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A theory of structural transformations of the vortex lattice in a disordered fourfold symmetric type-II
superconductor is constructed using two complementary descriptions of the vortex matter. At low temperatures
we use a nonlocal London approach, while near Hc2�T� the lowest Landau level Ginzburg-Landau model with
an asymmetric high derivative term is utilized. The quenched disorder influences the location of the square-
to-rhombohedral structural transition line, the simplest transformation of that kind. In the clean case the slope
of the line in the T-B plane is generally negative, as thermal fluctuations favor a more symmetric square lattice.
We calculated the transition line in the presence of pinning and find that the disorder, which plays an important
role in low-Tc materials, makes the slope positive, as has been observed in recent experiments.
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I. INTRODUCTION

Structural phase transitions �SPTs� in crystalline systems
are an old and still not sufficiently well developed branch of
the physics of phase transitions, partly because of the diffi-
culty in controlling such a transition in atomic crystals. How-
ever, structural phase transitions are not restricted to atomic
crystals. In particular, vortices in superconductors in the
presence of a magnetic field repel each other and also ar-
range themselves in various two-dimensional lattice struc-
tures. Transformation between these structures offer a conve-
nient experimental system in which to investigate such a
transition �in a simplified two-dimensional form�, since it can
be effectively triggered by modifying both the magnetic
field, which determines the density of vortices, and the tem-
perature. The improved quality of single crystals of various
new anisotropic superconductors, like the high-Tc cuprates or
relatively low-Tc materials, recently allowed clear identifica-
tion of the structural phase transitions between various vor-
tex lattice states by means of small-angle neutron scattering,
scanning tunneling spectroscopy, and decoration experi-
ments. The simplest transition of that kind is the square-to-
rhombohedral transformation in the vortex lattice in fourfold
symmetric systems. In a typical case, a single crystal of the
tetragonal material �like those of the borocarbide family� are
placed in an external magnetic field oriented along the crys-
tallographic c axis to preserve the fourfold symmetry in the
basal a-b plane. The clearest observations of this SPT are
obtained in borocarbide materials LuNi2B2C,1–4 and
YNi2B2C,5 which have nonmagnetic rare-earth ions and do
not introduce any complications to the mixed state due to
competition between magnetism and superconductivity.

The precise location in the T-H plane of the critical line of
the square-rhombohedral SPT in the vortex crystal is still a
matter of discussion. Earlier experiments on LuNi2B2C indi-
cate a very small positive slope of the transition line in the
T-B plane H2�T� till it reaches the Hc2�T� region. Then, ac-
cording to some experiments,2,3 it abruptly turns up and even
acquires a negative slope at high fields, while in other ex-

periments in a closely related material YNi2B2C,5 it contin-
ues the gradual increase even near H2�T�. The results at low
temperatures was first explained in the framework of the
nonlocal London �NLL� theory proposed by Kogan and
collaborators.6 The NLL theory includes four derivative
terms which bring in the anisotropy effects essential to trig-
ger the SPT between the vortex lattice phases. The more
symmetric square vortex crystal, stable at a stronger mag-
netic field �higher density of vortices�, transforms into a less
symmetric rhombic vortex crystal as the magnetic field de-
creases. Thus the square-to-rhombohedral SPT is associated
with a spontaneous breaking of the fourfold symmetry of the
system. The transition has also been understood theoretically
on the basis of the Ginzburg-Landau functional which had to
be extended in a similar fashion, by including an asymmetric
four derivative term.7 Such higher derivatives Ginzburg-
Landau �HDGL� theories are applicable, strictly speaking,
not far from Tc, but they generally work well in a much
larger part of the T-H plane, including fields and tempera-
tures well below the Hc2�T� line.8

Although temperature might be introduced into these phe-
nomenological models via a temperature dependence of their
coefficients, the resulting slope of the transition line is typi-
cally very small and, more importantly, is of higher order in
the relevant expansion parameter and therefore cannot be
predicted. It should be emphasized at this point that both
NLL and HDGL were solved at the mean-field level only in
the papers mentioned above and only recently in Refs. 9 and
10, respectively, were attempts made to take into account
thermal fluctuations on the “mesoscopic” scale. Although
thermal fluctuations are dominant in high-Tc superconduct-
ors, leading, for example, to the vortex lattice melting,11 they
are negligible in low-Tc materials for which the Ginzburg
number, characterizing the strength of the thermal fluctua-
tions, is several orders of magnitude lower. In high-Tc super-
conductors the square-to-rhombohedral transition was ob-
served directly via neutron scattering in YBa2Cu3O7+� ,12

and La2Sn1−xCuxO4 �LaSCO�,13 and indirectly via the peak
effect14 in LaSCO. At least in LaSCO the transition line ex-
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hibits negative slope in the T-H plane �at odds with
theory9,10�. In the previous paper15 we calculated the effect of
significant thermal fluctuations on the transition using the
self-consistent harmonic approximation within NLL and
found a negative slope. This conclusion is supported by an
argument that the more symmetric phase generally appears at
higher temperatures.

