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In this paper we examine the effects on transient wave propagation of weak spatial dispersion, i.e., the first
onset of dispersion as the acoustic wavelength approaches the natural scale of length of a medium. In cen-
trosymmetric solids, and also away from acoustic axes in noncentrosymmetric crystals, this takes the form of
a correction to the phase velocity which is quadratic in the wave vector k. Our analysis is developed for
centrosymmetric solids for which weak spatial dispersion expresses itself through the presence of fourth order
spatial derivatives of the displacement field in the wave equation. We examine the effect that spatial dispersion
has on wave-arrival singularities in the elastodynamic Green’s functions of anisotropic solids. These are
singular features that propagate at the group velocities in each direction, and are interpreted on the basis of the
stationary phase approximation. The focus of this paper is on wave arrivals associated with elliptic and
hyperbolic points on the acoustic slowness surface. In the response to a suddenly applied point force, the wave
arrival pertaining to an elliptical point takes the form of a step function, or where symmetry intervenes, a ramp
function. The wave arrival for a hyperbolic point takes the form of a logarithmic singularity, or where sym-
metry intervenes, a softer logarithmic singularity. We report how, under the influence of weak spatial disper-
sion, these arrivals unfold into wave trains known as quasiarrivals, which conform to integral expressions
involving the Airy function. For positive dispersion, i.e., the more common situation of downward curving
dispersion relation, ��k�, the ripples of the wave train follow the arrival, whereas for negative dispersion they
precede the arrival. The results presented here are of relevance in the broad context of transient acoustic waves
in any situation where the characteristic wavelength approaches the natural scale of length of the medium,
whether that be the interatomic spacing in a crystal, the repeat distance in a layered solid, or whatever. They are
expected to be of particular interest in the topical field of picosecond laser ultrasonics.
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I. INTRODUCTION

The most striking feature of time domain elastodynamic
Green’s functions of solids is the wave-arrival singularities
they contain.1–4 In an anisotropic solid, these travel at the
acoustic group velocities in each direction, and take on vari-
ous analytic forms, such as the delta, step, and ramp func-
tions and logarithmic and power law singularities.4 Much of
the acoustic energy radiated by a localized event, such as an
impulsive or suddenly applied point force, is concentrated at
these arrivals, and in the far field, they are essentially all that
survives. Dispersion has the effect of rounding wave-arrival
singularities, and spreading them out into wave trains known
as quasiarrivals.5–8 The focus of this paper is on the effect on
wave arrivals of the first onset of spatial dispersion, i.e., the
variation of the wave speed as the wavelength, �, approaches
the natural length scale, l, of the medium. This length scale
might, for example, correspond to the lattice constant or
range of interatomic forces in a crystal, or the repeat distance
in a layered or fibrous solid. In centrosymmetric solids, weak
spatial dispersion expresses itself as a correction to the phase
velocity which is quadratic in the wave vector k, and in the
presence of fourth order spatial derivatives of the displace-

ment field in the wave equation. We examine the unfolding
under weak spatial dispersion of wave arrivals in the point
force Green’s functions of anisotropic solids. Specific atten-
tion is given to propagation in generic directions associated
with elliptic or hyperbolic points on the acoustic slowness
surface, i.e., points where the principal curvatures are respec-
tively both of the same sign or opposite in sign. Acoustic
axes and caustic directions fall outside the scope of this pa-
per. In the response to a suddenly applied point force in the
absence of dispersion, the wave arrival for an elliptic point
normally takes the form of a step function �discontinuity�,
but in certain cases, usually pertaining to high symmetry
directions, it can take the form of a ramp function �kink�.
The arrival for a hyperbolic point takes the form of a loga-
rithmic singularity or, where symmetry intervenes, a softer
logarithmic singularity. The first three of these types of ar-
rival are conspicuous features in Fig. 1, which depicts a com-
puted Green’s function for propagation in the �110� direction
in a copper crystal. The arrivals in the response to an impul-
sive force are the time derivative of the results we present in
this paper, which pertain to a suddenly applied force.

