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We systematically studied the geometrical and electronic structures of transition-metal �M�-encapsulating
Si12 cage clusters, MSi12 �M =Hf, Ta, W, Re, Os, Ir, Pt, and Au�, mainly focusing on their outstanding stability,
using calculations based on density-functional theory. We found that the MSi12 clusters except HfSi12 belong
to either of two distinct structural classes, the D6h-symmetric hexagonal prism �HP; for M =Ta, W, Re, and Os;
total number of valence electrons per cluster, N�, ranging from 53 to 56� and less-symmetric four pentagonal
face �FPF; M�Re, Os, Ir, Pt, and Au; N� ranging from 55 to 59� structures. The HP structure is particularly
stabilized at N�=54, which is understood in terms of the electronic shell closure of the M atoms due to the
18-electron rule, and the geometrical symmetry is maintained for N�=53, 55, and 56 by the covalent bonding
between the M atom and the Si cage accompanied by the cage-to-M charge transfer. The FPF structure is
lowest in energy for N�=56 and is maintained by the same covalent-bond/charge-transfer mechanism for other
values of N�. We propose that all these results originate from the electronic “rigidness” of the HP and FPF Si
cages against the variation of N�, which is the leading factor governing the stability of MSi12.
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I. INTRODUCTION

Atomic clusters often exhibit particular stability when
they take peculiar structures that never form in bulk materi-
als. The most remarkable examples are the cage clusters such
as fullerenes composed purely of carbon atoms, in which the
constituent atoms are topologically arranged on a sphere sur-
face. Since the discovery of C60, the cage cluster has been
attracting a vast range of interest because of its structural
completeness as a building unit of nanoscale materials and
structures.1 The cage structure has also the advantage that its
hollow structure allows additional atoms to be contained in
the cluster, thereby tailoring the properties.

Cage clusters made of Si have also been pursued by the-
oretical and experimental approaches because Si is the most
important material in modern semiconductor device technol-
ogy. One of the consequences is that such cage structures as
fullerenes are difficult to form purely with Si atoms because
Si does not favor the sp2 hybridization that carbon favors.2

Instead, Si cage clusters can be synthesized by adding suit-
able foreign atoms to terminate dangling bonds of Si, which
inherently arise in cagelike networks. In fact, the Si29H24–36
cluster was reported3 to have a cage structure owing to the
termination of dangling bonds by the hydrogen atoms.

Alternatively, the inclusion of a transition metal �M� atom
has also been reported to stabilize Si cage structures by in-
ternally terminating dangling bonds.4,5 The M-doped Si clus-

ters, MSin, were synthesized by laser vaporization6,7 and an
ion-trap method.4,8 The results indicated that the MSi12 and
MS15,16 clusters are relatively stable compared to other com-
positions. Theoretical calculations5,9–21 suggested that these
clusters have M-encapsulating Si cage structures. In particu-
lar, the MSi12 cluster has a unique Si cage network with a
hexagonal prism �HP� structure �Fig. 1�a��,5,11–19 while the Si
cages of the MSi15,16 clusters form fullerenelike spherical
structures.9,10

In this paper, we address the outstanding stability of the
MSi12 clusters. Up to now, numerous theoretical results for
the ground-state HP cage structures have been presented for
the 3d metal atoms �M�Ti, V, Cr, Mn, Fe, Co, Ni, and
Cu�,12,13,15–18 the 4d metal atoms �M� Zr, Nb, and Mo�11,14

and the 5d metal atoms �M�Hf, Ta, W, Re, Pt, and
Au�.5,11,14,15 As an experimental manifestation of the struc-
tural toughness of HP-cage MSi12, the HP-shaped cagelike
structures have been observed with scanning tunneling mi-
croscopy �STM� on the Si�111�-�7�7� surfaces where the
TaSi12 clusters were deposited.8 Moreover, the presence of
an M-doped Si nanotube composed of the units of
M-encapsulating HP MSi12 clusters was theoretically pre-
dicted, and related structures were actually observed on
Si �111� surfaces.16,19,20 The latter experiment implies that
the MSi12 cluster may be a potential candidate for a construc-
tive unit of Si-based nanomaterials owing to its stability.

Nevertheless, the reason for this outstanding stability of
the MSi12 clusters has not been fully understood yet. A pos-
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sible hypothesis for the stability is the formation of a rare-
gas-atomlike closed electronic shell in those clusters. In a
case of the 5d transition metal atoms �M�Ta, W, Re, and Ir�,
Hiura et al.4 have found in their ion-trap experiment that the
MSin clusters lose their reactivity with silane SiH4 molecules
if the sum of the atomic number of M and the number of the
Si atoms �n� is equal to 86, which is the atomic number of
Rn. For example, n is twelve for M =W �the atomic number
is 74�. Based on this result, they conjectured that the stability
of MSin �M�Ta, W, Re, and Ir� originates from the valence
electron-shell closure of the M atom with 18 electrons �the
18-electron rule�, in which the valency of M is 18-n and one
valence electron per Si is provided by the Si cage. Especially,
when M =W �n=12�, each of the twelve Si atoms may be
threefold coordinated to each other to form an HP cage con-
taining the W atom inside the cage, leaving no unsaturated Si
dangling bonds.

