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Thermal transport properties of solid solution �LaxGd1−x�2Zr2O7 have been investigated for thermal barrier
coatings �TBCs� application. The introduction of point defects was intended to provide extra phonon scattering,
and much lower thermal conductivity for the solid solution has been obtained compared with La2Zr2O7 and
Gd2Zr2O7. The phonon mean free paths of the solid solution were estimated and discussed with respect to the
point defect scattering effect. Young’s modulus and heat capacity of the solid solution, which determine the
mean velocity and the carried energy of the phonons, respectively, were measured and both showed suppres-
sion compared with the end materials, possibly due to the lattice relaxation aroused by point defects. A
theoretical model, which contains no adjustable parameters, was present to accurately describe the thermal
conductivities of the solid solution by taking account of the mass and strain field fluctuations induced by the
point defects.
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I. INTRODUCTION

Thermal barrier coatings �TBCs� have been developed to
protect and insulate the hot section of the metallic compo-
nents in gas turbine and increase the engine inlet gas tem-
perature, resulting in significant improvements in thermal ef-
ficiency, performance, and reliability.1–5 Therefore, low
thermal conductivity has been the critical parameter for ma-
terials applied in TBCs. Yttria stabilized zirconia �YSZ�,1–4

which has been almost universally used, relies mostly on
oxygen vacancies to provide necessary phonon scattering for
low thermal conductivity �2.0 W/mK, 700 °C� and much of
its physics has been investigated.6,7 Meanwhile, the micro-
structure in the coating layer including the micropore, the
crystal size and orientation has been optimized for better
thermal insulation property as well as better reliability and
durability.8,9 In recent years, there is considerable interest in
developing TBCs with even lower thermal conductivity and
chemical stability at higher temperature to achieve further
improvements in engine performance. Among thousands of
possible refractory compounds, rare-earth elements doping
zirconates with a general formula of R2Zr2O7 �where R is La,
Nd, Gd, Sm, Er, Dy, Yb,…� have been selected as promising
candidates for a new generation of TBCs. The class of ma-
terials which crystallize in pyrochlore or defect fluorite struc-
ture involve large content of structural oxygen vacancies in
the unit cell, giving rise to strong phonon scattering and re-
duced thermal conductivity. It has been reported that the
thermal conductivities for zirconates doped with Gd, Eu, Sm,
Nd, Er, Dy, Yb, and La range from 1.1 W/mK to 1.8 W/mK
at temperatures between 700 °C and 1200 °C,10–15 and an
MD study has recently been performed on this class of ma-
terials, which provides some insight into their thermal con-
ductivities as well as elastic properties and thermal expan-
sion coefficients.16 Codoping of pyrochlores on both A and B
sites has been proposed to further reduce their conductivity
and also to modify their thermal expansion coefficients.17,18

Lehmann et al.17 reported their results in which La2Zr2O7

was doped with 30 at. % of Nd, Eu, or Gd and the thermal
conductivity was further reduced from �1.55 W/mK to
�0.9 W/mK at 800 °C for Gd doping. Meanwhile, the pho-
non scattering mechanism for the doped fluorite and pyro-
clore structured oxide materials have been discussed theo-
retically using solid physics and crystal chemistry
recently.12,17

In the present work, we introduce additional point-defect
phonon scattering into R2Zr2O7 by forming solid solution
�R1xR21−x�2Zr2O7 �R, R1, and R2 represent different Lan-
thanide elements, respectively�, in order to find materials
with even lower thermal conductivity while keeping good
chemical stability. The selected components for the solid so-
lution were Gd2Zr2O7 and La2Zr2O7, according to the fact
that Gd2Zr2O7 nearly possesses the lowest thermal conduc-
tivity among the lanthanide zirconates.19 Lanthanum with
large ionic radius was added to introduce significant lattice
distortion, which serves as strong phonon scattering sources.
In Lehmann et al.’s work,17 one composition of
�La0.7Gd0.3�2Zr2O7 has been studied, but a systematic re-
search across the whole composition range is necessary both
for practical and theoretical significance, such as searching
for compositions with even lower thermal conductivity and
providing guidance for other similar systems.