In all the theoretical papers mentioned above disorder was
neglected. The general argument about the slope of the tran-
sition line, however, breaks down when quenched disorder is
involved. While thermal fluctuations generally expand the
available phase space, quenched disorder tends to do the op-
posite: the phase space shrinks. This conclusion is of a very
general nature. It applies, for example, to the vortex lattice
melting. The liquid phase is the symmetric one, while the
crystalline phase breaks the rotation and translation symme-
tries. Indeed when the thermal fluctuations dominate �above
the Kauzmann point� the melting line exhibits a negative
slope, while when the disorder dominates the slope become
positive �this feature was termed “inverse melting”13,14,16�. In
low-Tc superconductors disorder is more important than ther-
mal fluctuations �which are negligible in most cases� and this
motivates us to consider the disorder using both the GL
theory with asymmetric four derivative terms included and
NLL. Our conclusion is that, as generally expected, the criti-
cal line bends up in both cases, enlarging the domain in the
parameter space occupying by the less symmetric phase.

The rest of the paper is organized as follows. We start in
Sec. II with the anisotropic London model to which
quenched disorder is added. In Sec. III the theory of the
transition within the anisotropic Ginzburg-Landau model is
presented, followed by a discussion and conclusions in Sec.
IV.

II. LONDON APPROACH

We use here an extension of the standard London theory
of vortex matter to include an anisotropic part of the inter-
action between flux lines already used in Ref. 15. Since ther-
mal fluctuations on the mesoscopic scale are small we ne-
glect them here and discuss them later.

A. Disordered NLL model

For a strongly type-II superconductor ���� /��1�, iso-
tropic in the a-b plane, the potential of the interaction be-
tween two parallel straight vortex lines at zero temperature is
known to be well approximated by17

V�r� =
�0

2

8�2�2 �K0�r/�� − K0�r/��� , �1�

where r is the distance between the vortices. The repulsive
part of this potential is due to the long-range magnetic inter-
actions, while the attractive part is due to the overlap of the
vortex cores. Note that despite the fact that both terms in Eq.
�1� diverge for r→0, the potential remains finite. Initially,
we neglect variations of the penetration depth � and the co-
herence length � due to thermal fluctuations on the micro-
scopic scale and therefore we limit ourselves to temperatures

far from Tc. The potential V is therefore temperature inde-
pendent.

The two-dimensional Fourier transform of the potential
given in Eq. �1� reads

v�q2� = Lz

�0
2

4�
� 1

1 + �q2 −
1

�2 + �q2� , �2�

where we use the distance between vortices in the square
lattice a�=��0 /B as a unit of length �corresponding unit of
the wave vector is a�

−1�. Lz is the sample width in the z
direction, and

� �
B�2

�0
=

B

Hc1

ln �

4�
�3�

is a dimensionless magnetic field. The potential decreases as
1/q4 in the ultraviolet �commonly, the potential Eq. �2� is
approximated by a simpler cutoff form 1

1+�q2 exp�− �

�2 q2�,6,9

within the NLL approach of Kogan and co-workers�. In a
fourfold symmetric superconductor generally there are asym-
metries on the scales � and �. One therefore can consider
following two terms:

w�qx,qy� = 	1 + 	� �qxqy

�2 + �q2�2

+ 	1� �qxqy

1 + �q2�2
v�q2� .

�4�

The asymmetry factor in the square brackets does not di-
verge for either large or small momenta. The vortex-vortex
interaction potential at distances larger than the core size was
derived from a microscopic model of the d-wave supercon-
ductor by Yang.18 The potential depending on the single pa-
rameter 	 is obviously not the most general one, but it allows
us to qualitatively model the physics of the structural phase
transitions in low-Tc superconductors, and in most of our
calculations we use only this term.

