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The density functional generalized-gradient approximation with the local Coulomb interaction U and the
direct method have been applied to study the electronic structure and the phonon spectrum of Fe � bcc phase.
The electronic structure, the equilibrium lattice constant, as well as phonon frequencies and phonon density of
states are found to depend primarily on the interaction between the electrons of equal spin U−J, where J is
Hund’s exchange element. We have found that the results of the present ab initio calculations reproduce quite
well the phonon density of states obtained from inelastic neutron scattering for U�1.0 eV and J�0.5 eV,
suggesting a considerable screening of local Coulomb interactions in iron.
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I. INTRODUCTION

The origin of ferromagnetism in itinerant systems remains
one of the open questions in the condensed matter theory. It
is quite remarkable that density functional theory �DFT�
gives correctly several predictions concerning the stability of
ferromagnetism and the values of magnetic moments in or-
dered phases.1 This standard approach to the description of
ferromagnetism in itinerant system was proposed originally
by Stoner, and next refined within the modern methods of
calculating the electronic structure, both in the ab initio
approach2 and in parametrized tight-binding methods.3 This
basically one-electron theory has been tested in numerous
density functional and model calculations. Although impor-
tant corrections which go beyond this approach follow from
local electron correlations,4 the local density approximation
�LDA� is frequently quite successful when appropriate cor-
rection terms are included. For instance, in the case of Fe,
preliminary studies within the LDA predicted incorrect
ground state crystal symmetry with nonmagnetic state.5

However, when gradient corrections were included in the
potential, the experimentally observed bcc structure and fer-
romagnetic state were obtained.6 Further studies, performed
within the generalized gradient approximation �GGA� con-
firmed that the electronic structure and magnetic moments
are well reproduced within the one-electron electronic struc-
ture calculations.7,8 These remarkable successes were pos-
sible as the errors in the treatment of electron correlations
within the LDA compensate each other to a large extent.9

Despite these successes, there are still many aspects of
magnetism in transition metals that are not well understood.
One of the open questions concerns the role of short-range
Coulomb interactions and their effect on the electronic
structure.10 These local interactions lead to correlation
effects4 among 3d electrons in the partially filled 3d states
which form narrow bands, in contrast to more extended 4s
and 4p states, where such local correlation effects are negli-
gible. The on-site Coulomb interactions between electrons in
3d states are usually parametrized by the Hubbard repulsion
energy U and Hund’s exchange element J.11 A proper treat-
ment of correlation effects requires theoretical methods
which go beyond the one-electron approach, such as the dy-
namical mean field theory �DMFT�. In the lowest order,
however, the effect of U on the electronic structure is fre-

quently studied in the Hartree-Fock approximation, which
leads to so-called LDA+U method12 �or GGA+U� when
implemented in the DFT framework.

Although the importance of electron correlations has been
realized for many years, the determination of an accurate
value of U for a given transition metal remains a formidable
task.13 Complex multiband screening and intersite interac-
tions strongly influence U and change its effective value.14

The values obtained from the constraint DFT are largely
overestimated �3–5 eV� and lead to unphysical features in
the electronic structure.13 On the contrary, the empirical
methods3 are very successful when much lower values U
�1–2 eV are used. For instance, taking U=1 eV one gets
the best agreement between calculated and experimental
photoemission spectrum.15 Including finite U leads to quali-
tative improvement of the magnetic anisotropy in Fe and Ni,
and good agreement with experiment was achieved for U
=1.2 eV.16 Even by considering the electron correlation ef-
fects beyond the Hartree-Fock, one finds relatively low U
�2 eV in iron,4 which may be considered as an upper limit.
All these results have shown that the studies of correlation
effects in transition metals are more subtle than in transition
metal oxides, where 3d electrons localize, the screening
within the 3d subsystem is absent, and the values of U are
much larger.

Under these circumstances any information concerning
the dependence of physical properties of iron on the actual
Coulomb interaction is very valuable and might help to es-
tablish the realistic value of U for this transition metal. In the
present contribution we focus on lattice dynamics that is
known to depend on magnetic properties.17 A good example
is ferromagnetic metal SrRuO3, where strong spin-phonon
interaction leads to anomalous behavior of Raman modes at
Tc.