In addition, phonon mean free path, Young’s modulus,
and heat capacities of the solid solution were calculated and
measured to clarify the effect of point defects on the thermal
transport properties and its underlying physics. We also
present a theoretical model to describe the thermal conduc-
tivity of the solid solution by taking account of the mass
fluctuations and stain field fluctuations for better understand-
ing of phonon scattering mechanism by point defects.

II. EXPERIMENTAL DETAILS

The �La1−xGdx�2Zr2O7 �x=0,1 /6 ,1 /3 ,1 /2 ,2 /3 ,5 /6 ,1�
specimens were synthesized by the coprecipitation method.20
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For each composition Gd2O3 �purity 99.9%, Rear Earth
Chem. Co. China� and La2O3 �99.9%, Rear Earth Chem. Co.
China� were weighted, dissolved in acid, and mixed with
ZrOCl2 �99%, Rear Earth Chem. Co. China� solution. La2O3
was calcined at 1000 °C for 6 h before weighting for ab-
sorption of water. The mixed solution was slowly added into
excessive ammonia water �pH�10.5� with mechanical and
ultrasonic agitating. The precipitates were then washed and
filtered for several times to pH 7. The precursor powder was
ground and calcined at 800 °C for 5 h for crystallization.
The powder acquired was dry-pressed into the disk shape
and sintered at 1600 °C for 20 h. The phases of the sintered
bulk materials were then characterized by x-ray diffraction
�D/max-RB, Japan�, and the microstructure of the specimen
was observed by scanning electron microscopy �SEM, Jeol-
6301F, Japan�. The density ��g / cm3� of the sintered bulk
specimen was measured according to Archimedes principle.
The theoretical densities of each solid solution composition
were calculated using lattice parameters acquired from XRD
result and the molecular weight contained in one elementary
cell. The atomic structure of LaGdZr2O7 was observed by
high resolution transmission microscope �HRTEM, JEM-
2010, Japan� operating at 200 KV. Thermal diffusivity ���
was measured using the laser-flash method �NETZSCH LFA
427, Germany�. Specific heat capacity of the specimen, CP,
was measured by DSC instrument �NETZSCH DSC204,
Germany�. Thermal conductivity of the sintered specimen
was then determined using the formula:

k� = � · CP · � . �1�

Since the sintered specimen still contains some micropore,
thermal conductivity of the full dense solid �k� was further
normalized by the formula:21

k�

k
= 1 −

4

3
� , �2�

where � is the porosity of the sintered specimen. The longi-
tudinal and transverse acoustic velocities were measured by
an ultrasonic instrument �Ultrasonic Pulser/Recever Model

5900 PR, Panametrics, USA� and the elastic constants and
Poisson ratio were then calculated from the measured
velocities.22 These values of elastic constants were extrapo-
lated to full density by the formula:22

E0 = E���/�1 − �2/3�1.21. �3�

III. RESULTS

A. Structure analysis

Figure 1 reveals the x-ray diffraction patterns of synthe-
sized �La1−xGdx�2Zr2O7 specimens. It can be found that the
single-phase materials were obtained for all the composi-
tions. Gd2Zr2O7 exhibits a defect fluorite-type structure, and
with the incorporation of larger La3+, it transformed into an
ordered pyrochlore-type structure, which is consistent with
several other A2B2O7-type solid solutions.23 The �331� peak
characterizes the superstructure of the ordered pyrochlore-
type structure and it can be used to distinguish between py-
rochlore and fluorite structure.23

Fine stepwise x-ray diffraction on single peak �622� has
been conducted and regular displacement of the peak against
the composition variation was observed �Fig. 2�. A linear
change of the lattice parameters with composition of the
solid solution is shown in Fig. 3, which is in agreement with
Vegard’s rule.24 The result indicates that Gd3+ is displaced by

FIG. 1. XRD patterns of �La1−xGdx�2Zr2O7 �x
=0,1 /6 ,1 /3 ,1 /2 ,2 /3 ,5 /6 ,1�.

FIG. 2. The shift of the �662� peak with the substitution of La3+

by Gd3+ in La2Zr2O7.

FIG. 3. Lattice parameters of �La1−xGdx�2Zr2O7.
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La3+ or Gd3+ has taken the site of La3+, and the infinite solid
solution of lanthanum-gadolinium zirconate has formed. An
HRTEM image of LaGdZr2O7 along the �110� zone axis is
present in Fig. 4. The selected area electron diffraction
�SAED� pattern confirms that LaGdZr2O7 possesses a pyro-
chlore structure, which involves superstructure. A typical
SEM feature of the sintered compounds is shown in Fig. 5. It
can be seen that the almost fully densified LaGdZr2O7 was
obtained, and the grain size is about 1–5 �m. The densities
of the sintered specimens were higher than 96% of the the-
oretical values, according to the result of Archimedes drain-
age measurement.

