
Nonlinear deformation and progressive failure of multiwalled carbon nanotubes
under internal radial pressure

J. R. Xiao1 and J. W. Gillespie, Jr.1,2,3

1University of Delaware Center for Composite Materials (UD-CCM), Newark, Delaware 19716, USA
2Department of Materials Science and Engineering, University of Delaware, Newark, Delaware 19716, USA

3Department of Civil and Environmental Engineering, University of Delaware, Newark, Delaware 19716, USA
�Received 28 October 2005; revised manuscript received 17 July 2006; published 4 October 2006�

An analytical molecular structural mechanics model has been developed for the nonlinear deformation of
multiwalled carbon nanotubes �MWCNTs� under internal radial pressure. Two sources of nonlinearity �i.e.,
nonlinear in-plane behavior of tube walls and nonlinear van der Waals interactions between layers� are con-
sidered. The nonlinear in-plane hoop force resultant-strain relationships of nanotube layers have been derived
based on the modified Morse potential, and nonlinear van der Waals interaction has been considered by using
the universal graphite potential. Two sets of Morse potential parameters are examined, the effect of van der
Waals forces on load transfer between layers in MWCNTs are studied, and the ultimate pressure capacities of
MWCNTs under internal pressure have been predicted based on a progressive failure analysis.
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Carbon nanotubes1–5 are a promising material for new
composite materials, technologies, and devices. Of particular
interest are their applications as nanofluidic devices.6–9 mul-
tiwalled carbon nanotubes �MWCNTs� are expected to have
higher radial stiffness and pressure resistance than single-
walled carbon nanotubes �SWCNTs�10 since they consist of
multiple cylindrical layers held together by van der Waals
forces. Theoretical investigation of the stress/strain state of
MWCNTs subjected to internal pressure at infinitesimal
strain has been conducted by Galanov et al.9 This study was
limited to the prediction of the stress/strain distribution in
different layers using two proposed models with constant
in-plane properties and constant van der Waals stiffness as-
sumed. When MWCNTs are subjected to internal radial pres-
sure acting on their innermost layer, the load will transfer
among layers through the weak van der Waals interaction
between layers. The interaction and displacement of each
layer are different and dependent on its hoop stiffness and
radius. As we know, the hoop stiffness of a SWCNT is size-
dependent and the radial resistance of a single layer shows
even more dependence on their geometry.10 Furthermore,
both the hoop stiffness10 and the van der Waals
interaction11,12 are not constant when MWCNTs undergo
large radial deformation. Hence, to predict the ultimate
strength and failure of MWCNTs under internal pressure,
both nonlinear in-plane behavior and nonlinear van der
Waals interactions must be included in the analysis.

The van der Waals interactions are often modeled using
the general Lennard-Jones “6-12” potential.13 Since we are
interested in MWCNTS with large innermost diameter
��2 nm�, the interlayer interaction potential between any
two adjacent tubes can be approximated by the universal
graphite potential12 obtained for two flat graphene sheets by
assuming a continuous distribution of atoms on the tube sur-
faces and integrating the LJ carbon-carbon potential centered
on atomic sites. The nonlinear stiffness c�R� of van der
Waals interaction between layers can be found in Ref. 11
�Eq. �40�� as a function of distance between two adjacent
tubes.

Recent developments based on continuum or molecular
mechanics have been reported for estimating elastic proper-
ties of nanotubes.11,14–21 Among them, the authors of Ref. 11
as well as other researchers16,17 have used the harmonic en-
ergy potential for the C-C bond to give constant in-plane
stiffness, which is only valid for infinitesimal deformation.
When a nanotube is subjected to external pressure,11 the
nanotube wall is under in-plane compression. It is known
that under compression, tube failure occurs by buckling at
small strains. Hence the harmonic potential with force con-
stants is sufficient for the impulsive interaction of the C-C
bond. In contrast, MWCNTs under internal radial pressure
generate in-plane tension in the tube walls, which are capable
of sustaining large deformation in this load scenario. In order
to model the mechanical behavior of nanotubes up to or be-
yond bond breaking due to tension, a more complex inter-
atomic potential function has to be used. The authors of Ref.
18 have extended the analytical molecular mechanics
model17 by incorporating the modified Morse potential
function22 to estimate elastic constants and stress-strain rela-
tionships of SWCNTs under tensile and torsional loadings.
The predicted stress-strain relationships agree well with MD
results22 of SWCNTs under axial tension. This analytical mo-
lecular mechanics model can be easily modified to analyze
the tensile behavior of SWCNTs in the hoop direction.

