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In this paper we have developed a theory of energetics for isolated single-wall carbon nanotubes �SWNTs�
deformed in the radial direction, and applied this theory to investigate their deformation characteristics and
stability under hydrostatic pressure. The starting point of the theory is the strain energy of SWNTs predicted by
ab initio calculations based on the density functional theory �DFT�, which shows the same behavior as that
obtained for the continuum elastic shell model. We extend this result for inflated SWNTs with circular cross
section to calculate the deformation energy of a deformed SWNT without performing further DFT calculations.
This extension is then complemented by a van der Waals interaction, which is not fully taken into account in
the DFT approximations currently in use but becomes important in highly deformed tubes. We find that the
minimum pressure, P1, for the radial deformation to occur is proportional to the inverse cube of tube diameter,
D, in agreement with the recent theoretical predictions as well as the classical theory of buckling. The radial
deformation of SWNTs with D�2.5 nm is found to be elastic up to very high pressure and they hardly
collapse. On the other hand, SWNTs with D�2.5 nm show a plastic deformation and collapse if the applied
hydrostatic pressure exceeds a critical value, which is about 30–40% higher than P1 and also varies as D−3

though approximately. These SWNTs with large D collapse when the cross-sectional area is about 60% reduced
with respect to the circular one. It is also found that for SWNTs with D�7.0 nm, the plastically deformed
�collapsed� state is more stable than the inflated one. This critical value of D is somewhat larger than previ-
ously predicted.
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I. INTRODUCTION

Since the discovery of carbon nanotubes,1 extensive ex-
perimental and theoretical studies have been made for their
structural, mechanical, thermodynamic, and electronic prop-
erties.2 These studies have been motivated by scientific and
technological interest in their amazing properties due to the
exceptional nanostructure unparalleled by other materials. In
particular, carbon nanotubes show extraordinarily high stiff-
ness and strength in the axial direction and enormous flex-
ibility for bending. These unusual mechanical properties can
be explained by the strong in-plane C-C covalent bond and
have implied that carbon nanotubes are natural candidates
for nanoscale fibers in the strong, flexible, and lightweight
composite materials. The axial Young’s modulus of carbon
nanotubes, both experimental3–5 and theoretical,6–10 shows
some scatter �see the compilation in Ref. 10� but its value of
�1 TPa for both single-wall nanotubes �SWNTs� and multi-
wall nanotubes �MWNTs� is now commonly accepted. This
scatter partly arises from the difficulty in modeling nanoscale
tubes in terms of an effective wall thickness.11,12 On the
other hand, carbon nanotube bundles and crystals have been
the main focus in the studies of the radial elastic properties
and their bulk modulus of 30–40 GPa13–16 is close to that of
graphite. The radial Young’s modulus of MWNTs has also
been investigated by Palaci et al.17 and found to decrease
with tube diameter, D, and reach to an asymptotic value,
again close to the graphitic value. These results can be un-
derstood by the fact that the bulk modulus of these materials
is essentially determined by a rather weak van der Waals
�vdW� interaction between tubes or between walls, which is
similar to that between graphitic layers. Compared to these
extensive studies on rather complicated but technologically

attractive systems, the report on the radial elastic properties
of isolated SWNTs is scarce. To our knowledge the first such
report is from Reich et al.,18 who performed ab initio calcu-
lations for a SWNT with D=0.8 nm and obtained the radial
Young’s modulus of Er�650 GPa, about half that in the
axial direction. Recently, Li and Chou19 obtained somewhat
larger Er using the molecular structural mechanics and found
an inverse proportionality between Er and D, though ap-
proximate.