In the framework of the London model, quenched disor-
der is described by a pinning potential �generated by all the
pinning centers19� acting on each vortex,

Edis =
�0

2

16�2�2�
a

U�ra� , �5�

with the variance of the random potential assumed to be
Gaussian �white noise� and short range,

U�r�U�r�� = K�r − r�� 
 exp�− �r − r��2/�2� . �6�

The Fourier transform of the correlator K�r�
=�BZK�q�exp�iqr� in our units is

K�q� = � exp�−
�q2

�2 � . �7�

Expressions for the value of the material parameter � for the
�Tc and the �l disorder in terms of the microscopic BCS
parameters are given in Ref. 19. Here we regard the pinning
strength constant � as a phenomenological parameter.
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B. Vortex lattice structure in the presence of disorder

In this subsection we calculate perturbatively the influ-
ence of quenched disorder on the mesoscopic scale. We con-
sider first the two-dimensional disorder system. It has two
major realizations. The first is very thin films in which the
vortex lines are stiff enough and do not bend significantly
within the film. In this case the disorder �even the pointlike
one� just displaces the vortices. The second is that of a thick
sample in which columnar defects are present and their di-
rection coincides with that of the magnetic field. Disorder
generally pins the lattice leading to glassy dynamics and
broadens the Bragg peaks, which eventually disappear in the
vortex glass phase.20

The vortex lattice structure in clean materials is deter-
mined by the minimization of the lattice sum over the recip-
rocal lattice of arbitrary symmetry:

E0 =
1

2 �
a�b

W�ra − rb� =
1

2�
nm

w�Gnm� , �8�

where Gnm are the reciprocal-lattice vectors. We restrict our-
selves to rhombic lattices with the opening angle 2�. It turns
out that for a positive asymmetry parameter 	, the rhombic
lattices oriented along the crystallographic axis �110� with

Gnm = nq1 + mq2; q1 =
1

�2 tan �
�1,tan ��;

q2 =
1

�2 tan �
�1,− tan ��

have lower energy than other lattice structures �rhombic ori-
ented along �100� or oblique�. Calculating the E0��� sum for
the rhombic lattices in the whole range of angles ��
=45° –60° �, one finds out that above a certain critical asym-
metry 	c��� the square lattice has lower energy than the
rhombic, while below it one of the rhombic structures is
preferred. The dependence of 	c on the magnetic field � in
absolutely clean material is presented in Fig. 1. The value of
the Ginzburg-Landau parameter is taken as �=5.6 in all the
simulations below. This value is typical for low-Tc tetragonal
materials like those of the borocarbide family. Note that as �
becomes large the fourfold anisotropy parameter approaches
an asymptotic value 	c

*=0.225. For 	c
*	 the lattice is al-

ways rhombic.
Pinning causes displacement of the vortices labeled by a

from their equilibrium square lattice positions Ra by an
amount ua. The energy E�ua� of the displaced vortices is

E�ua� =
1

2 �
a�b

W�Ra− Rb+ ua− ub� + �
a

U�Ra+ ua� . �9�

Expanding to second order in U and u �which leaves out
third and higher orders in the disorder potential, neglected in
the leading perturbative correction that we consider in this
paper�, one obtains

E�ua� = E0 + �
a

U�Ra� +
1

2 �
a�b

W���Ra− Rb��ua
�− ub

��

+ �
a

U���Ra�ua
� +

1

4 �
a�b

W��� �Ra− Rb��ua
�− ub

��

��ua
�− ub

�� . �10�

Switching to the Fourier harmonics on the Brillouin zone,
ua=�BZuq

� exp�iqRa�, U�r�=�BZUq exp�iqr� one has

E�uq� = E0 + �
BZ

Uq +
1

2�
BZ

����q�uq
�u−q

� + �
BZ

iq�Uquq
�.

�11�

Elastic moduli of the clean sample are given by the expan-
sion of � to the second order in q: ����q�=C����q�q�. The
only nonzero moduli in the fourfold symmetry case are the
compression C11, the shear C66, and C12. A macroscopic
manifestation of the structural phase transition is the soften-
ing of the elastic squash modulus,

Csq = 2�C11 + C12� − C66, �12�

at the transition point.6 Note that Csq vanishes for 	→	c,
while the other moduli are continuous across the transition
line. The stability conditions �positively definite quadratic
form E2�uq�� for the square lattice are 4�C11+C66�Csq

0 and C660.
For a given lattice structure one generally obtains the dis-

placement �strain� due to disorder,

uq
� = ���

−1 �q�iq�Uq, �13�

which when substituted into Eq. �11� leads to

FIG. 1. The transition line in the clean case separating the rhom-
bic vortex lattice phase from the square vortex lattice phase. The
dependence of the critical fourfold anisotropy parameter 	c on di-
mensionless magnetic field �=B�2 /�0. At large � it approaches an
asymptotic value 	c

*=0.225 below which the lattice is rhombic for
all fields. The Ginzburg-Landau parameter �=� /�=5.6.
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E = E0 + �
BZ

Uq −
1

2�
BZ

q�q����
−1 �q�UqU−q. �14�

Averaging over disorder, one obtains

Ē = E0 −
1

2�
BZ

���
−1 �q�q�q�K�q� .