The issues dealt with here are of relevance in a number of
areas, including the topical subject of picosecond laser gen-
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erated ultrasound,9 and they also bear on transient wave
propagation in waveguides such as rods,10 wires,11 and
plates.5,12 The latter are subject to geometric dispersion, in
which the natural length scale is the diameter or thickness, h.
The primary concern of this paper is with the universal dy-
namical behavior of anisotropic solids under the first onset of
spatial dispersion, i.e., the response of these solids to force
distributions whose spatial and temporal frequency spectra
are confined to the domain of weak spatial dispersion. In
what follows, where we will loosely refer to a point or �
function ��x� force, what is meant is a force of integrated
magnitude unity, which is distributed over a region small
compared to the distance X to the observation point, but nev-
ertheless large compared to the natural length scale l. Like-
wise, where we will refer to a suddenly applied force, we
imply a unit force with rise time small compared with X /v,
where v is the sound speed, but large compared to l /v. Our
point of departure in this paper is an earlier paper by one of
the authors,6 which describes the unfolding under spatial dis-
persion of wave arrivals in isotropic solids.

II. GENERAL FORMULATION

For centrosymmetric anisotropic solids, the first onset of
spatial dispersion as the wavelength approaches the natural
lenth scale, l, of the medium expresses itself through the
presence of fourth order derivatives of the displacement field
in the wave equation6,13–15

�
�2up

�t2 = Cpjql
�2uq

�Xj�Xl
+ Epjqlmn

�4uq

�Xl�Xm�Xn�Xj
. �1�

Here � is the mass density, and Cpjql and Epjqlmn are materi-
al’s tensors, respectively the normal and dispersive elastic
constants. Equation �1� admits plane wave solutions of the
form

up = Up exp i�k · X − �t� , �2�

with the polarization vector, U= �Up�, wave vector, k= �kp�,
wave normal, n=k /k, angular frequency, �, and phase ve-
locity, v=� /k, being related by the linear equations

��Cpjql − k2Epjqlmnnmnn�nlnj − �v2�pq�Uq = 0. �3�

For given k, the solution of Eq. �3� yields three phase ve-
locities, vkN=�kN /k; N=1,2 ,3, and associated polarization
vectors, UkN= �Up

kN�, corresponding to a quasilongitudinal
and two quasitransverse modes.

In this paper we treat dispersion as a perturbative effect
on the wave equation, and to lowest order, this yields a cor-
rection to the phase velocity which is quadratic in k, i.e.

vkN = vnN�1 − �nNk2� , �4�

where the dispersion coefficient

�nN =
EpjqlmnnlnjnmnnUp

nNUq
nN

2�vnN
2 , �5�

and vnN and UnN are the limiting values of vkN and UkN

respectively, in the long wavelength k→0 limit. Equation �5�
is obtained by first order perturbation theory, exploiting the
symmetry with respect to interchange of p and q displayed
by Cpjqlnjnl and Epjqlmnnlnjnmnn, and the orthonormality of
the UnN and the changes to the UkN under perturbation that
this implies. The dispersion coefficient, �nN, while thus de-
pending on branch and direction, is in order of magnitude
equal to �l /2��2. The condition of weak dispersion may be
expressed as �nNk2�1, or equivalently l��. We will see
that the small parameter for the theory below is 	= l /X.

As shown in Ref. 6, the elastodynamic Green’s function
Gqp�X , t�, defined as the xq’th component of the time-
dependent displacement response at a point X in an infinite,
dispersive anisotropic solid to a unit point force in the xp
direction acting at the origin X=0, and having unit step func-
tion time dependence 
�t�, has the integral representation

Gqp�X,t� =
A
�t�

�
�
N=1

3 � d3k exp�ik · X�
�qp

kN

��kN�2

��1 − cos��kNt�� , �6�

where

A =
1

8�2�
. �7�

This result is arrived at by a process involving Fourier trans-
forming the differential equation for Gqp�X , t�, solving the
resulting algebraic equation, and in the inverse transforma-
tion, integrating over frequency. Dispersion is taken account
of in the cosine term

FIG. 1. Green’s function for a copper crystal, for force and
response in the �001� direction and observation point, X, in the
�110� direction. R denotes the longitudinal wave arrival, which
takes the form of a ramp function. The fast transverse �FT� sheet of
the slowness surface is saddle shaped near the �001� plane, and as a
result, the first FT arrival takes the form of the logarithmic singu-
larity denoted L. There is a second FT arrival, actually two coinci-
dent arrivals, which takes the form of a step function denoted S, and
derives from “oblique” modes associated with convex portions of
the slowness surface. The slow transverse arrival lies out of range at
617 
s /m, and is a barely perceptible feature for symmetry reasons
and also because of the smallness of 1 /	��, where �� is the
Gaussian curvature of the slowness surface �see the discussion
later�.
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cos��kjt� = cos�kvnN�1 − �nNk2�t� , �8�

which, together with exp�ik ·X� are the most rapidly varying
terms in the integrand, but the more slowly varying factor
�qp