To test the above conjecture of the 18-electron rule, some
theoretical studies have been performed, mainly focusing on
the role of the d electrons of transition-metal atoms in stabi-
lization of the clusters. Khanna et al.12 have found that the
CrSi12 cluster favors the HP Si cage, where Cr belongs to the
3d series. They have compared the binding-energy gains
between the incremental reactions Si12+Si→Si13 and
Si12+Cr→CrSi12, and found that the energy gain of the latter
is substantially larger than the former. Since a Cr atom has
six valence electrons, Khanna et al.12 have concluded that for

CrSin the number n�12 is magic due to the creation of a
closed 18-electron shell. They further have found that for the
CrSin clusters �n=11, 12, 13, and 14� the magnetic moment
of Cr is completely quenched due to strong hybridization of
Cr 3d with 3s and 3p states of Si.

However, Sen and Mitas14 have claimed the 18-electron
rule is just one of the aspects that determine the cluster sta-
bility. Indeed they have found that the formation energy of
CrSi12 is not the highest one in the 3d series and also that
neither the ReSi11 �Re belongs to the 5d series� nor FeSi10
�Fe belongs to the 3d series� clusters, which both have the 18
valence electrons, are energetically favorable because the
former is less stable than ReSi12 and the latter has a very
small binding energy. Sen and Mitas have pointed out that
the hybridization of the d orbitals of a transition-metal atom
and the p orbitals of the HP Si cage becomes stronger when
the transition-metal atom gets heavier �3d→4d→5d�. In
other words, there are two factors to enhance the p-d hybrid-
ization between the HP Si cage and a heavy transition-metal
atom: �i� the larger size of the transition-metal atoms fits the
hexagonal cavity better, �ii� for heavier transition-metal at-
oms, the atomic levels become shallower and energetically
closer to the p levels of Si.

Later, Reveles and Khanna13 have revisited the validity of
the 18-electron rule for the MSi12 clusters with various M
atoms belonging to the 3d series. They have enforced the
spin conservation �the Wigner-Witmer rule21� to evaluate the
binding energy of a MSi12 cluster against fragmentation to M
and Si12 and found that the binding energies of CrSi12 and
FeSi12 are highest among the 3d series. They have attributed
the stability of these clusters to the generation of the closed
18-electron �1s21p61d10� and 20-electron �1s21p61d102s2�
shells, respectively. The authors13 have also calculated the
binding energies of MSi12 clusters with the 5d M atoms ac-
cording to the Wigner-Witmer rule and found that they ex-
hibit maxima at M =W �18 electrons� and M =Os �20 elec-
trons�. The binding energy maxima at M =W and M =Os are
in agreement with the study by Sen and Mitas,14 who use the
Hund rule without spin conservation.

Alternatively, Andriotis et al.17 and Mpourmpakis et al.18

have argued the stability of MSi12 �M =V or Ni� in the light
of the relationship between the occupation in the d shell of
an M atom and the coordination number of the ligands con-
necting to M. They have found that VSi12 has the HP Si cage
but the Si atoms in NiSi12 are arranged in a spherical geom-
etry with C5v symmetry. This difference in the bonding prop-
erties have been understood from the analogy to the contrast-
ing bonding behaviors of Vx�C60�2 and Nix�C60�2 �Refs. 22
and 23�: For x=1 �x=2�, the C60 cluster acts as the �6 ��3and
�4� ligands for V and as the �2 ��2 and �3� ligands for Ni,
where �k means that the ligand has k bonds to the M atom.

A crucial criterion for the validity of the 18- or 20-
electron rule for MSi12 is the symmetry of the cluster struc-
ture. In principle, the electron-shell picture may apply best
when a system of interest has a spherical symmetry. In real-
ity, this “ideal” electron-shell structure has to be perturbed
according to the lower symmetry of the cluster structure. In
order to assess the validity of the electron-counting rules for
MSi12, one should explicitly explain how the geometry of a
cage affects the electronic structure of the cluster as a whole.

FIG. 1. �Color� Converged structures of MSi12 clusters calcu-
lated using GAUSSIAN 03 B3PW91/LanL2DZ: �a� WSi12 with the
symmetrical �D6h� HP Si12 cage structure, �b� OsSi12 with the sym-
metrical FPF Si12 cage structure, �c� HfSi12 with a distorted HP
structure, �d� WSi12 with a distorted FPF structure, �e� PtSi12 with a
distorted HP structure, �f� HfSi12 with a distorted FPF structure, and
�g� AuSi12 with a distorted HP structure. The white balls represent
Si atoms, and the blue and yellow ones are M atoms.
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This is our standpoint, which may augment the above previ-
ous studies to yield a deeper understanding of the peculiar
stability of the MSi12 clusters.

Yet another crucial point in the assessment of the
electron-counting rules for MSi12 is that one should study as
many topological variations of the Si cage as possible. All of
the above theories have assumed that the HP Si cage struc-
ture is the only generic structure for the stable form of the
MSi12 cluster except NiSi12.

