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Transport calculations using the Boltzmann equation within energy-dependent relaxation time approxima-
tions were performed for PbTe and AgPbmSbTe2+m �LAST-m� systems. We have used both the nonparabolic
Kane model for the energy dispersion and the energy dispersion given by ab initio electronic structure calcu-
lations. For PbTe we find that the temperature dependence of the density of states effective mass md is very
important in order to have good agreement with experiment for electrical conductivity � and thermopower S.
Transport calculations in n-type PbTe using the energy dispersion given by the ab initio electronic structure
results in overestimation of � and underestimation of S because the temperature dependence of md cannot be
incorporated in the calculation of the chemical potential. Transport calculations in n-type LAST-m systems
using the nonparabolic Kane model for the energy dispersion show a small enhancement of the power factor
��S2� in 0–500 K temperature range relative to PbTe. The observed large ZT values of the LAST-12 and
LAST-18 systems are a combination of a small enhancement of the power factor and a strong reduction in the
thermal conductivity due to the formation of Ag-Sb microstructures.
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I. INTRODUCTION

A new class of quaternary thermoelectric compounds
AgPbmSbTe2+m, denoted as LAST-m, has attracted consider-
able attention during the last two years because of their large
figure of merit ZT �ZT�1.2 for LAST-12 and �1.8 for
LAST-18 at 800 K�.1 The dimensionless figure of merit ZT
describes the thermoelectric performance of a material and is
defined as ZT=�S2T /�, where � is the electrical conductiv-
ity, S is the thermopower, � is the thermal conductivity, and
T is the absolute temperature. These compounds form in the

rock-salt structure �Fm3̄m symmetry� similar to the binary
PbTe, where Ag and Sb occupy Pb sites. One expects that by
replacing two divalent Pb atoms by a monovalent Ag atom
and a trivalent Sb atom, one maintains the charge compen-
sation and the resulting system will be a narrow band gap
semiconductor. By controlling the Ag and Sb concentration
and their spatial ordering one can manipulate the electronic
structure and consequently their transport properties. There is
clear experimental evidence from single crystal x-ray diffrac-
tion and high resolution electron microscopy studies that
LAST-m systems are not simple solid solutions between
AgSbTe2 and PbTe phases.2 Rather, they exhibit microscopic
inhomogeneities rich in Ag-Sb embedded into a PbTe ma-
trix.

Our recent electronic structure calculations for different
microstructural arrangements of Ag and Sb in LAST-m sys-
tems have revealed that these have an enhanced density of
states �DOS� near the gap as compared to the bulk PbTe due
to the appearance of distinct resonant states.3 It has been
suggested that resonant structures in the DOS near the

chemical potential, created by quantum size effects,4–6 super-
lattice engineering,7 or chemical means,8–10 are desirable fea-
tures because they could enhance the thermoelectric figure of
merit ZT. Therefore, it is important to know how these fea-
tures in the DOS affect the electronic transport properties
such as electrical conductivity � and thermopower S, the two
quantities which define the power factor PF �PF=�S2�. Also,
it is important to understand why LAST-m systems show
larger ZT than PbTe, whether due to higher PF or due to
reduced thermal conductivity �.

In order to answer the above questions and also to see
how well theory can describe quantitatively different trans-
port coefficients, we have performed finite temperature elec-
tronic transport calculations in n-type PbTe and LAST-m
systems. These calculations were performed using Boltz-
mann transport equations within the energy-dependent relax-
ation time approximation and the nonparabolic Kane model
for the energy dispersion �k� vs k�.11 Also, the energy disper-
sion given by ab initio electronic structure calculations has
been used in some of the calculations. We have considered
the temperature dependence of the density of states effective
mass md

12 and the band gap Eg between the valence band
maximum and conduction band minimum.13 These were
taken from the experiment. Ravich et al. have taken into
account the temperature dependence of md through the tem-
perature dependence of Eg.14,15 This is only valid for small
variations of md near the band edge. Furthermore, the experi-
mental results in PbTe show that Eg increases with tempera-
ture for T� 400 K and is constant for T� 400 K,13 whereas
md increases with T even for T� 400 K.12

Several earlier attempts to incorporate the energy and
temperature dependence �through band gap and effective
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mass� of different scattering mechanisms in the calculation
of transport properties of PbTe have been made.14–17 Ravich
et al. have considered polar optical phonon, acoustic phonon,
and impurity scattering as the dominant scattering mecha-
nisms. Zayachuk16 and Freik et al.17 have pointed out that
deformation potential coupling with optical phonons is also
important in certain temperature ranges. In this paper we take
into account all the scattering mechanisms over a broad tem-
perature range �0–950 K�, in addition to taking into account
the temperature dependence of band gap Eg and density of
states effective mass md. Our focus is on the high tempera-
ture end because of the current interest in high-T thermoelec-
trics.