The total lattice energy was minimized numerically to deter-
mine the lattice structure with lowest energy, see Fig. 2, to be
discussed below. These results can be generalized to the case
of three-dimensional fourfold symmetric superconductor.

C. Lattice energy in the presence of pointlike disorder in the
three-dimensional case

In this subsection we calculate perturbatively the influ-
ence of quenched disorder on the mesoscopic scale in the
case of a three-dimensionsional fourfold symmetric super-
conductor. We therefore consider elastic lines �not necessar-
ily stiff, but we will assume that the small tilt
approximation19 is applicable�, of arbitrary length Lz and dis-
order which is localized in the field direction and arbitrary in
the plane direction. The vortex lattice structure of the clean
superconductor is still determined by minimization of E0, Eq.
�8�, but now the pinning displaces lines from their equilib-
rium square lattice positions Ra by ua�z�
= 1

2�qz
�BZuqqz

� exp�iqRa+ iqzz�. The variance of the random
potential is assumed to be short range in the field direction,

FIG. 2. The angular dependence of the vortex lattice energy for anisotropy parameter 	=0.22 and dimensionless magnetic field �=14
and different pinning strengths. In the clean case for 	�	c the lattice is rhombic. As the disorder strength increases the opening angle
continuously approaches 90°. For �a� and �=0 the lattice is still rhombic, almost hexagonal, while for �b� �=0.5. It is already closer to
square; �c� �=11 inside the square lattice phase.
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U�r,z�U�r�,z�� = K�r − r����z − z�� .

The energy of displacements of vortices ua is

E�ua�z�� = LzE0 + �
z=0

Lz

dz��
a
	�

2
	dua�z�

dz

2

+ U�Ra

+ ua�z�,z�
 +
1

2 �
a�b

W�Ra− Rb+ ua�z�− ub�z��� ,

�15�

where � is the line tension. Expanding to second order in U
and u one has

E�ua� = LzE0 + �
z=0

Lz

dz��
a
	�

2
	dua�z�

dz

2

+ U�Ra,z�

+ U���Ra,z�ua
��z�
 +

1

4 �
a�b

W��� �Ra− Rb�

��ua
��z�− ub

��z���ua
��z�− ub

��z��� . �16�

Using Fourier transform U�r ,z�=�BZUqqz
exp�iqr+ iqzz� one

obtains

E�uq� = LzE0 +
1

2�
�
BZ
�

qz

dqz��qz
2

2
uqqz

� uqqz

� + Uqqz

+ iq�Uqqz
u−q,−qz

� +
1

2
����q�uqqz

� u−q,−qz

� � . �17�

For a given lattice structure one generally obtains the dis-
placement �strain� due to disorder,

uqqz

� = �����q� + �qz
2����−1iq�Uqqz

, �18�

which when substituted into Eq. �11� leads to

E = LzE0 +
1

2�
�
BZ
�

qz

dqz�Uqqz
−

1

2
�����q� + �qz

2����−1

�q�q�Uqqz
U−q,−qz

� . �19�

Averaging over disorder one obtains

Ē = E0 −
1

4�
�
BZ
�

qz

dqz������q� + �qz
2����−1q�q�K�q��

= E0 −
1

4��
�
BZ

����q����
−1/2q�q�K�q�� . �20�

This should be minimized to obtain the lattice with lowest
energy.

D. Phase diagram

Typical angular dependence of the lattice energy for dif-
ferent strengths of disorder is presented in Fig. 2. Both the
anisotropy parameter 	 and the magnetic field are held con-
stant. The second-order square-to-rhombohedral transition is

clearly demonstrated. While Fig. 2�a� shows nearly hexago-
nal rhombic lattice, Fig. 2�b� exhibits nearly square rhombic
and Fig. 2�c� has a minimum for the square lattice. Therefore
as the disorder strength increases one crosses over into the
square lattice phase. To analyze it we plotted the dependence
of the anisotropy at which the square-to-rhombohedral tran-
sition takes place in the clean case as a function of magnetic
field 	c��� in Fig. 1. There exists 	c

* such that for 	�	c
* the

lattice is rhombic for all fields. In this case, shown in Fig.
3�a� for 	=0.22�	c

*=0.225, disorder induces a transition
into the square lattice with �c��� such that �c��→0�→�.
On the other hand for 		c

* the limit is finite �c��→0�
→�c�	�, see Fig. 3�b� for 	=0.27. Clearly in all cases for
larger disorder the square phase appears at lower magnetic
field. Up to now we have not considered the temperature
dependence of the pinning strength.