B. Thermal conductivity

Thermal conductivity of the sintered specimen was mea-
sured by laser-flash method, and the composition depen-
dency of the thermal conductivities of �La1−xGdx�2Zr2O7 �0
�x�1� at different temperatures is shown in Fig. 6. It can
be noticed that with increasing x, thermal conductivity of the
solid solution first decreases, reaches a minimum value
around x equal to 0.5, and then rises up to x=1. LaGdZr2O7,
which exhibits the lowest thermal conductivity among all the

compositions investigated, could be considered as a candi-
date in TBCs application. In Lehmann et al.’s work,17 ther-
mal conductivities of La2Zr2O7 and �La0.7Gd0.3�2Zr2O7 at
600 °C have been determined to be 1.62 W/mK and
0.92 W/mK, which are quite different from the correspond-
ing values of 2.1 W/mK and 1.53 W/mK in our work. The
discrepancy arises mainly from large content of micropore
�7%–31%� in the former work, which can decrease the net
section of heat transportation31 and reduce the thermal con-
ductivity. In the present work, the effect of porosity has been
properly erased by Eq. �2� as the porosity is less than 4%.

In the present study, the suppressed thermal conductivity
of the solid solution may correlate with their point defects,
that is, the substitution of La3+ with Gd3+ in La2Zr2O7 or
substitution of Gd3+ with La3+ in Gd2Zr2O7. From the point
of view of kinetic theory,25 thermal transport in solids can be
considered as the directional movement of phonon gas which
carries energy. The thermal conductivity can be expressed as

K =
1

3
C��� , �4�

where C�, �, and � represent the heat capacity, phonon mean
free path, and the mean velocity of phonons, respectively. In
electrical-insulating solid, it is believed that the point defects
affect the lattice vibrations and cause scattering for phonons
owing to mass differences �mass fluctuation�,26,27 size and
interatomic coupling force differences �strain field
fluctuations�,28 which will shorten the mean free path of the
phonon ���. However, the effect of point defects on the ve-
locity of the phonons ��� and the heat capacity �CP� has not
yet been clarified and further investigation is needed.

C. Phonon mean free path

By substituting Eq. �1� and CP�=C� in Eq. �4�, the pho-
non mean free path could be expressed as

� = 3�/� . �5�

The elastic wave velocity � referred to the mean acoustic
velocity and could be obtained by integration of the longitu-
dinal ��p� and transverse ��s� wave velocities as25

FIG. 4. HRTEM image of LaGdZr2O7 along the �110� zone
axis.

FIG. 5. SEM feature of the sintered LaGdZr2O7.

FIG. 6. Thermal conductivities of �La1−xGdx�2Zr2O7 at different
temperatures.
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� = 31/3� 1

�P
3 +

2

�S
3�−1/3

. �6�

The longitudinal and transverse wave velocities were directly
measured by an ultrasonic instrument and the phonon mean
free path could be eventually evaluated.

As shown in Fig. 7, all of the �La1−xGdx�2Zr2O7 solid
solution investigated possess remarkably short phonon mean
free paths, which are smaller than their respective lattice pa-
rameters ��1 nm�. The results indicate the strong phonon
scattering process in the crystal. The mean free path ��� of a
phonon in electrical-insulating solid under a certain fre-
quency 	 and temperature T can be approximately described
by17,29

1

��	,T�
=

1

�i�	,T�
+

1

�P�	,T�
+

1

�b
. �7�

Here �i, �p, and �b represent the phonon mean free path
corresponding with phonon Umklapp scattering, point defect
scattering, and grain-boundary scattering processes, respec-
tively. Since the mean free path of the phonon ��� in this
study is in the nanometer scale, the grain-boundary scattering
could be omitted, due to the micrometer size grain of the
sintered specimen in the present study. Therefore, the phonon
mean free path is mainly restricted by phonon Umklapp scat-
tering and point defect scattering processes. It can be found
that the phonon mean free path decreases with increasing
doping level from both sides of La2Zr2O7 and Gd2Zr2O7 due
to enhancing point defect scattering strength. This effect
seems less pronounced from the side of Gd2Zr2O7, which
could be attributed to the stronger Umkapp scattering in
Gd2Zr2O7. Lattice of Gd2Zr2O7 must be more anharmonic
than that of La2Zr2O7, since the thermal expansion coeffi-
cient of Gd2Zr2O7 �11.6
10−6 K−1 ,1100 °C� is apparently
much larger than that of La2Zr2O7 �9.0