Radial deformation of carbon nanotubes has also attracted
much attention because of its possible influence on the me-
chanical and electronic properties. Ruoff et al.20 observed, by
transmission electron microscope, flattening of two adjacent
aligned tubes along the contact region and showed that such
a deformation can also be explained by a vdW interaction
between tubes. Since then, the radial deformations of the
carbon nanotubes in bundles and crystals have been investi-
gated both experimentally and theoretically by many
authors.15,16,21–29 These studies on bundles of SWNTs with
particular diameters of �1.4 nm have suggested a pressure-
induced phase transformation from circular to either hexago-
nal or flattened tubes at 1.4–2.1 GPa.15,21–25 This shape tran-
sition has been indirectly evidenced by the disappearance of
symmetric radial breathing modes in Raman spectra.21,22 The
shape transition has also been directly observed in the dif-
fraction experiments, by either x-ray15,16 or neutron,27 al-
though there remains inconsistency in these experimental re-
sults. The radial deformation of carbon nanotubes under
asymmetric �or local� stress was also examined with molecu-
lar dynamics �MD� simulations30 and scanning probe
microscope.31 In contrast with these extensive investigations
for bundles and crystals, the radial deformation of isolated
nanotubes has been much less studied.32–37 Chopra et al.33

observed, by transmission electron microscope, a completely
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collapsed �or flattened� MWNT and demonstrated, using a
theoretical modeling, that such a collapsed tube is energeti-
cally favored over the inflated form for a given range of tube
parameters. Sun et al.34 made more detailed investigations
for the radial deformation of an isolated SWNT under pres-
sure using classical and ab initio constant-pressure MD
simulations. They found that the cross section of a SWNT
shows a circular-to-elliptical shape transition at some critical
pressure, P1, and the deformed elliptical phase is substan-
tially soft compared to the circular phase with a large radial
Young’s modulus. The critical pressure was found to de-
crease with D as P1�1/D3, which has also been suggested
by other theoretical works19,25,34–36 and is in accordance with
the classical continuum theory of buckling. Similar investi-
gations for double-wall nanotubes were also made by Ye et
al.37 On the other hand, Zang et al.36 focused attention on a
geometrical aspect of radial deformation of SWNTs and
found, by a classical MD simulation, a universal feature re-
lated to the change in cross-sectional area.

In the present paper we are also concerned with the radial
deformation and stability of isolated SWNTs under hydro-
static pressure. These results for a relatively simple system
are expected to provide a useful understanding of the radial
deformation in more complicated systems such as nanotube
bundles, ropes, and crystals. The most promising theoretical
method of studying deformation characteristics of carbon
nanotubes would be to perform first-principles MD simula-
tions, but this method requires prohibitively high cost of
computations. To overcome this difficulty, we develop a
theory enabling us to calculate the deformation energy of a
SWNT much more easily. This theory starts with the results
of ab initio calculations based on the density functional
theory �DFT� for the strain energy of an inflated SWNT with
a circular cross section. We extend these results, using a
continuum elastic shell model, to calculate the strain energy
of a SWNT deformed in the radial direction without per-
forming further ab initio calculations. Then the theory is
supplemented by adding the interaction between opposing
walls, which is not fully taken into account or missing in the
above modeling but becomes important in a highly deformed
SWNT.

II. METHOD TO CALCULATE DEFORMATION ENERGY

Several atomistic,6,7,38 tight-binding,9 and ab initio39–44

calculations have been performed for the strain energy of
inflated SWNTs with a circular cross section, which is the
key quantity in the present theory. These calculations have
indicated that the strain energy per atom is closely propor-
tional to the inverse square of tube diameter, D, in a wide
range of D and insensitive to chirality of tube. We write this
result, for later convenience, as

EDFT =
�

R2 , �1�

where R is the tube radius �R=D /2� and � is a constant
independent of R. The values of � obtained by the previous
calculations are about 20 meV nm2. We also performed DFT
calculations in the local density approximation �LDA� for