17 However, not only the HP
cage but also the one with the four pentagonal faces �FPF�
�Ref. 5� �Fig. 1�b�� may give rise to a stable form of MSi12.
The FPF structure is composed of four pentagons and four
squares and is a structural isomer of the HP counterpart.
These two structures are topographically similar to each
other in that both of them are classified as simple
3-polytopes, i.e., polyhedrons composed of 12 vertices, 18
edges, and 8 faces. Among them, the regular HP structure
maximizes the number of inner diagonals running close to
the M atom in the Si12 cage.5

Keeping the above in mind, the purpose of this work is to
systematically study the effect of the cage geometry on the
electronic properties and, hence, the stability of the MSi12
clusters. For that purpose, we investigated stable structures
and electronic structures of MSi12 clusters with the HP and
FPF Si cages for the 5d transition metals, M �� Hf, Ta, W,
Re, Os, Ir, Pt, and Au�, using density-functional calculations.
In particular, we examined the bonding states between the M
atoms and Si12 cages and the relation between the number of
valence electrons of a cluster and the structure of the Si12
cage.

II. CALCULATION METHOD

All calculations were carried out based on density-
functional theory using the GAUSSIAN 03 package.24 The
electronic structure calculations were performed with both
the B3PW91 �Refs. 25 and 26� and B3LYP �Refs. 27 and 28�
exchange-correlation functionals. We did not find significant
differences in any of the calculation results between these
functionals. The molecular orbitals of clusters were con-
structed with the LanL2DZ, SDD, and SDDAll basis sets.24

The B3PW91 and B3LYP functionals are hybridizations of
Becke’s three-parameter functional and the nonlocal correla-
tion functional. The Perdew 91 and Lee-Yang-Parr expres-
sions were provided as nonlocal correlation functionals. The
LanL2DZ basis set29–31 uses the Dunning/Huzinaga full
double zeta basis32 for the first-row elements and the Los
Alamos effective core potentials �ECP� plus double-zeta ba-
sis for Na–Bi. The SDD basis set uses the Dunning/Huzinaga
full double zeta basis up to Ar and Stuttgart/Dresden
ECP33–35 for other atoms in the periodic table except for Fr
and Ra. When we use the SDDAll basis set, the Stuttgart/
Dresden ECP is selected for all atoms that have atomic num-
ber of Z�2 except Fr and Ra.

Projector augmented-wave �PAW� method36 would be a
more accurate approximation than the ECP for any system,
in the sense that by using the PAW method the valence wave
functions with correct nodal structures can be constructed
and even the atomic core wave functions in the clusters

could also be obtained if needed. However, the use of the
PAW method is not urgently necessary for our present pur-
pose. As we shall see later, the calculated relative formation
energies ��Ef, see caption of Table I for definition� of the
clusters except OsSi12 converge with respect to the ECP ba-
sis set as well as the DFT functional �see Table I�. As for
OsSi12, it is sufficient at present to know that the formation
energy of this cluster is nearly degenerate between HP and
FPF.

The total energy per cluster converged within �4.3
�10−2 eV in each self-consistent-field run. We calculated the
total energy including the zero point energy. Structure opti-
mization of MSi12 clusters was performed using the GDIIS
algorithm,37 starting from several initial structures, which
were the regular HP and the symmetrical FPF, and other
structures discussed later. Because the structures of the clus-
ters to be optimized were only perturbations of either HP or
FPF, we found that the GDIIS algorithm worked very effi-
ciently throughout the structure optimization process. When
the maximum atomic force in the cluster became less than
0.03 eV/Å, the structure optimization was terminated.

III. RESULTS

A. Stable structures of MSi12 clusters

We obtained the optimized structures for the MSi12 clus-
ters for 5d transition metal atoms, M �� Hf, Ta, W, Re, Os,
Ir, Pt, and Au�, starting from either the symmetrical HP with
D6h symmetry or the FPF. The optimized structures for
M�Hf, W, Os, Pt, and Au are shown in Fig. 1. As is evident
in the figure, all these clusters have geometries belonging to
either the HP family or the FPF family, suggesting that the
two prototypical topologies of the Si cage exhibit particular
stability when they enclose the 5d transition metals. The
structure converged to the HP similar to the initial structure
with D6h symmetry �Fig. 1�a�� when Ta–Os atoms were en-
capsulated in the cage, while the Si12 cage was deformed for
M�Hf �Fig. 1�c�� and Ir–Au �Figs. 1�e� and 1�g��. FPF struc-
tures �Fig. 1�b�� were observed as optimized structures for
M =Re–Au. As seen in Figs. 1�d� and 1�f�, the FPF structure
was also deformed by the encapsulation of Hf–W atoms.

To confirm the particular stability of the HP and FPF
structures, we looked for other possible structures of MSi12
clusters. Examples of converged structures, S1–S4, are
shown in Fig. 2. It is known that when an alkali metal atom
is doped into Sin clusters, the alkali metal atom is not in-
cluded in the inside but adsorbed outside the Sin

TABLE I. Difference of Ef between the HP and FPF structures
��Ef =Ef�HP�–Ef�FPF�� using two functionals �B3PW91 and
B3LYP� with three basis sets �LanL2DZ, SDD, and SDDAll�.