10−6 K−1 ,1100 °C�17. With increasing temperature, the
mean free path becomes less sensitive with the composition,
which can be interpreted that Umklapp scattering increases
with temperature and the relative importance of point defects
is decreased at higher temperature. It is estimated that at high
temperature, the phonon mean free path seems to approach a

limit about 0.37 nm. Cahill et al.30 and Clarke31 have indi-
cated that the minimum phonon mean free path should ap-
proach the distance between two neighboring atoms in the
solid at high temperature. In the case of pyrochlore-type
�La1−xGdx�2Zr2O7, the shortest interatomic distance can be
roughly determined16 by a31/2 /8 from the lattice structure,
where a represents the corresponding lattice constant. This
expression gives an evaluation of the minimum phonon
mean free path of these materials as small as 0.23 nm.
Hence, it is believed that the rare-earth zirconate still has the
potential in further reduction of thermal conductivity. Cahill
et al.30 has confirmed that simple, monatomic substitution �in
this case La3+ by Gd3+� could not produce sufficient phonon
scattering sources to approach the lower thermal conductiv-
ity limit. Thus we proposed that substitution of both sites of
rare-earth ions and Zr4+ simultaneously can introduce more
phonon scattering sources and lead to a possible route for
much lower thermal conductivities.

D. Young’s modulus

In solid solution, the strain field fluctuations induced by
impurity atoms may alter the elastic properties, which could
influence the phonon velocity and even the thermal transport
property. Solute atoms entering the interstitial site always
cause hardening of the crystal while the effect of substitu-
tional atoms cannot be predetermined. Ibegazene et al.32 sub-
stituted hafnia for zirconia in YSZ and resulted in progres-
sive increase of Young’s modulus of the solid solution, due
to formation of new phase. In the present study, La3+ substi-
tuted by Gd3+ or Gd3+ displaced by La3+ did not create a new
phase compared with the end compounds and reduced
Young’s modulus was observed. Figure 8 shows the Young’s
modulus of the solid solution at room temperature and the
Young’s moduli of all the solid solution are lower than those
end compounds of La2Zr2O7 and Gd2Zr2O7. It can be in-
ferred that the size and coupling force misfit induced by sub-
stitution atoms have “softened” the lattice and the strain field
fluctuation results in lattice relaxation. The relaxation slows
down the propagation velocity of phonons, which also sup-
presses the thermal conduction in the investigated solid so-
lution. Clarke31 deduced an expression for the thermal con-
ductivity as

FIG. 7. Derived phonon mean free path of �La1−xGdx�2Zr2O7 at
different temperatures.

FIG. 8. Young’s modulus of �La1−xGdx�2Zr2O7 specimens mea-
sured at room temperature.
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k �
�1/6E1/2

�M/m�2/3 , �8�

where � is the density, E represents the Young’s modulus, M
is the atomic weight of the molecule of the compound, and m
is the number of atoms in the molecule. Equation �8� indi-
cates that small value of E reflects a lower thermal conduc-
tivity, and it is also consistent with the results shown in Fig.
5. Besides, small Young’s modulus is favored in TBC appli-
cations, as it produces smaller residual stresses in the coating
system under the service conditions and results in better
thermal-mechanical stability.11,32,33