kN / ��kN�2 is approximated by its dispersionless limit,

�qp
nN/�kvnN�2, where

�qp
nN = Uq

nNUp
nN. �9�

In performing the integration with respect to k, it is con-
venient to orient the k3 axis in the direction of X, and trans-
form to spherical polar coordinates �k ,� ,��, in terms of
which k ·X=kX cos �. At this point, one has the choice of
integrating either with respect to the angular coordinates first
and then k, or the other way around. In our treatment of wave
arrivals, we take the latter course in Secs. III and IV, inte-
grating over k first, and then in the Appendix we briefly
indicate how the same results can be arrived at by integrating
over the angular coordinates first.

In the absence of dispersion, on integrating with respect to
k, one obtains

Gqp = A
�t��
N=1

3 
 1

X
� d�

�qp
nN

�vnN�2 −� d�
�qp

nN

�vnN�2

���X cos � − vnNt�� . �10�

The second term in �10� is a solid angular integral for n,
limited to the hemisphere centered on the observation direc-
tion. The first term in �10�, which is an angular integral taken
around the periphery of the hemisphere, is time independent,
and represents the elastostatic Green’s function for the me-
dium. Equation �10�, or results equivalent to it, has been
obtained by a number of authors.4,16–20 It is in a very conve-
nient form for computations, and has been used in the calcu-
lation of Fig. 1.

In this paper we are specifically interested in the singular
behavior of Gqp�X , t� in the vicinity of wave arrivals, and
how this unfolds under the influence of spatial dispersion,
regardless of the particular component indices q and p and
the branch N, so these indices are henceforth suppressed and
the summation dropped. The time-independent terms in �6�
and �10� are also dropped, and since t is implicitly positive,
so is the factor 
�t�. The singular behavior for a particular
arrival is thus given by an integral of the form

G =
− A

2�
� dkd��s2
exp i�k · X −

k

s
�1 − �k2�t
 + c.c.� ,

�11�

where s=n /vn is the phase slowness and c.c. denotes the
complex conjugate of the previous term, which has arisen
through exploiting the property �−k=�k. On replacing k by
ks, we obtain

G =
− A

�
� dkd��s3 cos�k�s · X − t� + �s2tk3� . �12�

In the above, the solid angular integral is over the unit
sphere, and the integration limits for k are 0 and �. With the
substitution

k =
p sgn���

�3���s2t�1/3 , �13�

and integrating with respect to p, we obtain

G = − A� d�
�s3

�3���s2t�1/3Ai� sgn���
�3���s2t�1/3 �s · X − t�
 ,

�14�

where Ai�z�= 1
��0

�dp cos�zp+ p3 /3� is the Airy function. The
dispersionless classical continuum limit for G as �→0, ob-
tained using the identity

lim
�→0

1

�
Ai� z

�

 = ��z� , �15�

is

G = − A� d��s3��s · X − t� . �16�

We regard �14� and �16� as integrals over the acoustic slow-
ness surface, with d� denoting the solid angle subtended at
the origin by a surface element.

A wave arrival is a singular feature in the Green’s func-
tion at an observation point, X, that arises in the integration
over the neighbourhood of a point s0 on the slowness surface
where the outward normal points in the direction of X, ren-
dering s ·X is stationary. It is the high frequency Fourier
components of the signal that propagate the wave arrival
singularity, and these conform to the stationary phase ap-
proximation, with the outward normal being the ray direc-
tion. The singularity has arrival time s0 ·X= t0 and propagates
with group velocity V=X / t0. To determine the singular form
of the arrival and its unfolding, we perform the integrations
in �16� and �14� in a local coordinate frame with s3 oriented
along the outward normal and s1 and s2 in the directions of
principal curvature of the slowness surface at s0. Locally, the
equation for the slowness surface can be approximated by

s3 = −
�

2
s1

2 −
�

2
s2

2, �17�

where � and � are the principal curvatures, and �� is the
Gaussian curvature of the slowness surface. In this paper we
treat only generic points, where both curvatures and hence
�� are finite. Points of vanishing Gaussian curvature map
onto fold edges of the wave surface and caustics in the
acoustic intensity, and will be the subject of a later paper.
Also not discussed here are acoustic axes, i.e., points of de-
generacy in the slowness surface, where �� is infinite or
undefined. One distinguishes between elliptic points for
which ���0 and the surface is either convex �� ,��0� or
concave �� ,��0�, and hyperbolic points for which ���0
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and the surface is saddle shaped, with � and � opposite in
sign.