Method WSi12 OsSi12 PtSi12 AuSi12

B3PW91/LanL2dz −1.239 −0.058 1.112 0.369

B3LYP/LanL2dz −1.197 −0.114 1.014 0.345

B3PW91/SDD −1.242 0.033 0.801 0.463

B3PW91/SDDAll −1.476 −0.215 0.820 0.507
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frameworks.38 Accordingly, we performed structure optimi-
zation starting from the Si12 framework reported by Liu39 on
which an M atom adsorbed. A converged structure of the Si12
cluster adsorbed with a W atom is shown in Fig. 2�a�. As
seen, the original Si12 network was partly broken by the W

adsorption. Similar dissociation of the Si12 framework was
observed in the case of adsorption of other 5d transition
metal atoms. Other converged structures are shown in Figs.
2�b�–2�d�. We found a type of Si12 cage of a simple
3-polytope structure, S2 �Fig. 2�b��, starting from a heuristi-
cally formed cage, which includes a three-membered ring of
Si atoms in addition to four- to six-membered rings. The
resulting S2 structure preserves the original topology, and the
converged structures are similar for all the 5d transition met-
als. Another converged structure, S3 �Fig. 2�c��, was already
reported as a basketlike structure of WSi12.

4 The S3 structure
appeared for the encapsulation of Hf–Os atoms, while this
structure was converted into FPF for the encapsulation of
Ir–Au. On the other hand, icosahedral packing is a typical
structure of metal clusters composed of 12 and 13 atoms.
Thus, we performed structure optimization for M encapsula-
tion in the icosahedral Si12 cage. We found that the encapsu-
lation of Pt or Au dissociates the icosahedron into a capped
structure, S4 �Fig. 2�d��, while the Si12 cage is converted into
HP or FPF for M =Hf–Ir.

B. Total valence electron number of MSi12

The deformation of the Si cage mentioned above is
strongly correlated with the “fluctuation” �deficiency or ex-
cess� of the total number of the valence electrons �N�� in

FIG. 2. �Color� Examples of converged structures of MSi12 clus-
ters other than HP and FPF structures: �a� WSi12 with the S1 struc-
ture and the lowest-energy structure of the Si12 cluster �b� TaSi12

with the S2 structure �c� HfSi12 with the S3 structure, and �d� PtSi12

with the S4 structure.

FIG. 3. �Color� Structures of MSi12 clusters in positively or
negatively charged states: �a� HfSi12 with the HP structure, �b�
WSi12 with the FPF structure, where the W atom is not located at
the cage center for q�0, �c� PtSi12 with the HP structure, �d� AuSi12

with the HP structure, and �e� AuSi12 with the FPF structure. The q
value represents the charge state for each of the cluster ions. The N�

is total number of valence electrons.

FIG. 4. �Color� Total density of state �DOS� of the MSi12 clus-
ters �M =Hf, W, and Ir� �a� for the HP structure, and �b� for the FPF
structure. The DOS data are presented in a continuous Gaussian-
band shape plot of 0.2 eV in standard deviation. The Fermi level
corresponds to 0 eV on the energy axis. The wave functions con-
tributing to the covalent bonds between the M atom and the Si12

cage are also shown: �c� a wave function of WSi12 with the HP
structure at −2.29 eV of the eigenenergy and �d� a wave function of
IrSi12 with the FPF structure at −1.99 eV of the eigenenergy. The
red and green lobes show wave functions with opposite phases.
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MSi12, around the “special numbers”: 54 and 56 for the regu-
lar HP �D6h� and FPF Si cages, respectively. Here, N� is
defined as the sum of four valence electrons from each Si
atom and the number of 6s and 5d electrons of the M atom.
The “special” N� values �54 and 56� are those at which the
formation energy of the MSi12 cluster are concave with re-
spect to the variation of N� �Fig. 5�. We find that the MSi12
cluster forms well-defined HP �FPF� Si cages in a certain
range of N�, 53–56 �55–59�. Substantial distortion of the
both Si cages occurs outside of the respective N� ranges. For
example, in the case M =Hf, which has only two 5d and two
6s electrons, i.e., N�=52, both the HP and FPF structures are
deformed by the deficiency in the valence electrons. Another
example is that, when the Ir–Au atoms, which have seven to
ten 5d electrons and one or two 6s electrons �N�=57–59�, are
encapsulated into the HP structure, the Si12 cage are de-
formed owing to the excess valence electrons.

Apart from changing the M atoms as above, the fluctua-
tion of N� can also be introduced by changing the charge
states of clusters with M unchanged. As shown in Figs. 3�a�
and 3�b�, the symmetry of both the HP cage with Hf and FPF
cage with W is restored by the charging of the clusters at a
singly or doubly negative state. The N� values of HP HfSi12

−

and FPF WSi12
− clusters are 53 and 55, respectively. This

indicates that N�=53 and 55 are the lower limits to form the
symmetrical HP with D6h symmetry and FPF structures, re-
spectively. On the other hand, the IrSi12 �N�=57�, PtSi12

�N�=58�, and AuSi12 �N�=59� clusters cannot form the sym-
metrical HP structure because they contain more electrons
than N�=56. As shown in Figs. 3�c� and 3�d�, the D6h HP
structure is again restored for the cationic clusters of PtSi12

2+

and AuSi12
3+, all of which have N� of 56. The HP OsSi12

cluster �N�=56� deformed similarly to the HP IrSi12 cluster
�N�=57� by an electron capture to OsSi12

− . This shows that
the upper limit of N� is 56 to form the symmetrical D6h HP
structure. For the FPF structure, the upper limit of N� is 60
because the deformation of this structure occurred only for
the AuSi12

2− anion, as shown in Fig. 3�e�. Thus, we have de-
termined that the range of N� required for the formation of
the symmetrical HP structure of D6h is from 53 to 56, and
that for the FPF is from 55 to 60. The FPF structure can take
in larger values of N� than the HP structure without the sub-
stantial Si cage deformation.

