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We consider the problem of fermions interacting with gapless long-wavelength collective bosonic modes.
The theory describes, among other cases, a ferromagnetic quantum-critical point (QCP) and a QCP towards
nematic ordering. We construct a controllable expansion at the QCP in two steps: we first create a non-Fermi-
liquid “zero-order” Eliashberg-type theory, and then demonstrate that the residual interaction effects are small.
We prove that this approach is justified under two conditions: the interaction should be smaller than the
fermionic bandwidth, and either the band mass mp should be much smaller than m=kp/vp, or the number of
fermionic flavors N should be large. For an SU(2) symmetric ferromagnetic QCP, we find that the Eliashberg
theory itself includes a set of singular renormalizations which can be understood as a consequence of an
effective long-range dynamic interaction between quasiparticles, generated by the Landau damping term. These
singular renormalizations give rise to a negative nonanalytic g* correction to the static spin susceptibility, and
destroy a ferromagnetic QCP. We demonstrate that this effect can be understood in the framework of the ¢*

theory of quantum criticality. We also show that the nonanalytic ¢
specific to the SU(2) symmetric case. For systems with a scalar order parameter, the ¢

32 correction to the bosonic propagator is
¥2 contributions from

individual diagrams cancel out in the full expression of the susceptibility, and the QCP remains stable.
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I. INTRODUCTION

Quantum-critical behavior in two-dimensional (2D) sys-
tems with continuous symmetry continues to attract substan-
tial interest from the condensed-matter community. Near
criticality, bosonic collective modes in either the spin or the
charge channel (depending on the problem) are soft, and mu-
tual feedback effects between bosonic and fermionic degrees
of freedom lead to a rather peculiar behavior of both the
fermionic and bosonic propagators. In this paper, we study in
detail this behavior for two-dimensional (2D) systems.

For systems with continuous symmetry, the dynamics of
low-energy bosons is dominated by Landau damping, and
the collective-mode propagator dressed by a particle-hole
bubble behaves as

Xo
Er+ ¢+ A|Q,l19)

At &=, the bosonic propagator becomes massless, signaling
an instability towards a particular ordering. The dynamical
exponent z, which measures how the frequency scales with
momentum at criticality (w~ ¢°), is z=3.

Physically, the complexity of the problem resides in the
presence of gapless fermions at the quantum critical point
(QCP). In ordinary QCP in localized electron systems, one
deals with only one type of massless modes, namely a
bosonic mode associated with the fluctuations of the order
parameter. In itinerant electron QCP, massless bosonic
modes interact with conduction electrons, which are gapless
at the Fermi surface, and this interaction affects both elec-
trons and bosons. One can still reduce the problem to inter-
acting bosons by formally integrating the fermions out of the
partition function. It was originally conjectured' that this

x(q,Q,,) = (1.1)
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leads to a conventional ¢* field theory with the bare propa-
gator given by Eq. (1.1), i.e., to a ¢* theory in an effective
dimension d+z. Since z=3, the bosonic sector is above its
upper critical dimension for d> 1, and the critical exponents
have mean-field values.

However, this description turns out to be oversimplified
by two reasons. First, it does not address the issue of what
happens to the fermions at the QCP. It turns out that for
fermions, the upper critical dimension is d::3, such that in
d=2 the fermionic self-energy is singular and critically af-
fects the behavior of low-energy fermions. Second, the ¢*
theory for bosons is actually rather peculiar as the prefactors
for the ¢* and higher-order terms are determined by low-
energy fermions, and are sensitive to the behavior of these
fermions near the QCP.

These two arguments imply that at the QCP in itinerant
electron systems, fermions and bosons should be considered
self-consistently and on equal footing. The key theoretical
challenge in this context is to develop a controlled computa-
tional scheme to describe the correct behavior of electrons
interacting with gapless bosonic collective degrees of free-
dom.

The problem of fermions interacting with bosons with the
propagator (1.1) at £&=o0 was previously analyzed in the con-
text of 2D fermions interacting with a singular gauge field,?¢
and was also applied to a gauge theory of high-7,
superconductors,” and compressible quantum Hall effect.’
Later, this problem was studied in the context of 2D fermions
near a ferromagnetic instability,”"!> and, very recently, in the
context of fermions near an instability towards a nematic-
type ordering with angular momentum /=2."3-1° That last
transition was argued by some studies'” to be relevant to the
cuprates. Similar problems have been studied in the context
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of finite momentum spin'® and charge'® ordering transitions
in itinerant fermionic systems.

An analytic treatment of the problem was originally car-
ried out by Lee,’ and later on by Blok and Monien,® and
Altshuler, Toffe, and Millis? for the interaction with the gauge
field. They showed that the fermionic self-energy scales as
S (0,) =@, 2w} sgn (w,,) to second-order in perturbation,
pointing to a breakdown of the Fermi-liquid behavior. They
estimated higher-order terms and argued that the w?* form of
the self-energy survives to all orders in perturbation. On the
other hand, nonperturbative eikonal expansion® and closely
related approaches based on 2D bosonization?*?! yielded a
different behavior, in which the fermionic Green’s function
decays exponentially with coordinate and time. This would
be consistent with a divergent perturbative expansion for the
self-energy. Altshuler and collaborators argued that this last
result only survives in the artificial limit of a vanishing num-
ber of fermionic flavors N— 0: at any finite N (including the
physical case N=1), the finite curvature of the fermionic dis-
persion prevents the perturbation series for the self-energy to
become singular (see also Ref. 22).

The discussion on the interplay between perturbative cal-
culations and 2D bosonization re-emerged recently in the
context of the quantum critical point for a Pomeranchuk in-
stability towards nematic ordering. Metzner and
collaborators'> and, very recently, Khveshchenko and one of
us?® argued that 3(w) = w*? is the correct result at criticality,
while Lawler et al.'* argued, based on 2D bosonization, that
nonperturbative effects change this behavior. Adding to the
controversy, Kopietz?* argued that higher-order corrections
to the self-energy hold in powers of w*?|In w|", where the
geometrical series of logarithms gives rise to an extra power
of frequency, such that 3 o @?3~9,

In this paper, we re-analyze the problem. We consider a
ferromagnetic QCP [z=3 with spin SU(2) symmetry], and a
QCP towards nematic ordering, towards Ising-type ferromag-
netism, and a gauge-field problem—these three last problems
are mathematically equivalent and correspond to z=3 and
U(1) symmetry of the order parameter. We construct a con-
trollable expansion at the QCP by creating a non-Fermi-
liquid “zero-order” theory by solving the set of coupled
equations for the fermionic and bosonic propagators, while
neglecting the vertex corrections as well as the momentum
dependence of the fermionic self-energy. This procedure is
often called the Eliashberg theory because of its resemblance
to the Eliashberg theory for the electron-phonon
interaction.” We analyze the residual interaction effects us-
ing our zero-order propagator instead of free fermions. We
confirm an earlier result of Ref. 2 that the residual interaction
does not change the functional behavior of the self-energy.
We perform a careful analysis of the structure of the infrared
divergences in the theory. We analyze in detail the vertex
corrections at various momenta and frequencies, the inter-
play between the Migdal approximation and Ward identities,
the role of the curvature of the fermionic dispersion, and the
interplay between a direct perturbation theory for free fermi-
ons and an effective perturbation theory in which one ex-
pands around the Eliashberg solution. We also obtain the
leading correction to the fermionic density of states (DOS).

A generic condition for the validity of the Eliashberg
theory is that bosons should be slow modes compared to
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fermions (i.e., for a fixed frequency, the bosonic momentum
should be larger than the fermionic one). Then fermions,
forced by the interaction to vibrate at frequencies near the
bosonic pole, are far from their own resonance and thus have
a small spectral weight, giving rise to only a small correction
to the electron-boson vertex (this is also known as the
Migdal theorem). Typical bosonic momenta in Eq. (1.1) scale
as o' and are obviously slower than free fermions whose
momenta scale as w. The situation becomes less clear once
the fermionic self-energy is included. We show that the cor-
rection to the static fermion-boson vertex is determined by
frequencies at which the fermionic self-energy is of order of
a bare w, and the static vertex correction is small, for a
fermion-boson coupling smaller than the fermionic band-
width. This coincides with the generic condition for the va-
lidity of the low-energy description since otherwise the phys-
ics is not restricted to the vicinity of the Fermi surface.

This generic condition, however, is not a sufficient one at
the QCP of spatially isotropic systems—we show that there
are corrections to the Eliashberg theory which come from the
scattering process in which one component of the bosonic
momentum is near the bosonic mass shell, while the other is
near the fermionic mass shell. We find that such corrections
are dangerous as the expansion around the Eliashberg solu-
tion then holds in powers of terms of order 1. The same
expansion around free fermions yields terms which formally
diverge as powers of w™!/ if one neglects the curvature of
the Fermi surface.'*?* We show, in agreement with Ref. 2,
that in this situation, the way to construct a fully controllable
perturbation expansion around the Eliashberg theory at the
QCP is to either assume that the curvature of the Fermi sur-
face is large, or extend the theory to a large number of fer-
mionic flavors N. In this case, the self-energy diagrams with
vertex insertions are all small, and the theory is under con-
trol.

We emphasize that this smallness does not imply that the
theory is in the weak-coupling limit—the Eliashberg self-
energy (given by the one-loop diagram) does not “feel” the
curvature and diverges as w”? leading to non-Fermi-liquid
physics at the QCP. Another exception is the pairing vertex,
which does not feel the curvature as well, and is of order 1.

In the second part of the paper we show that there exists a
third singular scattering process in which both fermionic and
bosonic momenta vibrate near the fermionic mass shell. This
third process is qualitatively different from the first two scat-
tering processes in which at least one component of the
bosonic momentum is near the bosonic mass shell.

We show that this process (which by virtue of scattering
near the fermionic mass shell is within the Eliashberg theory)
gives rise to a nonanalytic momentum expansion of the static
vertex. We show that for a ferromagnetic SU(2) symmetric
QCP, this nonanalyticity eventually gives rise to a nonana-
Iytic and negative correction to the static spin susceptibility.
This correction exceeds the ¢g> term in Eq. (1.1) and makes a
ferromagnetic QCP unstable.

The issue of whether the QCP is internally stable has been
the subject of numerous discussions in the recent literature.
This work was pioneered by Belitz, Kirkpatrick, and Vojta?
who found that in a generic 3D Fermi liquid far from the
QCP, the static spin susceptibility x,(¢) has a negative
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nonanalytic momentum dependence, leading to a minimum
of )(gl(q) located at some incommensurate momentum,
rather than at g=0. The same result was later obtained for 2D
systems.?” If one were to formally extend the Fermi-liquid
results to the quantum critical region, one would obtain that
the continuous QCP becomes unstable.?® It was a priori un-
clear, however, whether this extension procedure is justified,
since the Fermi-liquid behavior does not seem to survive as
one approaches the QCP.

To address this issue we explicitly compute the static spin
susceptibility at criticality, and show that it is negative and
nonanalytic at the smallest momenta. This implies that a fer-
romagnetic QCP is indeed unstable, as the Fermi-liquid
analysis suggests. We argue that the nonanalyticity in x,(q) is
associated with the Landau damping term, which gives rise
to an effective long-range dynamic interaction between qua-
siparticles both away from and at the QCP. The singular
fermionic self-energy at criticality only modifies, in not a
very essential way, the functional form of the nonanalyticity
compared to that in a Fermi liquid.

We also discuss the emergence of the nonanalytic term in
the static spin susceptibility in the framework of the Hertz-
Millis-Moriya (HMM) ¢* theory of quantum criticality.' As
we said above, this theory assumes that there exists a regular
expansion of the effective action in powers of the order-
parameter field ¢. We show that this is actually not the case,
and the prefactor of the ¢* term is nonanalytic and depends
on the ratio between typical momenta and frequencies. We
show that this nonanalyticity feeds back as a nonanalytic
|g|>”? correction of the quadratic term in ¢. We study how the
nonanalyticity in y,(q) affects the fermionic self-energy and
show that it gives rise to self-energy terms larger than w*?
(beginning at the three-loop order). The series of such terms
eventually leads to a breakdown of the Eliashberg theory for
the fermionic self-energy at the energy scale related to the
typical momentum scale at which y,(¢) becomes negative.

We show that the nonanalytic corrections to the bosonic
propagator and the divergent corrections to the fermionic
self-energy are specific to the SU(2) spin-symmetric case.
For a nematic instability, as well as for a ferromagnetic in-
stability in systems with Ising symmetry, the dangerous
terms in the bosonic propagator and the fermionic self-
energy cancel out, and the QCP is stable.

The paper is organized as follows. In Sec. II we discuss
the model. In Sec. III we present a quick analysis of the
self-energies, justifying all at once the Eliashberg-like treat-
ment and the need to include the curvature of the fermionic
dispersion. In Sec. IV, we discuss the Eliashberg theory near
quantum criticality. In Sec. V, we analyze in detail the con-
ditions one has to impose in order for the Eliashberg theory
to be valid. This includes the computation of all vertex cor-
rections, as well as the momentum-dependent self-energy at
the two-loop level. We also compare the results obtained by
strict perturbative expansion using free fermions, and the
Eliashberg-type calculations.

In Sec. VI we address the issue of the stability of a ferro-
magnetic QCP. We revisit the scaling arguments that a ferro-
magnetic QCP must be stable in dimension D> 1 and show
that the prefactor for the ¢* term is actually a nonanalytic
function of the ratio of frequency and momentum. We show
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that this nonanalyticity feeds back as a nonanalytic correc-
tion to the static spin susceptibility. We explicitly compute
the momentum-dependent term in x,(g) at the two-loop or-
der, both in the Fermi-liquid regime away from a ferromag-
netic QCP and at criticality. In both cases, we find that the
dominant term at small ¢ is negative and nonanalytic. We
also show that the instability of a ferromagnetic QCP can be
also detected by computing the fermionic self-energy which
at the three-loop order acquires extra singular terms because
of the singularity in the static susceptibility. In Sec. VII, we
evaluate the charge susceptibility at two-loop and three-loop
orders and show that it remains analytic—all nonanalytic
contributions from individual diagrams cancel out. Finally, in
Sec. VIII, we present our conclusions and discuss the conse-
quences of the instability of a continuous QCP towards fer-
romagnetic ordering. Technical details are presented in Ap-
pendixes A—-F. A short version addressing part of the results
of Sec. VI has been presented in Ref. 29. For convenience,
all the physical parameters used throughout the text are pre-
sented in Table I.

II. MODEL

The model we consider describes low-energy fermions
interacting with Landau-overdamped collective bosonic ex-
citations which are either gapless by symmetry reasons (as is
the case for the interaction with a gauge field), or become
gapless at the quantum critical point (for the nematic and the
ferromagnetic problems).

The underlying lattice models may be quite different for
these three cases, but the low-energy models are very similar,
the only difference being that in the case of the ferromag-
netic QCP the gapless bosonic excitations are in the spin
channel, whereas in the nematic case and the gauge field
problem they are in the charge channel.

The general strategy to derive the low-energy model is to
start with a model with fermion-fermion interaction, assume
that there is only one low-energy collective degree of free-
dom near the QCP, decouple the four-fermion interaction
term using the critical bosonic field as an Hubbard-
Stratonovich field, and integrate out of the partition function
all high-energy degrees of freedom, with energies between
the fermionic bandwidth W and some cutoff A.!83

If this procedure was performed completely we would
obtain a full renormalization group treatment of the problem.
Unfortunately, there is no controllable way of doing so. It is
widely believed though that although the propagators of the
remaining low-energy modes possess some memory of the
physics at high energies, the integration of high-energy fer-
mions does not give rise to anomalous dimensions for the
bare fermionic and bosonic propagators in the low-energy
model. In practical terms, this assumption implies that the
bare propagator of the relevant collective mode is an analytic
function of momentum and frequency, and the fermionic
propagator has the Fermi-liquid form

Zy
. 9’
lw— €

G(k,w) = (2.1)

where Z;<<1 is a constant, and ¢, is the renormalized band
dispersion. Near the Fermi surface,
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TABLE 1. List of the various parameters used in the text, their expression before the rescaling in N, and
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the reference equation where it is defined in the text.

Expression Definition Eq.
UE Fermi velocity (2.2)
m bare quasiparticle mass, m=kp/vp (2.2)
m* effective (renormalized) quasiparticle mass (4.8)
mpg band mass, determines the curvature of the Fermi (2.2)
surface

g spin-fermion coupling constant (2.4)
& ferromagnetic correlation length (2.3)
Xo& value of the spin susceptibility at ¢g=0 (2.3)
N number of fermionic flavors

g= gz){o effective four-fermion interaction (4.6)
y:%"ﬂ Landau damping coefficient (4.5)

VE
A:ff— dimensionless coupling constant, it measures the (4.6)
-
mass enhancement: A= m;—l
wozﬁg—‘_} ~ }\;—E;— frequency up to which 3 (w) dominates over w in (4.9)
" 4 the fermionic propagator
OMax= \”E"‘" VNZE frequency up to which the fermionic and the (5.3)
bosonic mass shells are well separated
a—% ~ ngE_, small parameter, measuring the slowness of the (5.1)
bosonic modes compared to the fermionic ones;
the same small parameter justifies the low-energy
description
,5':% small parameter related to the curvature of the (5.13)
m
fermionic dispersion
K Hy= Lot 2 Xi0(@)S,S
& =vpk, +——. (2.2) sf k% CChaCha Eq‘, Xsol@)SS-

2mB

Here k is the momentum deviation from kg, the parallel and
perpendicular components are with respect to the direction
along the Fermi surface at kg, mjp is the band mass, the Fermi
velocity vg=kp/m, and for a circular Fermi surface one has
m=mgpg.

One can then re-cast the original model of fermion-
fermion interaction into an effective low-energy fermion-
boson model. Consider for definiteness that the system is
close to a ferromagnetic QCP. Then the low-energy degrees
of freedom are fermions [with the propagator given by Eq.
(2.1)] and long-wavelength collective spin excitations whose
propagator (the spin susceptibility) is analytic near g=0 and
Q=0:

Xo
E2+ 2+ A0+ 0(g*, 0%

X.Y,O(Q’Q) = (23)

Here A is a constant, and £ is the correlation length, which
becomes infinite at the QCP. We prove in the next section
that the 2% term does not play any role in our analysis, and
we therefore neglect it for now and approximate the above
bare propagator by the static one x; o(¢). The model can then
be described by the phenomenological spin-fermion Hamil-
tonian:

+8 2 C]t,aaaﬁck+q,ﬁ ' Sq? (24)
k.q.c.B

where o=(c*,0”,0%) are Pauli matrices. Here S, with ¢
< A/vy are vector bosonic variables, and g is the effective
fermion-boson interaction. For convenience, we incorporated
the fermionic residue Z, into g.