In the local coordinate frame we have that

s · X − t = �s0 + �s1,s2,−
�

2
s1

2 −
�

2
s2

2
� · X − t

= − ��

2
s1

2 +
�

2
s2

2
X − � , �18�

where

� = t − t0, �19�

is time measured from the arrival. The solid angle d� corre-
sponding to an area element ds1ds2 on the slowness surface,
is given by

d� =
ds1ds2 cos���

s0
2 =

ds1ds2

s0
3V

, �20�

where � is the angle between s0 and X. Use has been made
of the identity s0 ·V=s0V cos���=1 in �20�. With this substi-
tution, �14� and �16� become

G =
− A�

V�0
� ds1ds2Ai�−

sgn���
�0

���

2
s1

2 +
�

2
s2

2
X + ��
 ,

�21�

and

G =
− A�

V
� ds1ds2����

2
s1

2 +
�

2
s2

2
X + �� , �22�

respectively, where

�0 = �3���s0
2t0�1/3 �23�

is the time scale for the unfolding of the wave arrival. In
terms of the small parameter, 	= l /X,

�0 = a	2/3t0, �24�

where a=0.42�cos ��−2/3 is a numerical quantity of order
unity.

In the next two sections, we treat respectively the wave-
arrival singularities and their unfoldings for elliptic and hy-
perbolic points on the slowness surface, proceeding from
�22� and �21�, with the integration with respect to k having
been performed first. In the Appendix we indicate how
equivalent results can be arrived at by doing the integration
with respect to s1 and s2 first.

III. ELLIPTIC POINTS ON SLOWNESS SURFACE

In the case of elliptic points where the slowness surface is
either convex �� ,��0� or concave �� ,��0�, we proceed
with the integration of �21�, by effecting the following
changes of variables:

�X

2�0
s1

2 = x2, �25�

�X

2�0
s2

2 = y2, �26�

� = T�0, �27�

where T is a dimensionless time. This yields

G =
2�A�

	��VX
I�T� , �28�

where

I�T� = −
1

�
� dxdyAi�− sgn����sgn����x2 + y2� + T�� .

�29�

A similar change of variables on �22� for the dispersionless
limit yields the same result �28� except with I�T� replaced by

I0�T� = −
1

�
� dxdy��sgn����x2 + y2� + T� . �30�

Changing to polar coordinates

x = r cos �, x = r sin � , �31�

and then to the variable

p = r2, �32�

the integration with respect to � yields 2�, and we arrive at
the following results for the singular behavior near the ar-
rival

I�T� = − �
T sgn���

�

dpAi�− sgn���sgn���p� , �33�

and

I0�T� = − 
�− sgn���T� . �34�

For given �, as �→0, T=� /�0→� and �33� converges to
�34�.

In the dispersionless limit the arrival, as is well known,4

thus takes the form of a discontinuity or step function, with
magnitude equal to 2�A� /	��VX. The smaller the Gauss-
ian curvature ��, the larger is the discontinuity and the
acoustic energy it propagates. In the context of phonon trans-
port, this is referred to as phonon focusing. Equations �28�
and �33� represent the generalization of Eq. �21� of Ref. 6 for
the unfolding of the step function arrival in an isotropic
solid. The result there is obtained by setting �=�=V, �=1,
and sgn���=1 in �28� and �33�. Thus, the functional form of
the arrival and its unfolding for convex points on the slow-
ness surface is unaffected by anisotropy, although its magni-
tude is. The step function arrival and its unfolding are de-
picted in Fig. 2 for the different combinations of signs of �
and �. The sign of � determines whether the step is positive
or negative, and the sign of � determines whether the ripples
of the wave train follow ���0� or precede ���0� the un-
dispersed arrival.

A. Behavior near to directions of zero spatial dispersion

For an anisotropic solid, there can in principle exist a one
parameter manifold of directions �lines on the unit sphere�
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separating regions of positive and negative �. Nearby, � will
vary linearly with angular deviation � from the manifold,
and hence from �24� and �27�

T = b���−1/3� , �35�

where b is a constant. Expressed as a function of the time
from arrival �, the unfolding of the wave arrival is described
by I�b���−1/3� , sgn��� , sgn����, from which it follows that
the temporal spacing of the ripples tends to zero as ���1/3

when �→0, at which point they undergo a reversal between
following and preceding. This behavior is depicted in Fig. 3,
which portrays I�b���−1/3� , sgn��� , sgn���� as a gray scale.
Near to the crossover, where � is very small, higher order
corrections in the dispersion relation will become important.
A more accurate representation of the dispersion relation in
the form

� = vk�1 − �k2 − �k4� , �36�

would yield a smooth transition between following and pre-
ceding ripples.