This difference in the ranges of N� values to form the
symmetrical HP and FPF Si12 cages originates from the dif-
ference in the electronic states between these two motif
structures. To observe the difference, we plotted the total
density of states �DOS� near the edges of occupied and un-
occupied states of the MSi12 clusters �M� Hf, W, and Ir� for
the HP and the FPF structures in Fig. 4. In the HP case, we
observe a highest occupied molecular orbital-lowest unoccu-
pied molecular orbital �HOMO-LUMO� gap of 2.6 eV for
the encapsulation of a W atom, while narrower HOMO-
LUMO gaps are found for deformed structures with Hf and
Ir owing to the generation of midgap levels �Fig. 4�a��. This
shows that the D6h HP structure has a rigid electronic struc-
ture. To characterize the rigidness of the electronic structures
quantitatively, we evaluated the chemical hardness, �, of
MSi12 clusters, defined as �= �IP–EA� /2, where IP is the

ionization potential of the clusters, and EA is the electron
affinity. The larger the � value, the more rigid the electronic
structure and hence the narrower the window of the N� val-
ues to maintain the symmetrical Si cages. The � value is
2.46 eV for the symmetrical HPWSi12 and is larger than
those of deformed HfSi12 �1.90 eV� and IrSi12 �1.79 eV�,
indicating the stronger rigidness of the electronic structure of
D6h HP WSi12. The narrow range of N� for the symmetrical
HP structure is due to the rigidness of electronic structure.
On the other hand, the DOS distributions for WSi12 and
IrSi12 with the FPF structure �Fig. 4�b�� are relatively con-
tinuous near the HOMO and LUMO, and hence, the HOMO-
LUMO gap is narrow compared to that of the HP structure.
Actually, � for FPF WSi12 is 1.73 eV. For this reason, the
Si12 cage with the FPF structure can take in excess 5d and
6s electrons from the M atom without causing significant
structural deformation. Figures 4�c� and 4�d� show represen-
tative wavefunctions of WSi12 with the HP structure at
−2.29 eV of the eigenenergy and IrSi12 with the FPF struc-
ture at −1.99 eV of the eigenenergy in occupied states. We
observe in Figs. 4�c� and 4�d� the overlap between the d
orbitals of the M atom and the s / p orbitals of the Si atoms.
This shows that the covalent bonds are efficiently formed
between the M atoms and the Si12 cages. These symmetrical
wave functions indicate that the 5d orbitals of the M atoms
are favorable to form the bonds with the HP and FPF Si
cages.

C. Formation energy and embedding energy of MSi12

To compare the stability of these structures quantitatively,
we calculated the formation energy, Ef, defined as

Ef = E�MSi12� − E�M� − 12E�Si� ,

where E�MSi12� is the total energy of the MSi12 cluster, and
E�M� and E�Si� are the total energies of the M and Si atoms.
The results are shown in Fig. 5. In the evaluation of E�M�
and E�MSi12�, the spin multiplicity was optimized to obtain
the ground-state energy in each case. The ground states of
free Si and M atoms were identified by Hund’s rules as fol-
lows: a spin doublet for Au; a spin triplet for Si, Hf, and Pt;
a spin quartet for Ta and Ir; a spin quintet for W and Os; and
a spin sextet for Re. The ground state is the spin singlet for
the HfSi12, WSi12, OsSi12, and PtSi12 clusters, while it is the
spin doublet for TaSi12, ReSi12, IrSi12, and AuSi12. Reveles
and Khanna13 pointed out that the Wigner-Witmer rule must
be adopted to obtain proper values of the dissociation energy
of the clusters. To calculate Ef, the Wigner-Witmer rule re-
quires that the M atom has the same spin multiplicity with
the MSi12. We also calculated Ef using the E�M� of the spin
singlet for Hf, W, Os, and Pt, and spin doublet for Ta, Re, Ir,
and Au. Our results support their view in that the Ef values
calculated by the Wigner-Witmer rule are distributed in the
range 0.51–3.52 eV lower than those by Hund’s rule for the
MSi12 �M =Hf–Pt� clusters. However, both the rules give the
same dependence of stability on structure, while the Wigner-
Witmer rule emphasizes the stability of the WSi12, ReSi12,
and OsSi12 clusters with both the HP and FPF structures.
This result strongly suggests the electron-shell closure as a
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physical reason for the stability of the MSi12 clusters, which
we will discuss in Sec. IV B in detail. As seen in Fig. 5, Ef of
the HP or FPF structure calculated by Hund’s rule is 0.69–
1.36 eV lower than that of the S1–S4 structures. For Hf–Os,
the HP is the lowest energy structure, while for Ir–Au, the
FPF is lower in Ef than the HP, indicating that the HP Si12
cage is less favorable for encapsulation of Ir–Au atoms than
the FPF Si12 cage. This is consistent with the deformation of
HP for Ir–Au seen in Fig. 1. We observed even-odd oscilla-
tions of Ef depending on N� for M =Ta–Ir. The Ef is lowest
for the encapsulation of W, Re, and Os, which have nearly
half occupation of the d orbitals and fully occupied 6s orbit-
als. Eventually, the W-doped HP structure is most stable in
the Si12 cages encapsulating 5d transition metal atoms.