SWNTs with D in the range 0.7–2.2 nm, using the Vienna
Ab Initio Simulation Package �VASP� code.46 In these calcu-
lations we assumed a SWNT directly constructed from a
conformal mapping of graphene sheet with a C-C nearest
neighbor distance of 0.142 nm. To simulate an isolated
SWNT we used a large supercell in the direction perpendicu-
lar to the axis. The calculations were made by using the
ultrasoft pseudopotential and a plane-wave expansion with
the cutoff energy of 358.2 eV. The k-point sampling was
made using special points in the irreducible Brillouin zone
generated from 1�1�8 mesh. By fitting the resulting strain
energies to the form in Eq. �1�, we obtained �=19.6
meV nm2 for �n ,n� armchair tubes and �=19.2 meV nm2 for
�n ,0� zigzag tubes. In the theory developed in the following,
we employ a continuum model in which carbon atoms are
uniformly distributed on the conformal surface of a tube and
hence no effect due to the chirality difference is considered.
To be consistent with this, we used the average value, �
=19.4 meV nm2, throughout the present work. We note that
no geometrical optimization was made in our calculations.

Kürti et al.43 and Sun et al.45 have shown by the extensive
DFT �LDA� calculations that the geometrical parameters of
SWNTs differ from those obtained by the ideal wrapping of
a graphene sheet. In fact, the unwrapped hexagonal lattice of
a geometrically optimized SWNT is distorted and different
from the ideal one, and the distortion of the unit cell �e.g.,
increase of the tube diameter� also occurs. These deviations
from the ideal behaviors are appreciable for small SWNTs
with D�1.5 nm. The strain energy was also found to show
the deviation from the classical behavior given by Eq. �1�
and it may be corrected by adding extra terms such as that
proportional to R−4 if we are concerned with small tubes.41,43

In the present work, however, we ignore all these effects for
avoiding complexity in treating them for deformed tubes in a
consistent manner. In consequence, the present theory is
quantitatively less reliable for small tubes, especially in the
large deformation regime. For small deformations, with
which we are primarily concerned in case of small tubes, the
corrections due to the nonideal features of SWNTs can easily
be estimated and will be found insignificant as we see later.

A. Model

Similar DFT calculations for a SWNT deformed in the
radial direction would enable us to obtain its strain energy if
we do not care about computational cost. Instead of attempt-
ing such unpractical calculations, we consider extending the
result for a circular SWNT to a deformed one. For this pur-
pose, we first note that the result in Eq. �1� is in accordance
with that for a continuum elastic shell model, indicating that
a SWNT may be viewed as a rolled-up elastic sheet with a
thickness comparable to the interlayer distance of graphite.
We also note the high stiffness in the axial direction, which
suggests that the axial deformation induced by a radial de-
formation is quite small and may be ignored to a good ap-
proximation. The large circumferential Young’s modulus19

also implies that the circumferential length of the cross sec-
tion perpendicular to the axis remains almost unchanged in
the course of radial deformation. Hence, we may assume that
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no deformation occurs in the axial direction and the circum-
ferential length is always equal to 2�R1, where R1 is the
radius when the deformation starts to occur. Let 	1 and �1 be
the corresponding atomic number density on the surface and
the value of � in Eq. �1�, respectively. With these physically
acceptable assumptions, the strain energy �per atom� of a
deformed SWNT may be given by

EDFT
�0� =

1

N
� �1

R�s�2	1Lds =
�1

2�R1
� 1

R�s�2ds . �2�

Here, N=2�R1L	1 is the number of atoms in the length L
along the axis, R�s� is the local curvature radius, and the
integration is performed along the circumference in the plane
perpendicular to the axis. The result in Eq. �2� is nothing but
the one expected in the continuum elastic shell model and
reduces to the form in Eq. �1� for a circular SWNT. As we
see later, the radial deformation starts to occur at finite pres-
sure, which implies that R1 is smaller than the zero-pressure
value, say R0. The corresponding zero-pressure value of the
density also would be smaller than 	1. However, these dif-
ferences are insignificant and may be ignored for large tubes
with D
1.5 nm, as we see later. The situation is quite simi-
lar to that of the nonideal behaviors of the geometrical pa-
rameters and the strain energy. Hence, we may assume that
R1, �1, and 	1 are the same as the zero-pressure values,
which we simply write as R, �, and 	 hereafter. The correc-
tions due to these simplifications will be discussed later in
Sec. III.