To illustrate how this effective Hamiltonian can, in prin-
ciple, be derived from the microscopic model of interacting
conduction electrons, we consider a model in which the elec-
trons interact with a short-range four-fermion interaction
U(q) and assume that only the forward scattering is relevant
[U(0)=U]:

1 .
_ T - T i
H= 2 €Ch.aChka™t 2 U 2 Cr,aCk+q.aC gCk'~q.8-
k.o kKB

(2.5)

In this situation, the interaction is renormalized indepen-
dently in the spin and in the charge channels.’! Using the
identity for the Pauli matrices &g 0y5==0,50,5+2 3,503,
one can demonstrate’! that in each of the channels, the
random-phase approximation (RPA) summation is exact, and
the fully renormalized four-fermion interaction U/ (q) is

given by
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8) q@“ b) k@i&L o) k@%}f

FIG. 1. (a) Polarization bubble. (b) One-loop fermionic self-
energy. (c) Two-loop fermionic self-energy.

1 (1
it =] 5,303 +0,) 36, )|
(2.6)
where i=(x,y,z), and

rr _ . r
21-UIl(g)" 77  21+UI(g)’

with I1(g)=—7%[1-a*(q/kr)*], a>0.

For positive values of U satisfying mU/2mw= 1, the inter-
action in the spin channel is much larger than the one in the
charge channel. Neglecting then the latter, we can simplify
the Hamiltonian (2.5):

g, 2.7)

1
H=Y, fkcz,ack,a + 52 Uerq)
ko q
x X
kk',a,B,7,6

where  U.(q)=(1/2)U%II(q)/[1+UIl(g)]. Performing a
Hubbard-Stratonovich decomposition in the three fields Sq,
one recasts Eq. (2.8) into Eq. (2.4) with

+ T
Ck.aTapCh+q,B” Crr yo-‘yéck’—q,&a (28)

.
a
= U-
g 2
¢ Ud* . (2.9)
g = gxo=URk;
#(2w )
2 F
= L= _
f_ aA\mU

The QCP is reached when mU/2m7=1, i.e., £2=0. This co-
incides with the Stoner criterion for a ferromagnetic
instability. >

We emphasize that the bosonic propagator in Eq. (2.3)
does not contain the Landau damping term. This is because
we only integrated out the high-energy fermions, whereas the
Landau damping of a collective mode of energy () comes
from fermions of energy w< (), and can only be generated
within the low-energy theory. The dynamics of both the
bosonic fields S, and the fermionic ¢ and c' is determined
self-consistently by treating both fluctuations on equal foot-
ing.

To put under control the computations carried out later in
the paper, it is necessary to extend the model by introducing
N identical fermion species, while keeping the SU(2) spin
symmetry. The Hamiltonian (2.4) can then be rewritten as

HSf: Hf+ Hb+Hinl’

where
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Hp= 2 €1Cr ) oCkjr
kojocx

H,=2 X;0(q)S, S,
q

Hint =8 E cz,j,ao-aﬁclﬁq,j,ﬁ : Sq? (210)

k.q.j.c.B
where the index j=1...N labels the fermionic species.

We use the spin-fermion Hamiltonian of Eq. (2.10) as the
starting point of our analysis. In the case of a QCP in the
charge channel, or a ferromagnetic instability with Ising
symmetry, the bosonic vector field S becomes a scalar field
designated as ¢. The interacting term is also modified, the
Pauli matrices being replaced by J,4 for the interaction with
charge fluctuations, and by o‘zﬁ in the Ising case. The corre-
sponding interaction Hamiltonians are

HOWrse = 8 20 CjaBupCianspby
k.q.j..p (2.11)
| i -
Hl{’_:t,ng g E Ck,j,aaczyﬁck+qvj’ﬁ¢q
k.q.j.a.B

II1. DIRECT PERTURBATION THEORY

In this section we compute the fermionic and bosonic
self-energies for the model presented in Eq. (2.4) using a
perturbation expansion around noninteracting fermions. Our
goal here is threefold: to relate the Landau damping coeffi-
cient to the fermion-boson coupling constant g, to distinguish
between 2 (w) and 2(k), and to demonstrate the importance
of the curvature of the Fermi surface.

We evaluate the self-energy in this section up to two-loop
order. We verified that to this order, there is no qualitative
difference between the quantum critical point in the spin or
in the charge channel. We then restrict our presentation to the
spin-fermion model near a ferromagnetic QCP.

A. Bosonic self-energy: Landau damping term
The full bosonic propagator depends on the self-energy
I1(g,Q) according to

Xo
E2+q7+1(q. Q)

Xs(CI’Q) = (31)

At the lowest order in the spin-fermion interaction, the

bosonic self-energy is given by the first diagram in Fig. 1,
and reads

dkd
Y (k) Gk + q, 0+ ),

I1(q,Q) =2Ng 2

(3.2)

where g=g%x,.

The curvature of the fermionic dispersion does not affect
much the result of this computation as it only leads to small
corrections in g/mpgv . Neglecting the quadratic term in the
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fermionic propagators, we introduce the angle 6 defined as
€k+q=€x+tUpg cos 0 and perform the integration over e,
which gives us

M(q,Q) =i Zil B dw[e(w+Q) — Hw)]
2 1 3 Q
deo_ _Nmg 1M
0 il=vpgcos 0 T \(vpq)?+Q?

(3.3)

At the QCP, the bosonic mass shell corresponds to the
region of momentum and frequency space for which the
terms in the inverse propagator are of the same order, i.e.,
near a mass shell ¢ and Q satisfies II(g,Q)~g% It
follows that, at the QCP, near the bosonic mass shell,
vpq! Q~vp(mgvE/ Q)3 >>1 at small enough frequency, so
that vpq is the largest term in the denominator of Il(g,(}).
The expression of the bosonic self-energy then reduces to

_
a0 =7 ", (3.4)

where y="2£

This expressmn describes the Landau damping with a
prefactor depending on the fermion-boson coupling constant.
This term is larger than a regular O(Q?) term, and fully
determines the dynamics of the collective bosonic mode.

B. One-loop fermionic self-energy

We now turn to the fermionic self-energy, right at the
QCP, where & 1=(). To the lowest order in the interaction, the
fermionic self-energy contains one bosonic line, as repre-
sented in Fig. 1(b), and its analytic form writes

. d*qdQ
Sk, w) = 3ig? f WCO(k +q,0+Q)x(q,Q).

(3.5)

The superscript “free” implies that we use the free fermionic
Gy(k,w) in the integral for the self-energy.

In a direct perturbation theory in g, one would have to use
the bare form of the bosonic propagator, Eq. (2.3), which
leads to X (w)In w. However, this result is useless, as we
already know that the Landau damping term completely
overshadows a regular frequency dependence in Eq. (2.3). It
makes more sense then to estimate the perturbative self-
energy using the full bosonic propagator Eq. (3.1). This is
not a fully self-consistent procedure, but we use it here to
estimate the functional forms of the self-energy at various
orders in perturbation around free fermions.

It is instructive to distinguish between X (ky,w)=2(w)
and 2(k,0)=2(Kk). Substituting the renormalized bosonic
propagator with the Landau damping term into Eq. (3.5), the
frequency-dependent self-energy reads
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2 free ( )

1
dQ qdg do————
f 1o
+y
q

(2 )’

1
X .
i(w+ Q) —vpqcos 0

(3.6)

Here 6 is the angle between kg and q, and we linearized the

fermionic dispersion. Evaluating the integral over the angle,

and using that the typical internal bosonic momentum
~ Q'3 is much larger than ()~ w, we obtain

dqq 113 213

free
e gyl =

. 3.7)

where

3\6373 a 3\6572
871'3v13py_ 87T2vai~.

Wy = (3 8)
This result has been obtained in Ref. 5. It shows that in
D=2, the interaction between bare fermions and critical
bosons leads to a breakdown of the Fermi-liquid behavior: at
low energies, the ®*3 term in Eq. (3.7) is larger than the bare
o in the fermionic propagator. This obviously makes one
wonder if higher-order insertions lead to even more singular
contributions.

We next compute the one-loop self-energy 2(k), given by

Shree(k) = f dQ qdg do

1
iQ) — €, —vpqgcos 6
3g f dQ dg q|Q|
= € .
Cm? ] ¢+ n|Qlig) [Q? + (vp9) T
(3.9

|
(2 )3 q*+ ¥(|Ql/q)

X

One can make sure that the integral is infrared convergent,
i.e., 2°(¢)x ¢, with an interaction dependent prefactor,
which also depends on the upper cutoff of the theory, A. This
suggests that the momentum dependent part of the fermionic
self-energy is regular at the QCP and only leads to a finite
mass renormalization.

C. Two-loop fermionic self-energy
We next calculate the contribution to the fermionic self-
energy 2(w) from diagrams at the two-loop level. For illus-
trative purposes, we consider the diagram presented in Fig.
1(c), which writes

Egree(w) — g4J dwldqu J da)zdzqu(kF +(q, 0+ wl)

X G(kF + ql + qz,w + (OF] + wz)G(kF + qz,(l) + wz)
X X(ql’wl)X(qZ’wZ)’ (310)

where we use the full bosonic propagator, the free fermionic
one, and we restrict ourselves to the frequency dependence.
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We first compute this integral expanding the dispersion of
the internal fermions to linear order, since the quadratic term
was not significant in the computation of the one-loop
bosonic and fermionic self-energy. Choosing the x axis along
the external k=ky and integrating over ¢} and ¢,, we are left
with

zfree(w) — §2 fw dwldCIly f dedq2y
2
U%‘" 0 Q%y'*‘ 7|w1|/f]1y w-0; ‘Z%y"' 7|w2|/42y
~ P, (3.11)

where o, is defined in Eq. (3.8). At low energy, this two-loop
self-energy diverges faster than the one-loop self-energy ob-
tained in Eq. (3.7). Estimating higher-order diagrams, we
find that they form a series in powers of (wy/)"?, such that
the perturbative expansion around free fermions breaks up at
@~ . This result is in line with the one obtained by Lawler
et al.' using a two-dimensional bosonization scheme. The
scale w, is related by wy=vp/x, to the spatial scale at
which the equal-time fermionic Green’s function G(x), ob-
tained from bosonization, begins decaying exponentially
[G(x) o 0],

However, the divergence of the perturbation theory can be
cured once the curvature of the fermionic dispersion is in-
cluded, as we now show. We re-evaluate the two-loop self-
energy (3.10), using now the full fermionic dispersion, Eq.
(2.2). After integrating over the momentum component g}
and ¢, one has

S w) ~ g_sz dw,dq;, dwydgyy
2
vido a1, + (oillg) ) oo, @, + Aoallgs,
1 m2 =2
: ~ 8 o n? w. (3.12)
lw— qu('IZy/mB yva

This result agrees with Ref. 2. We see that, when the
curvature of the fermionic dispersion is included, the two-
loop self-energy turns out to be small compared to its one-
loop counterpart, at low energy. In a separate study,”® one of
us (A.C.) and D. Khveshchenko reconsidered the bosoniza-
tion procedure in the presence of the curvature and obtained
the same results as in Eq. (3.12).

D. Summary

As a conclusion, this first approach suggests that both the
fermionic and the bosonic self-energies are important at the
QCP. The bosonic self-energy sets the dynamics of the
bosons, while the fermionic self-energy is nonanalytic and
parametrically larger than the bare w term at low energy,
which implies a breakdown of the Fermi-liquid behavior at
criticality.

We also found that only the frequency-dependent part of
the self-energy matters, the momentum-dependent one only
leads to a regular renormalization of the effective mass. Fi-
nally, we found that the curvature of the Fermi surface plays
an important role in regularizing the perturbation expansion.

The full account of these effects cannot be obtained from
this simple analysis and one has to develop a controllable
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way to treat the bosonic and fermionic self-energies on equal
footing. Since we found that only the frequency-dependent
2(w) is relevant, a way to proceed is to verify whether an
Eliashberg-like theory, similar to the one developed in the
context of phonon superconductivity,”> may be such a con-
trollable approximation.

IV. ELIASHBERG THEORY

The Eliashberg procedure allows us to compute the fermi-
onic self-energy > (w) and the bosonic polarization I1(g,Q),
by solving the self-consistent set of coupled Dyson’s equa-
tions, neglecting all contributions coming from the vertex
corrections and the momentum-dependent fermionic self-
energy.

Specifically the Eliashberg theory follows three steps:

(i) neglect both the vertex corrections and the momentum
dependent part of the fermionic self-energy, i.e., approximate

3k, w,) =3(w,),

8Ta =g +Ag=g; (4.1)
(ii) construct the set of self-consistent Dyson’s equations:

Gl (k,w,) =iw,—vpk—kp) +i3(w,)

Xo

x(q,Q,,) = , (4.2)
&+ ¢ +11(q. )
with the following fermionic and bosonic self-energies:
iX(wn) =
(wn) Ko
— Q7Vm
Xo (g, ) = x@w

(4.3)

The fermionic Green’s functions in Eq. (4.3) are full (they
are represented diagrammatically by a straight line) and
x(g,Q,,) is the full bosonic propagator (represented by a
wavy line);

(iii) check a posteriori that the neglected terms Ag and
3,(k), are all parametrically small.

The evaluation of the momentum integral for the fermi-
onic self-energy in the Eliashberg theory has to be carried
out with care. Since fermions are faster than bosons, the
leading contribution to 3(w) is obtained if one integrates
over the momentum component transverse to the Fermi sur-
face only in the fermionic propagator and sets this compo-
nent to zero in the bosonic propagator (this implies that the
momentum integral is factorized). One can show that the
corrections that arise from keeping the transverse component
of momentum in the bosonic propagator are small to the
same parameter as Ag/g and should therefore be neglected,
as keeping them would be beyond the accuracy of the theory.
The factorization of the momentum integration is what dis-
tinguishes the Eliashberg theory from the fluctuation ex-
change (FLEX) approximation. In the FLEX approximation,
one also neglects vertex corrections, but does not factorize
the momentum integral in Eq. (4.3).
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The evaluation of the bosonic and fermionic self-energies
within the Eliashberg theory is presented in Appendix A and
B. We list here the main results.

At large but finite correlation length & and for a bosonic
momentum and frequency satisfying vzg>>2.({)) we obtain:

9]

IM(g,Q) = y; and (44)

3(w) = NwF(ywé),

where F(x<1)=1+0(x), and F(x>> 1)=%x‘“3. The param-
eter y is the same as for free fermions,

Nmg

Y= , (4.5)
TR
and A is the dimensionless coupling
3z
A= —2— (4.6)
4’7TUF§_

where g=gx,. At finite &' and vanishing o, the self-energy
has a Fermi-liquid form:

S(w)=\w. (4.7)

The Fermi-liquid theory is stable, and the low-energy quasi-
particles have a finite effective mass:

m" =m(1+N\). (4.8)

The effective mass diverges proportionally to ¢ in the vicin-
ity of the QCP.

At 0> (y&)7!, however, the system is in the quantum-
critical regime. Here the Fermi-liquid theory breaks down in
the sense that the quasiparticle damping becomes compa-
rable to its energy. We have

3(0) = 0| 0] sgn(w), (4.9)

where wy=313g%/(8Nmv?) is the same as in Eq. (3.8).

At the QCP, £'=0, the region of Fermi-liquid behavior
collapses, and the w?? dependence of the self-energy extends
down to the lowest frequencies. The expression for X (w) is
valid for all frequencies below the cutoff A. However, only
frequencies w = wy are actually relevant as at higher frequen-
cies the system behaves as a nearly ideal Fermi gas. Note
that the curvature of the fermionic dispersion is unimportant
here and only accounts for small corrections containing
higher powers of frequencies.

Comparing Egs. (4.4) and (4.9) with Egs. (3.4) and (3.7),
we see that the self-energies in the Eliashberg theory coin-
cide with the one-loop perturbative results around free fer-
mions. This arises from the fact that the momentum integra-
tion is factorized in the Eliashberg theory, and the full
fermionic propagator appears in both self-energies only via
the fermionic density of states (DOS):

1

PSR (4.10)

N(CU) = L f dEk

This DOS reduces to N(w)=sgn(w), independently on the
self-energy: it remains the same as for free fermions. Note
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that Eq. (4.4) for the bosonic self-energy is only valid as long
as the interplay between the external momentum and fre-
quency is such that vyg>>3(Q)). In the opposite limit, the
vertex corrections cannot be neglected as we argue in the
next section.

We also argue in the next section that the extension of the
model to N fermionic flavors is essential for the validity of
the current approach. The large-N Eliashberg theory is, how-
ever, somewhat tricky, as it can be readily seen from Eqgs.
(4.5) and (4.9) that both self-energies contain factors of N
through their prefactors. These factors can be rescaled out of
the Eliashberg theory by rescaling &,

and leaving vy intact. This change of kr also rescales both
masses: m—m/N and mz— mpg/N.

In terms of the rescaled variables, both the fermionic self-
energy and the Landau damping term become independent
on N:

Xo
Xq0)="F—F ———
E2+ 4+ AQlq
1
ilw+2(w)]-vpk, - N(kj/2my)”

(4.12)
Glk,w) =

However, after the rescaling, the “zero-order” Eliashberg
theory does not become completely free from N—the factor
N now appears in front of the kﬁ term, which, we recall, is
present in the dispersion because of the curvature of the
Fermi surface.

As a consequence, we do not formally take the N—o
limit of our model [otherwise, the fermionic Green’s function
in Eq. (4.12) would just vanish]. Instead, we carry out an
expansion where we keep N large, yet finite, allowing us to
use 1/N as a small parameter.

Furthermore, one can verify, using our expression for the
effective Lagrangian below, that once we rescale the fermi-
onic and bosonic fields to compensate for the rescaling of kp
and eliminate N from the quadratic part of the effective ac-
tion, we do not obtain a factor 1/N in the interaction term. In
other words, the curvature term in the fermionic propagator
is the only place where the factor N is present. This already
suggests (as we confirm in the next section) that the curva-
ture plays a major role in our 1/N expansion.

From this perspective, our large-N expansion is different
from the “conventional” large-N expansion, in which the
zero-order theory is independent on N, but the interaction is
small in 1/N. For that class of theories, the N=c0 limit is well
defined as the bare, noninteracting theory. In our case, like
we said, only large, but finite N values make sense.