E. Heat capacity

Equation �4� shows that the heat capacity CP is also an
important factor on the thermal conduction as CP determines
the carried energy of phonons. Up to now, only few studies
of the thermodynamic properties of the lanthanide zirconate
have been reported. Degueldre et al.34 measured heat capac-
ity of the solid solution of Er and Ce doping ZrO2, Bolech et
al.35,36 studied the heat capacities of La2Zr2O7 and Ce2Zr2O7,
and Lutique et al.37 reported that of Nd2Zr2O7. We measured
the heat capacity of the �La1−xGdx�2Zr2O7 solid solution from
293 to 873 K using a DSC instrument. The data are shown
in Fig. 9, and it can be seen that at a given temperature, the
solid solution has lower heat capacities than those of
La2Zr2O7 and Gd2Zr2O7 and the minimum value appears
around the composition where x equals 0.5. Leitner et al.38

has reviewed three empirical methods for the estimation of
the relationship of standard molar heat capacity of mixed
solid oxides with the composition. The Neumann-Kopp rule
is the simplest and highly universal method for estimating
heat capacity of the mixed oxide from the weighted sum of
heat capacities of the constituent binary oxides, but in some
cases the estimated accuracy will be reduced, and gives an
error exceeding 5%.38 It is obvious that the heat capacities
results measured in the present study �Fig. 9� disobey the
Neumann-Kopp rule. The minus deviation from Neumann-
Kopp rule may come from the factor of structure, atomic,
and ionic39 contributions to the heat capacity of the solid
solution. In present cases, the suppressed heat capacity of the
solid solutions may be attributed to the enhanced anhar-

monicy aroused by the lattice distortion around the point
defects

IV. DISCUSSION

A. Theoretical modeling of point defect scattering

In solid solution, the point defect scattering originates
from both the mass difference �mass fluctuations� and the
size and the interatomic coupling force differences �strain
field fluctuations� between the impurity atom and the host
lattice. Elastic continuum treatments, including Rayleigh’s
scattering theory and perturbation theory have been applied
to describe the influence of point defects on the lattice ther-
mal conductivity.26,40,41 Here we present a phonon scattering
model on the basis of the above theories and try to describe
the effect of the composition of the solid solution on the
thermal conductivity.

At temperature above the Debye temperature, the ratio of
the lattice thermal conductivities of a material containing
defects to that of the parent material can be written as40

k

kP
=

tan−1�u�
u

. �9�

Here k and kP are the lattice thermal conductivities of the
defected and parent materials, respectively, and the param-
eter u is defined by40

u = ��2
D�

h�2 kP��1/2

. �10�

The letters h, �, �, �D stand for the Planck constant, lattice
sound velocity, average volume per atom, and the Debye
temperature. The imperfection scaling parameter �, repre-
senting the strength of point defects phonon scattering, al-
ways has two components, the scattering parameter due to
mass fluctuations �M and the scattering parameter due to
strain field fluctuations �S. Since their influences are addi-
tive, one writes �=�M +�S. In the available theoretical
methods evaluating the thermal conductivity of solid
solution,28,42 � should be determined from measured thermal
conductivity value, because of uncertainty of �S. A phenom-
enological adjustable parameter � is always included to ob-
tain a fit between the theory and experimental values. How-
ever, in our theoretical approach, we made a direct
estimation of � and � from those relative physical properties
and after adding temperature modification of the strength of
point defect phonon scattering, we obtain perfect agreement
between the calculated and measured values.

Supposing a compound UxVy, which has a crystal struc-
ture comprised of U and V sublattices and x, y are the rela-
tive degeneracies of the respective sites. As disorder may
occur on both of the two sites, the total imperfection param-
eter � can be obtained by integration of the individual im-
perfection parameter of the constituted sublattices.43

�UxVy
=

x

x + y
�MU

M
�2

�U +
x

x + y
�Mv

M
�2

�V, �11�

where M = �xMU+yMV� / �x+y�, and MU and MV are the av-
erage mass of U and V sites, respectively. �U and �V repre-

FIG. 9. Heat capacities of �La1−xGdx�2Zr2O7 specimens mea-
sured at different temperatures.

EFFECT OF POINT DEFECTS ON THE THERMAL… PHYSICAL REVIEW B 74, 144109 �2006�

144109-5



sent the individual imperfection parameter of those two sites.
For the pyrochlore-type solid solution �La1−xGdx�2Zr2O7, La
and Gd are substituted for each other and there are four crys-
tallographic sites, including the sites of �La,Gd�, Zr,O and
oxygen vacancy Vo, with their respective degeneracy of 2, 2,
7, 1, respectively. Then,