FIG. 2. The step function arrival I0�T� and its unfolding I�T� �bold� under positive �a, c� and negative �b, d� spatial dispersion, and for
convex �a, b� and concave �c, d� regions of the slowness surface.

FIG. 3. Gray scale representation of the variation with � of the
unfolding of the step function arrival, showing reversal of the loca-
tion of the ripples as � changes sign.
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B. Ramp arrival and its unfolding in directions for which
�„s…=0

Ramp arrivals are conditioned by the vanishing of ��s�,
and are thus usually to be found in symmetry directions,
although this is not a requirement for their existence. We
consider a medium possessing a mirror symmetry plane,
which we orient the �010� axis normal to, and a generic
observation point X, which we take to locate the �001� di-
rection in this plane. On symmetry grounds, G12�X�
=G21�X�=G32�X�=G23�X�=0. Further, the three sheets of
the slowness surface intersect this symmetry plane normally,
except at isolated points of conical degeneracy, which lie
outside the scope of this paper. One of these lines of inter-
section is an ellipse, and pertains to a pure transverse �T�
mode with polarization in the �010� direction, and which is
uncoupled from the other two modes. There is a single point
s0 on this ellipse whose associated ray vector points in the
observation direction. The directions and values of the prin-
cipal curvatures of the slowness surface at s0 are �100� for �
and �010� for �, and both curvatures are positive. On the
ellipse, �11=�33=�13=�31=0, and as a result the T arrival
in the corresponding components of the Gqp tensor is not a
discontinuity, but a softer singular form �this is not the case
for G22, since �22 is nonvanishing�. We obtain this softer
singularity by considering the variation of � out of the plane,
which takes the form �=es2

2, where e is a positive constant.
In the vicinity of the T arrival, G is thus given by

G =
− Ae

V�0
� ds1ds2s2

2Ai
− a sgn������

2
s1

2 +
�

2
s2

2
X + ��� .

�37�

On implementing the change of variables �25�–�27�, Eq. �37�
becomes

G =
2�Ae�0

	��3VX2
L�T� , �38�

where

L�T� = − �
T

�

dp�p − T�Ai�− sgn���p� . �39�

Equation �38� applies in the dispersionless limit, with L�T�
replaced by

L0�T� = T
�− T� . �40�

Equations �38� and �39� represent the generalization of Eq.
�24� of Ref. 6 for the unfolding of the ramp function arrival
in an isotropic solid. Thus, the ramp arrival and its unfolding
is unaffected by anisotropy, although its magnitude is. The
ramp function arrival and its unfolding are depicted in Fig. 4
for positive and negative �.

IV. HYPERBOLIC POINTS ON SLOWNESS SURFACE

In the case of hyperbolic points on the slowness surface,
the principal curvatures � and � are opposite in sign. G is
now given by

G =
2A�

	− ��VX
K�T� , �41�

where T as before is given by �27�, and

K�T� = −� dxdyAi�x2 − y2 − sgn���T� . �42�

The dispersionless limit yields the same result �41� except
with K�T� replaced by

K0�T� = −� dxdy��x2 − y2 − T� . �43�

Since ��−z�=��z�, it follows that K0�−T�=K0�T�. In contrast,
the Airy function does not possess inversional symmetry, and
so K�T� is not a symmetric function of T.

Both the integrals �42� and �43� diverge logarithmically
when the limits for x and y are taken to be infinity, and it is
necessary to impose a large but finite cutoff. This is not
simply a mathematical expedient, we are dealing with a local
approximation to the equation of the slowness surface, which
is just not applicable to large values of x and y. Fortunately
the position of the cutoff merely determines an additive con-
stant, and has no influence whatsoever on the singular behav-
ior at the arrival.