The present study aims to develop analytical methodolo-
gies based on molecular mechanics to quantify mechanical
behavior �radial stiffness and pressure resistance� of
MWCNTs under hydrostatic internal pressure with open
ends. For each tube layer with tube diameter D, the radial
displacement w is induced by hoop strain �� defined by the
strain-displacement relationship for an axisymmetric body
�i.e., w=D�� /2�. To calculate the hoop strain, the hoop force
resultant, and the hoop surface, Young’s modulus Y� of a
nanotube must be predicted. The hoop force resultant S�

�with units of N/m� under radial pressure p can be deter-
mined using Newton’s first law of motion as S�= pD /2. The
hoop stiffness of the nanotube wall is calculated by the mo-
lecular structural mechanics model presented in Xiao et al.,18
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where the relationship between hoop force resultant and
bond stretch and bond angle variation can be determined
through equilibrium and geometry of the nanotube structure
by using a stick to model the force-stretch relationship of the
C-C bond and a spiral spring to model the angle bending
moment resulting from an angular variation of bond angle.
The force-stretch relationship and the angle-variation mo-
ment relationship can be obtained from energy potential
functions. With geometry information of bond
connections,18,23 one can obtain an equilibrium configuration
at any loading level with the hoop force resultant �a uniform
distributed force per unit length along the hoop direction in
the average sense� and strain �� in the nanotube. The modi-
fied Morse potential function22 is used here. There are two
sets of parameters for De and � given in Belytschko et al.22

The first set of parameters �De=6.031 eV and �
=26.25 nm−1�, denoted as M1, corresponds to the Brenner
potential21 for strain below 10% with a separation �dissocia-
tion� energy of 124 kcal/mol �5.62 eV/at�, and the force
field shape of this simple potential function is essentially the
same as that of the Brenner potential function24 before the
inflection point �i.e., the maximum of the interatomic force�.
The second set of parameters �De=2.895 eV and �
=38.43 nm−1�, denoted as M2, was proposed with a lower
inflection point to consider defect formation due to mechani-
cal strain. More detailed information about those parameters
can be seen in Refs. 18 and 22.

Force resultant-strain relationships of armchair nanotubes
can be obtained for both modified potential parameters �M1
and M2� up to the ultimate strength of nanotubes, which
corresponds to the inflection point of C-C bond. M1 gives
higher strength and failure strain of nanotubes than M2. It
should be noted that force resultant-strain relationships for
larger diameter SWCNTs ��2 nm� are similar and differ-
ences are negligible. The secant in-plane stiffness decreases
as strain increases because of the nonlinear behavior of the
tube walls.18 Similar results can be obtained for zigzag tubes.
It should be noted that in-plane stiffnesses are size-dependent
when the tube diameter is less than 2 nm.

Uniform radial pressure provides an ideal condition to
study the radial deformation of carbon nanotubes with open
ends. For each layer, the relationship between the applied
pressure and radial displacement w can be established as P
= �4Y� /D2�w. Consequently, a radial stiffness can be defined
as Yr=4Y� /D2, which shows strong geometry dependence
�1/D2� and rapidly decreases as the diameter increases. Due
to the highly nonlinear nature �both the in-plane stiffness and
the van der Waals force� of the problem of MWCNTs under
internal pressure, we derive equations in incremental form
and solve them by a displacement-controlled iterative
method. Considering the equilibrium state of each layer, the
following matrix system can be obtained:

�
Y�1

r1
2 + c − c

¯ ¯ ¯ ¯ ¯

−
ri−1

ri
c

Y�i

ri
2 + � ri−1

ri
+ 1�c − c

¯ ¯ ¯ ¯ ¯

−
rn−1

rn
c

Y�n

rn
2 +

rn−1

rn
c

���̇� = �Ḟ� , �1�

where �Ḟ� is the incremental loading vector �Ḟ�
= �0 0 ¯ 0 ¯ 0 Ṗ�T and ��̇� is the vector of incremental

displacements of layers ��̇�= �ẇ1 ẇ2 ¯ ẇi ¯ ẇ�n−1� ẇn�T,
in which subscript 1 denotes the innermost layer and sub-
script n denotes the outermost layer of a MWCNT.