II. TRANSPORT COEFFICIENTS USING THE
BOLTZMANN EQUATION

A standard method to deal with charge and energy trans-
port is to use the Boltzmann transport equation.18 In the re-
laxation time approximation, the different transport coeffi-

cient tensors, �J �electrical conductivity�, SJ �thermoelectric
coefficient or thermopower�, and �J0 �electronic thermal con-

ductivity at zero electric field E� rather than at zero current J��
are given by

�J =
e2

V
�

k�
�−

� fk�

��k�
��k�v�k�v�k� , �1�

SJ = ��J�−1AJ , �2�

�J0 =
1

VT2�
k�
�−

� fk�

��k�
���k� − ��2v�k�v�k��k� , �3�

where AJ is given by

AJ =
e

VT
�

k�
�−

� fk�

��k�
���k� − ���k�v�k�v�k� . �4�

In Eqs. �1�, �3�, and �4�, e is electronic charge, V is the
volume in real space, �k� is the relaxation time, v�k� is the
velocity of charge carriers, and fk� is the equilibrium Fermi
distribution function at temperature T and chemical potential
�.

III. NONPARABOLIC KANE MODEL FOR ENERGY
DISPERSION

In this section we will discuss a simple but highly suc-
cessful model for the band structure of PbTe. In narrow
band-gap semiconductors �i.e., lead chalcogenides� the en-
ergy region of interest of an electron as measured from the
band edge is comparable to the band gap Eg. Because of this,
the dependence of the energy on crystal momentum is non-
quadratic and the effective masses are functions of the en-
ergy. The nonparabolic Kane model was introduced to de-
scribe the deviations from the quadratic dependence of
energy on the crystal momentum k�.11 In this model, the lon-

gitudinal effective mass ml and the transverse effective mass
mt depend only on the interaction between the lowest con-
duction band and the highest valence band and the contribu-
tions of other bands are assumed to be small. In Fig. 1 the
band structure of PbTe obtained by ab initio electronic struc-
ture calculations is shown. The conduction band minimum
and the valence band maximum in PbTe occur at the
L�1/2 ,1 /2 ,1 /2� point; coordinates are expressed in units of
the primitive face-centered-cubic reciprocal lattice vectors.
The longitudinal effective mass ml is defined along the L	
direction in the Brillouin zone, whereas the transverse effec-
tive mass mt is defined along the perpendicular direction to
L	. For the simple parabolic model the energy dispersion
can be expressed as

�k� =

2

2
�2kt

2

mt
+

kl
2

ml
� , �5�

where �k� is the energy, and kl and kt are the magnitudes of the
longitudinal and transverse components of k� �measured from
the L point�. In the Kane model the energy dispersion is
given by

�k��1 +
�k�

Eg
� =


2

2
�2kt

2

mt
+

kl
2

ml
� . �6�

In this model the effective masses and the mass anisotropy
coefficient of electrons and holes are equal. The constant
energy surfaces are ellipsoids, and ml and mt have the same
energy dependence.

IV. TRANSPORT COEFFICIENTS IN THE KANE MODEL

In order to calculate the transport coefficients we have to
compute different quantities appearing in Eqs. �1�, �3�, and
�4�, which include the carrier velocity v�k� and the relaxation
time �k�. For this, v�k� and �k� for different scattering mecha-
nisms have to be evaluated within the Kane model. The cal-
culations of the relaxation times were carried out by Ravich
et al.,14 and these expressions are given in Sec. V for com-
pleteness.

PbTe and the LAST-m systems on average have cubic
symmetry. Therefore, the components ��� and S�� of the
electrical conductivity and thermopower tensors can be ex-
pressed as

��� = ���� , �7�

FIG. 1. Band structure of PbTe in face centered cubic Brillouin
zone.
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S�� = ���S , �8�

where � and S are related to the trace of �J and SJ tensors and
are given by

� =
1

3
Tr �J , �9�

S =
1

3
Tr SJ . �10�

Tr �J and Tr SJ only depend on v�k�
2. The detailed expressions

for thermopower Sxx, electrical conductivity �xx along the x
axis, and the carrier concentration n are given in the Appen-
dix �Eqs. �A11�, �A14�, and �A16��. In the limit of constant
relaxation time ��
�0, independent of energy �, the expres-
sions for thermopower, electrical conductivity, and concen-
tration have a simplified form,

Sxx =
kB

e
� 1L−1

3/2��,Eg�
0L−1

3/2��,Eg�
− �� , �11�

�xx =
2

3
�e2 �2md��

1/2�0

�2
3 �0L−1
3/2��,Eg�� , �12�

n =
1

3
�

�2md��
3/2

�2
3 �0L0
3/2��,Eg�� , �13�

where kB is the Boltzmann constant, � is the band degen-
eracy, md� is related to the density of states effective mass md
�Eq. �A17��, and nLl

m�� ,Eg� are the generalized Fermi inte-
grals given by

nLl
m��,Eg� = 	

0

� �−
� f

��
����n
��1 +

�

Eg
��m�1 +

2�

Eg
�l

d� .

�14�

Note that in this limit Sxx is independent of the relaxation
time, and systems with large differences in �xx caused by
different �0 can have the same Sxx. This approximation is
rather poor for PbTe and related materials.