FIG. 4. The ramp function arrival L0�T� and its unfolding L�T�
�bold� under positive �a� and negative �b� spatial dispersion.
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To proceed with the integration of �42� and �43�, we trans-
form to hyperbolic coordinates

u = 2xy , �44�

v = x2 − y2, �45�

the Jacobian for the transformation being

�J� = � ��x,y�
��u,v�

� =
1

4	v2 + u2
. �46�

We limit the integration to the first and third quadrants in
which u�0 �all four quadrants contribute equally to the in-
tegral�, and the result is

K�T� = −
1

2
�

−c

c

dvAi�v − sgn���T��
0

c du
	v2 + u2

. �47�

The major contribution to the double integral comes from the
region where the argument of the Airy function is of order
unity, and this function is neither very small nor oscillating
rapidly. It is sufficient therefore to take the cutoff c apprecia-
bly larger than �T� but nevertheless finite. Performing the
integration with respect to u one obtains

K�T� =
1

2
�

−c

c

dvAi�v − sgn���T�ln� v2

4c2
 . �48�

where ln=lne is the natural logarithm.The same steps applied
to �43� yield

K0�T� =
1

2
�

−c

c

dv��v − T�ln� v2

4c2
 = ln��T�� − ln�2c� .

�49�

The logarithmic divergence for the undispersed arrival had
been noted by several authors in the past.4,16–19,21 Its unfold-
ing under dispersion is obtained by carrying out the integra-
tion in �48� numerically.

Because v an c appear squared in the logarithm factor in
�48�, it is convenient to take the lower limit as 0, and cast
�48� in the form

K�T� = �
0

c

dv�Ai�− v − sgn���T� + Ai�v − sgn���T��ln� v
2c

 .

�50�

Note that c appears both in the integrand and as the upper
limit of integration. In the numerical evaluation of this inte-
gral, in order to avoid the appearance of spurious high fre-
quency oscillations in the results, one replaces the sharp up-
per limit with a smooth cutoff, which we have implemented
with the windowing function

f�v� =
1

2
�cos��v2

2c2 
 + 1� . �51�

This function is close to unity for v�0.5c and then drops off
fairly rapidly near v=c and reaches zero at 	2c, which we
take to be the upper limit of integration. Figure 5 shows the
results of calculation of K�T� compared with K0�T� for �

positive and c=60/	2. For � negative, K�T� is the mirror
image around T=0, of that in Fig. 5.

For T�0, K�T� lies very close to K0�T�, the reason being
that in this limit only the one Airy term Ai�−v−T� contrib-
utes significantly to the integral, doing so mainly where
−v−T�0. Therefore, Ai�−v−T� can be replaced to a good
approximation by ��−v−T�, yielding �49�. For T�0, both
Airy terms contribute to the integral as shown in Fig. 6, in
which K− and K+ represent the contributions of Ai�−v−T�
and Ai�−v−T� respectively to K�T�. The ripples for the two
contributions are of approximately the same frequency, but
are in antiphase, and there is partial cancellation when they
are combined into K�T�. The oscillations for K− are superim-
posed on a logarithmic background, which is retained when
the two contributions are combined. For T�0, one would
expect the oscillations to die out, and K�T� to approach
K0�T�. This is precisely what happens, as shown in Fig. 7,
which reveals that K�T�−K0�T� in fact tends to −Ai�−T� for
large �T�.

FIG. 5. K�T� compared with K0�T� for � positive and c
=60/	2.

FIG. 6. The contributions K− and K+ to K�T�.
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A. Near directions of zero spatial dispersion

Near directions of zero spatial dispersion, similar behav-
ior is predicted to that described in Sec. III A, with the
ripples becoming more closely spaced as �→0, and then
undergoing reversal between following and preceding.
Again, taking account of higher order terms in the dispersion
relation would have the effect of smoothing out this transi-
tion.

B. Soft logarithmic arrival and its unfolding in directions for
which �„s…=0

Soft logarithmic arrivals are conditioned by the vanishing
of ��s� for hyperbolic points on the slowness surface. Our
treatment of this arrival parallels that of the ramp arrival, but
with the slowness surface curvature transverse to the sym-
metry plane being negative. Thus, setting �=es2

2, and imple-
menting the same changes of variables as before, we obtain

G =
4Ae�0

	− ��3VX2
M�T� , �52�

where

M�T� = −� dxdyy2Ai�x2 − y2 − sgn���T� . �53�

Transforming to hyperbolic coordinates and integrating with
respect to u, one obtains

M�T� = −
1

4
�

−c

c

dvAi�− sgn����v + T���c + v ln� v2

4c2
� .

�54�

The same steps applied in the nondispersive limit yield

M�T� =
T

2
ln� �T�

2c

 −

c

4
. �55�

This arrival thus propagates a soft singularity, which is dif-
ficult to discern in a graphical plot. In the response to an
impulsive force, the arrival is given by the time derivatives
of �54� and �55�, and is more pronounced.