If the deformation is small and the interaction between
opposing walls can be ignored, the continuum elastic sheet
model as given by Eq. �2� may provide a good estimate of
the strain energy of a deformed SWNT. However, in a situ-
ation where the deformation is large enough to cause the
overlapping of the electron density in between opposing
walls, the interaction between such walls becomes important.
This interaction is similar to that between graphitic layers
and certainly missing in the simple approximation given by
Eq. �2�. Such an extra contribution to the strain energy of a
deformed SWNT may be taken into account by the method
similar to that used to study interlayer interaction in
graphite.47 By modifying that method, we may write the ex-
tra contribution as

EDFT
�1� =

1

2N
� 	dS� 	dS��DFT��r − r���G�r,r��

=
	2

2N
� ds� ds��

−�

�

dz�
−L/2

L/2

dz��DFT��r − r���G�r,r�� .

�3�

Here, N=2�RL	 as before, and �DFT�r� is the interatomic
interaction potential which is assumed to be that giving rise
to the interlayer interaction of graphite obtained by the DFT
calculations.47 In Eq. �3�, the integrations in the first line
over the conformal surface of a SWNT are written in the
second line as those along the circumference and the z axis
taken to be in the axial direction, and r and r� are the atomic
positions on the circumferences specified by the variables s
and s�, respectively. Finally, G�r ,r�� is a geometrical factor

introduced to ensure that the atomic interaction already taken
into account in Eq. �2� is excluded in Eq. �3�, which implies
the basic requirement that G�r ,r��=0 for the two atoms on
the same side of the wall and G�r ,r��=1 for the two on the
opposing walls. More detailed descriptions of G�r ,r�� and
its determination are given below. Before proceeding we
note that by symmetry Eq. �3� reduces to

EDFT
�1� =

	

2�R
� ds� ds��

0

�

dz�DFT��r − r���G�r,r�� ,

�4�

with r= �x ,y ,z� and r�= �x� ,y� ,0�. The geometrical situation
related to Eqs. �3� and �4� is illustrated in Fig. 1.

One of the simplest forms of the geometrical factor satis-
fying the basic requirement may be given by

G0�r,r�� =
1

2
�1 − t · t�� , �5�

where t and t� are unit tangential vectors at r and r�, respec-
tively, on the circumferences as shown in Fig. 1. If we use
the above geometrical factor in Eq. �4�, together with
�DFT�r� discussed later, we have non-negligible values of
EDFT

�1� for circular SWNTs. This result contradicts with an-
other requirement that the extra contribution given by Eq. �4�
should vanish for SWNTs with circular and slightly de-
formed cross section, for which the strain energy obtained by
the DFT calculations is already taken into account in Eq. �1�
or �2�. This deficiency arises from that the interaction be-
tween atoms close to each other on the same side of the wall
is improperly included in the calculations of EDFT

�1� because
G0�r ,r�� is not negligible for such a pair of atoms with
t · t��1 �i.e., small 
 with t · t�=cos 
� as shown in Fig. 2.
We also note that interatomic interaction, �DFT�r�, obtained
from the DFT calculations for graphite is that giving rise to
the interaction between layers and cannot be used for the
atoms on the same side of the wall. Also note that the ex-
trapolated short-range part of �DFT�r� is an artifact, as we
will see later. The deficiency of G0�r ,r�� may be remedied
by using an appropriate function with more radical behavior
in the range where t and t� are nearly parallel and antiparal-
lel. After testing several such candidates, we found that one
of the plausible functions is given by

t r(x,y,z)
s

tr(x,y,0)

s

´ ´ ´

´

FIG. 1. Schematic view of the superimposed two circumfer-
ences of a cross section in the plane perpendicular to the tube axis.
t and t� are unit tangential vectors at the atomic positions on the
two circumferences.
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G�r,r�� = exp�− �	1 − G0�r,r��
G0�r,r��


m�
= exp�− �	1 + t · t�

1 − t · t�

m� . �6�

This form is strictly ansatz but satisfies the basic require-
ment and shows the desired behavior with an appropriate
choice of the parameters, � and m. These parameters are
determined so that the extra contribution given by Eq. �4�
practically vanishes even for small SWNTs with D as small
as 0.8 nm. However, only this requirement does not uniquely
specify the parameters. In fact, if we use large values for
both � and m, we can always obtain G�r ,r�� satisfying that
condition. Hence, as a physically plausible condition, we re-
quired that we achieve G�r ,r� ��1 for nearly antiparallel t
and t� in the range as wide as possible, which implies that �
and m are not too large. As a compromising set of values, we
used m=2 and �=0.5 in the applications. The corresponding
geometrical factor is also illustrated in Fig. 2. We have con-
firmed that the calculated strain energy is not sensitive to the
choice of the parameters if they are not so far from the above
choice.

Now the strain energy of a deformed SWNT is given by
EDFT=EDFT

�0� +EDFT
�1� and expected to be a good approximation

to what we would have obtained by the full DFT calcula-
tions. Such DFT calculations in the local �LDA� and semilo-
cal �GGA� approximations currently in use are quite success-
ful in predicting bulk cohesive properties of solids but cannot
capture the prevailing long-rage van der Waals �vdW� inter-
action, which is essentially the effect of the long-range elec-
tron correlation. The vdW interaction itself is not large and
its contribution to the total cohesive energy of condensed
phases is generally quite small �typically, less than 1%� and
this is the reason for the reasonable success of the conven-
tional DFT calculations. However, the deficiency becomes
serious when we are concerned with the properties of sys-
tems with sparse electron distribution. In fact, the contribu-
tion of the vdW interaction to the interlayer cohesive energy

of graphite is substantial.47 This is also true for other gra-
phitic systems such as fullerenes and carbon nanotubes.
Hence, the above results for EDFT based on the conventional
DFT calculations are insufficient for our purpose of calculat-
ing the strain energy. Here we follow the common practice
and assume that the vdW interaction between atoms is given
by48

�vdW�r� = −
A

r6 fdamp�r� , �7�

where fdamp�r� is the damping function introduced for taking
into account the fact that the asymptotic form, −A /r6, ob-
tained by the long-range multipole expansion is not valid at
short distance and the potential should virtually vanish in the
limit r→0.48 In addition to this intrinsic requirement, we
also note that the short-range part of the dispersion force
interaction is already taken into account in the DFT calcula-
tions to some extent, depending on the DFT approximation.
Hence, we may require that the damping function should
also take account of that situation in addition to the intrinsic
deficiency of the long-range multipole expansion. This im-
plies that the damping function is no longer a universal func-
tion but depends on the DFT approximation used to calculate
EDFT.

The vdW contribution to the total energy of a SWNT is
then calculated in the way similar to that used to have Eq. �4�
and given by

EvdW =
	

2�R
� ds� ds��

0

�

dz�vdW��r − r��� , �8�

with �vdW�r� given by Eq. �7�. We note that the geometrical
factor is not involved in Eq. �8� because EvdW is the contri-
bution not included in the DFT calculations and the vdW
interactions between all the pairs of atoms must be taken into
account. Then, the total deformation energy defined with re-
spect to a circular SWNT is given by

�E = �EDFT
�0� + �EDFT

�1� + �EvdW. �9�

Here, �EDFT
�0� =EDFT

�0� −� /R2, �EDFT
�1� �EDFT

�1� since EDFT
�1� practi-

cally vanishes for a circular SWNT, and �EvdW=EvdW
−EvdW �circle�, where EvdW �circle� is the vdW contribution
to the total energy of a circular SWNT.