To investigate why Ef depends on the encapsulated M
atom species, we calculated the embedding energy, Ee, of the
M atom into the Si12 cage as

Ee = E�MSi12� − E�M� − EM�Si12� ,

where EM�Si12� is the total energy of the MSi12 cluster from
which the M atom is taken out, leaving the Si12 cage struc-
ture intact. The value of Ee reflects the strength of interaction
between the M atom and the Si12 cage. We see in Fig. 5 that
Ee behaves quite similarly to Ef for both the HP and FPF
structures. This indicates that the stability of the clusters is
mainly determined by the interaction of the encapsulated M
atom with the Si cage. Here, we compare the HP and the FPF
quantitatively in the inset of Fig. 6 by looking at the differ-
ences in Ef and Ee, �Ef and �Ee, the values of the HP
structure measured relative to those of the FPF. The �Ef is
�−1 eV for M =Hf–W, indicating that the HP is more stable
than the FPF at this value. The �Ef corresponds approxi-
mately to the �Ee, indicating that the difference of Ef be-
tween the HP and FPF structures is mainly determined by the
difference of Ee.

For OsSi12, the �Ef has much smaller absolute value than
those for the other clusters. In order to assess the reliability
of the �Ef values, we repeated structure optimization and
calculation of �Ef for M� W, Os, Pt, and Au by changing
the DFT functionals �B3PW91 and B3LYP� as well as the
ECP basis sets �LanL2dz, SDD, and SDDAll�. The result is
shown in Table I. In order to determine the sign of �Ef of
OsSi12, it should be necessary to employ a more accurate
basis set such as PAW. However, it is sufficient for our
present interest to know that the formation energies of OsSi12
with the HP and FPF structures are close to each other.

D. Natural population analysis of the M-cage bonds

To elucidate the nature of the covalent bonds between the
M atom and the Si atoms, we performed natural population
analysis �NPA�,40 a part of natural bond orbital �NBO�
analysis.41 NPA is an appropriate method of investigating the
bonding nature because it is based on the evaluation of
charge population of each of the bonding orbitals. The NPA
analysis enabled us to estimate the relative electron densities
on the encapsulated M atoms in terms of the natural charge
�NC�. As seen in Fig. 7, the NC density on the M atoms
except Au was negative owing to electron transfer from the

Si12 cage. Hagelberg et al.15,16 reported the similar result that
the NCs on the W and Cu atoms of the HP structure are
−1.74 and 0.48 e, respectively. The FPF Si12 cage delivers a
larger number of electrons to the encapsulated M atom than
the HP structure does. The amount of NC on the metal atom
increases with the decreasing atomic number of the M spe-
cies except Hf, in other words, with decreasing N�. In par-
ticular, in the range where the HP and FPF Si12 cages keep
the symmetry, NC is directly proportionate to N�, as indi-
cated by the straight lines in Fig. 7. Comparing the slopes of
the two lines, we see that the NC of FPF increases more
rapidly than that of HP. This illustrates that the FPF cage
more favorably compensates for the variation of N� by elec-
tron transfer than the HP and is consistent with the fact that
the HP structure has a more rigid electronic structure than the
FPF counterpart. As discussed above, the range of N� re-
quired to form the symmetrical HP of D6h is 53–56, and for
FPF, N�=55–60. For these ranges of N�, the symmetrical
structures can be maintained by the electron transfer from the
Si12 cage to the M atom even if the 5d and 6s electrons of the
M atom are too few to make the bonding complete.

Note that the observed dependence of NC on N� is oppo-
site to that of the electronegativity. For example, Ta acquires
the largest density of electrons, although it has a smaller
electronegativity than any of W–Au. This trend indicates that
the electron transfer from the Si cage to the M atom is in-
duced when the N� is not large enough to make sufficient
covalent bonds between the cage and the M atom. We ob-
served a lower electron density on Hf than Ta despite the
number of valence electrons of Hf being smaller than that of
Ta. This is caused by the structure deformation of the Si12
cage seen in Fig. 1. In fact, the NCs on the Hf atom are
estimated as −2.21 and −2.47 e, even larger than those of Ta,
if the symmetrical HP of D6h and FPF structures are forcibly
preserved. The number of electrons in the HfSi12 cluster is
too small to form the symmetrical HP of D6h and FPF struc-
tures.

IV. DISCUSSION

A. Role of the electronic structure of Si12 cages in stabilization
of MSi12

Here we will clarify the effect of the Si cage structure of
MSi12 on its electronic structure. For this purpose, we tried to
abstract the Si12-cage states from the MSi12 clusters. Since
dangling bonds of the Si12 cages were terminated by the
encapsulated M atom, hydrogenation of the Si12 cages is one
method to mimic the Si12 cages in the MSi12 clusters. There-
fore, we calculated the energy levels of the model clusters,
the Si12H12 cages with HP and FPF structures. The use of the
model clusters simplifies the relation between the stability of
MSi12 clusters and the electronic structures of Si12 cages.
The Si atoms are arranged to mimic the structures of WSi12
with HP cage and OsSi12 with FPF cage. The electronic
structures of these model clusters are obtained by optimizing
the positions of the H atoms while those of the Si atoms are
fixed.