The pinning strength is strongly reduced as the tempera-
ture approaches the “thermal depinning” temperature

FIG. 3. The square-to-rhombohedral phase transition line in the
pinning strength—magnetic field ��−�� space. For larger disorder
the square phase appears at lower magnetic field. The shape of the
line is qualitatively different in two cases �see text�: low and high
fourfold anisotropy: �a� 	=0.22�	c

*=0.225. For 	�	c
*, the rhom-

bic lattice always prevails and the square phase appears only for
extremely large pinning strength. �b� 	=0.27	c

*.
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T*�Tc. The effect is believed to be exponential,19

� = ��0�exp�− ts� , �21�

where t=T /T*. Neglecting weak dependence of the coher-
ence and the penetration depth on temperature and anharmo-
nicity effects, considered in Ref. 15 one can re-express the
phase diagram in the B-T plane for fixed ��0� and s=2, see
Fig. 4. It is important to note that the slope of the transition
line is positive, which is the main result of this paper. For
T�T* the disorder is maximal and at T=0 �c=�c���0��.
Qualitatively the disorder effects are exponentially small for
TT* and the phase-transition line tilts sharply upwards for
around T=T*. At higher temperatures the two cases consid-
ered above are qualitatively different. While in the case 	
�	c

*, �c diverges at large T, see Fig. 4�a�, in the 		c
* case

it approaches a finite value for a clean system value deter-
mined by 	=	c���, see Fig. 4�b�. The former case might
explain the upward tilt of the transition line observed in
some experiments,2 although one should exercise caution
with such an interpretation within the framework of the Lon-
don model. Experimentally the tilt occurs near the Hc2�T�

line. The London approach is valid as long as the magnetic
field is far from Hc2�T�. In most experiments on both low-Tc

and high-Tc superconductors a significant part of the data is
taken in the region in which this requirement is not fulfilled.
A way to describe the structural transformations of the vortex
lattice is to resort to the Ginzburg-Landau approach valid far
from Hc1�T�.

III. GINZBURG-LANDAU APPROACH

When fields of vortices overlap �Hc1�T��B�, the mag-
netic induction is nearly constant. The Ginzburg-Landau
�GL� approach is a good approximation for strongly type-II
superconductors �borocarbide superconductors with �
�10–20 belong to this class� in a wide range of fields.
Within this approximation the kinetic energy of supercur-
rents �the largest contribution to the total energy� and the
energy associated with gradients of the modulus of the order
parameter �core-core interactions between vortices is a part
of it� are both included on an equal footing.

A. Anisotropic Ginzburg-Landau functional with quenched
disorder

Near Tc the system is phenomenologically described by
the GL free-energy functional of the appropriately rescaled
order-parameter field � �note that we use the coherence
length as the unit of length, which is smaller than the unit of
length in the London model in previous sections by factor
�2�; details can be found in Refs. 7 and 8�:

FGL

Tc
=

1
�2Gi�2 � d3x��*H� − ah���2 +

1

2
���4� , �22�

where the Ginzburg number, a dimensionless parameter char-
acterizing the strength of thermal fluctuations, is

Gi �
1

2
�32�e2�2�Tc�

c2h2 �2

, �23�

with the effective-mass anisotropy ���mc /mab �related to
the anisotropy of the coherence lengths in and out of the
basal plane�, and ah= 1−t−b

2 , b=B /Hc2, t=T /Tc �near Tc, when

we take Hc2=−Tc

dHc2�T�

dT �. In the present formalism, the super-
conducting order parameter � has only one �complex� com-
ponent. Therefore a way to account for the fourfold symmet-
ric but O�2� rotation noninvariant �anisotropic� properties of
the system is to include additional terms in the gradient part
of the free energy. These terms should have at least four
derivatives D4 and fortunately there is only one combination
like that. Of course one can always have rotation invariant
gradient terms as well.

The gradient part of the free energy therefore has both
isotropic and anisotropic parts7 H=H0+H�:

H0 = − D� 2 − �z
2 = ba†a −

1

2
�z

2,

FIG. 4. T-B plane for fixed ��0� in the nonlocal London ap-
proximation. The slope of the transition line is always positive. �a�
	=0.22�	c

*=0.225 for ��0�=11; �b� 	=0.27	c
* for ��0�=0.8.
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H� = −
	̃

4
�cos�4����Dx

2 − Dy
2�2 − �DxDy + DyDx�2� + sin�4��

���Dx
2 − Dy

2��DxDy + DyDx� + �DxDy + DyDx�

��Dx
2 − Dy

2��� = − b2	̃��a†�4e4i� + a4e−4i�� , �24�

where � is the angle between the rhombic lattice and the
atomic lattice and Dx=�x− iby, Dy =�y and 	̃ can be positive
�usually in low-Tc materials� or negative �usually in high-Tc
materials�. It is convenient to express covariant derivatives in
the directions perpendicular to the external applied field in
terms of operators of creation and annihilation of Landau
levels,

â† � −
1

�2b
�Dx − iDy�, â �

1
�2b

�Dx + iDy� . �25�

For convenience in Eq. �24� we have chosen a combination
such that H� does not change the Hc2�T� line produced by
H0 �up to order of 	̃�.