B. Determination of �DFT„r… and �vdW„r…

To determine the atomic interaction, �DFT�r�, in Eq. �4�
we follow the previous work47 and assume that the interlayer
interaction energy �per atom� of graphite obtained by the
DFT calculations can be written as

UDFT�d� =
1

2 �
l=−�

�

�VDFT�ld� = �
l=1

�

VDFT�ld� , �10�

where d is the interlayer distance, the prime on the summa-
tion implies the exclusion of the l=0 term, and VDFT�ld� is
the interaction energy between layers separated by ld. In the
previous work, we found that VDFT�ld� itself can be well
represented by a Morse potential.47 Here, we take a different

0

0.2

0.4

0.6

0.8

1

   (t·t' = cos )
0

G( )

G ( )0

/4 /2 3 /4

FIG. 2. Geometrical factors given by Eqs. �5� and �6�. Here,
G0�r ,r�� and G�r ,r�� are written as G0�
� and G�
�, respectively,
with t · t�=cos 
.
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approach and assume that VDFT�ld� can be represented as the
sum of the interatomic interactions between atoms on differ-
ent layers, which is nothing but �DFT�r� in Eqs. �3� and �4�.
Then, in the continuum model used throughout the present
work, we have

VDFT�ld� = �
0

�

�DFT�
r2 + �ld�2�2�	rdr

= 2�	�
ld

�

�DFT�r�rdr . �11�

We found that �DFT�r� can also be well represented by a
special type of the Morse potential,

�DFT�r� = − M0�1 + ��x − 1��exp�− ��x − 1�� , �12�

with x=r /dM. This form of the interatomic potential is noth-
ing but the basis of the universal equation of state proposed
by Vinet et al.49 The three parameters in �DFT�r� were deter-
mined by fitting the resulting UDFT�d� to the results of the
previous DFT �LDA� calculations in the range, d
=0.3–0.75 nm.47 This DFT �LDA� result for UDFT�d� takes
the minimum value of −26.7 meV/atom at d=0.3318 nm,
which is very close to the experimental value of d0
=0.3337 nm. The parameters yielding the optimum fit were
found to be M0=2.689 meV, �=9.902, and dM=0.3685 nm.
The performance of this fit is very good with the root-mean-
square deviation less than 0.1 meV. The resulting �DFT�r� is
short range as illustrated in Fig. 3 and the interlayer interac-
tion, VDFT�ld�, virtually vanishes for l
2 even for d as small
as 0.3 nm.

Similarly, the vdW contribution to the interlayer interac-
tion is given by

UvdW�d� = �
l=1

�

VvdW�ld� , �13�

with

VvdW�ld� = 2�	�
ld

�

�vdW�r�rdr , �14�

where �vdW�r� is given by Eq. �7�. The choice of the damp-
ing function is somewhat arbitrary and several forms have
been proposed in the studies of intermolecular interaction.48

Here we employ the one-parameter form used by Wu and
Yang,50

fdamp�r� = �1 − exp�− �r/RW�3��2. �15�

If the damping function is practically unity beyond rmax
= lmaxd, UvdW�d� in Eq. �13� can be calculated as

UvdW�d� = −
�	A

2d4 ���4� − 4�
l=1

lmax

Jl�d�� , �16�

with

Jl�d� = �
l

lmax

�1 − fdamp�r��x−5dx �x = r/d� .

In Eq. �16�, ��n� is the zeta function defined by ��n�=1
+1/2n+1/3n+¯ and ��4�=�4 /90. The parameter in fdamp�r�
may be determined by requiring that the DFT result rein-
forced by the vdW contribution reproduces the interlayer co-
hesive energy, which is in the range 50–60 meV/atom, as
found by the recent theoretical and experimental anal-
yses.47,51 In the present work we assumed

U�d0� = UDFT�d0� + UvdW�d0� = − 55 meV/atom, �17�

as the compromising value of U�d0�, where d0�=0.3337
nm� is the observed interlayer distance of graphite as before.
Since UDFT�d0��−27 meV/atom, the vdW contribution to
the interlayer cohesive energy of graphite is substantial. We
used the value47 A=16.34�10−6 eV nm6, as the vdW con-
stant appropriate for carbon atoms in the sp2 bonding state.50

Then, the requirement of Eq. �17� yields RW=0.49 nm,
which implies that lmax=5 at most. The resulting �vdW�r�
given by Eq. �7� is also shown in Fig. 3.