V. RELAXATION TIMES IN THE KANE MODEL

Different scattering mechanisms of charge carriers in lead
chalcogenides have been intensively studied in many
papers.11,14–17 It is found that the dominant scattering mecha-
nisms are by point defects and by thermal phonons, and their
relative contributions to the scattering processes are summa-
rized below.

At low temperatures �liquid helium�, charge carriers are
scattered mostly by charged vacancies. At low densities
n�5�1018 cm−3, scattering by Coulomb potential of the
vacancies dominates, whereas for high carrier densities
n�1019 cm−3, the Coulomb potential gets screened out and
scattering by the short range potential of vacancies domi-
nates. As the temperature increases, the relative importance
of the charged vacancies decreases and scattering by thermal

phonons increases. For temperatures above 300 K, scattering
by acoustic phonons and optical phonons �both polar and
deformation potential� contribute mostly to the relaxation
time.

The expressions for the dominant contributions to the re-
laxation time within the Kane model are available in the
literature.14,16,17 Therefore we give here only the final expres-
sions for different scattering mechanisms, discuss the funda-
mental parameters involved, and analyze their relative sig-
nificance for PbTe and the related LAST-m systems.

�i� Deformation potential of acoustic phonons ��a�

�a =

�0,a�T��� +
�2

Eg
�−1/2

�1 + 2
�

Eg
���1 − A�2 − B�

, �15�

A =

�

Eg
�1 − Ka�

�1 + 2
�

Eg
� , �16�

B =

8
�

Eg
�1 +

�

Eg
�Ka

3�1 + 2
�

Eg
�2 , �17�

�0,a�T� =
2�
4Cl

Eac
2 kBT�2md0�3/2 , �18�

where Eac is the acoustic deformation potential coupling con-
stant for the conduction band, Cl is a combination of elastic
constants, Ka is the ratio of the acoustic deformation poten-
tial coupling constants for the valence and conduction bands
Ka=Eav /Eac, with the values Ka
1 for n-type PbTe and
Ka
1.5 for p-type PbTe, and md0 is the density of states
effective mass for a single ellipsoid ��=1�.

�ii� Deformation potential of optical phonons ��o�,

�o =

�0,o�T��� +
�2

Eg
�−1/2

�1 + 2
�

Eg
���1 − A�2 − B�

, �19�

A =

�

Eg
�1 − Ko�

�1 + 2
�

Eg
� , �20�

B =

8
�

Eg
�1 +

�

Eg
�Ko

3�1 + 2
�

Eg
�2 , �21�
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�0,o�T� =
2
2a2��
�0�2

�Eoc
2 kBT�2md0�3/2 , �22�

where a is lattice constant, � is the density, �0 is the fre-
quency of the optical phonons, Ko is the ratio of the optical
deformation potential coupling constants for valence and
conduction bands, and Ko=Eov /Eoc. Ko and Ka are assumed
to be the same.

�iii� Polar scattering by optical phonons ��po�,

�po =


2�� +
�2

Eg
�1/2

F−1

e2�2md0��1/2�kBT���
−1 − �0

−1��1 + 2
�

Eg
� , �23�

F = 1 − � ln�1 + �−1� −

2
�

Eg
�1 +

�

Eg
�

�1 + 2
�

Eg
�2

��1 − 2� + 2�2 ln�1 + �−1�� , �24�

� = �2kr0�−2, �25�

where �0 and �� are the static and high frequency permittivi-
ties, k is the carrier wave vector, and r0 is the screening
length of the optical phonons. The parameters k and r0 are
given by

k2 =

2md0�� +
�2

Eg
�


2 , �26�

r0
−2 =

25/2e2md
3/2

�
3��

�0L1
1/2� . �27�

�iv� Short range deformation potential of vacancies ��v�,

�v =

�0,v�T��� +
�2

Eg
�−1/2

�1 + 2
�

Eg
���1 − A�2 − B�

, �28�

A =

�

Eg
�1 − Kv�

�1 + 2
�

Eg
� , �29�

B =

8
�

Eg
�1 +

�

Eg
�Kv

3�1 + 2
�

Eg
�2 , �30�

�0,v�T� =
�
4

Uvc
2 md0�2md0�1/2Nv

, �31�

where Nv is the vacancy density, and Kv is the ratio of the
short range deformation potential coupling constants of va-
cancies for valence and conduction bands, Kv=Uvv /Uvc,
which are taken to be the same as for acoustic phonons, Ka.