18 The theory of electron-phonon coupling in ferromag-
netic metals, developed by Kim,19 predicts the spin-
dependent screening effect on phonon frequencies. Indeed,
the ab initio studies of Ni confirmed that phonon dispersions
are significantly influenced due to magnetically modified
screening.17 On the contrary, the changes in phonon spec-
trum induced by local Coulomb interactions and the accom-
panying changes of short-range spin correlations in metallic
materials are not well understood until now. One of the most
spectacular results was obtained recently for plutonium by
means of the DMFT, showing that electron correlations in 5f
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states strongly influence the phonon spectrum.20 Local Cou-
lomb interactions change significantly phonon frequencies
also in PuCoGa5 superconductor, as shown by a recent study
implementing these interactions within the GGA+U
method.21 In fact, this dependence of the phonon spectra on
U is of importance for a quantitative comparison with experi-
mental data.22

Phonon spectrum of iron was studied within the density
functional approach by the linear-response23,24 and small dis-
placement methods.25 It was demonstrated that the GGA
gives a better agreement with the inelastic neutron scattering
measurements than the LDA.23 In this paper we study the
effect of local Coulomb interaction U on lattice dynamics in
Fe using the GGA+U method. By comparing with the ex-
perimental phonon frequencies, we could find an upper
bound for the value of effective U. Thus, our approach pro-
vides a complementary way of estimating the Coulomb in-
teraction in transition metals to that available from purely
electronic studies which focus on the exchange splitting and
magnetic moment.

The paper is organized as follows. In Sec. II we describe
the method of calculation and present the electronic structure
of Fe as a function of U. The role of the proper choice of
Hund’s exchange J which is able to reproduce the experi-
mental magnetic moment in the ferromagnetic ground state
of iron is also discussed. In Sec. III we focus on the phonon
dispersion curves and phonon density of states, and their
dependence on the parameters which describe Coulomb
interactions. Discussion and conclusions are presented in
Sec. IV.

II. CALCULATION METHOD AND GROUND STATE
PROPERTIES

For the determination of the electronic structure of iron
we have used the GGA approach,26 implemented in the VASP
program.27 The calculations were carried out in the 3�3
�3 supercell containing 54 atoms within the bcc Im3̄m
space-group symmetry constraints. Eight valence electrons
for each atom were represented by plane waves with the
energy cutoff Ecut=350 eV �the contributions due to higher
energies are negligible�. The wave functions in the core re-
gion were evaluated using the full-potential projector
augmented-wave �PAW� method.28 The summation in the re-
ciprocal space were performed on the 8�8�8 k grid with
35 irreducible points in the used 3�3�3 cell, i.e., 24�24
�24 k grid per one crystallographic unit cell, generated by
the Monkhorst-Pack scheme.29

The local Coulomb interactions between 3d electrons are
approximately described by two parameters:11 the intraor-
bital Coulomb repulsion U and interorbital Hund’s exchange
J. In the present study we apply the implementation of elec-
tron interactions adapted in VASP program,27 which uses the
following approximate expression:

Hint = U�
i�

ni�↑ni�↓ + �U −
1

2
J� �

i,���

ni�ni�

+ J �
i,���

�di�↑
† di�↓

† di�↓di�↑ + di�↑
† di�↓

† di�↓di�↑�

− 2J �
i,���

Si� · Si�. �1�

Here di��
† are the electron creation operators in 3d states for

the orbital state � and spin state �= ↑ ,↓ at site i, ni�
=��ni�� is the electron density operator, and Si�
= �Si�

x ,Si�
y ,Si�

z 	 is the spin operator for the orbital state � at
site i. This form of interaction is only approximate, as the
complete Coulomb interactions are anisotropic and satisfy
certain constraints due to the rotational invariance in the
orbital space.11 In the Hartree-Fock approximation which is
next used to generate the one-particle potentials for ���	
spin orbitals only the diagonal terms contribute, so one may
write,