For the SU(2) ferromagnetic case, we show below that
Eq. (4.12) is incomplete. There are extra contributions to
both x(g,Q) and X (w) which also belong to the Eliashberg
theory, showing up at the three-loop level and higher for the
fermionic self-energy. These terms, however, appear due to
rather specific reasons related to the presence of an effective
dynamic long-range interaction in the theory and all cancel
out for the gauge field problem, at a nematic QCP and for an
Ising ferromagnetic QCP. We consider these extra terms in
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the next section and proceed here without taking them into
consideration.

We can reformulate the Eliashberg theory by introducing
the following effective Lagrangian describing the fermion-
boson interaction:

L:LF+LB+Linl9

with

LB = TE Sq,nX_l(qun)S—q,—m

q.n

Lp=T 2 Clt.j,n,aG_l(k’ w")ck:jv"-a’
k.n,a,j

Ly, = gT2 E Sq,mcz,j,nagaﬁck—q,j,n—m,ﬁs (4.13)

n,mk,q
where n, m number Matsubara frequencies, a, [ are spin
indices, and j is a flavor index. The upper limit of the fre-
quency summation is the cutoff A.

We emphasize that there is no double counting in the
bosonic propagator (4.13). The integration of high-energy
fermions above the cutoff A leads to the momentum depen-
dence of the static bosonic propagator, whereas the interac-
tion at frequencies below A gives rise to the Landau damp-
ing, without affecting the static part.

To summarize, the Eliashberg-type theory at the QCP con-
tains a nonanalytic fermionic self-energy which scales as
w*?3 and breaks down the Fermi-liquid description of fermi-
ons. At the same time, the bosonic propagator is regular—the
only effect of the interaction with low-energy fermions is the
appearance of a Landau damping.

We will see below that for a charge QCP (and for a spin
QCP with a scalar order parameter) this Eliashberg theory is
entirely stable. For a ferromagnetic SU(2) symmetric QCP,
the Eliashberg theory has to be extended, as we will see in
Sec. VI, to incorporate extra singular terms associated with
the existence of long-range dynamic interaction between
quasiparticles.

We emphasize that even for a charge QCP the fully renor-
malized bosonic susceptibility does not necessary coincide
with the one in Eq. (4.12) and may, in particular, acquire an
anomalous dimension?? if d is low enough. However, this
can only be due to infrared divergent corrections to the
Eliashberg theory, which are fully captured by the effective
low-energy model of Eq. (4.13). Such an anomalous dimen-
sion emerges at the antiferromagnetic QCP in d=2 (Refs. 20
and 33), but not in our case.

V. VALIDITY OF THE ELIASHBERG THEORY

The essential part of the Eliashberg procedure is an a
posteriori verification that the neglected terms in the self-
energies are small. Quite generally, the validity of this pro-
cedure is based on the idea that the fermions are fast excita-
tions compared to the bosons, and hence the fermionic and
bosonic mass shells are well separated in energy.

When scattering off physical mass-shell bosons, the fer-
mions are forced to vibrate on the bosonic mass shell, which
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is far away from their own. The electronic spectral function
near the bosonic mass shell is then small and this reduces the
self-energy that arises from true fermion-boson scattering. In
the case of the electron-phonon interaction, this is known as
the Migdal theorem.

The computation of the fermionic self-energy 2 (w) gives
us an idea of what the typical intermediate momenta and
frequencies are in the problem. One can make sure that at
criticality the typical fermionic momenta k—kj are of order
S(w)/v F=a)(lJ/ 3wy g On the other hand, the typical
bosonic momenta ¢, along the direction of Kk (i.e., trans-
verse to the Fermi surface) are of the same order as the
typical fermionic momenta, while the momenta g transverse
to kp (i.e., along the Fermi surface) are of order
(yw)"?> wy?w? lvp. We see that for a given frequency o,
the typical |g|= \/qi+qﬁ are much larger than k—k, i.e., the
effective boson velocity is much smaller than vz. One then
expects that the Migdal theorem holds.

The ratio of the typical fermionic k—k and bosonic |g| at
the same frequency  is (wyw/ 7). At w~ w, this ratio
then becomes

(5.1)

and the slowness of the bosonic mode is then ensured in the
quantum critical regime provided that o< 1. This condition
coincides, in our case, with the condition that the interaction
should be smaller than the bandwidth. This is a necessary
condition for the effective low-energy model to be valid, for
if it is not satisfied, one cannot distinguish between contri-
butions coming from low and from high energies.

However, the smallness of « is not sufficient. In the inte-
gral for the fermionic self-energy, only one component of the
bosonic momentum, namely ¢g|, is much larger than k—kp,
the other one is comparable: g, ~k—kp. One needs to check
whether the corrections to the Eliashberg theory scale as the
ratio of k—ky to the modulus of |¢| or one of its components.

To address these issues, we explicitly compute the vertex
corrections and the fermionic self-energy at the two-loop
level.

A. Vertex corrections

We consider the vertex corrections due to the insertion of
one bosonic propagator (three-leg vertex) and two bosonic
propagators (four-leg vertex). The behavior of these vertex
corrections strongly depends on the interplay between the
internal and external momenta and frequencies. We present
the results below and discuss all the technical details of these
calculations in Appendix C.

1. Three-leg vertex with zero external momentum and frequency

We begin with the simplest three-leg vertex, with strictly
zero incoming frequency () and momentum ¢. The one-loop
vertex renormalization diagram contains one bosonic line
and is presented in Fig. 2(a). In analytic form, it writes
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Ag

~ngdwd2pG(kF,w)2X(P,w)

dwd’p 1
1 Aellp+ 0[5 () — 1. - N 2’
P*P [ix(w) — v, — N(py/2mp)]

where we defined 3(w)=w+3(w) and we have chosen kg
along the x axis, so that p,=p, and p,=pj.

Since the poles coming from the fermionic Green’s func-
tions are in the same half plane, the integral over ¢, is only
nonzero because of the branch cut in the bosonic propagator.
At the branch cut p,~p,, so that we can safely drop the
quadratic term in the fermionic propagators. Introducing po-
lar coordinates, and integrating successively over the angle
between kg and p, then over the modulus p, we obtain

Ag
g

g_ ®Max i(w)
W,

3
YOrJo

(5.2)
q=0=0
where wy,, is the frequency up to which bosons are slow

modes compared to fermions, i.e., up to which f(w)/vF
<(yw)'3. This frequency exceeds w,, so to find it we have

to use 3(w) =~ w. We then obtain

WhMax = \/;i‘ -~ \’gEF- (53)

Note that for small values of «, wp>> @y, and the maxi-
mum frequency up to which the bosons can be treated as
slow modes well exceeds the upper limit of the quantum
critical behavior.

Substituting 3 and wyy,, into Eq. (5.2), we obtain
Ag

8 q=0=0

~Va. (5.4)
This correction to the vertex can then be neglected provided
that « is small.

2. Three-leg vertex with finite external momentum

We now turn to the three-leg vertex with zero external
frequency but a finite bosonic momentum . The one-loop
renormalization is given in Fig. 2, and its analytic form
writes

Ag
8 q,Q=0
~g? f dwd’pG(kg + p + q,0)G(Kp + p, ) x(p, )
_ f dwd’p 1
~8 )~
Nollp + 0% S () - v, — N(p2/2my)
1
X

li((x)) —Upqx —UpPx— N(pz/sz) - N(Qyp)/mB)

where p, is the projection of p along k.
As before, the integral over p, reduces to the contribution
from only the branch cut in the bosonic propagator. At the
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0.0 Q.0

ay A b) L

c)
kg, 0 kg, 0 kg, 0

FIG. 2. Three-leg vertices: (a) zero external momentum and
frequency; (b) finite momentum; (c) generic vertex.

branch cut, p,~p,, hence we can neglect the quadratic term
in the fermionic Green’s function, which then allows us to
integrate over p,. Expanding in ¢,, and subtracting the con-
stant term at zero momentum calculated in Eq. (5.2), we
obtain (see Appendix C for details)

A A d S
Agl Mgl 4 J do | [5(0)]
8 lg0=0 8 14=0=0 ki v g, |w|
qx
~ Lyl . (5.5)
kp

When not only the bosonic momentum ¢ is finite but also
the external fermionic momentum for the static three-leg ver-
tex is away from kg, the ¢ XIn g dependence of the static
Ag/g survives, but the argument of the logarithm is the
maximum of bosonic ¢ and fermionic k—kr (we directed
both along x).

In general, the typical value of g, is much smaller than kg,
hence the momentum dependent part of this vertex correc-
tion is small. However, we argue in the next sections that
because of the logarithmic term in Eq. (5.5), the insertion of
this vertex correction into the SU(2) static susceptibility
gives rise to a nonanalytic ¢*? term.

We also emphasize that although the calculations of
égg-| g4=0=0 and Az 4.0=0 100K similar, the characteristic bosonic
momenta are different for the two cases. At q=0=0, typical
bosonic momenta in Eq. (5.2) are of order (yw)'?, i.e., near
the bosonic mass shell. On the other hand, typical bosonic
momenta in Eq. (5.5) are of order i(w)/vF, i.e., near the
fermionic mass shell.

3. Generic three-leg vertex

We next consider the same vertex with small but finite
external momentum ¢ and frequency (). This diagram, pre-
sented in Fig. 2(b), reads

Ag
8 q.Q

~g° f dod’pG(kg +p + q, 0 + Q)G(kg + p, 0) X(p, )

_ dwd’p 1
T8 Nolp+ s 2
NOVP*P i3 (w) —vppy— N(Py/sz)
1
X

i2(0+ Q) = vpq = vpp, = N(p}/2mp) = N(gyp,/mp)
(5.6)

where we have chosen kj along the x axis, so that g,=¢q
and g,=gq|.
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Integrating over p, first, one obtains two contributions:
one arising from the poles in the fermionic Green’s functions
(which now can be in different half planes since () is finite),
and the other from the branch cut in the bosonic propagator.
The latter leads to the same result as Eq. (5.2), up to small
corrections due to the finiteness of the external g and ().
Focusing on the other contribution, one has

A g (¢ ,
=8 ~ii doofdpv |p)| 3
g lga  vrlo "ol +|p,f
1
>< —_ —_ 9
i2(Q - ) +i2(w) - vrq, - N(g,p,/mp)

(5.7)

where the simplification of the frequency integral comes
from the pole structure in p,.
This generic correction to the vertex strongly depends on
the interplay between the external g,, gy, and ().
When ¢=0, but () is finite, the integration over Dy gives
Ag

8

q=0,Q

Z J do ! __Z
UF,y1/3 0 wl/SS(Q—Q))+S(a}) vF,yl/Sw(l)/?a

=0(1). (5.8)

We see that the finite external frequency leads to a vertex
correction that is not small, and one can make sure that
higher-order corrections are of the same order. The series of
vertex corrections have been summed up in Ref. 34 (for a
charge vertex), where Ag/g was proved to diverge like
(wy/ Q)73 at low frequency, as expected from the Ward iden-

tity.
When ¢ and () are both finite,
A 3(Q
=4 - ]—'(L> (5.9)
g lg0 UFqy
where
1
dz 1
Flx) = — 5.10
(x) fo B (1= 4 2B yilx (5.10)
has the following asymptotic behavior:
Fx>1)=0(1)
. (5.11)
Flx<1)=0(x)

If the typical external momentum g is on the bosonic mass
shell, then g,~ g, ~ (¥2)'?, and one has

Ag 3(Q) ,—( Q )”3
— ~ — N« .
8 q.Q Urgx

This is obviously small in a.

It turns out that the behavior of the vertex correction is
more complex and the result for Ag/g strongly depends on
the direction of g compared to the direction of fermionic
momentum k=K. This directional dependence is important
for our purposes as we know from previous self-energy cal-
culations that in the integral for the self-energy only the y
component of the bosonic momentum is near a bosonic mass

(5.12)

WMax
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kg, 0 krp | .02
a)o’—:-Q b)

kp.0 kriqQ kg, 0

FIG. 3. (a) Cooper pairing vertex. (b) Four-leg vertex.

shell and scales as (42)!"3, the x component is actually of the

order of f(w)/ U, 1.€., 1s near a fermionic mass shell and is
much smaller. We therefore take a more careful look at the
vertex correction.

For the case where ¢,~3(Q)/vy and q,~ ()", one
would argue from Eq. (5.12) that the vertex correction now
becomes of order O(1) and is no longer parametrically small.
However, the computation that led to Eq. (5.12) cannot be
extended so easily to the strongly anisotropic case, as for an

external ¢, ~ 2(Q)/vy and q,~ (¥Q)'3, the curvature of the
fermionic dispersion becomes relevant and changes the re-
sult. The full dependence on g, and g, is rather complex and
we restrict ourselves to the case when

1m
B=——"L<«1. (5.13)

Nm
In this situation, ¢2/mg~ (vrq,)/ B>>vpq,, i.e., the quadratic
term in the fermionic propagator dominates. Performing the
integration, we then find that

2/3 1/3
% — BZ(@) ln2|:,3(79) :| — ﬁ2 11’12,3.
8 q,Q y y

(5.14)

It follows that even when only one component of the
bosonic momentum is near a bosonic mass shell, the vertex
correction is small if B is small. This is the second condition
for the Eliashberg theory to be controllable at criticality.

The smallness of 8 can be ensured by either extending the
theory to large values of N, or by considering a very strong
curvature of the Fermi surface which implies that mp<<m.
Even though the latter can hardly be satisfied for realistic
Fermi surfaces, we emphasize that the curvature of the dis-
persion plays a crucial role in the theory, for even in the case
of N>> 1, the vertex correction is of order O(1) without this
curvature.

4. Four-leg vertex

We consider now higher-order corrections to the vertex
through the example of a four-leg vertex correction with two
crossed bosonic lines, also called a Cooperon insertion. Ana-
Iytically, the expression for this renormalized vertex, pre-
sented diagrammatically in Fig. 3, writes

Q+ +
Iy(q.0) ~ g* J dwdsz(—‘”,u)
2 7 2
Q-0 q- Q
(B, e
2 2 2 2
Q-w q—p>
x G| —= kg + . 5.15
(2 o (5.13)
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After integrating over p, (projection of p along kg) and w,
were are left with

[
V(& +47qy)* - 42

)
g Q

vF|qy 2i2,(Q/2) —qux—N(q§/4m)(l +7%)
1
. 1)) + (Y Qllg, )
1

, (5.16)
I a’1g;)" = (AQWq,)
where we have changed p, into z=p,/|q,
This renormalized four-leg vertex I',(g,{2) has to be com-
pared with the bare four-leg vertex, whose analytic form is
given by the bosonic propagator multiplied by g°:

8
I'(g.Q) ~—5——. (5.17)
q*+¥1Ql/q
In the case of a typical external momentum

4.~ q,~ (¥Q)"", the ratio T',/T is of order . For a typical

qx~2~(w)/ vrand g,~ (yw)'3, we obtain, to logarithmic ac-
curacy,

r,
—~,3<<1

I, (5.18)

This last result again critically depends on the curvature of
the Fermi surface: neglecting the quadratic terms in the fer-
mionic propagators, one would obtain I',/I";=0(1). We see
that likewise to the three-loop vertices, the smallness of the
crossed vertex I'(g,€)) requires both @ and B to be small.

5. Interplay between the Landau damping and the fermionic
self-energy

The system behavior at strongly anisotropic external mo-

menta g, ~ 2(Q)/vy and g,~ (¥)"? (as encountered in the
three-leg vertex for finite ¢ and (), and the four-leg vertex)
allows us to underline a few important points related to the
role of the curvature.

We have found above that for these momenta, some ver-
tex corrections are O(1) for any N, if one does not take into
account the curvature of the fermionic dispersion, and are
small, and inversely proportional to both the curvature and
N, if B=myg/(mN) is small.

The reason for this behavior is a peculiar interplay be-
tween the Landau damping and the fermionic self-energy,
specific to the ferromagnetic case. Namely, the characteristic
values of both the linear and the quadratic term in the fermi-
onic dispersion scale with the frequency in exactly the same
way. This is related to the fact that the mismatch between the
momenta near the fermionic and the bosonic mass shell at a
given frequency is the same as the mismatch between the
longitudinal and transverse components of the fermionic dis-
persion.

Indeed, the typical x component of the external momen-
tum is of order X%())/vp, and scales as the square of the y
component, whose typical value g, ~ Q73 is the same as near
a bosonic mass shell. The x component enters the fermionic
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dispersion as a single power while the y component comes
with a power of 2, meaning that in the dispersion one has to
compare ¢, to qi. Ultimately, the two terms entering the fer-
mionic dispersion behave like

vrg, ~ 2(Q) ~ wy 02, (5.19)
2 ( Q)l/%
4 Wy om PACIORE (5.20)
2mpg mp mp )

and thus differ precisely by m/my. Besides, the qy/ (2m) term
comes with an overall extra factor of N as we argued in Eq.
(4.12). This is the only place where N appears in the theory.
The relative factor between the qy and q, terms is then
Nm/mpg=1/B. When B is large, the qV term is subleading
compared to the g, term, the curvature is irrelevant, and the
correction to the spin-fermion vertex does not depend on N.
When S is small, the q% term dominates over ¢,, and the
fermionic dispersion contains N. In this situation, the vertex
correction becomes small in 1/N.

6. Pairing vertex

By contrast to the previous vertices we studied, the pair-
ing vertex in the Cooper channel is not sensitive to the cur-
vature of the Fermi surface. This leads to a vertex of order
O(1) even in the large-N limit and the pairing problem then
has to be carried out exactly within the Eliashberg theory.

This vertex renormalization is presented in Fig. 3 and its
analytic form is given by

Ag
g

~g f dod*qx(q, 0)G (kg + g, ®)

Cooper

XG(_kF_q’_w_Q)

_ dwd® 1
T8 Sy 2
NG+ G i3 (w) = vpq, — N(q,/2mp)

X ! . (5.21)

—iS(w+Q)—vpg, — N(qi/ZmB)

Integrating over g,, restricting ourselves to the contribu-
tion from the fermionic poles (the one from the branch cut
can be proved to be smaller), we find that the quadratic terms
cancel out, leaving us with

Ag z (" do f * dg,q,

g T op 0l S(w+ Q)+ S(w) o yo+q;
(5.22)

Cooper

Performing the remaining integral, the prefactor simplifies
and we obtain

Ag
g

8

- /3
71/30) Vg

Q QO
In|—|~In|—]|, (5.23)
D D

Cooper

where we assumed that we were in the quantum critical re-
gime, i.e.,

We emphasize that the prefactor of the In in Eq. (5.23) is
O(1), even when one takes into account the curvature of the
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fermionic dispersion. The result of Eq. (5.23) confirms pre-
vious studies'® advocating that the system at a ferromagnetic
QCP is unstable towards pairing.