�v� Coulomb potential of vacancies ��C�,

�C =

�0
2�2md0�1/2�� +

�2

Eg
�3/2

��Ze2�2Nv�ln�1 + �� − �/�1 + ����1 + 2
�

Eg
� , �32�

� = �2krv�2, �33�

where Ze is the vacancy charge, and rv is the screening ra-
dius of the vacancy potential given by

rv
−2 =

4�e2

�0
D��� , �34�

D��� =
21/2�md0�3/2

�2
3 �� +
�2

Eg
�1/2�1 + 2

�

Eg
� , �35�

D��� being the density of states at the chemical potential, �.
The total scattering relaxation time �� is expressed as

1

��

=
1

�a
+

1

�o
+

1

�po
+

1

�v
+

1

�C
. �36�

The parameters used to calculate the relaxation times were
taken from Ref. 16 and they are given in Table I. We find that
only the first three terms in the above sum make significant
contributions at temperatures above 300 K. The values of the
relaxation times at room temperature in the 1–200 meV en-
ergy range are �a=0.15–2.9�10−12 s, �o=0.18–2.0
�10−12 s, �po=0.1–0.19�10−12 s, �v=2.4–44.7�10−12 s,

TABLE I. Parameters used to calculate the relaxation times for
PbTe and LAST-m systems at 300 K.16

Parameter Unit of measurement Value

ml /m 0.24

�0 400

�� 32.6

Cl N/m2 0.71�1011


�0 eV 0.0136

a Å 6.461

� g/cm3 8.24

Z 0.14

Eac eV 15

Eoc eV 26

Uvc ergs cm3 3�10−34

Ka,Ko, Kv for n type 1.0

Ka, Ko, Kv for p type 1.5
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and �C=5.2–1216.0�10−12 s. �v and �C are orders of mag-
nitudes larger than �a, �o, and �po.

Experimentally one finds Eg and md to be temperature
dependent.12,13 This comes from strong electron-phonon cou-
pling. In our transport calculations we have incorporated the
T-dependent Eg and md using the experimental data. As dis-
cussed later in detail, we find that the temperature depen-
dence of md is very important in order to have good agree-
ment with measured values of the transport coefficients.
Experimentally it is found that Eg increases linearly with
temperature for T�400 K and above 400 K, it remains
constant.13 The temperature dependence of Eg�T� is given by

Eg = 0.19 + �0.42 � 10−3�T for T � 400 K, �37�

Eg = 0.358, for T � 400 K. �38�

The temperature dependence of md �see Eq. �A19�� comes
primarily through the T-dependence of the transverse effec-
tive mass mt, which is also taken from the experiment12

mt

m
= 0.024 59 + �8.659 341 � 10−5�T , �39�

where m is the bare electron mass.
In ab initio calculations of transport coefficients using

ab initio band structure results, one has to carry out summa-
tions over all occupied bands. In order to calculate the con-
centration n, the electrical conductivity �xx, and ther-
mopower Sxx, the sums over k� have to be taken over different
bands. Also, instead of using the equation v��n ,k��
= �1/ 
 ����n ,k�� /�k� for the velocity of an electron in state nk�,
we calculate v��n ,k�� using the momentum matrix elements
p��n,k��

v��n,k�� =
1

m
�p�n,k�
 =

1

m
���n,k���p�̂ ���n,k��
 , �40�

which are available in the optical properties package of the
WIEN2K program.19 The calculation of relaxation time and its
energy dependence using the ab initio electronic structure is
extremely difficult and will not be attempted here. Instead
we will use the energy-dependent relaxation time obtained
within the Kane model.

VI. RESULTS AND DISCUSSION

A. PbTe using the Kane model

In order to calculate electrical conductivity �xx and ther-
mopower Sxx for a given concentration n at different tem-
peratures, one has to solve for the chemical potential � at a
give n and T and use this value in the calculation of �xx and
Sxx. We use the MATHEMATICA program to solve this prob-
lem.

As mentioned in Sec. V, we have taken into account the
temperature dependence of Eg and md given in Eqs.
�37�–�39�. At high concentrations, n�1019 cm−3, which are
required for a good thermoelectric, the n- or p-type PbTe can
be described using a single band model since at these con-
centrations, contributions to transport come primarily from

one type of carrier. Here we give the results for the n-type
PbTe.

At concentration n=5�1019 cm−3, if we use the strengths
of the coupling constants Eac=15 eV and Eoc=26 eV as
given in Ref. 16 we find that the theoretical value of � is
smaller than experiment �Fig. 2�a��. The magnitude of the
thermopower is, however, slightly higher for T� 550K and
lower for T�550 K �Fig. 2�c��. The net effect is a good fit to
the power factor PF=�S2 below 400 K �Fig. 2�e��. The the-
oretical power factor is considerably smaller than experiment
for T�400 K. Thus we are overestimating the strength of
the scattering. If we reduce Eoc to 15 eV=Eac, we find a
much better fit to � over the temperature range 300–950 K
�Fig. 2�b��. Thermopower values are also closer to experi-
ment at higher temperatures �Fig. 2�d��. The resulting power
factor is in better agreement with experiment for T�600 K
�Fig. 2�f��. Because of our interest in the high temperature
region, we will use the lower value of Eoc in our further
analysis.