Hint � U�
i�

ni�↑ni�↓ + U �
i,���,�

ni��ni��̄

+ �U − J� �
i,���,�

ni��ni�� �2�

with �̄=−�. We adopted the standard Hartree-Fock poten-
tials which result from these interactions within the LDA
+U method.12 Note that the value of U is then an average
value which stands for the Coulomb repulsion between two
electrons of opposite spins, either in different orbitals or in
the same orbital. The effective Coulomb interaction between
two electrons of the same spin is given by

Ueff = U − J , �3�

i.e., is reduced by Hund’s exchange element.
For each parameter set we performed the minimization of

the total energy of the crystal, and found the optimized lat-
tice constant a and the corresponding electronic structure. In
Table I we compare the lattice parameters and magnetic mo-
ments obtained for representative values of the electronic
interactions U and J with the experimental data. For U=J
=0 the lattice constant a is underestimated by about 1.4%.
Increasing U enhances both the magnetic moment and the
lattice constant, so it leads to better agreement with the ex-
perimental value of a. However, the magnetic moment is
well reproduced already for U=J=0, and is slightly larger
for U=1.0 eV, J=0.5 eV, while it is close to saturation and
significantly overestimated both for U=1.0 eV, J=0 and for
U=2.0 eV, J=0.8 eV �by about 18%�.

The electronic density of states �DOS� N�E�, plotted for
up-spin and down-spin subbands separately, is shown in Fig.
1. While the total spectral weight at the Fermi energy �EF�
depends only very weakly on U, the main effect of local
Coulomb interactions is the downward shift of the maximum
in the majority �up-spin� 3d DOS located at �−1 eV below
EF. At the same time, the corresponding maximum for the
minority �down-spin� subband at �2 eV above EF moves to
higher energies. As a result, the exchange splitting between
up- and down-spin subbands increases. In fact, for U=2 eV,
J=0.8 this shift is already much larger than observed
experimentally.15 In addition, there is a qualitative change of
the spin character of the electronic density at EF, from up to
down spin.

The results shown in Table I suggest that the Coulomb
interaction U plays a more important role in the magnetism
of iron than the Hund’s exchange J. This impression is how-
ever misleading and would contradict the usual scenario that
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the magnetic instability in itinerant models which involve
nearly degenerate 3d states follows from Hund’s exchange
interaction, which indeed determines the Stoner parameter
I�J in spin-polarized LDA methods.30 However, the situa-
tion in the ferromagnetic states close to saturation of the
magnetization is different. Here instead the interaction be-
tween the electrons of the same spin, see Eq. �3�, plays an
essential role and this interaction energy Ueff, is decreased
when J increases. Therefore, for a fixed value of U the mag-
netization decreases with increasing J �see Fig. 2�. In fact,
this effect consists of the change induced by �i� the electronic
interactions alone, and �ii� the change of the volume as the
lattice constant decreases with increasing J 
Fig. 2�b��.
Therefore, the overall dependence of m on J which follows
from Ueff is even amplified by the increasing lattice constant
a for the systems with large magnetic moments m, found in
Fe for small values of J, as shown in Fig. 2�a�.

III. PHONON DISPERSION CURVES

For crystal structures optimized with different U and J
values, the phonon dispersion curves were calculated using

the direct method.31 First, the Hellmann-Feynman forces
were obtained by making the displacements of Fe atoms
from their equilibrium positions. Second, the force constant
matrix was derived by the singular value decomposition
method. Finally, the dynamic matrix was constructed and
diagonalized for selected values of reciprocal space k vector.
In the considered supercell the exact frequencies are calcu-
lated at � and H points. However, because of relatively large
supercell size used in the calculations, all phonon frequen-
cies were obtained with only rather small errors in the entire
Brillouin zone. The measure of accuracy of phonon frequen-
cies derived from the direct method is the highest neglected
force constant which �in our case� is more than two orders of
magnitude smaller than the strongest one considered in the
presented systems. Under these circumstances, the errors in

TABLE I. Lattice constant a, volume V and magnetic moment m of Fe, as obtained for different values of
U and J. Experimental values are taken from Ref. 32.