B. Self-energy corrections

1. Corrections to the self-energy at the two-loop level

We found in our analysis of the vertex corrections that the
result depends on the interplay between the typical momen-
tum and frequency. In our estimates, we considered two re-
gions of external ¢ and (), namely g,~q,~(y)"* and

gy~ 2(w)/vp, g,~ (¥Q)"3. In both cases, we found that ver-
tex corrections are small. We verify here that the two-loop
self-energy, obtained by inserting vertex corrections into the
one-loop self-energy diagram, is also small.

The two-loop self-energy diagram is presented in Fig.
1(c). We have

22(0))~g4deld2ql fdwzdzﬁh)(((h,wl))((‘h,wz)

XG(kF + q,w + a)l)G(kF + g, w + wz)

XG(Kkg+qq + Q2,0 + 0 + w,) (5.24)

_ q q
~g2fdw1d2q1fdw2d2q2 ] 3 2 3
Noul +q) Yoo + ¢3

1

X
i2(w+ ) —vpg, — N(‘I%y/sz)

1
X

iS(w+ ) = Vg, — N(qu/sz)
1

>< b
i2(w+ ) + wy)-vp(g, + Q2x)—N(611y + Clzy)z/sz

(5.25)

where we recall 3(w)=w+3(w).

Integrating successively over ¢, and ¢,,, and rescaling
the remaining momentum components by introducing
x=qy,/(y| @) and y=g,,/ (7| ®,])'"”, we obtain

-2 [0} [0}
mpg 1
So(w) ~ J de do,—x
T e PO

Xfx dxdy |xy|

2 xy+il (L4 [xP) (1 + [y

(5.26)

i(w+w])+2~(a}+w2)—f(w+wl+a)2)
N(Yw wy)"?

As the typical frequencies w; and w, are of order w, the
typical value of { is of order S« 1. Expanding then in Eq.
(5.26) to first order in ¢ and performing the remaining inte-
grals, we obtain in the quantum critical regime

where {=mp
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—2 o %) 1 2
o (w) ~ M8 J dwzf dw, ¢
0 w-w)

(72(01 w2)2/3

Nv,zD
~3(w)B In’B,

where 3(w)=3(0)=w) 0 is the self-energy in the
Eliashberg theory.

This result agrees with the one obtained in Ref. 2, and
shows that %,(w) ~ 3 (w) X %f-|q’g where éﬂqﬂ is given by
Eq. (5.14). This last result implies that the typical internal ¢
and Q) for the Eliashberg self-energy and for X,(w) are the
same.

It is also instructive to compare these two-loop results,
obtained as an expansion around the Eliashberg solution, to
the perturbation expansion around free fermions. In the lat-
ter, we found in Eq. (3.12) that 3,(w)~ @ In?w whereas in
the former we have 2,(w) O<,B(w(1)/3w2/3)ln2,8, Eq. (5.27). The
free-fermion result can be reproduced if we neglect the self-
energy in Eq. (5.26). We see that the expansion around free
fermions does not reproduce the correct frequency depen-
dence of X,(w). This obviously implies that if one expands
around free fermions, there exist higher-order terms associ-
ated with insertions of the self-energy X (w) into the internal
fermionic lines, which may overshadow the two-loop result
around free fermions. Accordingly, near the QCP, the expan-
sion around free fermions does not converge, even if the
curvature of the fermionic dispersion is included. On the
other hand, the expansion around the Eliashberg solution is
regular and holds in powers of the small parameters « and f3.

(5.27)

2. Momentum dependence of the self-energy and the density of
states

Along with the vertex corrections, we also neglected the
momentum dependence of the fermionic self-energy in order
to proceed with the Eliashberg scheme. We now verify
whether the momentum dependent part of the self-energy
2(k,w=0)=2(k) remains small when evaluated with the full
fermionic propagator. The k-dependent self-energy is given
by

S(k,0) = 3ing ‘i

_ 3ig dQd’q q
Cm* ) iS(0) - g, 1l+4

2
qdQ)
5 G(k+q,Q)x(q.Q)
217)

S (5.28)

Defining the angular variable 6 as €,,=€+vyq cos 6, inte-
grating over it, and expanding to linear order in €, we obtain

e x 2 [ 05
2(k,0) = 316k><2ﬂ2f0 dQz.(Q)

" I
[¢° + (AQD [ (vrg)* + (D)
(5.29)

A simple experimentation with the integrals shows that

the integration over momentum is confined to g~ 3(Q)/v,
while the frequency integral is confined to ) < wyy,,, wWhere
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oy defined in Eq. (5.3), is the scale where ()3
=3(Q)/vy. The computation of (k) is given in Appendix
B, and the result is

3 X 1.3308 ~ —
—=— Va=-ig0.253vVa. (5.30
227" b (330

Using our definition of 3, we then obtain that X (k,0) gives
rise to a small, regular correction to the quasiparticle mass
€—i3(k,0)=¢,=v(k—kp), where

E(k,O) =- ifk

vi=vp(1 -0.253Va). (5.31)

Like the vertex correction at zero external bosonic mo-
mentum and frequency, this small correction is of order
O(Va) and comes from frequencies of order wyy.

The momentum dependent self-energy, unlike the fre-
quency dependent part, generally gives rise to corrections to
the fermionic density of states (DOS),

de
N(w)=-N, f — ImG(e, w), (5.32)
u
where N, is the DOS of free fermions.
Assuming that (k) is small and expanding in it in the

fermionic propagator, we obtain, in real frequencies,

N(w) ( (k) )

— = m{ —— ~ .
€=i2(~iw)

€k
Substituting Eq. (5.30) into Eq. (5.33), we find that the den-
sity of states just shifts by a constant. In order to extract the
frequency dependence of the density of states, one has to
evaluate the momentum dependent self-energy to the next

(5.33)

order in €, and on the mass shell, where Ek=i§(w).

The evaluation of the self-energy near a mass shell gen-
erally requires extra caution as the self-energy may possess
mass-shell singularities.3' We, however, have checked in Ap-
pendix F that in our case the self-energy does not possess
any mass-shell singularity, and the self-energy remains finite
on the mass shell.

The calculation of the self-energy up to the second order
in € is displayed in Appendix B, and the result is

0453 (w)| o,

S(k,0) = i X —— |

. 5.34
87 Ep || ( )

Substituting this self-energy into the expression for the DOS
and converting to real frequencies, we find at small @

23
N(w)~N0[l —(ﬂ> In “’L] (5.35)
(OF] w
where we explicitly defined
12877  E;
o, E (5.36)

= (0'45)3/233/45'

The correction to the fermionic DOS was earlier com-
puted by Lawler et al.'* using the bosonization technique.
They obtained the same ®”’In w dependence as in Eq.
(5.35). The agreement with Ref. 14 is, however, likely acci-
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dental as they evaluated N(w) in the expansion around free
fermions, while we obtained N(w) by evaluating the

k-dependent self-energy at €,=i2(—iw). If we neglected the
Eliashberg self-energy (i.e., expanded around free fermions),
we would obtain an o In w correction to the DOS. This last
result agrees with the one obtained by Ref. 23 using the same
technique as in Ref. 14.

C. Summary

We have shown in this section that there are two condi-
tions for the validity of the Eliashberg theory that one can
recast as the smallness of two parameters:

_2 — —
m m
o~y g oy (537)
wr  Ep YOF m

The first condition is quite generic for a low-energy
theory since it requires that the fermion-fermion interaction
mediated by the exchange of a boson should be smaller than
the Fermi energy. Otherwise, the physics is not restricted to
the vicinity of the Fermi surface anymore. The parameter «
plays the same role as the Migdal parameter for the electron-
phonon interaction: it sets the condition that fermions are fast
excitations compared to bosons. In the scattering processes
that are small in «, fermions are forced by the interaction to
vibrate at frequencies near the bosonic mass shell. They are
then far from their own resonance and thus have a small
spectral weight.

However, the condition < 1 is not sufficient to construct
a fully controllable perturbation expansion around the non-
Fermi-liquid state at the QCP. In spatially isotropic systems
there exist vertex corrections for which the external momen-
tum has a component on the fermionic mass shell. These
corrections do not contain a. However, they are sensitive to
the curvature of the Fermi surface, and are small if 8 is small
which can be achieved either by imposing mgz<<m or by
extending the theory to a large number N of fermionic fla-
VOrs.

A word of caution is due here. In evaluating the renormal-
ization of the static vertex, we silently assumed that Va< B,
ie., g/Ep<(mz/Nm)*. At very large N, this is no longer
valid. For this situation, i.e., when B<K \s‘;, our_ estimates
show that the static vertex is even smaller than Va.

Finally, the pairing vertex in the Cooper channel stays of
order O(1), signaling the possibility of a pairing instability
close to the quantum critical point. Nevertheless, we assume,
based on explicit calculations worked out in Ref. 10, that the
quantum critical behavior extends in the parameter space to a
region where the superconductivity is not present.

VI. INSTABILITY OF THE FERROMAGNETIC QUANTUM
CRITICAL POINT

We found that the Eliashberg theory for fermions interact-
ing with gapless long-wavelength bosons is stable and con-
trolled by two small parameters. We verified this by calcu-
lating the fermionic self-energy in a two-loop expansion
around the Eliashberg solution.
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One may wonder whether the same conclusions hold for
the bosonic self-energy as well. In particular, what are the
corrections to the static susceptibility x,(¢,0)? Naively one
could assume that they are unimportant and do not change
the bare ¢> behavior of the inverse bosonic propagator at the
QCP.

For a ferromagnetic SU(2) QCP, for which the massless
bosons are spin fluctuations, we show in this section that the
corrections to the static spin susceptibility are nonanalytic:
they scale like ¢*%, and do not contain any prefactor except
for a proper power of kr. Such terms obviously overshadow
the regular ¢? of the bare susceptibility at small enough mo-
menta. These terms therefore belong to the Eliashberg
theory, which has to be extended to incorporate them.

The physics behind the ¢*? term in x(q,0) at a ferromag-
netic QCP is, by itself, not directly related to criticality: far
away from the QCP, the spin susceptibility also contains
negative, nonanalytic |g| term.?%27-35-38 This term gradually
evolves as the correlation length ¢ increases, and transforms
into the ¢*2 term at the QCP. Both these nonanalyticities, at
and away from the QCP, emerge because the boson-mediated
interaction between fermions contain a long-range dynamic
component, generated from the Landau damping.

For charge fluctuations, the ¢*? terms appear in the indi-
vidual diagrams for the susceptibility but cancel out in the
full formula for x(gq,{)). We discuss the physical origin of
the difference between spin and charge susceptibilities in the
next section.

One of the reasons why the nonanalyticity of the static
spin susceptibility at the QCP has not been analyzed much
earlier is because it was widely believed that an itinerant
fermionic system near a ferromagnetic QCP is adequately
described by a phenomenological 2+ 1D ¢* bosonic theory
(in our case, the role of ¢ is played by the vector field S)
with the dynamic exponent z=3 and a constant prefactor for
the ¢4 term.! In dimensions d=4-z=1, the model lies
above its upper critical dimension and the ¢* term is simply
irrelevant.

In this section, we derive the effective ¢* theory from the
spin-fermion model Hamiltonian, and show that it contains
two elements absent from the phenomenological approach.
First, the prefactor of the ¢* term strongly depends on the
ratio between the external momenta and frequencies, and
contains a nonanalytic term in addition to the constant one.
Second, there also exists a cubic ¢3 term whose prefactor,
although vanishing in the static limit, also strongly depends
on the interplay between the external momenta and frequen-
cies. We can recast the nonanalytic ¢*? term in the static spin
susceptibility as arising from these cubic and quartic terms in
¢.

We also prove that the nonanalyticity appears in the
temperature-dependent uniform static susceptibility x,(7).
We show below that x;'(T)oT|In T|, again with a negative
prefactor.

Finally, we show that the instability of the ferromagnetic
QCP can also be seen from the fermionic self-energy, which
acquires singular terms beginning at the three-loop order in
the case of spin fluctuations.
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q, 2 —q. —{1 -9, —{1
a) b) 0,0
o 2,
- q -0 q, Q q, Q2

FIG. 4. “¢* and “¢>” type diagram.

A. Hertz-Millis-Moriya theory revisited

In order to derive a quantum critical ¢* model, one has to
integrate the fermions out of the partition function, noticing
that the Lagrangian of the spin-fermion model is quadratic in
the fermions.

Expanding then in the number of bosonic fields S, the
quartic term in the effective action reads

f d*qd*pd®p' dQdvdv'
2m)’

A(p.p’.q.v,v',Q)

><|:Sp+q/2 ' Sq/Z—pSp’—q/Z ! S—p’—q/2

+ Sp+q/2 : S—p’—q/ZSq/Z—p : Sp’—q/Z

- Sp+q/2 : Sp’—q/ZS—q/2—p’ ' Sq/2—p:|’ (6 1)

where p, p’, q are bosonic momenta, and v, v', ) are
bosonic frequencies.

Our goal here is to prove that the prefactor A is not a
regular function of momenta and frequencies. To simplify the
presentation, we choose to study only the dependence of A
on g and () and set p, p’, v, V' to zero (see Fig. 4).

The analytic form of this prefactor then writes

A(g,Q) ~ Ng* f dw f Gk, w)> X Gk +q,w+ Q).

(6.2)

Defining 6 as the angle between k and ¢, and performing
the integration over €, and the angular variable, we find

mg* f A3 QP -2[7 + (1 -2
w0 )y Clopg/S Q)P+ [23 + (1 - )PP

(6.3)

Ag.Q) ~

where we defined z=w/(), and neglected at this stage a regu-
lar part that comes from large values of €, and for which the
curvature is relevant.

We see that A(q,{)) depends on the interplay between the
momentum and frequency. We can identify two regimes.

() If |g|~(y|Q)"3, i.e., if the bosonic momenta are
near the bosonic mass shell, the self-energy in the denomi-
nator can be neglected, the frequency factors in the numera-
tor and the denominator are canceled out, and we obtain

4
AQ) ~ m_g3 ~ —am (6.4)
F 0

We see that A can be safely replaced by a constant O(«).
This is consistent with the previous works.! The agreement is
not surprising as the relation g~ (y|Q|)!"? is assumed in
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power counting based on z=3 scaling. Note that the condi-
tion |g| ~ (y|])"? only specifies the magnitude of ¢, one of
its components (e.g., g,) can be much smaller.

(i) If g~ S(w)/vp~ w(l)BQZB/vF (at w<wy), i.e., when a
boson resonates near a fermionic mass shell, the z=3 scaling
arguments are not applicable. We have in this regime

4
mg m 1 Whax

Alg. )~ 8- T
(q ) (1)00 Xg\r'; Q

(6.5)

In this case, A(Q)) is a singular function of frequency, and
cannot be replaced by a constant.
We see therefore that the prefactor of the ¢* term is ac-
tually singular outside the scaling regime of a z=3 theory.
In the similar spirit, one can construct a cubic term in the
bosonic fields:

d*qd*pdQdv
J WB(I)’ q, V’Q)Sp : (Sq—p/2 X S—q—p/Z)’
(6.6)

where the prefactor B is a convolution of three fermionic
Green’s functions as presented in Fig. 4, and is given by

B(q.,p,Q,v) ~ Ng* f dw j d*kG(k - p,w—v)

XGk-p2-q,0-112-Q)GKk,w).
(6.7)
Proceeding as for the quartic term, we set for simplicity

p=0, v=0, and integrate over €, and the angular variable,
leading to

3 1
mg
B(g,Q) ~ Wfo dz
y [23 4+ (1 - 2)23]
{lvpg/Z( Q) + [ + (1 = 2P

(6.8)

where we again introduced the rescaled frequency z=w/(}.
We can again identify two regimes.

(i) In the z=3 regime where ¢~ (yQ)'?

, one can expand
for large %, which leads to

Q 2/3
B(q,9)~@a( )

Xo WMax

(6.9)

where wyy,y 18 given by Eq. (5.3). This term is small in the
quantum critical regime where () <@y~ wya”’?, and can
be safely neglected.

(ii) For g~ (L)), the remaining integral is of order O(1)
and the result writes

1 ) 1/3
B(q,Q) ~ @—r(%> ,

oo (6.10)
0 Vo

which is large and cannot be neglected.
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FIG. 5. Corrections to the polarization bubble from diagrams
with one and two extra bosonic lines.

We demonstrate in the next section how the singular be-
havior of the ¢’ and ¢* terms leads to a nonanalytic contri-
bution to the static spin susceptibility.

B. Nonanalyticity in the static spin susceptibility

We now estimate the effect of these singularities on physi-
cal quantities. Both the ¢* and ¢* terms in the effective
action give rise to corrections to the ¢’ term, i.e., to the spin
susceptibility. These corrections are obtained diagrammati-
cally by contracting the external legs of the ¢* and ¢* terms,
as shown in Fig. 5. The computations are described in detail
in Appendix D.

The contributions from the ¢* terms have been considered
in our short publication.”” The contributions from cubic
terms were missed, and were first considered in Ref. 39 in
the analysis of the spin susceptibility in the paramagnetic
phase, away from a QCP.