It is interesting to explore how significant are the tem-
perature dependences of Eg and md in the entire temperature
range, a study which has not been done carefully in the ear-
lier theoretical calculations.14–17 For this we calculate �, S,
and the power factor S2� for a constant md using the values
ml=0.24m and mt=0.024m. The results for both sets of de-
formation potential coupling constants are given in Fig. 3.
For constant md, the electrical conductivity is overestimated
whereas the thermopower is underestimated. The tempera-
ture dependence of thermopower is not well described; there-
fore, the inclusion of temperature dependence of md is very
important to have a good agreement with experimental val-
ues of electrical conductivity and thermopower. It is also
important to note that one can have fortuitous good agree-
ment for the power factor as shown in Fig. 3�e�, even when �
and S are not very well reproduced individually. This further
suggests that to understand correctly the temperature depen-
dence of the power factor in PbTe systems, temperature de-
pendence of the electrical conductivity and thermopower
have to be studied separately.

We have also considered the case where the energy gap Eg
increases linearly with the temperature in the whole
0–950 K temperature range �instead of Eqs. �37� and �38��.
The results for the electrical conductivity and thermopower
are given in Fig. 4. We can see that temperature dependence
Eg is not crucial for good agreement with experiment at this
high concentration, but it is important at low concentrations
when carriers from the valence band can be excited into the
conduction band across the band gap. For this case a two-
band model �conduction and valence� has to be employed to
calculate the transport coefficients correctly.

To see whether the good agreement between theoretical
values of �, S, and S2� and experiment obtained with param-
eter values Eac=15 eV and Eoc=15 eV �values chosen to
match the value of � at 300 K for the concentration n=5
�1019 cm−3� persists at different concentrations, we have
calculated these quantities at two other concentrations:
n=2.4�1019 cm−3 and n=1�1020 cm−3. The results are
shown in Fig. 5. For n=2.4�1019 cm−3, the room tempera-
ture electrical conductivity is slightly underestimated,
whereas for n=1�1020 cm−3 this value is slightly overesti-
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mated. Over the entire 300–950 K temperature range the
agreement for electrical conductivity with experiment is
quite good, suggesting that Eac=15 eV and Eoc=15 eV val-
ues of the deformation potential coupling constants describe
well the scattering mechanisms in the 1–10�1019 cm−3 con-
centration range. The thermopower is overestimated for both
concentrations; as a consequence the power factor is also
overestimated.

B. PbTe using ab initio electronic structure

In order to calculate the transport coefficients of n-type
PbTe using ab initio density functional results one has to
carry out summations over k� and different bands. The carrier
velocities were calculated using the momentum matrix ele-
ments. It was found that a very dense mesh of irreducible k�
points �more than 15 000� in the Brillouin zone has to be
taken in order to have good convergence for the values of the
transport coefficients. This will require a tremendous amount
of computational time and computer resources in the case of
complex LAST-m systems, but for PbTe such calculations
are currently feasible. For the relaxation time the same ex-
pressions were used as in the nonparabolic Kane model, tak-
ing into account the temperature dependence of Eg and md.

The calculated values for the electrical conductivity and
thermopower at n=5�1019 cm−3 are shown in Fig. 6. One
expects that ab initio energy dispersion should give better
agreement with experiment as compared to the Kane model.

In contrast the agreement is not as good. The electrical con-
ductivity is overestimated �Fig. 6�a�� and the thermopower
is underestimated �Fig. 6�b��. This is due to the fact that in
ab initio calculations the temperature dependence of the den-
sity of states effective mass md cannot be incorporated in
the calculation of chemical potential. For the same n, the
ab initio results give a higher value of the chemical potential
� than that given by the Kane model. This results in an
increase in the electrical conductivity and a decrease in the
magnitude of the thermopower at a given temperature. To
confirm that not incorporating the temperature dependence of
md in theoretical calculations is the reason for disagreement
between the ab initio results and experiment, we have calcu-
lated the transport coefficients in the Kane model using con-
stant values for md in the expression for concentration n �Eq.
�A16�� but temperature dependent md in the expressions of
relaxation times. These results are shown in Figs. 6�a� and
6�b� as continuous lines, and they clearly show an overesti-
mation of electrical conductivity and underestimation of
thermopower. The zero temperature ab initio electronic
structure calculations cannot correctly describe the finite
temperature transport coefficients in PbTe when the band
structure parameters such as Eg and md are strongly T depen-
dent. The main problem is that the temperature dependence
of the chemical potential is not correctly accounted for.

C. LAST-m using a modified Kane model

To calculate the transport properties of LAST-m systems,
we make use of the ab initio band structure results to con-