C. Deformation model

The radial deformation of SWNTs under hydrostatic pres-
sure should be determined, at least in principle, by the con-
dition that the stress tensor at each point on the tube surface
balances the external force perpendicular to the surface.
However, such a determination of the deformed shape is
quite difficult in the present method based on the continuum
model. To overcome this difficulty, we assumed plausible
shapes of the cross section as illustrated in Fig. 4. In these
model shapes the circumference of the cross section consists
of smoothly connected four parts: two elliptic parts and two
circular parts. The convex and concave types in Figs. 4�a�
and 4�b�, which we call respectively oval and peanut, are of
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FIG. 3. Interatomic interactions, �DFT�r� and �vdW�r�, obtained
by the analysis of the interlayer cohesive energy of graphite.
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identical shape in a special case where the centers of two
ellipses on both sides coincide with each other. In such a
case both shapes reduce to an ellipse as a whole. Also note
that each type in Fig. 4 is transformed into another through
the flattened racetracklike shape corresponding to the infinite
curvature radius of circular parts on the top and bottom. The
model cross sections in Fig. 4 are characterized by four pa-
rameters once we have imposed the condition that four parts
are smoothly connected. One of these parameters can be
eliminated by the assumption that the length of the confor-
mal circumference remains unchanged, which we discussed
earlier. Then, for a given fractional change �decrease� in vol-
ume,

X = 1 − V/V0 = 1 − S/S0 �S0 = �R2� , �18�

the two remaining parameters are determined so as to mini-
mize the deformation energy given by Eq. �9�. In Eq. �18�, S
is the cross-sectional area of a deformed SWNT and we
used, as before, the assumption that no deformation occurs in
the axial direction. We may expect that the deformation op-
timized in this way for a given X is, though approximately,
consistent with the applied hydrostatic pressure. In fact, the
model cross-sectional shapes in Fig. 4 are quite similar to
those predicted by constant-pressure molecular dynamics
�MD� simulations using the empirical potentials for atomic
interaction.34–37

III. RESULTS OF APPLICATION

Before proceeding to the systematic applications, we
tested the present theory for particular SWNTs with rela-
tively small diameters. In this test, we first calculated the
deformation energies by using the method described in the
previous section. For the deformed SWNTs with the cross-
sectional shapes determined in this way, we also performed
full DFT �LDA� calculations. The carbon atoms are now ar-
ranged by the ideal mapping on that deformed tube surface.
Figures 5 and 6 show the comparisons of these DFT �LDA�
results with the corresponding contributions in Eq. �9�,
�EDFT=�EDFT

�0� +�EDFT
�1� , obtained by the present model. For

the armchair �12, 12� tube �D=1.627 nm�, we find a reason-
able agreement between the full DFT and model calculations
even for a highly deformed tube �Fig. 5�. The agreement is
less favorable for smaller tubes as exemplified for the �10,
10� and �8, 8� tubes with D=1.356 nm and 1.085 nm, respec-
tively. Better agreement is achieved for the zigzag tubes as
we see in Fig. 6 for the �18, 0� tube with the diameter �D
=1.409 nm� comparable to that of �10, 10� tube, suggesting
that the present model better describes the deformation of
zigzag tubes. For the �12, 0� tube �D=0.940 nm�, we find a
somewhat large deviation in the large deformation regime.
All these results suggest the validity as well as usefulness of
the present theory for calculating the deformation energies of
relatively large SWNTs with D
1.5 nm.

Figure 6 also shows how the calculated deformation en-
ergies of the �18.0� tube change as we successively evolve

FIG. 4. Model shapes of the cross section of a deformed SWNT:
�a� oval and �b� peanut. Both shapes reduce to an ellipse as a whole
when the centers of two ellipses on both sides coincide with each
other. Each shape, either oval or peanut, transforms into another
through a racetracklike shape, which corresponds to the infinite
radius of two circles on the top and bottom.