In analytic form, we have, using x(g,0)=xo/[£%+¢>
+11(g,0)], and I1=11,(g,0) +I1,(¢,0)+115(g,0) +114(¢,0):
Ng®
2m)°xo

XG(w+Qk+ )G+ Qk+qg+1)G(w,k+q),

,(g.0)=T% J Pkdwd’1dQx(1+ ¢,Q)G(w,k)

_Ng

(2m)°xo
XG(w+Q,k+1)G(w,k+q),

,(¢,0) =T J *kdwd’1dQx(1,Q)G(w,k)*

N
2m°xo
Xx(g+1,Q)G(w,k)G(w,k + q)

XG(w+Qk+1+q)G(w'k")G(o' k' +q)

XG(o" +Qk"+1+q),

HS(q, 0) = rg

f d*kdwd*k' dw' didQx(1,Q)

N2§3
I14(¢,0) =T
! ‘)X

XG(w,k)G(w,k+q)G(w+ Qk+1+q)
XG(o' k")G(o +Qk" +)G(w" + k" +1+q).
(6.11)

f d*kdwd*k' dw' dldQx(1,Q) (1 + g,)

The factors of N come from the fermionic loops and the
numerical prefactors from the following spin summations:
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’
S
Mi= 2 00p05,05505==2
a,B,y.6
S
;= 2 Uiﬁo'ﬁy' O'yéozﬁaz 6
< a,B,y.0
Fg = 2 (Tiﬂ(aﬁ‘}/ . O-é‘e)(o-'ya ’ O'g(s)ofg =8
a,B,7,6,€,¢
Fi = E O{yﬁ(aﬁ‘y . 0-55)(0-3105 ’ 05{)0-?6: - 8.
[ abroe

(6.12)

These four diagrams are related by pairs. To verify this, it
is useful to expand the products of Green’s functions accord-
ing to

G(wy,ky) = Glwy,k,)
G_l(wz,kz) - G_l(wl,kl) ’
(6.13)

G(wl’kl)G(wZ’kz) =

Applying this to I1,(¢,0), we find that it splits into two parts.
In one part, the poles in ¢, are located in the same half plane,
leading to a vanishing contribution. The remaining term in
I1,(¢q,0) is related to I1,(g,0) in such a way that

2r
I,(g,0) == T Tlx(q,0) (6.14)
2
(see Appendix D for details).
Similarly, I15(g,0) and I14(g,0) are related as
Iy
3(¢,0) = = =7114(¢,0). (6.15)

Iy

Collecting all four contributions and using the relations
between prefactors, we obtain

H(‘LO) = HA(q’O) + HB(q’O) >

HA(q’O) = Hl(CI’O) + 2H2(q’0)

Ng*

2™
XG(w+ OV k+1)G(w,k+q),

f d*Kdod*1dQx(1,Q)G(w,k)?
(6.16)

5(g,0) = 15(¢,0) + 114(q,0)
N2g3
2m°xo

Xx(g+1L,Q)G(w,k)G(w,k + q)
XG(w+Qk+1+q)G(w' k' +q)

X G(o' k' )G(o" + Qk" +1+q).

=16

f d*kdwd*k' dw' dldQx(1,Q)

(6.17)

1. Fermi-liquid regime

Away from criticality, the correlation length ¢ is finite,
and at low frequency, the system is in the Fermi-liquid re-
gime. The fermionic self-energy is 2 (w)=\w, Eq. (4.7).

The spin susceptibility in this regime has been analyzed in
Refs. 27 and 35-39. It was shown there that to the lowest
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order in the interaction, Ilz(g,0)=1I14(¢,0), i.e., 1I(g,0)
=21I1,(q,0). Beyond leading order, I1;3(g,0) and I14(g,0) are
not equivalent but are of the same sign and of comparable
magnitude. For simplicity, we assume that the relation
IT4(¢,0)=I1,(¢,0) holds in the whole Fermi-liquid regime.
We show below that even at the QCP, I15(¢,0) and I14(g,0)
are quite similar [at criticality I15(g,0) =~ 1.311,(g4,0)].
Introducing cos 0=ll:—'ll‘ and cos 6’ =“':—'?1-, and successively
integrating over |k , wand ¢, Eq. (6.16% can be rewritten as

8g_|q| JOO J"n’/Z Jﬂ' 1
I(g,0)=————— | dz d do———
@0= 50 oy CE) ) e g
cos ¢ sin ¢
(i sin ¢ — cos 6 cos ¢)?
z
, , (6.18)
V1 +Z%(sin ¢+ i cos ¢ cos 6)>
where we defined y= lyi—;, and introduced the new variables z

(1+M)Q

and ¢, which satisfy z cos ¢=f] and z sin ¢= o

The universal part of I1(g,0) can be isolated by subtract-
ing from it the constant part [1(0,0). The integral over z then
becomes convergent. Integrating successively over z, ¢, and

6, we obtain
g 1+\
——|q|'H
o0 ( 7

where H(O):%, and H(x>1)=~2/(3x?). We do recover the
nonanalytic |g| correction to the static spin susceptibility in
D=2, as obtained in earlier studies.26-27-33-36

Note that Eq. (6.20) does not contradict the Fermi-liquid
relation x,(¢—0,w=0)(1+F,)/(1+F,,), where F; ; and
Fy, are Landau parameters. The Fermi-liquid theory only
implies that the static spin susceptibility saturates to a con-
stant value as ¢— 0, but does not impose any formal con-
straint on the ¢ dependence of x,(q,w).

As one gets closer to the QCP, N\=3g/(4mv£") diverges
and the prefactor of the |g| term vanishes as

H(q,0)=—% ) (6.19)

H(q70)=—£§"1|q|. (6.20)
9w

This is not surprising since the Fermi-liquid regime extends

on a region of the phase diagram that shrinks and ultimately

vanishes as one approaches the QCP.

Now, two different scenarios are possible:

(i) the divergence of ¢ at the QCP completely eliminates
the nonanalyticity and the expansion of II(g,0) begins as ¢,
like in a bare spin susceptibility;

(ii) the self-energy 2(w) < w*? at the QCP still leads to a
nonanalytic term I1(g,0)|q|°, with 1 <&<2, which domi-
nates over the bare ¢> term.

We show in the next subsection that the second scenario is
realized, and at the QCP, one has I1(g,0) «|q|*>.

2. At criticality

At the QCP, we have to take into account two new ele-
ments: the bosonic propagator is massless (£'=0) and the
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fermionic self-energy is no longer Fermi-liquid-like, it is
given by Eq. (4.9).

The full calculation of I14(¢,0) and Ilz(g,0) is presented
in Appendix D. We just outline here the main steps of the
computation and show where the ¢*? term comes from.

Consider first 11,(g,0). Using Eq. (6.16) as a starting
point, and substituting the full form of the spin susceptibility,
Eq. (A8), we then expand €, and €., and integrate suc-
cessively over /, (projection of 1 perpendicular to kg) and ¢,

leading to
2
I,(q,0) = 161 f def di f de do
( v+ 0222(9)>
[12(w+9) —lz(w) - vl J? (viap'?
% 1 1
(NN iS(w+ Q) = i3(w) = vl + Vg cos 6

(6.21)

where ¢=1.198 78 [see Eq. (A6)], and h(x) is the bosonic
propagator x(I,{))/x, integrated over the momentum com-
ponent /,. The asymptotic behavior of A(x) is given by

h(x>1)=—

21n 2 (6.22)

A
h(x<<1)——+ In2-1)x"—
33 ( 3 2

Since the integrand in Eq. (6.21) has poles in [, located in
the same half plane, the only nonvanishing contributions to
IT comes from the nonanalyticities in 4(x).

There are two nonanalyticities in h(x). The first one
comes from the 1/x behavior at large x, which extends to
x~1. This is a conventional nonanalyticity associated with
bosons vibrating near their own mass shell, since at x~ 1,
L1y~ (40",

Subtracting the constant I1,(0,0), expanding in ¢ in Eq.
(6.21) and substituting .~ (y|Q])"3, we find for this contri-
bution to II

52 ®Max
m, dQ) —
STV o 3g J —= * \Vag?,
% 0

3
where wyp ~ VY.

We see that the integration over the momentum range
relevant to the z=3 scaling regime yields a regular ¢*> con-
tribution to the static susceptibility. Not only is this contri-
bution regular in ¢, but it is also small in «. This result is
similar to the one we obtained in Eq. (5.2) for the static
vertex at a vanishing momentum.

However, Eq. (6.22) shows that i(x) has a nonanalytic
X2 In x term already at small x, i.e., far from the bosonic mass
shell: the branch cut associated with the logarithmic term
emerges at vyl ~ 2 (w). The typical value of ; in the integral
that leads to this x*In x term is also of the same order, al-
though larger in the logarithmic sense. This implies that this
second nonanalyticity comes from a process in which the
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FIG. 6. Integration contour: the hatched region stands for a
branch cut, and the cross for a pole.

bosons are vibrating near a fermionic mass shell and far from
their own.

Furthermore, this logarithmic term in Eq. (6.22) comes
exclusively from the Landau damping term in the bosonic
propagator—the ¢* term in x(/,{)) can be safely omitted.
Indeed, one has

fA u 1 _ ) Pln 12
A AQINE R 29Q°

Substituting the logarithmic term from Eq. (6.22) into the
formula (6.21) for I14(g) and again subtracting the nonuni-
versal constant term 11,(0,0), we find that the integral over
1, is convergent. Introducing z=1,/[c2({))], one can perform
the integral over z over the contour of Fig. 6, which leads to
the following contribution to II, which we label as
1%(q,0):

(6.24)

112(g,0) - 11,(0,0)

mwpf ‘”J dyf @7

xf cos® @
P TR R
1-y?
w)?? + w2 + (vpg cos B/cZ(Q))*
(6.25)

e -

where we defined w=w/ ().
. . c2(Q) \372
Introducing the new variables t—(m) and
v=t{y+c"'[(1-w)??+w??3]}, it becomes possible to separate
the integrals, leading to the following final result:
M4(q,0) = 11,(0,0) = I1(g,0) — T1,,(0,0)
_omg
o 7013:/2 w(l)/Z

-0.8377¢>

=~ 0.1053 kg (6.26)

We emphasize that this dependence comes from bosonic
modes vibrating at the fermionic mass shell. This explains
why the result of Eq. (6.26) is not small in «, as this small
parameter measures the softness of the mass-shell bosons
compared to the mass-shell fermions.
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The integrals for Ilz(g,0) cannot be exactly evaluated
analytically, but an approximate calculation (presented in
Appendix D) yields

T14(¢,0) - T14(0,0) = — 0.14¢>*\kp, (6.27)
such that the total
T1(¢,0) — T1(0,0) = — 0.25¢%*\k. (6.28)

We see that I1(¢,0) is still nonanalytic in ¢ and the pref-
actor is negative. At small ¢, the negative ¢*? term well
exceeds the regular ¢? term. This implies that the static spin
susceptibility is negative at small momenta, i.e., a ferromag-
netic QCP is unstable. We discuss the consequences of this
instability in the concluding section. The momentum g,
below which y, is negative is determined by

1(qmm) o len -0. 25‘]11211\7% =0, (6.29)
which gives g,;,=0.06k. Parametrically, g, is of order kg,
which is the largest momentum scale in our problem. Strictly
speaking, this suggests that the whole quantum critical
theory for the ferromagnetic case is not valid, for the quan-
tum critical behavior extends up to energies of order w, i.e.,
up to momenta of order ¢ =< w,/vp~ a*ky< kp. Numerically,
however, ¢, is much smaller than k. This implies that for
reasonable values of «, there exists an intermediate momen-
tum and energy range ¢, <g<wy/vy where the system is
in the quantum critical regime, but the static spin suscepti-
bility is still positive.

The ¢*? nonanalyticity can also be viewed as emerging
from the g In ¢ momentum dependence of the static vertex.
Using Eq. (5.5), one can rewrite

) 1 (Ag/g)l,0-0
J I S (@) € 15(0) - €y
(6.30)

I1(¢,0) ~

Performing the contour integration over €, and changing

variables into y=¢€,/3(w) and 1=+ wyw/(vrq)>?, we obtain
11(.0) ~ \Vkrg™? (6.31)

We note in this regard that the nonanalytic momentum de-
pendence of the fermion-boson static vertex also comes from
bosons vibrating near the fermionic mass shell, i.e., it
emerges due to the same physics as we outlined above.

C. Temperature dependence of the static uniform spin
susceptibility

In this section, we show that the static uniform suscepti-
bility is negative at finite temperature above a ferromagnetic
QCP. To demonstrate this, we compute the static uniform
I1,(g=0,w=0,T)=I1,(T), assuming that £'=0. The contri-
bution from ITz(7T) is of the same sign and comparable in
magnitude. We have

PHYSICAL REVIEW B 74, 195126 (2006)

TT,(0,7) = 16i— 3TZ Q f
(2 ) p#0
X ! 1
q+ NQ,l/q [iE(Qp) —Upq, — qi/Zm:P '
(6.32)

Since the poles in g, from the fermionic Green’s functions
are all in the same half plane, one expects that qup
~ (¥€1)' and thus dominates over the ¢; term, which in turn
can be neglected in the fermionic Green s functions. It then
becomes possible to perform the integral over g,, which
gives

11,(0,7) = 21

(Q )1/3 1
Ty 170 IQ [ Jo [8(Q,) - vpq,P

(6.33)

Integrating over the half space where there is no triple pole,
we find that the integral is determined by the branch cut in
In|q,|. Evaluating the integral we obtain

f dCqu)zcln|Qx| _ ( ) ( F )
[50Q)-veg P vr \[S@Q,)
(6.34)

Thus

TE In —

WZWF p#0 |Q |

To perform the summation over p, we notice that when the
summand does not depend on p,

I1,(0,7) = (6.35)

AIT

T, A=24A
-ANIT

(6.36)

is independent on 7. Then the same sum but without the
p=0 term just gives 2AA—AT. Using this, we obtain with
logarithmic accuracy

TE In — TlnE—+

6.37
m = (6:37)

where dots stand for O(T) terms. Substituting this into Eq.
(6.35), we obtain the final result:

2% T (E
I,00,7)=- —La ln(—F>.

T3 Ep T (6.38)

Although small, because of the prefactor in «, this term
dominates at low temperature over any regular 7 term. The
sign of this TIn(Eg/T) term is opposite to the sign of a
conventional correction to scaling HMM theory, which
comes from a constant part of the prefactor for the ¢* term.
In the HMM theory the temperature dependence of the spin
susceptibility is bT%* 2z, h>0, which in d=2 leads to a
linear in T contribution with positive prefactor. The negative
sign of nonanalytic temperature correction in Eq. (6.38) im-
plies that the static spin susceptibility is negative right above
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the QCP. This is another indication that the ferromagnetic
QCEP is unstable.

D. Self-energy at the three-loop level

Finally, we show how one can detect the instability of a
ferromagnetic QCP from an analysis of higher-order self-
energy diagrams. This analysis is complimentary to the cal-
culations that we have already done in the previous subsec-
tions. We show that upon inserting the contributions from the
diagrams presented in Fig. 5 into the fermionic self-energy,
we obtain series of singular corrections in powers of wp;,/ @,
where (Y®in) "> =¢min» and g, is the scale at which the
static susceptibility y,(¢) becomes negative, Eq. (6.29).

To illustrate this, we consider one of the three-loop dia-
grams, represented in Fig. 7. In the case of a spin interaction,
we obtained a finite result after collecting the various dia-
grams, so we restrict ourselves here with just one of these
contributions. The analytic form of the diagram in Fig. 7
writes

Alg,, )
i2(w— ) —vpqi— quy/Zm

1 2
ey
g1 + N l/q,

where A(q;,w,) is the dynamic fermionic bubble given by

25(w) Né?f dw,d’q

(6.39)

A(ql,wl) ~ NgZ f dzde j dqud(l)2 P

9>+ Nw,llg,
1 1
>< D B
IE(Q) — € IE(Q +w;+ wZ) - 6k+ql+q2
1 1

X .
ZE(Q - (l)]) - Ek+q1 ZE(Q + (1)2) - 6k+q2

Approximating A(g,,w,) by its singular static part g}’ 2\#12
and substituting into Eq. (6.39) we obtain

2
25(w) ~ g\’/k_FJ dw1d2611<L>

41 + Yo

32
q1

X - .
i2(0-w) - Urq 1 — N1,/ 2m

(6.40)

A simple analysis of this expression shows that the domi-
nant contribution to 3;3(w) comes from g, ~gq;,~ (yw;)"?
since the integral over ¢, is determined by the branch cut in
the bosonic propagator. One can then safely drop the qua-
dratic term in the fermionic propagator and integrate over the
angle 0 between kg and q;. This leads to

9/2

Sa(w) ~ gVke f do, f dgy—D—
0

(g1 + yor)
1 gV/k_F ¢ dw,
X 2 AN
V(vpg))” +2(w) vpNYJo YV,

(6.41)
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k W
FIG. 7. Three-loop contribution to the fermionic self-energy.

Collecting the prefactors, we find

2s(w) ~ (§w)'”.

We see that the nonanalyticity in the static spin suscepti-
bility feeds back into the fermionic self-energy leading to a
contribution from the three loop self-energy whose fre-
quency dependence is more singular than the w*? depen-
dence that we obtained assuming that the static susceptibility
is regular. Comparing these two contributions, we see that
they become comparable at a frequency

(6.42)

3 2
: — Imin _ Er
w(l)nwrz’x{i’jn ~ VWi = Wiy =~ % - E’ (6.43)

where g, is given by Eq. (6.29). Parametrically, ¢, is not
small since g, ~kr, and oy, ~Er/a is larger than Ep.
However, ¢, ~0.06ky is small numerically so that w,;, is
four orders of magnitude smaller than E/a.

E. Summary

To summarize, we found that the Eliashberg theory for an
SU(2) symmetric ferromagnetic QCP has to be extended to
include extra singular terms into both the spin susceptibility
and the fermionic self-energy. These terms originate from the
“anti-Migdal” processes in which slow bosons are vibrating
near the fermionic mass shell. Physically, these extra pro-
cesses originate from the dynamic long-range interaction be-
tween fermions, which is still present at the QCP despite the
fact that fermions are no longer good quasiparticles.

We demonstrated that these extra nonanalytic terms can
be understood in the framework of HMM ¢* theory of quan-
tum criticality. We showed that the prefactor for the ¢* term
is nonanalytic and depends on the interplay between momen-
tum and frequency. The nonanalytic bosonic self-energy is
the feedback from the nonanalytic ¢* term to the quadratic
¢ term.

We found that these extra terms in the Eliashberg theory
make a ferromagnetic QCP unstable below a certain momen-
tum and energy scale. We detected the instability by analyz-
ing the momentum and temperature dependence of the spin
susceptibility, and also the fermionic self-energy at three-
loop order.

VIL. STATIC SUSCEPTIBILITY IN THE NON-SU(2)
SYMMETRIC CASE

The problem of fermions interacting with bosonic collec-
tive modes with a propagator similar to the one we consid-
ered is quite general, and one can wonder to what extent our
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analysis for a ferromagnetic case can be extended to the case
of an interaction with charge fluctuations, a nematic QCP, or
a ferromagnetic instability with Ising symmetry.

The essential difference between these cases and the fer-
romagnetic one lies in the symmetry of the order parameter.
In an SU(2) spin-symmetric ferromagnetic case, the order
parameter (magnetization) is a three-dimensional vector,
while in the other cases, it is a scalar.

As we already discussed, the Eliashberg theory and the
analysis of its validity at the two-loop level can be carried
out equally for systems with vector and with scalar order
parameter: the only unessential difference is in the numerical
prefactors. On the other hand, the evaluation of the correc-
tions to the static susceptibility leads to different results for
scalar and vector order parameters, as we now demonstrate.

