the free layer, �, will be
somewhat different when the polarity is reversed, e.g., �b
appears differently in the coefficients A���� and b��V ,�� in
Eq. �45�, where �=�, and Eq. �51�, where �=�.

VIII. SUMMARY

We conclude that the bias-induced magnon production in
the magnetic electrodes is able to explain the data by Fuchs
et al.,7 which were summarized by them as “…the spin
torque efficiency is indeed essentially constant over the bias
ranges studied.” This range was ±300 meV, while our results
are valid up to 200 meV �as we mentioned after Eq. �12� for
eV�Em, it is necessary to replace eV

130 ⇒ �2−Em
� /eV��; this is

a strong indication that the magnons created by the spin cur-
rent in MTJ’s play an important role in the spin transfer. This
contribution to spin transfer lies outside the conventional
elastic contribution Eqs. �19� and �20� found by Sloncze-
wski. It should be kept in mind that while magnon produc-
tion is able to explain data in a limited range of bias, other
effects enter as the bias is increased, e.g., the change of the

barrier profile.11 A recent treatment of this effect has shown
that while it can explain the extant data for a forward bias, it
is not able to when the bias is reversed.9

Our treatment is directly applicable to MTJ’s with ferro-
magnetic transition-metal electrodes, but it is not applicable
in its present form to semiconducting junctions, e.g.,
�Ga,Mn�As/GaAs/ �Ga,Mn�As.3,4 Among other aspects, the
electrons �holes� are j=3/2 rather than 1

2 , their Fermi energy
is quite small, and their Curie temperatures are low. For this
case, the applied bias and temperature redistribute �repopu-
late� the electrons �holes� among the available states; in ad-
dition to modifying the transmission amplitudes, this can al-
ter the Tc of the electrodes. We have not taken these effects
into account at this time.
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