��LaxGd1−x�2Zr2O7
=

2

12�M�La,Gd�

M̄
�2

��La,Gd� +
2

12�MZr

M̄
�2

�Zr

+
7

12�Mo

M̄
�2

�O +
1

12�MVO

M̄
�2

�VO
, �12�

where M�La,Gd� is the average mass of the �La,Gd� sites and

M̄ is the average mass of �La1−xGdx�2Zr2O7�, where � rep-
resents the oxygen vacancy and its mass is considered to be
zero. Since there is no change on the sites of Zr, O and
oxygen vacancy when the substitution between La and Gd
occurs, �Zr=�O=�VO=0, which gives

��LaxGd1−x�2Zr2O7
=

1

6�M�La,Gd�

M̄
�2

��La,Gd�. �13�

In solid solution, the impurity atom differs from the host
atoms in its mass, size, and the coupling force. Klemens41

derived a generalized expression of the imperfection param-
eter taking these various factors into account

�i = f i���Mi/M�2 + 2���Gi/G� − 6.4����i/���2	 . �14�

�i characterizes the scattering cross section of the impurity
atom i, f i is the fractional concentration of the impurity atom,
Mi is the mass of impurity atom, M and � are the mass and
radius of the substituted site in the host lattice, �i is the
radius of the impurity in the host lattice, Gi is an average
stiffness constant of the nearest neighbor bonds from impu-
rity to the host lattice, G is the corresponding quantity of the
host atoms, �Gi=Gi−G, �Mi=Mi−M, ��i=�i−� and � is
the average anharmonicity of the bonds, namely, the Grü-
neisen parameter.

Here the term of �Gi /G, which represents the influence
of the coupling force misfit in �La1−xGdx�2Zr2O7, can be
roughly estimated by comparing the Young’s modulus of
La2Zr2O7 and Gd2Zr2O7. Since the difference of the two
compositions is no more than 2% from the Young’s modulus
data shown in Fig. 8, we omitted the contribution of coupling
force misfit to strain field fluctuation, and Eq. �14� can be
written as

�i = f i���Mi/M�2 + 2�6.4����i/���2	 . �15�

According to the elastic continuum “sphere-in-hole”
model,44 the radius of the impurity atom will change when it
enters a different lattice, depending on the elastic properties
of the lattice. Eshelby derived the relation between the radius
of impurity in its own lattice �i� and the corresponding value
in the host lattice �i.

44

��i/� = ���i� − ��/��p/�1 + p� , �16�

where

p = �1 + ��Ki/2K�1 − 2�� . �17�

K and � are the bulk modulus and Poisson ratio of the ma-
trix, respectively, and Ki is the bulk modulus of the impurity
sphere. Here we also assumed that Ki /K
1, for similar elas-
tic properties of La2Zr2O7, Gd2Zr2O7 and their solid solu-
tion. Then substituting Eqs. �16� and �17� into Eq. �15�, re-
sults in

�i = f i���Mi/M�2 + 2�6.4 

1

3
�

1 + �

1 − �
��i� − ��/���
2� .

�18�

Hereon we define the strain field factor �

� =
2

9
�6.4 
 ��1 + ��/�1 − ���2 �19�

yielding

�i = f i���Mi/M�2 + ����i� − ��/��2	 . �20�

Equation �20� is identical to Abeles’s result,26 but we give
an expression of the parameter � in Eq. �19�, enabling direct
prediction of imperfection scaling parameter �, as well as the
thermal conductivity value of those solid solution with no
fitting parameters.

For a mixture containing several different atoms, the total
imperfection parameter is written as26

� = �
i

�i. �21�

Then

��La,Gd� = �La + �Gd = x�1 − x����M/M�La,Gd��2

+ ����/��La,Gd��2� , �22�

where

�M = MLa − MGd, �23�

�� = �La� − �Gd� , �24�

and

M�La,Gd� = xMLa + �1 − x�MGd, �25�

��La,Gd� = x�La� + �1 − x��Gd� . �26�

Substituting Eq. �22� into Eq. �13�, results in

��LaxGd1−x�2Zr2O7
=

1

6�M�La,Gd�

M̄
�2

x�1 − x����M/M�La,Gd��2

+ ����/��La,Gd��2� . �27�

The term of ��M /M�La,Gd��2 represents the contribution of
mass fluctuations, while the term of ���� /��La,Gd��2 corre-
sponds to the contribution of strain field fluctuations. From
Eqs. �9�, �10�, �19�, and �27�, we can finally compute the
thermal conductivity values of the investigated solid solution
from that of their parent material, using those relative physi-
cal parameters which are already available in literature.