A. Ising ferromagnet

Consider first the situation of a magnetically mediated
interaction, where we change the spin symmetry of the
bosons from SU(2) to Ising. The Ising case was argued to be
relevant for metamagnetic quantum critical points.*’

The use of Ising spins does not change the expression for
the Green’s functions but replaces the Pauli matrix o at the
fermion-boson vertex by o°. As a consequence, the compu-
tations performed for the SU(2) case still hold, but the inter-
play between different diagrams changes because of a
change in the numerical prefactors. In particular, instead of
Eq. (6.12) we now have

Ivlimg Flslng 2,

F151ng

riine =, (7.1)

Under these circumstances, the nonanalytic contributions
from the diagrams in Fig. 5 cancel each other out. As a
result, the static spin susceptibility remains analytic and
scales as x~'(g) < ¢* with a positive prefactor at the QCP.

This result can be extended to the case of a nematic in-
stability, following the same arguments.

B. Charge channel

For a charge vertex, one has to replace the Pauli matrices
present at the vertex by Kronecker symbols J,5 We then
have

FCharge

FCharge z

a,B,7,0

OupOpy0y605a =2,

FCharge rCharée E
a,B,7,0,6.{

I‘Charge

5(2[35[3755657&5{556{ = 4 .

Substituting these into the expressions for II, we
find that the diagrams II; and II, as well as II; and II,
cancel each other out. This leaves only regular ¢> term in the
static charge susceptibility.
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C. Physical arguments

The cancellation of the nonanalytic terms in the charge
susceptibility is not a direct consequence of the conservation
laws. These laws impose constraints (Ward identities) on the
behavior of the susceptibilities in the opposite limit g=0,
w#0 [x.(¢=0, w) vanishes as a uniform perturbation cannot
affect a time independent, conserved quantity].

Instead, the absence of the nonanalytic terms in the charge
channel is related to the fact that this susceptibility measures
the response of the system to a change in the chemical po-
tential. We showed that the origin of the singular behavior of
the static spin susceptibility lies in the Landau damping term
in the bosonic propagator [see Egs. (6.24) and (6.28)]. The
Landau damping does not depend in a singular way on kg
(i.e., on the density of electrons), and therefore there is no
singular response of the system to a change in the chemical
potential.

Conversely, the effect of a magnetic field on the Landau
damping is singular: for a fermionic bubble with opposite
spin projections of the two fermions, IT, ~|Q|/\/Q*+(vl)?
is replaced by |Q|/\(Q+2iuzH)>+(v,l)? in the presence of
a small magnetic field H. As a consequence, taking the sec-
ond derivative of I, with respect to H, and setting then H
=0, one obtains, for vy/>>(), a nonanalytic d°IL,/dH?
~Q/P. This nonanalyticity gives rise to a ¢** term in the
static spin susceptibility.?®3° For an Ising ferromagnet, this
effect does not exist as there are no bubbles with opposite
spin projections in the theory.

The above reasoning shows that the nonanalyticity ap-
pears in the spin response but not in the charge one. To
further verify this argument, we computed the subleading,
three-loop diagrams for the charge susceptibility and found
that the nonanalytic contributions from individual diagrams
all cancel out. We present the calculations in Appendix E.

The same argument holds for the self-energy at the three-
loop and higher orders. The singular »'? term obtained in
Eq. (6.42) appears in individual diagrams, but in the case of
a QCP in the charge channel (or an Ising QCP in the spin
channel) the total singular contribution cancel out.

D. Summary

To summarize, the extra singular additions to the Eliash-
berg theory are specific to the SU(2) spin case and all cancel
out for the charge QCP, the gauge-field problem, the nematic
QCP, and the spin QCP for a scalar (Ising) order parameter.

VIII. CONCLUSIONS

We have constructed a fully controllable large-N quantum
critical theory describing the interaction of fermions with
gapless long-wavelength collective bosonic modes. Our ap-
proach, similar but not identical to the Eliashberg theory for
the electron-phonon interaction, allows us to perform de-
tailed calculations of the fermionic self-energy and the vertex
corrections at the QCP.

We constructed a controllable expansion at the QCP as
follows: we first created a non-Fermi-liquid ‘“zero-order”
theory by solving a set of coupled equations for the fermi-
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onic and the bosonic propagators, neglecting the vertex cor-
rections as well as the momentum dependence of the fermi-
onic self-energy, and then analyzed the residual interaction
effects in a perturbative expansion around our zero-order
theory.

We have proved that this approach is justified under two
conditions: (i) the interaction g should be smaller than the
fermionic bandwidth (which we assumed for simplicity to be
of the same order as Ey), and (ii) either the band mass my
should be smaller than m=kg/v, or the number of fermionic
flavors N should be large. When N=0(1) and mgz~m, the
corrections are of order O(1). We found that the corrections
that are small in g/Er come from bosons near their reso-
nance, as in the Eliashberg theory for the electron-phonon
interaction. The corrections small in mg/(Nm) come from
bosons for which one of the momentum component (the
larger one) is near the bosonic resonance, while the other
component is close to the fermionic mass shell.

For an SU(2)-symmetric quantum critical point towards
ferromagnetic ordering, we found that there exists an extra
set of singular renormalizations which come from bosons
with both momentum components vibrating near the fermi-
onic mass shell. These processes can be understood as a
consequence of an effective long-range dynamic interaction
between quasiparticles, generated by the Landau damping
term. These singular renormalizations are not small and have
to be included into the Eliashberg theory. They give rise to a
negative nonanalytic ¢*? correction to the static spin suscep-
tibility, signaling that the ferromagnetic QCP is unstable.

We also demonstrated that the nonanalytic ¢*? term
can be understood in the framework of the ¢* theory of
quantum criticality. We showed how the effective long-range
dynamic interaction between fermions affects the structure
of the ¢* theory, once fermions are integrated out: we
found that the prefactors of the ¢* and ¢* terms appearing
in the effective action are nonanalytic and depend on the
interplay between the typical external momentum and
frequency.

We showed that the nonanalytic corrections to the bosonic
propagator are specific to the SU(2)-symmetric case when
the order parameter is a vector. For systems with a scalar
order parameter, like a QCP in the charge channel, a nematic
QCP, or a ferromagnetic QCP with Ising symmetry, the ¢
contributions from individual diagrams cancel out in the full
expression of the susceptibility.

The consequences of the instability of the ferromagnetic
QCP still needs to be fully understood. We only considered
the behavior of the spin susceptibility at a finite ¢, and found
that the system is unstable towards an incommensurate state
(a similar state has recently been analyzed in detail in Ref.
42). Belitz, Kirkpatrick, and others28-394143 considered in de-
tail the behavior of the thermodynamic potential as a func-
tion of the magnetization, and found a negative, nonanalytic
term which favors a first-order transition to ferromagnetism.
Our results are not in conflict with these works, but rather
point on a different, competing instability near a ferromag-
netic QCP. The full analysis of what actually substitutes a
continuous second-order transition in itinerant ferromagnets
is clearly called on.
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APPENDIX A: BOSONIC SELF-ENERGY

In this section, we compute the bosonic self-energy at the
one-loop level, in the case of both free and fully renormal-
ized fermions. We prove that for an external bosonic momen-
tum on the bosonic mass shell, this self-energy becomes in-
dependent on the actual form of the fermionic self-energy,
and reduces to the usual Landau damping term, whereas an
extra term has to be included if this same external momen-
tum is on the fermionic mass shell.

After performing the sum over spin matrices, we are left
with the following expression:

d*kdw

Tl(q,Q) = 2N§f o I 0)Glk+ g0+ 0).

(A1)

Introducing the angle 6 defined by €,,=€+vpq cos 6, this
writes

_N&" S
H(q’Q)_N4ﬂ3Jdwdekdai[w+2(w)]—ek
% 1
fo+Q+3(w+Q)]-€—-vpgcos

(A2)

Proceeding with a contour integration over ¢, and notic-
ing that ® and 3(w) have the same sign, we get

. gm +00 2
II(q,Q) =iIN— dw d 0w+ Q) - 60w
(q,Q0) 2712[_00 JO A 0w+ Q) - 6(w)]

1
X0+ 30+ @) = S()]—vpg cos 0
(A3)

Performing the integration over 6, and rearranging a little
bit the integration over (), we are left with

YY)
M(q,Q) = N—& f dew sgn(Q)
TTUR 0

1
8 V/(qu)2 +[Q+3(Q-0) +3(w) ]

(A4)

We know from direct perturbative calculation that the fer-
mionic self-energy goes like 3(w)=wy w’?, where w,
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~ ag. It follows that if the external bosonic momentum is on
the bosonic mass shell, i.e., if g ~ Q'3 it dominates over the
frequency-dependent term in the integral, so that

(0} _

Q QO

M(q,0) = N2E f sen(@) _ mg |9
Urq TUF {

(AS)

We recover here the expression of the Landau damping
term with a prefactor depending on the details of the inter-
action considered in our model. This result is independent on
the fermionic self-energy provided that vyq>>[Q+2(Q)].

However, if the external bosonic momentum is on the
fermionic mass shell, i.e., if vpg~32(Q), the frequency-
dependent term can no longer be neglected. Defining z=%,
one then has

E(Q) ’

1
1
X dz—
fo Norg2Q)P + 25+ (1

_ Z) 2/3]2 ’
(A6)

This formula is of limited use as it is modified by vertex
corrections. For the calculations of the static spin suscepti-
bility, we actually only need the leading O(1/¢g) and the sub-
leading, O(1/4%) terms in I1(q,(}). We show in Appendix C
that these two terms still can be evaluated without taking into
account the vertex corrections [see Eq. (C20) below]. Ex-
panding Eq. (A6) in 1/q up to the third order, we find, at

c?32(Q) )

Q<w0,
I1(q,Q2) = 7M<1 -5
q 2upg

where ¢~ 1.198 78. It is convenient to rewrite this expres-
sion in a condensed form, by plugging back the %({2)? term
into the denominator, leaving only the || dependence in the
numerator, i.e.,

(A7)

g Q
o =2 —0__
7T \N(vrq)* + c*2(Q)

Finally, one should keep in mind that we actually only need
in our further calculations the 1/¢g and 1/¢* terms from the
small-g expansion of this last expression.

(A8B)

APPENDIX B: FERMIONIC SELF-ENERGY

In this section, we compute the fermionic self-energy at
the one-, two-, and three-loop levels, for an external momen-
tum taken to be on the Fermi surface. We also analyze the
momentum dependence of the one-loop fermionic self-
energy.

1. One loop
a. At the Fermi level

After summing over the spin matrices, the fermionic self-
energy at the one-loop level is given by
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2qdQ)
2(w):3ig2qud Gkp+q,0+Q)x(q,Q)

2m)’
3 3ig?
- @n)?

Xo
2+ g%+ ¢(|Q/q)

« q
fo+Q+2(w+Q)]-vpgcos 6

J dQdqd®

(B1)

where we defined 6 as the angle between k and q, and con-
sidered an external fermionic momentum k==k. The i pref-
actor comes from the convention G™'=G;, L3,

Since the pole in ¢ from the fermionic propagator is in a
definite half plane, the integral in ¢ is dominated by poles
coming from the bosonic Green’s function, so that one can
perform the integral over the angular variable and simplify
the result as follows:

g Xo
S(w)=-—"= J dQdg—————
(@) Q2m)? TP+ +qe”
g*sgn(w + Q)
\/(qu)2 +o+Q+3(w+ Q)
g sgn(w+Q) sgn(w +Q)
= dQ)
(277)2J f
S P T— (B2)
“ e 7|Q| +q&?
Defining the new variables z=— and u=— this leads to
(1)
pX f d f , B3
(@)= 772va < z+au+bu2 (B3)
where we have used a=— and b——2

Let us denote by Z the last double 1ntegral and define the
new variables y= \/_z (wy&)z and 1= /?u— “u. Now T
reduces to

_(vr ZJW? fw ;_<ﬁ>2 3
_(g(l)) 0 dy 0 dtt3+t+y— §w h(ng)
(B4)

Substituting this back into our expression for the self-energy:

S(w) = h(ywd), (BS)

3
2mmé

with the followmg asymptotic behavior: h(x—0)=7" and

In the two regimes we are interested in, this last result can
be rewritten as

S(w)=1 Y
w)= w(1)/3w2/3

where the constant prefactors are defined as

f0r§_1>>1,

B6
for§_1—>0, (B6)
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3z

o lE
4’7TUF (B7)
3@ z

wy = —5—=.

Y

b. Momentum dependence

For definiteness, we set &'=0. We first compute the
momentum-dependent part of the one-loop fermionic self-
energy at zero external frequency:

S(k,w=0)= 3lgf(

_ 3ig dQd*q q
Cm* ) 5(0Q) - €, N+

(B8)

Expanding €, ,=€,+vpq cos 6 and integrating over ¢, we ob-
tain

2(k,0) = 772 dQ) sgn(Q) f v, 7’|Q|

« ! . (BY)

{(vrg)* +[2(Q) + i}

At =0, the integral vanishes by parity. Expanding to linear
order in €, we obtain

o &5
3(k,0) =-3ig, X Zﬂzfo dQx(Q)

" vy
[¢° + (A (wrg)* + Z(Q)*T?
(B10)

Simple estimates show that the result depends on the in-
terplay between (1) and 3(Q) /v Introducing the scale
Wy defined as the frequency at which (yQ)3=3(Q) /v,

[see Eq. (5.3)], and rescaling variables as g=(ywy,) "y,
O = wyx, We re-write Eq. (B10) as

gw
- 3ig, X ML

2(k,0)= 20y

(B11)

where

fdxj dy(x +y2)3/2( ):1.3308. (B12)

Substituting wy=(yv3)"?, we obtain Eq. (5.30).
To obtain the frequency dependence of the fermionic den-
sity of states at small w, we have to evaluate the second-

order term in ¢, at the mass shell, where e,;if(w) and con-

vert the result to real frequencies. Therefore we now keep
both w and ¢, finite, and use
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1
S (k,0) = J dQdPqg—L— — .
( @m? N+ iS(0+0Q) - e,
(B13)

Writing, as before, €,,=€+vpg cos 6 and integrating over
0, we obtain

ququ

YQl+¢ \/[E(w + Q) +ig*+ (UFCI)2
(B14)

sgn(w + Q)

S(k,w) =

We assume and then verify that the internal vypg are still
larger than 3(w+) and €, and expand

3g J
dQ's n(w+Q)f—
873 s aAQ+q)

XS(w+Q)+i€).

Sk, w)=-

(B15)

The lower limit of the momentum integral is [i(w+Q)

+i€]/vp. At the mass shell, i,=3(w). Substituting, we find

38 fdﬂ ( +Q)f
senlw — A
873 & q(7|ﬂl+q

X[Z(w+ Q) -Z(w) ]

Sk, w)=—

(B16)

We only need the contribution which is confined to ()~ w.
The contributions from |Q|>>|w| diverge in our expansion
procedure, and account for the regular O(¢;) and O(w) terms
in the self-energy. The last term is even smaller in « than the
regular O(g,) term and is totally irrelevant. As )~ is
small, 3(Q)=3(Q)=0w}".

Because of the sgn factor in the numerator of Eq. (B14),
there are two distinct contributions from () ~ w. For both of
them, the momentum integral is logarithmic (which justifies
the expansion) and yields (1/3)In(w,/w), where o,
~N?E7/g. The first contribution comes from |Q| =<|w| and
to logarithmic accuracy is

S (k,w)y = — #y sgn() f
F

ol

lol 40
[0}

X[E(|w|+Q)—E(|w|)]21n|%|. (B17)
Rescaling the frequency, we obtain from Eq. (B17)
gl w;
(K, =- S > In —, B18
(k, w)4 PREREY (@)[2(w)[In ° (B18)
where
1 (!
I, = J » |[(1 +x)*2 - 117=0.254. (B19)
-1

Another comes from , and is
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g2(w) o [T dQ

E(k’w)B:‘lﬂzv;?’ "ol ERY
X[2(Jo| + Q) +3(Q - |o]) - 23(Q)].
(B20)
Rescaling, we obtain
S(K,w)g= E(w)|2(w)|ln — (B21)

ﬂz ; o

where

“d
5=J"5R1+xyﬂ+(x—1V“—2x“]=—0195
1 X
(B22)

Combining 2(k,w), and (K, )z, we obtain
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0457 o
- 4ﬂ2v%y2(w)|2(w)|ln ol

Substituting the expression for vy in this last expression, we
obtain Eq. (5.34).

Sk, w)-

(B23)

2. Two loop

We compute here one of the contributions to the two-loop
self-energy, given by Fig. 1. This contribution originates
from the insertion of the vertex correction into the Eliashberg
self-energy.

We have

Ez(w)~g4Jdwldqufdw2d2q2)((q1,wl)x(q2,w2)

XG(kF + Q1,0+ wl)G(kF +(qz, 0+ (1)2)
XG(Kg+qq+ Q2,0+ 0 + ), (B24)

which gives, once we replace each propagator by its full
expression,

1 1

Ez(w)~§2fdw]d2ql fdwzdz% a 12

1
X

3 3 = =
7|w1| + q1 ‘Y|w2| + q> ZE(CU + wl) —Urq1x— N(q%}/zmg) ZE(w + Q)z) —Up{qrx — N(q%y/sz)

iS(w+ )+ @) = v+ ¢o)) — N(q1, + q2,)*12mp]

where we use the shorter notation 3 ()= w+3(w).
Integrating successively over ¢, and ¢,,, closing each
contour on the upper half plane, one has

2)(w) ~ dw, dw2®(waw1aw2)qu1yqu2y
lg1,| |92,
lg1,]° + A1l g, + Y]]
X ! ! (B26)
(')’20)1(02)1/3 [Cllyclzy/(yzwlwz)m] +if
i( +01)+3 (0+02) =3 (w+ 0 +0,)
where  {=my i e and O(w,w;,w,)

N(Yoa))'?
comes from the choice of a contour for the integration and is
given in our case by

O(w,w;,wy) =[0w+ w;) — N+ v+ w)]
X{0(w+ w,) — O3 (w+ W) + )

—S(w+ )]}

It is convenient at this stage to rescale the perpendicular
components of the bosonic momenta. Introducing x
=q1,/ (vl )" and y=q,,/ (| w,|)"”, we obtain

(B27)

(B25)

-2 oo
mp§ O(w,w;, )
~——|d d dxdy——=5
22(e) NU%— J wzj wlfo e (Vo)™

(B28)

X
2+ 21+ +y%)

where we rearranged the double integral over x and y to
make it real.