It can be seen that Eq. �1� looks similar to that of
MWCNTs under external pressure11 where only one nonlin-
earity arising from the van der Waals interaction was present.
However, it should be noted that two sources of nonlinearity
are involved in the present problem, where the secant in-
plane stiffness Y�i of each layer is a function of ��i and the
van der Waals stiffness c�R� is also a function of deformation
�Eq. �40� in Ref. 11�, where R is the distance between two
neighboring tubes. The nonlinear equation can be solved by

the Newton-Raphson method. A multistep procedure is per-
formed at each iteration: �i� updating the in-plane stiffness of
each layer by the analytical molecular mechanics model,18

�ii� updating the van der Waals stiffness of each of two
neighboring layers using Eq. �40� in Ref. 11, and �iii� solving
Eq. �1� by the consecutive elimination of unknowns begin-
ning with the first equation.

In the present study, the radial deformation of the 30-layer
MWCNT9 with an innermost radius of 30 nm under internal
pressure is first studied with particular focus on their nonlin-
ear deformation due to both the nonlinear van der Waals
interaction and the nonlinear in-plane behavior of each layer,
which is followed by results for the radial behavior of
MWCNTs with different innermost diameters and layer
numbers.
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The 30-layer MWCNT is assumed to be made of armchair
nanotubes with an interlayer distance of 0.341 nm. Figure 1
gives pressure displacements of the 30-layer MWCNT under
nonlinear van der Waals interaction assumptions in which
three different potential functions �harmonic, Morse poten-
tials M1 and M2� are examined. The displacements are taken
from the innermost layer of the MWCNT. The calculations
are stopped at the inflection point of the C-C bond �Morse
potentials M1 and M2�, which corresponds to failure of the
innermost layer. The results based on the harmonic potential
�constant in-plane stiffness� are stopped at the same strain
level as M1 for comparison purposes only. As discussed
above, the harmonic potential is not suitable to the present
load scenario. It can be seen that the harmonic potential
gives a concave nonlinear pressure-displacement relationship
because the van der Waals stiffness increases as the relative
displacement of two neighboring tubes decrease. In contrast,
M1 and M2 give concave responses up to a displacement of
1.5 nm, and the curves become convex as the displacement
increases. The M2 potential has lower pressure capacity and
failure displacement than the M1 potential. For instance, M1
and M2 give pressure capacities of 28.9 and 19.7 GPa, which
are much lower than 45.0 and 29.2 GPa with constant Y� at
the same displacement �corresponding to the inflection point�
of M1 and M2, respectively. Clearly, the harmonic potential
overestimates the pressure capacity at larger deformation
since the harmonic potential is valid only for small deforma-
tion. Figure 2 shows the effect of van der Waals interactions
and nonlinear in-plane stiffness on radial stiffness as the
pressure increases. With constant Y�, the radial stiffness in-
creases monotonically as deformation increases, and this in-
crease is attributed to the nonlinear van der Waals interaction
only. If the two sources of nonlinearity are considered, the
radial stiffness increases up to a certain displacement then
decreases as the displacement continues to increase.

Interlayer van der Waals forces at each layer of the 30-
layer MWCNT at two different deformation levels �1.5 and
3.0 nm displacements� are shown in Fig. 3 to better under-

stand the mechanisms of how MWCNTs resist radial pres-
sure and how the loading is transferred between layers. It can
be seen that the van der Waals force decreases from the
innermost to the outermost layer. The jump at each layer
indicates the radial resistance of each single tube. The differ-
ence between any two adjacent layers is due to the effect of
their different circumferences. Such effects are not signifi-
cant for larger diameters.