WAN et al. PHYSICAL REVIEW B 74, 144109 �2006�

144109-6



B. Determination of the parameters and calculation

In the present study, it is reasonable to assume La2Zr2O7
rather than Gd2Zr2O7 to be the parent material as the former
possesses similar lattice structure with the solid solution. In
Eq. �10�, the parameters to be determined include the lattice
sound velocity �, average volume/atom �, and the Debye
temperature �D. � has been calculated in Eq. �6� and the
value of La2Zr2O7 is 4165 m/s. � is given by MA/�, where
MA is the average atomic mass and MA of La2Zr2O7 is 8.6

10−23 g. Then � for La2Zr2O7 is 1.44
10−29 m3. The De-
bye frequency 	D is given25 by �6�2�3 /��1/3, and the Debye
temperature �D is expressed as �	D/kB, where � and kB are
Planck’s and Boltzmann’s constant, respectively. Accord-
ingly, �D of La2Zr2O7 is estimated to be 510 K. In Eq. �24�
and �26�, �La� and �Gd� were determined as the ionic radius of
La3+ and Gd3+ with eight coordination number �1.16 Å and
1.053 Å�, as La3+ and Gd3+ occupy the eight-coordinate A
site of the pyrochlore structure. For Eq. �19�, we need to
clarify the value of Poisson ratio � and Grüneisen parameter
�. � of La2Zr2O7 is calculated to be 0.268 from the ultrasonic
measurement. To make an accurate estimation of the Grü-
neisen parameter �, we refer to the equation:45

� = �K/�CV/V� , �28�

where � is the volume thermal expansion, which is three
times of linear thermal expansion �l. The bulk modulus K
has been decided through ultrasonic measurement and K for
fully dense La2Zr2O7 is 171 GPa. C� �J mol−1 K−1� is the
specific heat at constant volume and V is molar volume. Con-
sidering that C�
CP for solids, we use CP� to replace C� /V,
as CP here is given in unit of J g−1 K−1. Equation �28� can be
rewritten as

� = 3�lK/�CP�� . �29�

The thermal expansion data was obtained from the
literature46 and the curve of �l versus CP was plotted in Fig.
10. Relativity between the thermal expansion and heat capac-
ity can be observed. The Grüneisen parameter � of La2Zr2O7
at 400 °C was estimated to be 1.54 from Eq. �29�. The strain
field factor � was calculated to be 65 from Eq. �19�. Hence,
the imperfection scaling parameter � could be calculated,
and the thermal conductivity values of the solid solution are
able to be predicted from Equations �9� and �10�. Here we

just extrapolated the calculation to where the composition
parameter x equals 0.9, as the solid solution in this area were
expected to remain similar lattice properties of the host ma-
terial La2Zr2O7. Figure 11 shows the calculated results �the
dashed curve� and the plots of experimental values at
400 °C.

From Fig. 11, it can be found that the theoretical calcula-
tion describes well the trend of thermal conductivity with the
variation of composition. However, the thermal conductivity
values seem to be underestimated, which may be due to
overestimation of phonon scattering strength by point de-
fects.

C. Temperature modification

In the case of �La1−xGdx�2Zr2O7 solid solution, size misfit
has become the dominant factor of strain field fluctuations,
which distorts the lattice of the host material and scatters
phonons. As temperature increases, the cell volume of the
material expands, and the distortion induced is believed to be
weakened, leading to attenuation of the phonon scattering by
point defects. Meanwhile, the elastic properties of the bonds
at high temperatures are different from those at room tem-
peratures and the anharmocity may also be modified. Hence
we made a careful temperature modification for the param-
eters we had used, in purpose of obtaining a better scaling of
phonon scattering by point defects at high temperatures.

For many oxides, elastic properties have been identified to
possess an approximate linear temperature dependency
above room temperature.47 We use the temperature coeffi-
cient of ZrO2 offered in literature48 as an approximation for
that of La2Zr2O7, that is 0.0645 GPa K−1 for Young’s modu-
lus and 0.0245 GPa K−1 for Shear modulus. Thus, the
Young’s modulus E�T� and Shear modulus ��T� of La2Zr2O7

above room temperature can be written as

E�T� = E0 − 0.0645�T − T0� , �30�

��T� = �0 − 0.024�T − T0� , �31�

where E0 and G0 represent Young’s modulus �238.8 GPa�
and Shear modulus �94.2 GPa� of fully dense La2Zr2O7 at
room temperature T0 �25 °C�.