Since all internal frequencies typically go like w, the typi-
cal value of { is given by the small parameter 3 given in Eq.
(5.13). Expanding the double integral for small values of £,
the leading contribution from the integral over x and y reads

ded ! i In%¢
xdy ~ In“¢L.
0 A+ 1+ +y%)

If one considers now free fermions, it becomes possible to
reduce the expression of the two-loop self-energy to
lnz[mb/N(yzwl w2)2/3]

Efree f dw2f
N2 ; w-wy yzwle

mBg j f lnz(rrl%w/f\ﬁ ¥2122)
ng
212

~ Bzw Inw,

(B29)

(B30)
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where we only kept the leading contribution in the last ex-
pression, and B=mpg/mN is one of the small parameters de-
fined in the text.

Now, in the case of dressed fermions, we need to take

S(w)=w w*?. The procedure is identical to the free fer-

mion case, but the final expression is a bit more complicated:

EDre%sed l/3w2/3f dzj dz
( ) Nzyz 2 0 2 2y 12122

X[(1=z)*+ (1 =2+ (z; + 2, - 1)*?]

» 1I12((1 )P+ (1-2)P + (2 + 25— 1)2’3>

E 1/3y_173_173
(NP Impwy)z, 2

(B31)

Expanding the In?, one is left with a double integral that only
contributes as a numerical prefactor, and the dominant term
is then given by

3 (w) ~ 3 () Bn*B, (B32)

where 2 (w)=
theory.

w(l]/3w2/3 is the self-energy in the Eliashberg

3. Three loop

We now turn to the computation of the three-loop self
energy. We are only interested here in one diagram, given in
Fig. 7, where we try to analyze the feedback of the nonana-
lytic susceptibility into the higher-order diagrams for the fer-
mionic self-energy. For spin interaction, there is no cancel-
lation between different diagrams for the static susceptibility,
which justifies that we restrict ourselves to just one contri-
bution.

The analytic expression for this diagram is

Alg,, 1)
20— ) —vpq~ NQ%y/sz

1 2
N ey
g1+ N l/q

where A(q;,w;) is the factor from the fermionic bubble:

E3(‘0) f dwldqu

(B33)

A(ql,w1)~Ng_2Jd2defd grdw, 2

2+ Ywllg,
% 1 1
i2(Q) - i2(Q+ v+ w,) - €kiq,1q,
y 1 1
i5(Q = ) = g, IZ(Q+ @) = €1pg,

Approximating A(g;, ;) by its singular static part ¢;" 2k
and substituting into the expression of 25 we obtain
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q1 :
deld ql( 3 )
g1 + Y|

312
g1

X
i3(0— @) = vrg1,— Ngi,/2mp)

23(‘0)

. (B34)

The integral over ¢, is determined by the branch-cut in the
bosonic propagator and one then expects that this very inte-
gral is dominated by g;,~ (yw;)">. It follows that the term
in g, dominates inside the fermionic propagator allowing us
to neglect the curvature term. Defining the angle 6 between
kyp and qq, and integrating over it, this leads to

_
Zkp [ dodgsgn(w-o)  g;”°
23((1)) -~ [ 2, 2 2
U Vg1 + 3 (0 — o)) /vF(611+7|w1|)
(B35)
Since the dominant contribution comes from ¢

~ (yw,)'3, one can neglect the fermionic self-energy in the

denominator. This in turn allows us to simplify the frequency
integral, which then writes
g_ \“”kF f @ dwl
0

g\kp 7/2
f dwlfdth — T
(g + le) Vywrdo Vo,

where we introduced z=g,/(yw;)"3, so that the integral over
Z just contributes to the numerical prefactor.
Collecting prefactors, one finally has

35(0) ~ \zo.

23(60)

(B36)

(B37)

APPENDIX C: VERTEX CORRECTIONS

In this section, we compute the various vertex corrections
analyzed in the text.

1. ¢=Q=0

Consider first the simplest three-leg vertex, with strictly
zero incoming frequency () and momenta ¢, as presented in
Fig. 2(a). Its analytic expression writes

Ag
g

~ g? f dwd’pG(kg, »)*x(p, w)
q:Q:O

B J' dod* 1
-z _ :
Nellp + P [iS() - vpp, - Np22mp) I

where we defined 3(w)=w+3(w) and we have chosen Ky
along the x axis.

Since both poles coming from the fermionic Green’s func-
tions are in the same half plane, the integral over ¢, is finite
only because of the branch cut in the bosonic propagator.
Since at the branch cut p, and p, are of the same order, we
can drop the curvature term in the fermionic propagators and
introduce polar coordinates for the internal bosonic momen-
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tum. Defining 6 as the angle between kg and p, and integrat-
ing over it, one has

Ag

Ngj dodp  pE(w)|
om0 P A [0+ S0

Introducing the frequency wy,, up to which bosons are
slow modes compared to fermions, i.e., up to which

(yw)"®>3(w) /vy, one can split the frequency integral into
two parts, and define in each of them the reduced momentum

z=p/Min((yw)?,3(w)/vy) so that the integral over z only
contributes to the numerical prefactor, leading to

- g‘f - dwz(“’)
0 'YUF

Ag

8

(C2)

g3 S(wMax) .
YWF

q=0=0

One can easily make sure that the frequency wy,, at which
(yw)'"P=3(w)/vy exceeds wy, such that one should use

S(w)=w to find wyy, Substituting, we obtain wyy,
~(NZER)'?, and
A
e Y (C3)
8 14=0=0

2. ¢=0, Q finite

Considering the same vertex, now with a finite external
frequency, one has

Ag

J dwd’pG(Kg + p,w + Q)
g=0,Q)
_ dwd’p
XG(kg +p,0)x(p,») ~ g J SR
Yollp +p

1
iS(w) = vep, — N(py/2myp)
1

X — , (C4)
2(w+Q)—vpp, — N(pi/ZmB)

X

where we chose the x axis along K.

From the pole structure in p, of this expression, one ex-
pects two contributions to this integral. A first term comes
from the branch cut in the bosonic propagator, however, this
contribution ultimately leads to the same result as the g=()
=0 vertex, up to small corrections from the finiteness of ().
The second contribution arises from taking the poles in the
fermionic propagators. At zero external frequency, these two
poles were in the same half plane of p,, so we could close the
integration contour over a different half plane and only con-
sider the contribution from the branch cut in the bosonic
propagator. At a finite (), there is a range where w and w
+Q) have different signs, and the two poles are in different
half planes of p,. The result after integration reads

PHYSICAL REVIEW B 74, 195126 (2006)

f J 2
q=0,Q 7|w|+|py|3

S(Q—

- (Cs)
) + E(w)

where we slightly rearranged the frequency integral.
Performing the integration over p,, we are left with

Ag

8

g JQ p w—l/3 g—

13 w_ ~ 1/3
" Yl S(Q- o) +3(w) (o))
(C6)

¢=0,Q

~ const,

where we assumed that () is small, i.e., E(Q)z w(l)/3Q2/ 3 This
vertex thus reduces to a numerical constant, that does not
contain any small parameter.

3. ¢ finite, Q=0

Conversely, the same vertex taken at finite external mo-
mentum ¢, but zero external frequency writes

Ag
8 q,Q=0
~ g2 f dwdsz(kF +Pp +q,0)G(kg +p,0) x(p,w)
_f dwd’ 1
~8 2 =
Nl +P* (S (@) - v, — N(p2/2my)
1
X

iS(w) — vpq, — v, — N(py/2mp) — N(q,p,/mp)

where p, is the projection of p along Kg.

Like its g=0 counterpart, this vertex is characterized by
poles in p, from the fermionic propagators lying in the same
half plane. The only nonzero contribution then comes from
the branch cut in the bosonic propagator. At the branch cut,
Px~py Which allows us to neglect the quadratic curvature
terms in the fermionic Green’s functions.

This makes possible a direct integration over p,. This in-
tegral can be separated from the rest of the expression, and
reads

fdp p___ 1 (7 . VI+72
Vol +p*  |pd) e T (1+22 + wollp, )

J+77/2 1

= du ,

Yol Jo P 1l @] + (cos u)®

(C7)

where we successively defined z=p,/|p,| and z=tan u.
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This last integral can be approximated by its asymptotic
form, namely

.
v . 3
m, if [p.]> > yo
f dpp ) Am 1 1pr o pr
Hal+p° | 33 (AeD " 29j0]  (Aa)?®

if [p,J* < yo.

1\ 2
+ <ln2——> Px ,
2/ Yo

The only nonvanishing contribution once we take the in-
tegral over p, comes from the In term. After expanding in g,,
this contribution reads

Ag Ag
8 14.0=0 8

(C8)

8Vr
~ _q,r

e

Defining the scaled momentum z=v.p /3(w) and per-
forming the integration over z, one obtains two terms, the
dominant one being

Ag

q.Q2=0 8

q:
p’ln px

L) - v
(C9)

~i% J 4o 1S ()],
‘UF‘/rl @

q=0=0 Yk

ag
g

(C10)

where the frequency integral runs over |3(w)| >|vyq,| since
as we expanded in vyq,, we assumed that it was smaller than

IS (w)].
Performing the remaining integral, one finds
A A
=8 = Lynlg). (1)
8 14.0=0 8 14=0=0 kg
4. g, Q finite

Finally, we consider the general vertex where both exter-
nal bosonic momentum and frequency are nonzero. In ana-
lytic form, this writes

Ag
g

~ gzjdwdsz(kF+p+q,w+Q)
4.9

G(kF +p, w)X(p’ (D)

_ f dod® 1
~8 —
Nellp + 17 iS () = vp, - N(p22my)

1

>< 9’
i2(w+ Q) —vpq, —vpp, — N(Pi/sz) - N(gq,p,/mp)

where p, is defined as p,=p-Kg.
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Integrating over p, first, there are two contributions. One
comes from the branch cut in the bosonic propagator, and
gives similar results to the (¢g=0, Q=0) and the (g finite,
0 =0) vertices up to small correction from the finiteness of
the external frequency. We neglect it here and focus on the
other contribution which comes from the poles in the fermi-
onic propagators:

N l_ dw f ol
q.Q) 7|w| + |p}

li(ﬂ - w) + li(a)) —Upqx— N(qypv/mB) ’
(C12)

where the simplification of the frequency integral comes
from the poles in p,.

This vertex correction strongly depends on the interplay
between the external ¢,, ¢,, and ), and is in particular quite
sensitive to the momentum anisotropy. We now analyze the
various possibilities.

For the generic case where g,~ ¢, (we use the notation ¢
to designate them), one can neglect the quadratic term in the
fermionic dispersion, allowing us to perform the integration
over p,, leaving us with

oz @ dow™'?
LY = S '
a0 UFY " Jo i3(Q - w)+i2(w) - vpq,

(C13)

Ag

8

Restricting ourselves to the quantum critical regime (i.e., )

= w,) for which 3(w)=ww??, one has

Ag

8

(C14)

Urqx )
q,Q E(Q)

where F(x)= [} 4% -

0215 (1) Ps i’ has the following asymptotic

behavior:
Fx<1)=0()

Flx> 1)=0<i>. (€15)

If the typical g is on the bosonic mass shell, then g,~gq,
~(yQ)'3, and one has

Ag
g

However, we encountered in previous computations (e.g.,
self-energies) that a strong anisotropy can be observed be-
tween the components of the bosonic momentum, with
q,>>q,. In this case, the full expression of the vertex correc-
tion is a bit complicated and we choose to present here the

(C16)

3(Q) r( 0 )
~— ~\« .

q.Q UFdx Whax
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most relevant case for which the curvature term dominates
over vyq, in the fermionic propagator. The vertex correction
then no longer depends on ¢, and writes

Q

_8 o f dp, P

o0 UF yo+p;
S0 - o) +3(w)

[S(Q-w)+S() ] + [N Jmp) P
(C17)

Ag
3

X

Defining u=p,/(yw)'”? and z=w/{), it is possible to rewrite
the vertex correction in this regime as

Q 1/3
N g(,e(y ) )
Q

qy

Ag
g

(C18)

q,

where ,8— and G(x) is the following double integral:

G = j% duu (" dzz V(1 = 2)¥3 + 227
X = 0 1+ o [ — )24 2BP 4+ 2B

~xXn’x, ifx<1. (C19)

Finally, for the computations of the full dynamic polariza-
tion bubble we also need the vertex averaged over the direc-
tions of g. The generic structure of this vertex, which we
define as (Ag/g) is the same as in Eq. (C14), i.e.,

@ dwdpy
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=f(ii’), F0)=0(1),
2.(Q)

)

9.2

~ 1

Flx> 1):0(—). (C20)
X

However, it is essential for our further analysis that the ex-

pansion of Flx) at large x holds in odd powers of 1/x, i.e.,

f(x>>1)=a1/x+a3/x3+--- . In particular, there is no term
O(1/x%), which we found in the polarization operator with-
out vertex corrections [see Eq. (A7)].

5. FOUR-LEG VERTEX

In this paragraph, we compute the renormalized four-leg
vertex ['5(¢q,€)) presented in Fig. 3, which reads

Q
Fz(q,Q)~g4fdwfd2pX(£,N—q>

2 2
Q- - Q+ +
2 2 2 2
Q-w q—p>
XGl—kg+—. C21
ey -

Performing the integration over p,, projection of p along
ky, we obtain

1

I(q.Q) ~

2
V(g* +p3) 4qypy

YQ + o) + (¢* +p‘v +2q,py

)3/2 :

0 YQ-w)+ (g +P) - qupy)3 iSO+ w/2) +iS(Q - w/2) —vpq, - N(qi +p§/4m3)

(C22)

It is convenient at this stage to define the reduced variables z=w/{) and y=p,/ |qy|:

_( y)'” dzdy

1

I'5(9,Q) ~

1-»7
(Y|q, ) (1 +2) +

laf s (VQ/lqu)(l =2+ 1=y il(1-2*+ (14 2]~ (vpg/2(Q) = (1 +yB) (g, 12>

(C23)

where we assumed that ) =<w,, and we used that in all our computations, the perpendicular component of the bosonic
momentum is always either dominant or comparable to the parallel one, so that one has g,~g.

Comparing this renormalized vertex with the bare one given by I';(¢,Q)~

B, i one has for the ratio of the two:

1+7“Q|/‘qy
2 ,yQ) 1/3 dZdy 1
I |q,| (vﬂ/|qy P)(1=2) +[1=yP i[(1 -2+ (1 + 2] = vpg/2(Q) - [(1 + )/ Bll|q,[1(»)*]

|1-»7
(Y|q, ) (1 +2) +

(C24)
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which only depends on two parameters: the ratios ZU(F—(q{) and
lg,*

- . .
In the generic case of an external bosonic momentum on

the mass shell, i.e., g,~¢,~ (¥Q)"? one has

~— ~\a (C25)

r, Urqx

On the contrary, for a typical ¢,~2(Q)/vp and ¢,
~ ()"

2 E(Q) ”_( QO )1/3

WMax

(C26)
up to logarithmic factors.
APPENDIX D: STATIC SPIN SUSCEPTIBILITY

1. Diagrams

In this appendix we present the details of our calculations
of the singular terms in the static spin susceptibility. We dis-
cuss in great detail the calculation of the first two diagrams
in Fig. 5 (vertex and self-energy correction diagrams). These
two diagrams can be computed explicitly both away from
and at the QCP. We labeled the total contribution from these
two diagrams as Il,(g,0). The remaining two diagrams
[their total contribution is I1z(g,0)] cannot be computed ex-
plicitly at the QCP, and we compute them in an approximate
scheme.

In explicit form, the first two diagrams in Fig. 5 are given
by

2

I1,,(g.0) =T, —5— f PKdwd1dOG(w,k)?
(2m)
X G(w+ Ok +DG(w,k +q)x(1,Q), (D1)
§2
4(q,0) =T}~ f PKdod’1dQG(w,k)
(2m)
XG(w+Qk+D)G(w+Qk+qg+1)
X G(w,k+q)x(1,€2), (D2)

where I, , are numerical prefactors coming from spin sum-
mation. For symmetry reasons, one has to count the first
diagram twice, so that the total contribution reads

HA(q’O) = 2H1a(q’0) + Hlb(q’0)~ (D3)

a. First diagram

To prove our point, we try to expand the products of fer-
mionic Green’s functions into a simpler form:
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G(0,k)>G(w+ Q. k+1)G(w,k + q)

B G(0,k)*G(w,k+q) Glw,k)G(w,k+q)
- k(l,w,Q)) B k(l,w,Q)?

Glw+Qk+1)G(w,k+q)
k(l,0,0)? ’
where k(l,0,Q)=i[2(w+Q)-3(w)]-vpl,.

The interest of such a splitting up is that one can reduce
this drastically by performing the integration over k. In fact,

(D4)

f de;, G (w,k)G(w,k+q) =0, (D5)

for a=1,2 since all the poles in g, are in the same half plane.
For this reason, we are left with

§2

“(2m)°
Glw+Qk+1)G(w,k+q)
k(l,w,Q)?

Hla(QsO) =T

f d*Kdwd*1dQx(1,Q)

(D6)

Let us keep this expression as it is for the moment and move
on to the second diagram.

b. Second diagram

Following the same path, we can rewrite the product of
fermionic Green’s functions as

G(w,k)G(w+ QD k+1)G(w+ Qk+ 1+ q)G(w,k+ q)

_ G(w,k)G(w,k+ q) — G(w,k)G(w+ Q,k+ 1+ q)
- k(l,0,0Q)?

. Glwo+Qk+)G(w+Qk+1+q)
k(l,,Q)?

Glw+Qk+1)G(w,k+q)

k(l,w,Q)? ’ (7

with the expression of « defined above.

Once again, the integration over g, may give zero if the
poles are in the same half plane, which reduces our previous
expression to

g_2
2m°
< Glwo+Qk+1)G(w,k+q)

k(l,w,Q)?

G(w,k)G(w+ Qk+1+q) )
k(l,0,0Q)?

I,(q,00=-T f d*Kdwd*1dQx(1,Q)

(D8)

Changing k into k—g in the second part of the integral, we
have
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gZ
(2m)°
(G(w+ Q.k+1)G(w,k+q)
k(l,w,Q)?

. Glw,k—q)G(w+Q,k+1) )
k(l,w,Q)?