The fourfold symmetric anisotropy within the basal plane
of a particular material is described by a single phenomeno-
logical coefficient 	̃. It is a constant within GL approach, but
in fact it can depend �weakly� on temperature and other ex-
ternal parameters. For the vortex lattice, the effective magni-
tude of the fourfold anisotropy depends also on the magnetic
induction and should be specified by a parameter that is pro-
portional to b	̃.

To describe the disorder �pinning� potential one adds a
random component ahW�r����r��2 to the term ah���r��2, to
the GL functional, Eq. �22�. We assume that W�r� has a
Gaussian random distribution with variance,

W�r�W�r�� = n��3��r − r�� , �26�

n is a dimensionless constant and is assumed to be indepen-
dent of temperature and magnetic field. It is related to the
average number of pinning center per volume �a,b

2 �c. The
average of a quantity O which averages over the ensemble of
realizations of the disorder is defined to be

Ō =

�
a

O�W�r��exp�−� dr�W�r�2/2n��

�
a

exp�−� dr�W�r�2/2n��
. �27�

B. Structure of the vortex lattice in the clean case

In order to locate the Hc2�T� line, one first solves the
linearized GL equation H�=ah�. For ah�0 a nontrivial so-
lution �different from �=0� appears. In the present case of
tetragonal symmetry, we have to study the eigenfunctions of
a differential operator which differs from the standard one by
the H� terms. The GL equation in a form that facilitates the
solution by the expansion in ah= 1−t−b

2 , the distance from Hc2
line, can be written as

H� − ah� + ����2 = 0, �28�

H = ba†a −
1

2
�z

2 − b2	̃��a†�4e4i� + a4e−4i�� . �29�

Assuming that 	GL=�3/2b	̃�1, the anisotropic part of
H� is treated as a perturbation, using standard perturbation
theory for the Schrodinger equation. This means we expect
that the presence of anisotropy modifies the eigenfunctions
of the isotropic problem,

�N,k�x,y,z� = CNeikzz �
l=−�

+�

HN�x − �� tan �l − ky�

�exp�i����l2 − l� + �� tan �l�y + kx� + yky��

�exp	−
1

2
�x − �� tan �l − ky�2
 , �30�

where CN=��tan �

2NN!
. Here �N,k�x ,y ,z� is normalized so that

average of ��N,k�x ,y ,z��2 in a unit cell is equal to 1. To sim-
plify the notation, from now on �¯� denotes the average
over a unit cell in real space. These are the familiar Landau
levels stacked into a rhombic lattice defined by half of the
opening angle of the rhombic lattice � and normalized. Thus
we obtain a set of “shifted” Landau levels:

�Nk = �Nk − b2	̃ �
M�N

��M,k��a†�4e4i� + a4e−4i���N,k�
b�N − M�

�Mk

+ ¯ . �31�

In what follows we employ the lowest Landau-level approxi-
mation in terms of these new functions that have the form

�0k � �k = �k + 	GLe4i��4k. �32�

The solution to Eq. �28� has the form

� = �ah��0 + ah�1 + ¯ � ,

�0 = c�0, �1 = �
N

cN�N, ¯ , �33�

which is formally identical to the case of the isotropic GL
model. We work in the lowest order of the ah expansion.

The normalization coefficient c is fixed by the nonlinear
terms of the HDGL equation:

c−2 = ���0�4�u.c. � B0 � ���0�4� + 2	GL Re�e4i���4�0
*��0�2��

� �0 + 4	GL�4 cos�4�� ,

�0 = ���0�4�, �4 = ��4�0
*��0�2� , �34�

where we used the fact that Im �4=0.
The mean-field free-energy density has the form

F0��� = −
ah

2

2B0���
+ O�ah

3� . �35�

The quantity B0 depends on the geometrical parameters �
and � of the vortex lattice. The minimization with respect to
them determines the orientation and shape of the vortex lat-
tice at equilibrium. For � /4���� /3, we have �4�0 and
we obtain
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F0��� = −
ah

2

2

1

�0 + 4�	GL��4
�36�

as cos 4�=	GL / �	GL� will minimize the free energy. There-
fore for positive 	GL, �=0 and for negative 	GL, �=� /4.
The minimization with respect to � was performed numeri-
cally in Ref. 7. The phase transformation between the square
and rhombic lattices found in this way is continuous. There-
fore in order to find the boundary between these phases it is
also possible, and more convenient in this case, to study the
conditions for the stability of the more symmetric square
phase. The condition for stability reads

�d2Fmf���
d�2 �

�=�/4
= 0 �37�

or

�0��� =
�

4
� + 4�	c

GL��4��� =
�

4
� = 0 �38�

which yields �	c
GL�=0.029 23, i.e., the phase-transition line

bSPT:

bSPT =
0.023 87

�	̃�
.