V. CONDITIONS FOR THE OBSERVATION OF
QUASIARRIVALS

In measuring time domain dynamic response functions,
by whatever means, there are practical constraints affecting
the observability of wave-arrival unfoldings. A method that
is particularly suited to measuring the small scale features of
quasiarrivals is the picosecond laser pump-probe method.9

For a subpicosecond laser pulse, the duration of the resulting
transient forces is small compared to the characteristic time
�0 defined by �24�, for any plausible scenario, and so this
time spread is not a significant source of broadening in the
acoustic signal. The more important consideration is the
limitation imposed by the finite size of the regions in which
the generation and detection of the acoustic wave takes
place.

The experimental situation we envisage is of a slab-
shaped crystal, which for calculational purposes we will take
to be of thickness h=5 nm, through which propagation of the
wave to be observed takes place. Assuming the wave speed
to be V=5000 m/s and the crystal lattice constant to be
l=0.5 nm, and setting ���= �l /2��2 and cos �=1, it follows
that the spatial interval between the first two fringes in the
quasiarrival is equal to 3.8�0V=3.8V�3l2h /4�2�1/3=173 nm.
The interaction of the pump and probe laser beams with the
sound takes place in aluminium coatings of between 10 and
20 nm in thickness on the opposite faces of the crystal. This
thickness is much smaller than the aforementioned ripple
separation, and so also is not a significant source of broad-
ening in the acoustic signal. The surface regions illuminated
by the lasers are, on the other hand, several microns or even
tens of microns in diameter, greatly exceeding both the film
thickness and the ripple separation, although still small com-
pared with the sample thickness, and this is of great impor-
tance. Because of the finite source and detection volumes,
the effective source-detector distance X is distributed around
a mean value X0=V0t, and the observed signal will be the
convolution of the Green’s function G�X , t� with this distri-
bution function. The small variation of X normal to the sam-
ple’s surface, as we have seen, has a negligible effect on the
observed signal, but not so the broad distribution of values of
X parallel to the sample’s surface. This will cause the wash-
ing out of the ripples in the quasiarrival through phase can-
cellation, except at points X0 where the acoustic wave sur-
face, along which the three dimensional pattern of ripples is
aligned, is parallel to the sample’s surface. Normal to the
wave surface is the slowness vector s0, implying that the
observed signal is derived mainly from partial waves with
k’s normal to the sample’s surface, as one might expect. To
observe the unfolded wave arrival associated with a specific
point on the wave surface will thus require cutting the sam-
ple’s surfaces parallel to the wave surface at that point.

There is an upper bound to the width d of the distribution
function for X, i.e., the diameter of the laser beams, beyond
which washing out of the ripples occurs, even for the afore-
mentioned special directions, and this derives from the cur-
vature of the wave surface. Assuming a roughly spherical
wave surface of radius equal to the sample thickness h, in
order for there not to be significant cancelling out of the
ripples in the convolution integral, d2 /8h should be smaller

FIG. 7. K�T�−K0�T� compared with −Ai�−T�.
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than 3.8�0V, and hence d�83 
m, which condition should
be easily met in practice.

There are two possible avenues for overcoming the re-
strictions described above on the directions in which quasiar-
rivals can be observed. One is to dramatically reduce the
lateral dimensions of the source and detection volumes, say
by irradiating metallic “quantum dots” or other nanostruc-
tures of size d�3.8�0V=173 nm, rather than continuous
films. There has in fact already been progress in achieving
nanoscale imaging with acoustic frequencies approaching
1 GHz in laser pump-probe experiments.22,23 These develop-
ments might provide the means for observing the craters pro-
duced by the “Coulomb explosions” that take place when
slowly moving highly charged ions approach a solid surface,
and even possibly the shock waves generated during the
explosions.24 The second route is to carry out measurements
on systems such as fiber composites or phononic crystals,
etc., for which the natural scale of length is much greater
than interatomic distances. Colloidal crystals25 and Ni-based
superalloys26 displaying rafting structures are two examples
of solids for which l�1 
m. Appropriate scaling of the nu-
merical estimates above yields 3.8�0V=27.5 
m in this case.
It should not be overly difficult to confine the source-detector
distribution within these bounds in all three directions.