The pressure-displacement relationships of selected layers
�layer 1, 10, 20, and 30� of the 30-layer MWCNTs are shown
in Fig. 4, in which only results of M1 are presented. It can be
seen that the largest radial deformation occurs at the inner-
most layers and the radial deformation decreases from the
innermost layer to the outer layers at all pressure levels.

The failure mechanism of MWCNTs presents a complex
problem that has not been well studied. However, there are a
number of theoretical studies on the failure of SWCNTs that

FIG. 1. �Color online� Effect of nonlinear van der Waals stiff-
ness on pressure-displacement relationships of the 30-layer
MWCNT under internal pressure prior to yield.

FIG. 2. �Color online� Nonlinear radial stiffness-displacement
relationship of the 30-layer MWCNT under internal pressure prior
to yield.

FIG. 3. �Color online� Van der Waals radial interaction and load
transfer along layers of MWCNT under internal pressure at differ-
ent deformation levels prior to yield.
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have been carried out using both classical and quantum MD
simulations.25–29 The foremost belief is that the failure of
nanotubes is affected by the formation of pentagon/heptagon
defects �the Stone-Wales bond rotation30�. The 5-7-7-5 defect
is initially formed, and for certain types of SWCNTs and at
sufficiently high temperature it can lead to plastic yielding
where the ‘‘5-7-7-5’’ dislocation evolves as a couple of dis-
locations gliding away along the spiral slip plane. Nardelli et
al.28 studied the mechanism of strain release under tension
and they found that topological defects such as the 5-7-7-5
defect tend to form when strain is greater than 5% in order to
achieve the relaxation of the structure. The atomistic-based
continuum mechanics model15 also predicted a similar criti-
cal Stone-Wales transformation strain of 5%. Nardelli et al.29

observed the ductile-to-brittle failure transition as a function
of both temperature and strain in their MD simulation. Gen-
erally, the failure modes fall into two different types: high
strain �15%� and low temperature �1300 K� lead to brittle
behavior �crack extension or propagation�, while low strain
�3%� and high temperature �3000 K� make nanotubes more
ductile �dislocation motion without cracking�.

The above studies were conducted for SWCNTs under
axial tensile loading conditions. The authors assume the
above two types of failure phenomena also exist in each
individual layer of MWCNTs under internal pressure, which
may lead to different failure scenarios. When a critical strain
is reached and defects are initiated, under certain conditions
�high temperature� ductile/dislocation-type failure �defect
evolution and propagation� may occur �starting from the in-
nermost layer� where a plateau stage of force/stress-strain
relationship exists in each layer. Certainly the present ap-
proach is not able to deal with the high-temperature events.
We limit our study on nanotubes under the high-strain/low-
temperature regime �the effect of temperature is not consid-
ered explicitly�. The brittle failure of nanotubes under axial
tension has been evidenced by experiments31 and MD
simulations.22,28 In this case, once the tube has failed �corre-
sponding to the inflection point of a local broken bond�, its
loading capacity drops to zero immediately. The failure is
localized.

However, in the case of MWCNTs under internal pres-
sure, the failure patterns and evolutions may be different.
The individual layer with local failure might sustain certain
residual pressure that depends on the failure orientation. For
simplicity, two bounding scenarios are assumed for consid-
ering the post-failure �after the inflection point� of nanotubes
under internal pressure. The lower bound assumes the load-
ing capacity drops to zero immediately once the force
reaches its inflection point. The upper bound assumes the
loading capacity remains constant at the failure level �de-
fined at the inflection point�. A third scenario is an interme-
diate response that follows the Morse potential beyond the
inflection point and gradually drops to zero. These associated
force fields with softening postpeak behavior �lower bound,
upper bound, and intermediate response� are not intended for
general applications, but are used here strictly to show the
impact of progressive failure in MWCNTs.