The distributions of the eigenstates of HP and FPF hydro-
genated Si12 cages are shown in Fig. 8�a�. As seen in Fig.
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8�a�, many levels of the HP�W� are degenerate owing to the
D6h symmetry, while the FPF�Os� has only one degenerate
level. The LUMO level of the HP�W� is not degenerate and
thus can accommodate two excess electrons without chang-
ing the structure, making the D6h HP structure stable for Re
and Os in addition to W; i.e., the maximum value of N� is 56.
On the other hand, for FPF, the LUMO+1 level of FPF�Os�
is found below the LUMO of HP�W�. This shows that the
FPF favorably admits four excess electrons at the LUMO
and LUMO+1. This is consistent with the fact that the upper
limit of N� to form the symmetrical FPF structure is 60,
larger than that of 56 for the HP.

The LUMO+1 of HP�W� is a doubly degenerate level.
Accordingly, when M =Ir and N�=57 for the D6h HP struc-
ture, an additional electron must be populated into the
LUMO+1, but the actual result is that the LUMO+1 splits

�Fig. 8�b��, leading to a deformation by the Jahn-Teller ef-
fect. Similarly, the HOMO of HP�W� is also a doubly degen-
erate level. Thus, when two electrons are deficient as in the
case of HP�Hf�, the HOMO level splits by the Jahn-Teller
effect, resulting in a deformation. These vulnerability of the
structure to the N� variation indicates that the HP Si12H12
clusters have rigid electronic structures. In contrast, the de-

FIG. 5. �Color� The formation energy, Ef, of MSi12 clusters for
M =Hf–Au with HP, FPF, and S1–S4 structures. For HP and FPF,
two different calculation methods for spin multiplicity �Hund’s and
Wigner-Witmer rules� are compared, while for S1–S4 the values
calculated by Hund’s rule are shown.

FIG. 6. �Color� Formation energy, Ef, and embedding energy,
Ee, for the HP and FPF structures of MSi12 clusters for M
=Hf–Au. The inset shows the differences in Ef and Ee, �Ef, and
�Ee, the values of the HP structure measured from those of the FPF.

FIG. 7. The natural charge on the encapsulated M atom in HP
and FPF MSi12 clusters �M =Hf–Au� and Pauling electronegativity
�EN� �Ref. 42� of the M atoms.

FIG. 8. �Color� �a� The distribution of the eigenvalues of the
Si12H12 clusters having the same structures as the MSi12 clusters.
The HP�M� and FPF�M� denote the Si12H12 clusters in which the Si
atoms take the same positions as in the HP and FPF MSi12 clusters
and the positions of 12 hydrogen atoms are optimized. The red and
blue bars show the occupied and unoccupied states, respectively.
The arrows show degenerate levels. The broken lines connecting
the levels between FPF�Os� and FPF�W� indicate that each pair of
connected levels have similar orbital symmetry. �b� Magnified dia-
gram of area �b� in �a�.
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formation of FPF�W� is not caused by the Jahn-Teller defor-
mation because the HOMO and HOMO–1 levels of the FP-
F�Os� are not degenerate. Instead, the HOMO–2 level of the
FPF�Os� is promoted to the midgap level in FPF�W� to ac-
commodate hole states resulting from encapsulation of the W
atom, as shown in Fig. 8�a�. Note that the hydrogenation of
the Si12 cages does not affect the above discussion because
the molecular orbitals near the HOMO and LUMO levels are
not localized on a particular Si atom but widely distributed
on the whole Si bonding network.

B. The closed electron-shell picture of the stability of MSi12

Finally, we would like to comment on the usefulness of
the 18- and 20-electron rules to model the electronic struc-
ture of MSi12, where the 5d transition metals are encapsu-
lated in HP and FPF structures. Reveles and Khanna13 con-
cluded that the 18- and 20-electron rules are applicable to the
Si12-cage cluster encapsulating the 3d transition metal as-
suming the Wigner-Witmer rule. We also obtained the same
results for the 3d and 4d transition metals, but as shown in
the above sections, the stability at 18 and 20 electrons holds
for M =5d transition metals both with the Wigner-Witmer
and the Hund rules. This indicates that the 18- and 20-
electron rules are more clearly applied to the MSi12 clusters
encapsulating the 5d transition metal than the case of the 3d
and 4d transition metals.

On the other hand, Sen and Mitas14 have denied the 18-
electron rule using a quantum Monte Carlo calculation, be-
cause the ReSi11 cluster, which has the 18 valence electrons,
has smaller binding energy than the ReSi12. For the structure
of ReSi11 they assumed that the Re atom is sandwiched be-
tween a Si pentagonal ring and a hexagonal ring. Obviously,
the symmetry of this cluster is so low that the 18-electron
rule does not apply to this cluster. As will be mentioned
below, the geometrical symmetry of a cluster is a crucial
factor in determining the validity of the electron-counting
picture for that cluster.