FIG. 2. Temperature depen-
dence of �a� electrical conductiv-
ity, �c� thermopower, and �e�
power factor for n-type PbTe at
concentration n=5�1019 cm−3

obtained using Eac=15 eV and
Eoc=26 eV values of the deforma-
tion potential coupling constants.
Temperature dependence of �b�
electrical conductivity, �d� ther-
mopower, and �f� power factor for
n-type PbTe at concentration n
=5�1019 cm−3 using Eac=15 eV
and Eoc=15 eV. Theoretical val-
ues using temperature dependent
md and Eg are shown as dashed
lines and the experimental values
are shown as black points from
Ref. 20 and as gray points from
Ref. 15.
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struct an effective nonparabolic Kane model. Transport coef-
ficient calculations were performed for the chain model of
LAST-30 systems �Fig. 7� through a qualitative comparison
between the band structure results of the chain model and
bulk PbTe. The band structure of PbTe and the chain model
in the simple cubic �sc� Brillouin zone21 are given in Figs.
8�a� and 8�b�. In the sc Brillouin zone of PbTe, the conduc-
tion band minimum and the valence band maximum occur at
the 	 point, which is the same as the L point in the face-

centered-cubic �fcc� Brillouin zone.21 The lowest conduction
band in the fcc Brillouin zone, which contributes to the trans-
port, is onefold degenerate and the multiplicity of the L point
is four, whereas in the sc Brillouin zone the lowest conduc-
tion band is fourfold degenerate and the multiplicity of the 	
point is one.

More specifically, the lowest conduction band in the sc
Brillouin zone along the 	X direction is fourfold degenerate,
whereas in the 	R direction the first conduction band is one-

FIG. 3. Temperature depen-
dence of �a� electrical conductiv-
ity, �c� thermopower, and �e�
power factor for n-type PbTe at
concentration n=5�1019 cm−3

obtained using Eac=15 eV and
Eoc=26 eV values of the deforma-
tion potential coupling constants.
Temperature dependence of �b�
electrical conductivity, �d� ther-
mopower, and �f� power factor for
n-type PbTe at concentration n
=5�1019 cm−3 using coupling
constant values Eac=15 eV and
Eoc=15 eV. Theoretical values
obtained using constant md are
shown as dashed lines. Experi-
mental values are shown as black
points from Ref. 20 and as gray
points from Ref. 15.

FIG. 4. Temperature depen-
dence of �a� electrical conductiv-
ity, and �c� thermopower for
n-type PbTe at concentration n
=5�1019 cm−3 using Eac=15 eV
and Eoc=26 eV values of the de-
formation potential coupling con-
stants. Temperature dependence of
�b� electrical conductivity and �d�
thermopower for n-type PbTe at
concentration n=5�1019 cm−3

using coupling constant values
Eac=15 eV and Eoc=15 eV. The-
oretical values obtained using
temperature dependent Eg in the
0–950 K range are shown as
dashed lines. Experimental values
are shown as black points from
Ref. 20 and as gray points from
Ref. 15.
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fold degenerate and the second conduction band is threefold
degenerate. For the chain model of LAST-30, we can clearly
see a dramatic modification of the band structure near the
bottom of the conduction band �Fig. 8�b��. As was pointed
out in Ref. 3, the presence of Sb in PbTe gives rise to reso-
nant states in the conduction band. In that paper we had
conjectured that the presence of resonant states may be the
reason for large thermopower. As we see in Fig. 8�b�, the
Sb-induced resonant state lies at about 0.6 eV above the con-
duction band bottom. This state strongly hybridizes with one
of the four PbTe conduction bands, giving a flatter energy
dispersion for this band as compared to that of PbTe. Since
the resonant state is 0.6 eV above the conduction band mini-
mum, this state will not contribute directly to transport at
carrier concentrations of interest. Therefore, to simulate the
chain model for the lowest conduction band, we have taken a
heavier density of states effective mass md

chain, whereas for
the other three conduction bands we have used the same md
as for PbTe. Although we recognize that this approach can-
not quantitatively describe the chain model of LAST-30 sys-
tems since md for the other three conductions bands are not
exactly the same as those of PbTe, this approach can quali-
tatively describe the transport properties in all LAST-m sys-
tems. This is a consequence of the electronic structure re-
sults, which show that several Ag-Sb microstructural
arrangements have an enhanced conduction band density of
states �heavier md� near the band bottom as compared to
PbTe.3

We have considered two values for the effective mass
md

chain of the lowest conduction band. One is md
chain
1.5md

FIG. 5. Temperature depen-
dence of �a� electrical conductiv-
ity, �c� thermopower, and �e�
power factor for n-type PbTe at
concentration n=2.4�1019 cm−3.
Temperature dependence of �b�
electrical conductivity, �d� ther-
mopower, and �f� power factor for
n-type PbTe at concentration n
=10�1019 cm−3. Theoretical val-
ues obtained using temperature
dependent Eg and md and using
Eac=15 eV and Eoc=15 eV val-
ues for the deformation potential
coupling constants are shown as
dashed lines. Experimental values
are shown as black points from
Ref. 20 and as gray points from
Ref. 15.