Based on the lower bound assumption, once the innermost
tube fails, the layer can be removed from the system from a
mechanics point of view. The calculated pressure to fail the
innermost layer of a 29-layer MWCNT �NT2� with the same
outermost diameter as that of the 30-layer MWCNT �NT1� is
19.1 GPa, which is smaller than 19.7 GPa. Clearly after the
innermost layer of NT1 fails, the pressure capacity of the
remaining MWCNT �NT2� drops. If one maintains the same
pressure of Py =19.7 GPa, the remaining MWCNT �NT2�
will fail catastrophically. The so-obtained pressure is defined
as the yield pressure, which is the lower bound on the pres-
sure capacity of MWCNT.

The following results for the lower bound response will
depict the dependence of the initial radial stiffness and yield
pressure of MWCNTs on the number of layers and the diam-
eters of MWCNTs. Figure 5 shows the initial radial stiffness
and yield pressure �Py� decrease as the number of layers is
reduced from thirty to one �with the same innermost diam-
eter of 30 nm�. There are different tendencies between the
initial radial stiffness and yield pressures �solid lines� as
shown in Fig. 5, in which yield pressures show almost a
linear dependence on the number of layers for both M1 and
M2, while the initial radial stiffness shows a nonlinear in-

FIG. 4. Nonlinear radial pressure-displacement curves of the
interlayer of the 30-layer MWCNT under internal pressure.

FIG. 5. �Color online� Initial radial stiffness and ultimate inter-
nal pressure of MWCNTs with different number of layers �same
innermost diameter�.
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crease as the number of layers increases. To increase the
initial radial stiffness and yield pressure of a MWCNT, one
can imagine the “addition” of more outer layers into the
MWCNT. However, it is noticed that, with a fixed innermost
diameter, when the layers increase to a certain number, the
initial radial stiffness becomes almost constant because of
the weak van der Waals interaction between layers.

For the upper bound assumption, or any intermediate soft-
ening response, a progressive failure can be seen in the
MWCNT. A displacement controlled nonlinear analysis is
performed to predict the progressive failure behaviors. The
pressure-displacement relationship of the 30-layer MWCNT
based on the upper bound assumption is shown in Fig. 6,
where the lower bound result is also indicated. The displace-
ment is taken from the innermost layer of the MWCNT. It
can be seen that the so-predicted ultimate pressure
�32.3 GPa� is about 60% higher than the lower bound result
�19.7�, and the MWCNT can sustain constant pressure as
displacement increases �until the layers are completely
broken�.

The above calculation based on the lower bound assump-
tion may underestimate the ultimate pressure capability of a
MWCNT if the failed layer�s� is able to carry some residual
pressure. On the other hand, the calculation based on the
upper bound assumption may overestimate the ultimate pres-
sure capability of a MWCNT and give unrealistic post-
failure response �constant pressure� as shown in Fig. 6. An
intermediate softening response is expected to give more re-
alistic response of a MWCNT. How to quantify the softening
behavior remains an open issue. In the present study, we
consider a softening response that follows the Morse poten-
tial beyond the inflection point as one possibility. The 30-
layer MWCNT was analyzed again with M2 and the
pressure-displacement relationship is shown in Fig. 6 for
comparison. One can see that the pressures go beyond the
yield pressures up to the ultimate values of 30.5 GPa, then
the pressure decreases as displacement increases, which falls
between two bounds. It is interesting to find that there is very

little difference between the predicted ultimate pressures
based on the intermediate response �the Morse potential�,
denoted as Pui, and the upper bound result, denoted as Pu. If
one increases the degree of post-failure softening behavior
�correlating to lower separation energy�, a lower ultimate
pressure would be obtained �falling between our bounds�.
The displacements at failure �M2� are 3.64, 7.88, and
9.21 nm for lower bound, intermediate, and upper bound as-
sumptions, respectively.

It should be noted that all layers reached their inflection
point in the case of upper bound assumption. However, the
outermost layer has not reached its inflection point at the
ultimate pressure for the intermediate response, as shown in
Fig. 6. We further reduced the number of layers and per-
formed the progressive analyses on MWCNTs �same inner-
most radius� with 25, 20, 15, 10, and 5 layers. The pressure-
displacement relationships �based on M2� of the 20- and 10-
layer MWCNTs are presented in Fig. 7 and compared with
those of the 30-layer MWCNT based on M1 �solid triangles�
and M2 �open squares�. The displacement was again taken
from the innermost layer of MWCNTs. The calculated ulti-
mate pressures �Pui� with different layers �thickness� are also
summarized in Fig. 5 �dashed lines�. One can see that the
ultimate pressures are higher than the corresponding yield
pressures �same for the single-walled tube� and the ultimate
pressure shows a linear dependence on the number of layers

TABLE I. Impact of progressive failure on ultimate pressure of
MWCNTs �M2�.