In order to observe arrivals associated with hyperbolic
and concave portions of the slowness surface, there is a sec-
ond condition that has to be met. For moderately anisotropic
solids there are some directions in which there are only three
arrivals, all associated with convex portions of the slowness
surface, and the group velocity �ray� surface is unfolded. The
quasiarrivals here tend to be well separated and resolving
them is unlikely to present a problem. The challenge comes
in resolving less well separated quasiarrivals associated with
folded portions of the ray surface �see Fig. 8, which pertains
to silicon�. It is only in these folded regions that one encoun-
ters arrivals associated with hyperbolic and concave points
on the slowness surface. Si can be regarded as a fairly typical
moderately anisotropic solid, and we see that group veloci-
ties within folded regions of the ray surface, in this case, tend
to differ in the order of 1%, and hence the spatial separation
between successive wave arrivals for a travel distance h, is of
order h /100. This distance should be greater than about 5
times the initial ripple interval to observe reasonably well
separated quasiarrivals. This implies that h�1900�0V, which
comes out to 0.086 mm for a crystal, and 1.37 cm for a me-
dium for which l�1 
m. Neither figure is unreasonably
large.

VI. BEYOND THE REGIME OF WEAK SPATIAL
DISPERSION

The results of this paper are relevant only to force distri-
butions fulfilling the conditions of weak spatial dispersion,
where ��v0k�1−�k2�; ���k2�1. Within this regime, one ob-
serves universal behavior in the unfolding of wave-arrival
singularities into pseudoarrivals. In some cases, such as for
directions in which �=0, it is useful to consider higher pow-
ers of k in the dispersion relation, but in general this is a
course of diminishing returns. To go much beyond the limits

of weak dispersion, is to encounter wavelengths comparable
to or smaller than l. In this situation there is limited scope for
a generalized approach, and one needs rather to examine the
micromechanics of each particular system, whether it be a
crystal lattice, a layered solid of some sort, a phononic crys-
tal, or whatever. In most cases there will be higher order
bands and frequency band gaps to contend with. Many dif-
ferent outcomes are possible, ranging to the limiting case of
pulses which are extremely short compared to l, that will
undergo frequent scattering and consequently propagate dif-
fusely. In this paper we have not attemped to engage with
this multitude of possibilities that lies beyond the domain of
weak spatial dispersion.
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APPENDIX. INTEGRATING OVER s1 AND s2 FIRST

The results of Secs. III and IV can alternatively be estab-
lished by carrying out the integration over s1 and s2 in �11�
before that of k. We briefly sketch how this is may be done.
On replacing k by ks, and making the substitutions �18�–�20�,
one obtains

FIG. 8. �11̄0� section of the folded region of the group velocity
surface of silicon near the �001� axis. H and E denote respectively
wave sheets associated with hyperbolic and convex elliptic points
on the slowness surface.
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G =
− A�

2�V
�

0

�

dk� ds1ds2

�
exp�ik��− ��

2
s1

2 +
�

2
s2

2
 − � + k2�s0
2t0� + c.c.� .

�A1�

On making the further substitutions

Xk���
2

s1
2 = x2, �A2�

Xk���
2

s2
2 = y2, �A3�

and integrating with respect to x and y, one obtains

G =
− A�

	����VX
�

0

� dk

k

exp�ik��− � + k2�s0

2t0�exp
− i�

4
�sgn���

+ sgn���� + c.c.� . �A4�

For elliptic points on the slowness surface, �A4� simplifies to

G =
2A� sgn���

	��VX
�

0

� dk

k
sin�k� − k3�s0

2t0� , �A5�

while for hyperbolic points it simplifies to

G =
− 2A�

	− ��VX
�

�

� dk

k
cos�k� − k3�s0

2t0� . �A6�

Again, for hyperbolic points, a cutoff must be imposed to
avoid divergence. In this case, however, it applies to the

lower limit, which is taken to have a small but positive value,
�, rather than zero.

In the dispersionless limit �→0, integration of �A5� for
elliptic points yields

G =
�A� sgn���sgn���

	��VX
, �A7�

which differs from �28� and �34� only by an additive con-
stant, while for hyperbolic points, �A6� yields

G =
2A��ln����� + ln��� + 0.577�

	− ��VX
, �A8�

which is consistent with �41� and �49�.
A way of recovering �28� and �33� for the unfolding of the

step function arrival, is to differentiate �A5� with respect to
�, and change the integration variable to �=�0k, yielding

dG

d�
=

2�A� sgn���
	��VX�0

H�T� , �A9�

where

H�T� =
1

�
�

0

�

d� cos��T − �3 sgn���/3� = Ai�− T sgn���� ,

�A10�

and, as before, T=� /�0. This is the response to an impulsive
point force. Integration with respect to � now yields �28� and
�33�. A similar approach can be taken to obtain the unfolding
of the logarithmic arrival.
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