In this approximation the line of square-rhombohedral struc-
tural phase transformation �SPT line� is parallel to the tem-
perature T axis. Note, however, that some �weak� tempera-
ture dependence can appear through the parameter 	̃.

The small magnitude of 	c
GL means that the SPT occurs

well below Hc2�T=0� and justifies our approach in which in
H of Eq. �24� H� is treated as a perturbation. We now cal-
culate the corrections to the mean-field free energy of Eq.
�36� due to weak disorder, and then find corrections to the
SPT line.

C. Effect of weak disorder

If a weak potential profile �disorder potential� is present in
the system then the vortex lattice distorts to take advantage
of the places where the local Tc �at given magnetic field H� is
higher and to avoid the places with lower Tc. The complete
energy reads

F = F0�W = 0� + Fdis. �39�

The method to take into account the disorder that we em-
ployed and the details of the derivation of the following Eq.
�40� are given in the Appendix. Neglecting thermal fluctua-
tion in this case we find the mean-field free-energy density of
the vortex lattice receives a negative corrections which has
the form

Fdis = −
ah

2�ahn

B08�2�2�
BZ

d2k�Bk − �Gk�
��k

A
+

Bk + �Gk�
��k

O � , �40�

with

Bk = ���0�2�k�k
*�, Gk = ���0

*�2�−k�k�u.c..

The phonon spectrum dispersion functions �k
A and �k

O are

�k
A =

2

B0
Bk − 1 −

1

B0
�Gk� , �41�

�k
O =

2

B0
Bk − 1 +

1

B0
�Gk� . �42�

The energy of the acoustic branch vanishes at k=0 since
they are the Goldstone bosons associated with disappearance
of the continuous translation symmetry at the homogeneous-
vortex lattice transition. Note that expanding in 	GL pre-
serves the property �k=0

A =0.
The location of the SPT line is now obtained by minimi-

zation of the corrected free energy Eq. �40�. The results for
several values of the disorder strength are given in Fig. 5.
The square-to-rhombohedral transition line for different di-
mensionless disorder strength n is defined by R=n�ab

2 �c. One
observes again that the slope is positive.

IV. DISCUSSION AND CONCLUSIONS

While in high-Tc superconductors like LaSCO the slope
of the rhombohedral-to-square transition line in the T-H
plane is negative,13,15 in low-Tc superconductors it can be
positive. We demonstrated here that the influence of the
pointlike quenched disorder rather than thermal fluctuations
is responsible for this feature. Both the nonlocal London
�NLL� and the anisotropic �containing a four derivative four-
fold symmetric term� Ginzburg-Landau model’s calculations
with disorder incorporated support the general argument that
the more symmetric square lattice gains energy over the less
symmetric rhombic one. The difference stems from the fact
that the disorder strength diminishes at higher temperatures
due to thermal depinning. Consequently both the NLL at low
temperatures and HDGL at high temperatures lead to a posi-
tive slope of the transition line, see Figs. 4 and 5. This ten-
dency is opposite to the influence of thermal fluctuations
considered in Ref. 15 in which we argued that thermal fluc-
tuations in the clean case favor the square phase. Combining
the results of the two models with parameters appropriate to

FIG. 5. Ginzburg-Landau model with the four derivative asym-
metric term with asymmetry parameter 	GL=0.2. Square-to-
rhombohedral transition line for different dimensionless disorder
strength n. The slope of the line is positive and increases with
pinning strength.
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YNi2B2C one can describe the results of a recent
experiment,5 see Fig. 6.

Several comments are in order. The difference between
strongly “fluctuating” high-Tc materials like LaSCO and
YBCO �and some layered low-Tc materials� and most of the
low-Tc materials like borocarbides is in the relative impor-
tance of thermal fluctuations on the mesoscopic scale and
disorder. While in high-Tc materials the thermal fluctuations
are dominant, in low-Tc ones the quenched disorder is domi-
nant in determining the structure of the vortex lattice. One
concludes therefore that materials with strong thermal fluc-
tuations exhibit a negative slope of structural phase transition
line �at least well below the melting line�. When thermal
fluctuations are small and disorder prevails one expects a
positive slope.