Total layers
�innermost radius 30 nm� 30 25 20 15 10 5

Pui

Py

1.54 1.54 1.54 1.53 1.52 1.50

Pu

Py

1.64 1.62 1.61 1.60 1.57 1.53

FIG. 6. �Color online� Nonlinear pressure-displacement curves
of the innermost layer of MWCNTs with different post-failure be-
haviors �M2�.

FIG. 7. �Color online� Nonlinear pressure-displacement curves
of the innermost layer of MWCNTs with different number of layers
�same innermost diameter; progressive failure with intermediate
softening�.
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for both M1 and M2. The ratios of Pui / Py and Pu / Py based
on M2 are presented in Table I to see the impact of the
progressive failure on the ultimate pressure of MWCNTS
with different layers.

The number of yield layers of the intermediate response is
counted from each calculation and presented in Table II. It
can be seen that as the layer number �same innermost diam-
eter� decreases to five �thin tube�, all the layers yield at the
ultimate pressure. For thick tubes �for instance, larger than
five layers with inner radius 30 nm�, only partial tubes yield
when the entire MWCNTs reach their ultimate pressures.

The effect of tube diameter on the yield and ultimate pres-
sure capacity is presented in Fig. 8. The analyses are per-
formed on six different MWCNTs with an innermost radius
of 30, 60, 90, 120, 150, and 180 nm, respectively. It can be
seen that both the yield and ultimate pressure decrease as
their diameters increase. The yield layers based on M2 at
each MWCNT were also counted and given in Table II. It
can be seen that as the diameter increases, the number of
yield layers increases and all layers yield in the MWCNT
with an innermost radius of 180 nm. Generally, for a given
MWCNT, its yield pressure depends on the inflection point
of the potential and is independent of the separation energy,
whereas the ultimate pressure and the number of layers
yielding are determined by the post-failure behavior of each
individual layer. In this study, it depends on the separation
energy of the Morse potential, i.e., the force field after the
inflection point. Higher separation energy gives higher ulti-
mate pressure and more layers yield. For a given potential,
whether the MWCNT is fully yielded �all layers� depends on
both its diameter and the number of layers �thickness�, as
shown in Table II. If the individual layer loses its load capa-
bility completely at any conditions after the inflection point,
the yield pressure is equivalent to the ultimate pressure.

It should be noted that the above results calculated using

both M1 and M2 potentials give the same initial stiffness but
different ultimate pressure capacities. M1 corresponds to
defect-free tubes, and M2 was a modified potential22 for con-
sidering defects �inherent or strain-induced�. Defects may
cause local damage or plastic deformation, and eventually,
lead to failure at an earlier strain stage than that of defect-
free CNTs. More investigations on the effect of defects will
be conducted in future studies.

In conclusion, an analytical progressive failure analysis
methodology has been developed for the nonlinear deforma-
tion of MWCNTs �with open ends� under internal pressure.
Two sources of nonlinearity were considered. Ultimate pres-
sure has been predicted based on three different assumptions
on the in-plane post-failure behavior of a single layer, i.e.,
lower bound, upper bound, and the intermediate response.
The upper bound capacity is about 50–60 % higher than that
of the lower bound �yield pressure� for thick tubes. The in-
termediate response gives an ultimate pressure between the
two bounds, and the value depends on the softening phase.
How to quantify the softening phase will be studied in the
future. The yield pressure capacity is recommended as the
operating pressure for nanofluidic devices, and the ultimate
pressure resulting from progressive failure can be treated as a
safety factor �Pu / Py�. This safety factor is not only affected
by the in-plane softening phase of the tube wall, but also by
the thickness �number of layers� of MWCNTs and their di-
ameters.
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