FIG. 10. Linear thermal expansion and heat capacity of
La2Zr2O7. FIG. 11. Experimental thermal conductivity and theoretical cal-

culation of �La1−xGdx�2Zr2O7 at 400 °C. �The calculation result
without temperature modification is represented by the dashed
curve and the solid curve represents the calculation result consider-
ing temperature modification.�
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Then the Poisson ratio ��T� and Bulk modulus K�T� can
be expressed.

��T� =
E�T�

2��T�
− 1, �32�

K�T� =
E�T�

3�1 − 2��T��
. �33�

The Grüneisen parameter � can be obtained by substituting
Eq. �33� into Eq. �29� and the strain field factor ��T� was
calculated by Eq. �19�. At 400 °C, the parameters E, �, �, K,
�, and � were determined to be 214.6 GPa, 85.2 GPa, 0.259,
148.4 GPa, 1.33, and 46, respectively. The theoretical calcu-
lation was conducted again and the result was plotted in Fig.
11 �described by the solid curve�.

The calculation was found to be in good agreement with
the experimental values, which validates our theoretical
model. We also calculate the thermal conductivities of the
solid solution at 600 °C and the parameters E, �, �, K, �,
and � were determined to be 201.7 GPa, 80.4 GPa, 0.254,
136.7 GPa, 1.20, and 37, respectively. The result was plotted
in Fig. 12.

The theoretical calculation still accounts well for the ther-
mal conductivity values of the solid solution at 600 °C,
which further supports our consideration in the model. How-
ever, with the same theoretical model, we failed to predict
the exact thermal conductivity values of the solid solution
using Gd2Zr2O7 as the host material, which might be attrib-
uted to the difference in lattice structures of the solid solution
and Gd2Zr2O7.

In Wu et al.’s work,12 a phonon-scattering model on basis
of perturbation theory was used to describe the thermal con-
ductivities of Gd2O3-ZrO2 solid solutions. The effect of point

defects of vacancies was well described in term of mass fluc-
tuation, but the strain field fluctuation induced by point de-
fects was not considered and an adjustable parameter was
included, making this model semiempirical. Another case
where perturbation theory applies is in Lehmann et al.’s
effort17 to calculate thermal conductivities of La2Zr2O7
doped with 30 at. % of Nd, Eu, or Gd. Just like what we did
in our model, this model has completely taken into account
the scattering effects of point defects, including mass and
bonding force differences of the substituted and substituting
atoms, as well as the elastic field around a point imperfec-
tion. However, the Grüneisen parameter and elastic constants
used in this model were all room temperature values, which
would apparently change at high temperature. Hence, tem-
perature dependence of these parameters should be consid-
ered to make this model more reasonable.

V. CONCLUSION

Thermal transport properties of single-phase
�La1−xGdx�2Zr2O7 solid solutions have been investigated
across the whole composition series. With increasing x, ther-
mal conductivity of the solid solutions first decreases,
reaches the minimum value when x equals to 0.5, and then
rises up to x=1. LaGdZr2O7, which exhibits the lowest ther-
mal conductivity, could be considered as a candidate in
TBCs application. The point defect phonon scattering was
identified as the main reason responsible for the reduced
thermal conductivity of the solid solution. Due to lattice re-
laxation aroused by point defects, Young’s modulus and heat
capacities of the solid solution are suppressed, which also
contribute to the reduction of thermal conductivity. A theo-
retical model on basis of elastic continuum theory has been
developed to describe the influence of point defects on the
lattice thermal conductivity by taking account of mass and
strain field fluctuations. After adding temperature modifica-
tion of the elastic properties, we obtain good agreement be-
tween the theory and experiment above the Debye tempera-
ture.

Our work has proved that forming solid solution on basis
of an available material is an efficient way to achieve lower
thermal conductivity while keeping other favorable proper-
ties in applications like TBCs. However, this effect is limited
as the thermal conductivity of a solid cannot get below its
amorphous limit and one feasible method is to introduce suf-
ficient imperfection to approach this limit for a certain ma-
terial system.
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