U �eV� J �eV� a �Å� V �Å3� m �	B�

0.0 0.0 2.83 22.67 2.22

1.0 0.0 2.88 23.81 2.62

1.0 0.5 2.84 22.89 2.28

1.0 0.8 2.83 22.69 2.17

2.0 0.8 2.88 22.88 2.63

Experiment 2.87 23.64 2.22

FIG. 1. �Color online� The electron density of states N�E� for
Fe, as obtained with U=J=0 �dashed line�, U=1.0 eV and J
=0.5 eV �solid line�, and U=2.0 eV and J=0.8 eV �dashed-dotted
line�.

FIG. 2. �Color online� Properties of the Fe ground state found in
the GGA+U method with U=1.0 eV for increasing J �empty
circles�: �a� magnetic moments m �in units of 	B�, and �b� lattice
constant a �in units of Å�. Filled squares in panel �a� show the
magnetic moments obtained for a fixed lattice constant a with U
=1.0 eV and J=0.5 eV.
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the phonon frequencies could lead to practically invisible
corrections in the data of Fig. 3.

The phonon dispersion curves along the high-symmetry
directions are shown for U=0, U=1.0, and U=2.0 eV in Fig.
3. The experimental points were taken from inelastic neutron
scattering experiment.33 Generally, one finds that the differ-
ence between U=0 and U=1.0 eV is very small and in both
cases the overall agreement with experiment is very good
�within the accuracy of the method�. A better agreement with
U=1.0 eV is observed at the N point, where the lowest mode
shows the largest discrepancy, but the data obtained with U
=0 are closer to experiment for the highest phonon mode
close to the H point. For U=2.0 eV, the calculated frequen-
cies strongly soften, particularly near the � point, which
leads already to large disagreement with the experimental
points. This effect is particularly pronounced for the modes
along the H-P and N-P directions.

We should note, however, that we have not taken into
account the thermal effects when comparing the theoretical
points �at T=0� with the inelastic scattering data obtained at
room temperature. The increase in lattice constant due to
thermal expansion and zero-point motion is about 0.3%.23

This would reduce the highest phonon frequencies approxi-
mately by 4%. On the other hand, the obtained lattice con-
stant a=2.83 Å is by 1.4% smaller than the experimental
value. Therefore, a more accurate quantitative comparison of
the theoretical and experimental data is not possible at the
moment.

The influence of U on the phonon spectrum is even more
pronounced in the phonon DOS �Fig. 4�. One finds that al-
ready for U=J=0 the main features of the phonon DOS are
correctly reconstructed. However, some peculiarities of the
spectrum structure, especially about 5.5 and 8.7 THz, are
better reproduced by the calculation with U=1.0 eV and J
=0.5 eV. Looking at overall shape of the spectra, one can
conclude that the positions of the two peaks as well as the

range of the phonon spectrum depend mainly on Ueff=U−J,
rather than on U and J separately, in agreement with our
observation concerning the magnetic moments m, made in
the preceding section. Indeed, the spectrum calculated for
U=1.0 eV, J=0.8 eV resembles that obtained with U=J=0,
while the one for U=2.0 eV, J=0.8 eV that for U=1.0 eV,
J=0 eV. As a general feature one finds that the phonon spec-
trum shifts monotonically to lower frequencies with increas-
ing Ueff. This is associated with a direct dependence of pho-
non frequencies on lattice constant, which increases with Ueff

i.e., decreases with J, see Fig. 2�b��. In fact, this effect is
very similar to magnetostriction. Apart from overall soften-
ing, there are distinct qualitative changes induced by U. For
instance, for U=1.0 eV and J=0, a large peak appears at
�5 THz, that is not observed in experiment.