Note that in this paper we assumed that the disorder cor-
relator is rotationally symmetric, see Eqs. �6� and �26�, in
NLL and HDGL models, respectively. This is not always the
case.24 The origin of the fourfold symmetric terms in phe-
nomenological models breaking the full O�2� invariance in
the ab plane is the coupling between the vortex lattice and
the atomic lattice. This in turn originates on the microscopic
level from two somewhat related anisotropies: the Fermi ve-
locity dependence on the angle and the anisotropy of the gap
function.25–27 Similarly the disorder can be correlated on the
microscopic or mesoscopic scale. For example, twinning

planes oriented along �11̄0�, �1̄10� directions will obviously
cause the disorder correlator �see Eq. �6�� to be fourfold sym-
metric rather than rotationally invariant correlator

K�q� = Ki��q�� + cos�4��Ka��q�� ,

where � is the polar angle of q. This would produce an effect
different from the one produced by the rotationally invariant
case.

Note also that square-to-rhombohedral transition is not
limited to nonmagnetic borocarbides YBCO and LSCO.
Some other examples include CeCoIn5,22 and V3Si.21 Re-
cently Glover and co-workers24 developed a method to de-
termine the structural transition line from the tilt angle de-
pendence of the corresponding peak effect.15,23
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APPENDIX

In this Appendix we provide some details of the calcula-
tion of the free energy in the GL approach. The free-energy
density averaged over disorder can be represented �using the
GL equation� as follows:

F = −
1

2
����r;W��4�u.c. = F0 + Fdis,

where F0 is independent of disorder.
The free-energy correction of the GL equation is

ahW�x����2. The magnitude of the disorder is characterized
by n appearing in the disorder correlator W�x�W�y�=n��3��r
−r��. It is convenient to introduce a new random potential
U�r�= W�r���n with the correlator U�r�U�r��=��3��r−r��.
We rewrite the HDGL Eq. �28� as

H� − ah� + ����2 + ah�U�r�� = 0, �A1�

where we introduced the new perturbation parameter �=�n.
Expanding in �, one gets

��r;U� = �ah	�0 + �
m=1

m

��m
 . �A2�

The first term is given by the linearized GL equation: �0
=c�0 with c=1/�B0. The equations for the next two terms
are

�1 −
1

2ah
�z

2 − 2��0�2��1 − �0
2�1

* = U�0,

�1 −
1

2ah
�z

2 − 2��0�2��2 − �0
2�2

* = 2��1�2�0 + �1
2�0

*

+ U�1. �A3�

The unknown functions are found using the expansion in �k
basis: �1=kdk�k, �2=kek�k. The coefficients of these ex-
pansions read

d0 = −
c

2
U0,

dk =
c

�k
	�1 − 2

Bk

B0
−

kz
2

2ah
�Uk +

Gk
*

B0
U−k

* 
, k � 0,

�A4�

FIG. 6. �Color online� Square-to-rhombohedral transition line
incorporating both the nonlinear London model and the anisotropic
Ginzburg-Landau one. Squares are experimental data of Ref. 5.
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e0 = −
1

2c
�

k

�dk�2,

�k = 	2
Bk

B0
− 1 −

�Gk�
B0

+
kz

2

2ah

	2

Bk

B0
− 1 +

�Gk�
B0

+
kz

2

2ah

 ,

�A5�

where Uk= �U�r��k
*�r��0�r��u.c.. The coefficients ek with k

�0 are not needed for our purposes.
The correction to the free-energy density due to disorder

is given by

Fdis = −
ah

2�2

2�2�Lz�
�

x

�4��1�2��0�2 + �2�2
*�0��0�2 + ��1

*�2�0
2

+ c.c.�� = −
ah

2�2

2 �4ce0 + �
k
	4

Bk

B0
�dk�2

+ �Gk
*

B0
dkd−k + c.c.�
�

= −
ah

2�2

2
�

k
	− 2�dk�2 + 4

Bk

B0
�dk�2 + �Gk

*

B0
dkd−k + c.c.�


=
ah

2�2

2
c�

k

�dk
*Uk + c.c.� . �A6�

At the last step the equation for dk has been used. Performing
disorder averages we obtain

Fdis =
ah

2�2c

2
�

k

�dk
*Uk + c.c.�

=
ah

2�2

2
c��

k

1

�k
	�1 − 2

Bk

B0
�UkUk

*

+
Gk

B0
Uk

*U−k
* + c.c.
�

=
ah

2�2

2
c2��

k

1

�k
	�1 − 2

Bk

B0
�Bk +

Gk

B0
Gk

*
�
= −

ah
2�2

2 ��
k

Bk − �Gk�
2Bk − B0 − �Gk� + B0kz

2/2ah

+ �
k

Bk + �Gk�
2Bk − B0 − �Gk� + kz

2B0/2ah
� .

Performing the kz integration we arrive at the formula Eq.
�40� in which the numerator was expressed via dispersion
relations.
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