It should be stressed that the 18- and 20-electron rules are
rather insensitive to the precise geometric and electronic
structures of a given cluster but instead very sensitive to the
symmetry of the cluster, if the size of the cluster is small. We
can consider the valence electrons in the MSi12 clusters as a
confined electron gas in spite of the efficient covalent bond-
ing between the M atom and the Si cage because the spatial
extension of the molecular orbitals is nearly the same as the
size of the cluster, owing to the smallness of the MSi12 clus-
ter. In such a situation, the “envelope functions” of the mo-
lecular orbitals are not essentially different from those of the
wave functions for a confined electron gas. This physical
insight is evidenced by a theoretical work by Manninen et
al.43 They concluded that electronic-shell structures are de-
rived both from a tight-binding cluster and from a confined
free-electron cluster, and the low-energy density of states of
two types clusters are equivalent to each other. The HP and
FPF cage structures have symmetries high enough for the
well-defined shells to evolve.

Figure 5 shows that the W-doped HP Si12 cluster is most
stable among the MSi12 clusters encapsulating the 5d transi-

tion metal. Several authors4,12,13 attributed the stability of the
WSi12 cluster to the 18-electron rule. The W atom in the
WSi12 cluster possesses 18 electrons, which is the sum of six
valence electrons of the W atom and 12 electrons from the
Si12 cage, assuming that each Si atom of the cluster supplies
a single electron to the central W atom to form covalent
bonds between the W atom and the Si cage. Confined in the
symmetrical HP structure of D6h, the 18 electrons make the
closed electronic-shell structure of 1s21p61d10, resulting in a
particularly stable electronic state, where nlx �e.g., 1s2� rep-
resents the occupation of shell states in the cluster. In addi-
tion, the 20-electron system may make an electronic closed-
shell structure of 1s21p61d102s2, as highlighted by Reveles
and Khanna.13 Turning to the OsSi12 cluster, which has 20
valence electrons �eight from the Os and 12 from the cage�,
the HP and FPF cages are both favored �Fig. 5�, suggesting
the occurrence of the 1s21p61d102s2 configuration in both the
cages.

Our calculation results show that both the 18- and 20-
electron systems are stabilized in the HP cage but only the
20-electron system in the FPF cage. The latter is caused by
lower symmetry in the FPF than in the HP cage. In principle,
a spherical symmetry gives the ideal condition to the shell
structure, in which the angular momentum is a relevant
quantum number to represent the degeneracy. Up to 20 elec-
trons, there are the 1s, 1p, 1d, and 2s occupied shells with
proper degeneracy. When the symmetry lowers, the degener-
ate shell structures are split off. In the case of HP �D6h�
structure, the splitting is small enough to establish the shell
structures consisting of the 18 or 20 electrons. The symmetry
of the FPF structure is D2d at most, causing a further d-level
splitting relative to D6h. However, the FPF structure is more
geometrically spherelike in comparison with the HP cage,
which has two open hexagonal faces, leading to the lower
2s level than that in the HP structure. Therefore, the 1d and
2s levels get close to each other in energy, and hence are
viewed as one shell in the FPF structure, suggesting that the
18-electron rule becomes unclear but a clear shell closure
occurs at 20 electrons. This is why the 18- and 20-electron
rules are applied to HP structure but only the 20-electron rule
in FPF structure.

V. CONCLUSIONS

We have thoroughly investigated the structure, energetics,
and bonding nature of neutral and charged MSi12 clusters
with the HP and FPF Si cages, where M represents the 5d
transition metals �M =Hf–Au�, using density-functional cal-
culations. A main message from our results is that the shape
of a Si12 cage �HP or FPF� plays a key role in determining
the structural stability because the stable structure of the
cluster is governed by cooperative interplay between two
factors, which are both sensitive to the cage structure: �i� the
covalent bonding between the Si12 cage with electron trans-
fer and �ii� the rigidness of the electronic structure of the Si12
cage. In particular, we demonstrated the relation between the
structure of a Si12 cage and the number of valence electrons
in a MSi12 cluster, N�. The HP structure is lower in energy
for N�=52–56 than the FPF. The HP of N�=54 and the FPF
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of N�=56 are most stable because the 18- and 20-electron
rules are applicable. The HP and FPF structures are pre-
served for N�=53–56 and 55–60, respectively, while theSi12
cage is deformed when N� is out of these ranges. These
tolerable ranges of N� are determined by how many electrons
more or less than N�=54 and 56 are accommodated in the
Si12 cage. The rigid electronic structure of the HP cage nar-
rows the N� range compared to the FPF cage.

Additionally, the 18- and 20-electron counting rules are
applicable to the HP and FPF Si12 cages encapsulating the 5
d transition metal. Both the 18- and 20-electron systems may
be stabilized in the HP cage but only the 20-electron system
in the FPF cage. The latter is caused by the lower symmetry
in the FPF than in the HP cage.

Note added in proof. Recently, electron counting rules
were examined for cationic, neutral, and anionic MSi15,
MSi16, and MSi17 �M�Sc, Ti, and V� clusters by Reveles
and Khanna.44 They concluded that the stability of MSin
clusters is enhanced by the 20 electron rule.
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