FIG. 3. �Color online� Phonon dispersion curves as obtained
along high symmetry directions in the bcc Brillouin zone for U
=0 �dashed lines�, 1.0 eV �solid lines�, and 2.0 eV �dashed-dotted
lines�. In all cases J=0. Experimental data �squares� are taken from
Ref. 33. The high symmetry points are H= 2
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FIG. 4. A comparison of phonon density of states calculated for
different values of U and J �both in eV� with that obtained from
inelastic neutron scattering data for Fe �experiment� �Ref. 33�. The
two lowest curves were calculated with a fixed lattice constant a
=a0 obtained for U=J=0.
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To separate the influence originating from the expansion
of lattice constant, we have repeated calculations of the lat-
tice dynamics for U=1.0 eV, J=0.8 eV, and U=2.0 eV, J
=0.8 eV with a constant value of a=a0 obtained for U=J
=0 �two bottom curves in Fig. 4�. In this case one finds that
the frequency range of the whole spectrum does not change
significantly, whereas intensities and positions of individual
peaks do. For U=2 eV, the phonon spectrum changes con-
siderably at low energies, where transverse modes strongly
soften and give a peak with large intensity at 5.5 THz. Inter-
estingly, the highest frequencies at �9 THz slightly increase.
Similar behavior has been observed21 also in the phonon
spectrum of PuCoGa5.

In order to clarify better the observed effects, we present
in Fig. 5 phonon dispersion curves calculated for the same
lattice constant with U=J=0, U=1.0, and J=0.5 eV, as well
as for U=2.0 and J=0.8 eV. Apart from the transverse mode
in �-H direction that softens near the � point, the most pro-
nounced changes in phonon dispersions are seen at larger
wave vectors k. At the H point, the phonon energy increases
by about 7%, and between H and P points, the transverse
mode softens by 15% when the larger values of U and J are
taken. These changes differ qualitatively from those dis-
cussed in Ref. 17, where the magnetization dependence of
the phonon spectrum of Ni was studied. It was shown that
the electron polarizability depends on magnetization only for
small values of k, and the strongest frequency shifts were
observed close to the � point. Therefore, the frequency
changes found here cannot be explained only by the en-
hanced magnetization, which depends on U and J rather
weakly. These local interactions, however, strongly influence
3d electron states and charge density distribution, so in con-
sequence interatomic screening and force constants are
modified. Effectively, larger U leads to partial localization of
3d states, the electronic screening becomes weaker, and in-

teratomic forces increase. This is clearly seen for some lon-
gitudinal modes, which harden with increasing U. A similar
effect, however much more pronounced, is also observed in
transition metal oxides, e.g., in the cuprates,34 where
insulator-metal transition induces strong softening of the
bond-stretching mode at the Brillouin zone boundary.

IV. CONCLUSIONS

Summarizing, we have found that local Coulomb interac-
tions significantly modify the phonons in iron. By putting
together phonon DOS as well as phonon dispersion curves
obtained for different values of U and J we found consistent
changes of calculated spectra induced by increasing local
Coulomb interaction. Therefore, the situation here is some-
what similar to that in PuCoGa5,21 but the electron interac-
tion parameters �U ,J	 are here smaller due to the itinerant
character of 3d electrons in iron, in contrast to almost local-
ized 5f electrons in PuCoGa5. Although the measurement of
phonon spectra in principle enables the estimation of these
interaction parameters from experiment, accurate values of
Coulomb repulsion U and Hund’s exchange J components
cannot be separately determined from such a comparison
with experimental data. Nevertheless, present study allows
one for a good estimation of Ueff. For Ueff=0.5 eV one finds
satisfactory agreement with the experiment both for the pho-
non DOS and for the magnetic moment, whereas Ueff
�1.0 eV gives too soft phonon spectra, and an almost satu-
rated magnetic moment, both features contradicting the ex-
perimental data. It implies that local Coulomb interactions
�U ,J	, which potentially induce strong changes in the pho-
non spectrum, are significantly screened by the itinerant elec-
trons. We suggest that the values U�1.0 eV and J
�0.5 eV deduced from the phonon spectra should be treated
as an upper bound for the parameters of local Coulomb in-
teraction in iron. In fact, such values are also used in the
tight-binding methods.3

We have discussed two mechanisms responsible for the
observed changes in phonon spectra. First, the increase in the
local Coulomb repulsion increases lattice constant, and con-
sequently leads to smaller phonon frequencies. Second, the
modification of the 3d states induces changes in electronic
polarizability and screening. With increasing U, the elec-
tronic states become more localized, and the effective
screening decreases. We have shown that screening effects
are stronger for larger k vectors, and this may be attributed
to the local nature of Coulomb interaction U.
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