FIG. 6. Temperature dependence of �a� electrical conductivity
and �b� thermopower for n-type PbTe at concentration n=5
�1019 cm−3 and using Eac=15 eV and Eoc=15 eV values of the
deformation potential coupling constants. Theoretical values ob-
tained using ab initio energy dispersion and temperature depen-
dence of Eg and md are shown as dashed lines. Theoretical values
obtained using nonparabolic Kane energy dispersion with constant
md in the expression of n are shown as continuous lines. Experi-
mental values are shown as black points from Ref. 20 and as gray
points from Ref. 15.
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and the other is md
chain
2.5md, where md is the density of

states effective mass of PbTe, which was assumed to be tem-
perature dependent. The results for concentration n=5
�1019 cm−3 �using Eac=15 eV and Eoc=15 eV values of the
deformation potential coupling constants� are given in Fig. 9.
The chain model for md

chain=1.5md has a lower electrical
conductivity and a higher thermopower compared to PbTe.
As a result the power factor shows a small increase in the
0–500 K temperature range �Figs. 9�a�, 9�c�, and 9�e��. In-

creasing the value of md
chain even further �md

chain=2.5md�, the
electrical conductivity of the chain model is further de-
creased, whereas the thermopower is increased. This gives an
enhanced power factor in the 0–500 K temperature range
�Figs. 9�b�, 9�d�, and 9�f��. These qualitative transport calcu-
lations show that LAST-m systems in the 0–500 K tempera-
ture range have a small increase in the power factor com-
pared to PbTe. The enhancement of the power factor
increases with the increasing md

chain values.
We have calculated the transport coefficients for a higher

concentration �n=1�1020 cm−3� for md
chain=2.5md. These

results are shown in Fig. 10. The power factor for this con-
centration shows an enhancement in the 0–700 K tempera-
ture range. This suggests that the temperature range for
which the power factor of LAST-m systems shows an en-
hancement relative to PbTe increases with carrier concentra-
tion.

VII. SUMMARY

Transport calculations using the nonparabolic Kane model
for energy dispersion in PbTe show that the temperature de-
pendence of the density of states effective mass md is very
important to correctly describe the temperature dependence
of electrical conductivity and thermopower. Taking into ac-
count this temperature dependence and that of the energy
band gap, we see that the electrical conductivity has a T−3

temperature dependence �in agreement with experiment�.11

Calculations for PbTe using ab initio electronic structure
results for the energy dispersion overestimate the electrical
conductivity and underestimate the thermopower at a given
temperature. This is a consequence of the fact that in
ab initio electronic structure results, the temperature depen-
dence of density of states cannot be taken into account in the
calculation of the chemical potential. This increases the
chemical potential values for a given n and temperature. This
effect enhances the electrical conductivity and reduces the
thermopower. Therefore, the zero temperature ab initio den-
sity functional theory �DFT� cannot describe correctly the
transport properties in PbTe when md and Eg are known to
depend strongly on T. This is also true for the LAST-m ma-
terials.

In the LAST-30 compound, the presence of Sb gives rise
to resonant states in the conduction band, which lies
�0.6 eV above the conduction band bottom and as a result,
does not directly contribute to the transport properties. How-
ever, it indirectly affects the transport by altering the disper-
sion of the conduction band states resulting from hybridiza-
tion effects. The transport calculations for the chain model of
LAST-30, taking into account the change in density of states,
show a small enhancement of the power factor in the
0–500 K temperature range relative to PbTe. This enhance-
ment increases with increasing md values. The temperature
range for which this enhancement of the power factor is
achieved increases with increasing n. These results show that
the enhanced DOS of LAST-m systems near the band gap do
not always increase the power factor compared to PbTe. The
power factor values depend sensitively on md and n values.
This may explain why it is very difficult to reproduce the

FIG. 7. Unit cell model for Ag-Sb chain parallel to the �001�
direction in AgSbPb30Te32. For the reason of clarity we show only
Pb fcc lattices with Pb in gray, Ag in white, and Sb in black colors.

FIG. 8. �a� Band structure in simple cubic Brillouin zone of �a�
bulk PbTe and �b� Ag-Sb chain model; orbital character of Sb p.
The size of the circles is proportional to the strength of the orbital
character.
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large ZT values in the LAST-m systems.
Transport calculations reveal that the enhanced density of

states �enhanced md� near the band gap of LAST-m systems
as compared to that of PbTe seen in the electronic structure
calculations can give rise to a small increase in the power

factor. However this increase is not large enough to increase
ZT by a factor of �2 �as seen experimentally�. Therefore, the
reason LAST-m systems have better ZT compared to PbTe is
perhaps due to a strong reduction in the lattice thermal con-
ductivity due to the formation of microstructures �seen in
electron microscopy�.2
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APPENDIX

The Kane model energy dispersion Eq. �6� contains two
types of effective masses and in order to simplify the calcu-
lations, the following substitutions can be made:

kt
2 =

mt

md�
kt�

2, �A1�

kl
2 =

ml

md�
kl�

2. �A2�

where md� is related to density of states effective mass md by
Eq. �A17�. Using the new variables kl� and kt�, Eq. �6� can be
written as