I1,,(q,0)=-T, f d*Kdwd*1dQx(1,Q)

(D9)

One can then notice that &;_,=g&,—vpq cos 6 changes to g,
if one changes 6 into #— 7. This finally leads to

—2
1,,(¢,0) == 2T, —— (2 o f d*Kdwd’1dQx(1,Q)
Glwo+Q,k+1)G(w,k+q)
D10
k(l,0,0Q)? ( )
From what precedes, we have
Iy
I1,(¢,0)=2{1- T I1,,(¢,0). (D11)

a

Spin summation prefactors can be easily computed, and are
given by

L= Ea,ﬁ,yﬁoﬁﬁaﬂy' o
r,= Eaﬁy%g(’ﬁﬁ("ﬂy"%ﬂs"w =-2.

This finally leads to

5a=6

8
HA(q,O)zgl_.[]a(q,O). (D12)
2. Away from the QCP
In the Fermi-liquid regime we have
16Ng* f 1
I,(q,0 PKdod’ldQ——————
@0 =G s [i(1+Nw- g
» 1 1
i(1+M)(0+Q) - g i(1 + N~ €,y
1
(D13)

X —F—.
E2+ P+ y(Q)

where we used for the fermionic self-energy X (w)=\w,
since we are deep in the Fermi-liquid phase in this case.
Defining cos 0= ‘k“” and cos 6'= and integrating

_ kq
[k[lq]>
over k and w, one has

16Nm

2 2m
o )Sf aof aw [ dgf

X
£+ 12 + ylm/l [i(1+ x)ﬂ — vl cos O
1
>< .
i(1+N)Q —vpgcos 0 —vplcos 0

HA(q’O)

(D14)

The integral over 6’ then gives
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dQ | dl

HA(q’O) ==

2 (T
de
0

X
E24 P+ yQUI[(1 +N)Q +ivgl cos 6]
1

X = . (D15)
V(rg)? +[Q(1 +\) + ivgl cos 6]

It is convenient to rescale the variables at this stage, in-
(1+0)Q

troducing ' =
sion reduces to

and ['=-, so that the previous expres-

an
mg)\)2|q|f def dQJ dr

24 ['va/(l +M)] Q1) Q' + ll’ cos 6)?
1
VI+(Q' +il’ cos )2

HA(‘]»O)

(D16)

where we kept only the leading order in q.
Defining z and ¢ as zcos ¢p=I" and zsin ¢p=C', one is

left with
4ng
I1,(¢,0) = }\)2|Q|f dﬁf dZJ d¢
cos ¢ zsin ¢
E2+[wp/(1+\)]tan ¢ (sin ¢+ i cos ¢ cos 6)*
1

. (D17
V1 + Z*(sin ¢ + i cos ¢ cos 6)? )

Subtracting the constant part I1,(0,0) (and neglecting it),

and integrating over z, this leads to

4ng
(1 +\)?

) |
M,(q.0) = 1l f = $eos fsin &

+[ywg/(1+N\)]tan ¢

Xfo a0 (sin ¢+zcos ¢ cos O)* (D18)

The angular integration over 6 can be done explicitly and
gives

do T ( .2 )
= —_ SIn qS 5sin” ¢ —3).
0 (sin ¢+ i cos ¢ COS 0)4 2

(D19)

Substituting this into the expression of I, we are left
with the following final result:

2z 142
or(1+0) 'qm( wF§2>’ (020)

HA(qu) == 772

where H is defined as
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/2 22 )
cos ¢ sin 3 -5sin
O 2 ooy
0 tan ¢+ x
and satisfies, in the two limits,
1 2
HO) =7, HEx>1)=_>. (D22)
3 3x

As one approaches the QCP, & gets bigger, and one can
take the asymptotic form of H(x) for small x: H(0)=1/3.
Rearranging the prefactor for this limit, we are left with

8
4(q,0) = ——&"|q|. (D23)
£—oo 977

16Nm

HA(q’O)

2 Q
(2 )Sf d@f dlf dﬂf dwf
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3. At criticality
At the QCP, we have

—2

@2m°

I1,(¢,0) = f d*Kdwd*1dQ)

1
[i3(w) - &1
y 1 1 y 1
iS(w+Q) - gyis%(0) -6, F+nQU)’
(D24)

where we considered that, close to criticality, the self-energy
dominates completely the bare @ term in the fermionic

propagators.
2

. !

We expand both energies as €,,,=¢€,+v le+2—,;£8 and €,

=¢€,+vpq cos 6, and perform the integration over ¢, leading
to

dl,l 1
YO+ P [i2(Q - w) + iZ(w) —vpl, - N(;/2mp) ]

X
i%(Q -

The integration over [, brings two contributions. One
comes from the poles in the fermionic propagator, and can be
neglected here since both poles are in the same half plane.
The other contribution comes from the branch cut in the
bosonic propagator, and since at the branch cut /,~ [, one
can safely drop the quadratic term in the fermionic propaga-
tors. This allows us to integrate over /,. Out of the terms
arising from this integral, the only nonvanishing ones come
from the nonanalyticities of the integrated bosonic propaga-
tor defined as

1
dlv (l,Q)=fdl [ N
f X Py QN ) + 23(Q)
(D26)

We use here the full form of the polarization operator, Eq.
(A8), as we will see that typical v;l,=2({) and typical [,
are only larger in a logarithmic sense.

This integral was performed in a slightly different form in
Eq. (C8), but the method is the same: introducing u such that

1,
tan u=——=— one has
VFL)*+2(Q)
vil )+ *2(Q)?
fdzyxa,m= (0pl + 2X(@)
'}’UF|Q|
/2 du
X 3 3 , (D27)
o Ccosu—ocos u+e
23 () () 4?2 (Q)]2
where we introduced 5=C - 3|Q|C and €
[(wpl,P4cS Q)2 ™
wiHQ|

) +i2(w) +vpg cos O—vgl, —N(l§/2m3) '

(D25)

In the process of integrating over /,, two nonanalytic con-
tributions arise from Eq (D27). One comes from [,
=(yQ)"? and goes like —"—5 0 IQ\)'B Plugging this back into I,

and subtracting (and neglecting) a constant term, we obtain
for this term, which we label Hgl)(q,O),

ngzv%qu dlf dQJ dw

|lx| [ZE(Q -

11(4,0)

)+ lE(w) —vpl P’
(D28)

where we subtracted I1,(0,0) and expanded in g.
We further simplify the integrals, noticing that the fermi-
onic propagator is dominated by vyl, since I,~ (yQ'3):

Nmg? [©Max Q
m(q.0) ~ ¢*— f o f dl,
Up 0 lx

ng “Max ()
~ 4535 3 );/3 ﬁ

where we substituted /.~ (y€2)" in the last steps. We see
that Hgl)(q,O) is analytic in g and furthermore small in a.
This term can therefore be safely neglected.

The other nonanalytic contribution from Eq. (D27) comes
from typical vyl,~2(Q). It can be seen from an expansion
of Eq. (D27) for small values of both & and €, and goes like

~ \,';qz, (D29)
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| el + S0P

2, 2 2
2U%7|Q| In[(vpl)* + c*2(Q)?].

(D30)

One can explicitly verify that to get the logarithm, we only
need the polarization operator 11(Z,(2) to order 1/. Like we
argued in Appendix C, to this order, the polarization bubble
can be evaluated with the full fermionic Green’s functions
but without vertex corrections.

Substituting Eq. (D30) into the expression for Il, and
subtracting a constant part, we obtain

_ Nmg* fﬂ f“ f“" dQ f ‘oo
2 = O
M@ 0=isy2e), @) €, ), s ime-

In(1 +2%)
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21
a0 =ig )%J wf o |ﬂ|f do

cos O (vpl)? + 22(Q)?]

[2(Q - o) +iS(w) —vl, ]
In[(vpl)? + c*2(Q)?]
i2(Q— o) +iS(w) +vpg cos O—vpl,

(D31)

Using the 8« —60 symmetry, and splitting the integral over
() into two parts, one can rearrange this expression as

cos (1 +z°)

o)+ 3(0)])/cS(Q)} - 2)?

X : D32
H{[2(Q - o) +2(w) /cZ(Q)} + vpq cos O/cZ(Q) -z (D32)
where we defined z=v gl /[c2(Q)].
Let us now isolate the integral over z, given by
40
(1+2°)In(1 +2°)
J= dz , D33
| s (039
3(Q-w)+2(w) g COS
where a=T;) and b= gzg)g, and a=0.
Performing the contour integration in the lower half plane (where lies the branch cut), one gets
” 1- ” 1-y)(y+a+ib
J=_27Tf dy —2wj gy L=y varib) (D34)
(y+a)® (y+a—lb) 1 O+a)ly+a)+b7]

Once Eq. (D34) is plugged back into Eq. (D32), only the imaginary term survives due to the symmetry of the integral in 6.

We are left with

4N
110(q.0) = 2VmE”

1_

f "HJ dyf "“f "Wsz{c-'m

cos?6
W) £ w3 4y

{y+c (1=

where we changed variables, defining w=w/().

( e3(Q) )3/2 ) )
Introducing the new variable 7= E— this rewrites
as
4ANmZ w2
117(4,0) = =5 4 2 1n l/zqu dé(cos 6)*2
o) o

+0o0 1
1
X d f dw
fl Yo P w2 w4 P

+0 1—
X dt
fo 1+ 3y +c7(1 -

W)2/3 + W2/3]}2 :

(D36)

w)?3 + W2/3]}2 +[vpg cos O/cS ()]

(D35)

A final change in variables leads to

4Nmg*

/2
32 3
q f d6(cos 0)
3/2 1/2

Hf)(q,O) JEz
0

y?
f d)’f dW{C—l[ w)2/3+w2/3]+y}9/2

X d ,
Jo Ul+ 473

where v=t{y+c'[(1-w)¥3+w?3]}32.
Performing the integral over y, one is left with three in-
dependent integrals contributing to the numerical prefactor:

(D37)
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%

32Nmg>
117(q,0) = -

1057 v %/2 1/2‘1
b 5e+2[(1 = w)?P + w3
X dw 2 YEETT)
o Le+(1=w)¥3 4w

+00 1
X dv .
fo 1+0%3

These integrals can be performed separately and read

f dé(cos 0)*?
0

(D38)

2 5. 312
27
f df(cos 6) = ———— ~ .8740,
0 6[I'(3/4)]
¥ od o 3mb2
=t 3330,
o 1+v 4
f WELLL L) ISPy (D39)
Mlerstm? T

where we used the notation s(w)=(1-w)¥3+w?3.

Collecting all integrals, and rearranging the prefactor, the
final result for the contribution of the first two diagrams then
writes

12(g,0) = - 0.1053k,g>"? (D40)
This term is nonanalytic in ¢ and does not contain « in the

prefactor. This term is obviously much larger than H
X(g,0), hence I1,(q,0)= H(z)(q 0).

4. Other two diagrams

The computation of the other two diagrams in Fig. 5 pro-
ceeds along the same way. Far away from criticality, when
ywr€/(1+\) is small, and one can just expand perturba-
tively in the interaction, the sum of these two “drag” dia-
grams, which we label here and in the main text as II,, was
shown in Ref. 39 to be equal to I1,(g,0) to the leading order
in g [which in our model is g3, see Eqs. (D20)—(D22)]. Near
criticality such a simple relation no longer holds, but
I14(g,0) and I1z(g,0) remain of the same sign and of com-
parable magnitude.

At criticality, we obtained for I1z(g,0)

_ 3.,
I15(g,0) = 123/47T4q Vkgl, (D41)

where in rescaled variables (e.g., momentum is in units of g)

>"f@ 4) q?@ 5) 1@
)q’@w 9) q’mw 10) q,g@w
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FIG. 8. The ten two-loop diagrams for the
charge susceptibility.

2 2
S=(x,0Q, 0)
= | dQd deo D42
f ”fo S S, (tcos 6.0) D4
and S(x,Q, 0 and S,(x,) are given by
Q 2
do
S(x,Q,G)zf dwf *—1
0 o 1% —xcos(6))
X ! (D43)
i3 —cos(8+6,) —xcos 6,
S1(x,Q) = J E )2, (D44)

where we introduced 3"=3"(w,Q)=(Q-w)??+w*>.

We could not evaluate this integral explicitly, and we
compute it under the following simplifying assumptions:

(i) We compute S, (x,()) by expanding to leading order in
(2"/x)?, evaluating the frequency integral and plugging the
result back into the denominator. This way, we approximated
Sl(xsﬂ) by

Q

Sl(st) = )C2 4 (ch)z’

(D45)
where c= 1.2 [see Eq. (A6)]. This procedure is similar to the
one which led to Eq. (A8), but here we cannot justify that
only the 1/x and 1/x° terms are relevant.

(ii) We replace 3" by the same cQ?? in the integrand for
S(x,9Q,0).

(iii) We assume that the internal momenta are larger than
the external ones, i.e., x>>1 (x is measured in units of g),
neglected terms of order O(1) compared to O(x) and set the
lower limit of the integration over x to some number b.

(iv) We choose b by applying the same approximate com-
putation scheme to I14(q, ), requesting that the result coin-
cides with the exact expression, Eq. (D40).

Carrying out this calculation for I15(g,0) we obtain

I13(q,0) = - 0.14V’7Fq3/2 (D46)

This is the result that we cited in the text.

APPENDIX E: TWO-LOOP RENORMALIZATION OF THE
CHARGE SUSCEPTIBILITY

In this appendix we show that the singular contributions
to the static charge susceptibility from individual diagrams
cancel out in the full expression of x.(¢). The cancellation of
the singularities in the charge response has been extensively
studied in 1D systems.**

There are ten different two-loop diagrams for the charge
susceptibility, presented in Fig. 8. The last two diagrams are
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identical to the ones we considered in the main text. We
already argued there that these two diagrams cancel out in
the case of a QCP in the charge channel.

The other eight diagrams have to be considered together.
We demonstrate that the total contribution from these eight
diagrams vanishes once one linearizes the dispersion of the
intermediate fermions. This still leaves out the contributions
from nonlinear terms in the dispersion, but one can show that
these contributions are regular.

To begin with, consider one of these diagrams, e.g., dia-
gram 7 in Fig. 8. In analytic form, the contribution from this
diagram is

l;(q) =2 f d*q1do,d*42d0,GiGs G Girgyeg

X Gk+q|+q2Gk+q1+q2+qu1qu? (El)

where we labeled ¢;=(q;,w;), and the combinatoric factor 2
comes from the summation over spin indices.
Introduce now

1
Gka+qi: a_(Gk— Gk+q,~)’ (EZ)
q;

where

qu[ = i(!)i — (;COS 0[, (E3)
and 6; is the angle between k=k and q;. Shortening the
notations further as ¢;=1 and ¢, =2, using the symbolic
notation [ , for the six-dimensional integral over ¢; and g,
and applying Eq. (E2), we obtain

Gk+ Gk+1+2 Gk+ Gk+1+2
11 =2 4 - 4
4) J1,2 XIXZ{ a?ai ajap(ay + 012)2
G, ,G
_ 2_7&] (E4)
0‘2(0‘1 a2)
Similarly,
GiagGiria2 GagGirt
H8(4)=2f Xle{ 5 - 1
1,2 ajay(a; + az)z 01%(01% - CV%)
(ES)
and further
GisgGiri2 GiagGiat
HS(Q)=2J X1X2{ > +2 1
12 ajay(a) + a2)2 a?(a% - a%)
(E6)
GirgGir12
I15(q) =2f X1X2{— —E=
1,2 a
G...G @+ a?
+ 22— f”( ! 3” (E7)
a ap—
ee; %
IT,(q) =4f X1X2 kﬂzi §+1< > 2 >, (E8)
1.2 a a; a)— o
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2
X1X2 7]
HI(Q)=4J 2 2|:Gk+qu+l+2a2 2
1,2

aa, 1~ @
32— o
Gk+qu+l 22 21 :| s (E9)
1~ @
X1X2
I4(q) = B 2[Gk+qu+1+2 - 2Gk+qu+1:| (E10)
12 @)
and finally,
XXz a+ah
Hg(q) = - a% % Gk+q k+1+2m - 2Gk+qu+1 .
(E11)

Collecting the prefactors for Gy, ,Gyi140 and G, Gy from
all of the eight contributions we find that they cancel out.

APPENDIX F: MASS-SHELL SINGULARITY

In this appendix, we analyze in more detail the form of
the self-energy near the fermionic mass shell. The interest to
the mass-shell behavior of the self-energy was triggered by
recent studies of the self-energy near a mass shell in a 2D
Fermi liquid?' and for 2D Dirac fermions.* In both cases,
the lowest-order self-energy diverges at the mass shell,
which forces to re-sum the perturbative series.

At first glance, the same situation holds in our analysis at
the QCP. Evaluating the self-energy in a two-loop expansion
around free fermions and using the fermionic dispersion with
the curvature, we obtain near the mass shell:*

. 2
3 (k) ~ (zw )[Nln 2 6"} . (FD)
€
This result implies that the “effective” quasiparticle residue
for the Eliashberg theory, Z.;<d2/de, logarithmically di-
verges on the mass shell of free fermions. Without the cur-
vature of the dispersion, the divergence would be stronger
than logarithm.
The issue we now have to address is whether Z still di-
verges on the mass shell if we expand around the Eliashberg
solution, i.e., around fermions with

Golkow) = ————, (F2)
i2(w) - €

where, we remind, 3(w)=w+3 ().

It turns out that this is not the case: the expansion around
the Eliashberg solution leads to a finite residue Z. At the
two-loop order, we obtain, instead of Eq. (F1)

1ol
2 (k,w) ~ ]%f dzf dz'[iZ(w) i, . — &]
0 I-z

. _ 2
y [mzv[zz(wwz,z, ek]} | )

€k

where
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lflfzsz/:(l_Z)2/3+(1—Z’)2/3+(Z+Z,—1)2/3. (F4)

For simplicity, we restricted ourselves to the quantum critical

regime where 3 (o) =3 (w). If .. were equal to a constant,
as it is when the system is in the Fermi-liquid regime, and
3(w)=\w, then Z would diverge at w=€/(1+\). However,
since %(Q)—w)+2(w) does not reduce to %({2), we have two
additional integrations over z and z’, and the logarithmic
singularity is washed out. In particular, at €,=i%(w), i.e., at
the “Matsubara mass shell,” we have
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1|7,
zeff~]? ZlnN—4.081nN+2.88 , (F5)

in which case Z.g is just a constant. Combining this with our
earlier result that the renormalization of ¢, is also finite, Eq.
(5.30), we obtain for the full fermionic Green’s function at
the smallest w and ¢
7
G( k, w) =— eff

P

i2(w) - €

where EZ differs from ¢, by a constant factor.

(F6)
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