�k��1 +
�k�

Eg
� =


2

2md�
�2kt�

2 + kl�
2� �


2

2md�
k�2. �A3�

In terms of the new variable k�� the expressions for �J and SJ

are

�J =
e2

V
�
k��
�−

� fk�
�

��k�
�
��k�

� v�k�
� v�k�

� , �A4�

SJ = ��J�−1AJ , �A5�

where AJ is given by

AJ =
e

VT
�
k��
�−

� fk�
�

��k�
�
���k�

� − ���k�
� v�k�

� v�k�
� . �A6�

Changing the sums into integrals, Eq. �A5� for thermopower
becomes

FIG. 9. Transport coefficients
at concentration n=5�1019 cm−3

using temperature dependent Eg

and md and Eac=15 eV and Eoc

=15 eV for the deformation po-
tential coupling constants. Tem-
perature dependence of �a� electri-
cal conductivity, �c� thermopower,
and �e� power factor for
md

chain
1.5md. Temperature de-
pendence of �b� electrical conduc-
tivity, �d� thermopower, and �f�
power factor for md

chain=2.5md.
Theoretical values for bulk PbTe
are shown as dashed lines and for
the chain model of LAST-30 as
continuous lines.
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SJ =
1

eT

	
0

� �−
� fk�

�

��k�
�
���k�

� − ���k�
� v�k�

� v�k�
� d3k��

	
0

� �−
� fk�

�

��k�
�
��k�

� v�k�
� v�k�

� d3k��
. �A7�

Using Eq. �A3�, the infinitesimal unit volume in reciprocal
space d3k�� can be expressed as

d3k�� = 4�k�2dk� = 4�
21/2md�

3/2


3 
��1 +
�

Eg
��1/2�1 +

2�

Eg
�d� ,

�A8�

where we have dropped the suffix for the carrier energy �k�
� .

The carrier velocity is given by

v�k�
� =

1




��

��k�
�

=



md�

k��

1 +
2�

Eg

. �A9�

Using the above equation, the v�
k��
2

term in the transport equa-

tions can be expressed as

v
k��
2

=
2

md�

��1 +
�

Eg
�

�1 +
2�

Eg
�2 . �A10�

Substituting Eqs. �A8� and �A10� into Eq. �A7� and using
Eqs. �8� and �10�, the thermopower along the x axis Sxx
�Sxx=S� becomes

Sxx =
1

eT

	
0

� �−
� f

��
��� − ��
��1 +

�

Eg
��3/2�1 +

2�

Eg
�−1

��d�

	
0

� �−
� f

��
�
��1 +

�

Eg
��3/2�1 +

2�

Eg
�−1

��d�

,

�A11�

where the relaxation time �� is assumed to depend only on
energy. Since S depends on the ratio of the two integrals �Eq.
�A7�� the spin and band degeneracy � factors cancel out in
Eqs. �A7� and �A11�.

Taking into account the spin degeneracy and the band
degeneracy �, the expression for the electrical conductivity �J
can be rewritten as

�J =
2�e2

V
�
k��
�−

� fk�
�

��k�
�
�v�k�

� v�k�
� �k�

� =
2�e2

V

V

�2��3

�	
0

� �−
� fk�

�

��k�
�
�v�k�

� v�k�
� �k�

� d3k�� , �A12�

and using Eqs. �A8� and �A10�, Tr �J can be expressed as

Tr � = 2�e2 �2md��
1/2

�2
3 	
0

� �−
� f

��
�
��1 +

�

Eg
��3/2

��1 +
2�

Eg
�−1

��d� . �A13�

In order to compare the electrical conductivity with the mea-
sured experimental values along a specific crystallographic
direction �i.e., x axis�, the component �xx has to be calcu-
lated. �xx ��xx
�� is given by

�xx =
2

3
�e2 �2md��

1/2

�2
3 	
0

� �−
� f

��
�
��1 +

�

Eg
��3/2

��1 +
2�

Eg
�−1

��d� . �A14�

The concentration of carriers n can be written as

n =
2�

V
�
k��

fk�
� =

2�

V

V

�2��3 	 d3k��

exp� �k�
� − �

KBT
� + 1

,

�A15�

and using Eq. �A8� the concentration n can be expressed as

FIG. 10. Transport coefficients at concentration n=1
�1020 cm−3 using temperature dependent Eg and md and Eac

=15 eV and Eoc=15 eV values of the deformation potential cou-
pling constants. Temperature dependence of �a� electrical conduc-
tivity, �b� thermopower, and �c� power factor for md

chain=2.5md.
Theoretical values for bulk PbTe are shown as dashed lines and for
the chain model of LAST-30 as continuous lines.
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n =
21/2

�2
3�md�
3/2	

0

� 
��1 +
�

Eg
��1/2�1 +

2�

Eg
�d�

exp� � − �

KBT
� + 1

.

�A16�

The expression �md�
3/2 is defined as

md
3/2 = �md�

3/2, �A17�

where md is called density of states effective mass. The re-
lation between the density of states effective mass and lon-

gitudinal and transverse effective masses can be deduced us-
ing the Eqs. �A1� and �A2�, and the following equation:

d3k� = d3k�� , �A18�

which sets the equality between the infinitesimal volumes in
reciprocal space. Then the density of states effective mass
can be expressed as

md = �2/3md� = �2/3�mlmt
2�1/3. �A19�
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