FIG. 5. �Color online� Deformation energies as functions of the
fractional volume decrease, X, defined by Eq. �18�. The full DFT
�LDA� results for the armchair �8, 8�, �10, 10�, and �12, 12� SWNTs
�squares, circles, and triangles, respectively� are compared with the
DFT contributions, �EDFT=�EDFT

�0� +�EDFT
�1� , obtained by the present

continuum model for the corresponding tubes with D=1.085 nm
�broken line�, D=1.356 nm �solid line�, and D=1.627 nm �dotted
line�. The cross sections of the unit sells used in the full DFT
�LDA� calculations are also shown for the deformed �10, 10� tubes.
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the model by including the contributions due to the interac-
tion between opposing walls and the vdW interaction. In the
small deformation regime, X�0.4, the extended classical re-
sult given by Eq. �2� yields quite a good estimate of the
deformation energy. The contribution due to the interwall
interaction is appreciable for X�0.4 and becomes compa-
rable to that due to the vdW interaction at X�0.5, where the
smallest distance between the opposing walls is close to the
interlayer distance of graphite. This result is quite natural
since the flattened SWNT is similar to the system consisting
of two parallel graphene sheets. As the tube deforms further,
the distance between the flattened walls decreases and the
interaction between them becomes repulsive �Fig. 3�, which
causes the rapid increase of �EDFT for X�0.5. For smaller

SWNTs, especially in the large deformation regime, the
present model calculations are less accurate and have a room
for improvement, as we discussed earlier. In fact, the small-
est local curvature radius of the highly deformed �10, 10�
tube at X=0.6 �Fig. 5� is about 0.22 nm �0.44 nm in diam-
eter�, suggesting that the ideal behavior of the strain energy
given by Eq. �1� needs a modification. However, we also
note that such a large deformation occurs only at an ex-
tremely high pressure, as we will see later, and at this stage
such an extreme case is outside our interest.

We now examine possible influences of the nonideal be-
haviors of the geometrical parameters43,45 on the deformation
energy of small SWNTs. As a typical example of such tubes,
we consider the armchair �6, 6� SWNT with the ideal diam-
eter of 0.8136 nm. The optimized diameter of this tube is
�0.820 nm, about 0.75% larger than the ideal value, and the
strain energy deviate upwards by �1% from the ideal result
given by Eq. �1�.43 The former has the effect of lowering the
strain energy by about 1.5% in the small deformation regime
�see Eq. �2�� and, in total, the deformation energy of the
actual �6, 6� tube should be lower by �0.5% than that ob-
tained for the ideal tube. If we use the optimized diameter
�0.820 nm� rather than the ideal value �0.8136 nm� for this
tube, we underestimate the deformation energy by �1% in
the small deformation regime by using the uncorrected result
given by Eq. �1�. In this way we can estimate the corrections
due to the nonideal behaviors of the geometrical parameters
and the strain energy. These corrections are within a few
percent for tubes as small as the �6, 6� SWNT. As we have
pointed out earlier and will see later, the radial deformation
of a tube starts to occur at finite pressure, P1. Sun et al.34

performed ab initio molecular dynamics simulations for the
�6, 6� tube and obtained P1�10 GPa. On the other hand,
Reich et al.18 predicted the radial bulk modulus for this tube
as Er�650 GPa. These results imply that the tube uniformly
shrinks by about 1.5% under the transition pressure. Hence,
taking into account �0.75% increase due to nonideal
behavior,43 we find that the diameter of this tube will be
smaller by �0.75% than the ideal value and the correction to
the deformation energy due to this effect is about 1.5%. The
finite P1 effect is the smaller for the larger tube because Er
and P1 show the behaviors Er�1/D as predicted by Reich et
al.18 and P1�1/D3 as we see later.

We now proceed to the results of the systematic applica-
tions of the present theory to SWNTs with wide range of
diameters and show the calculated deformation energies as
functions of X in Fig. 7. We first note that the value of X at

FIG. 6. �Color online� Deformation energies of the zigzag �12,
0� and �18, 0� SWNTs obtained by the full DFT �LDA� calculations
�squares and circles, respectively� and their comparisons with the
DFT contributions �broken lines�, �EDFT=�EDFT

�0� +�EDFT
�1� , obtained

by the present continuum model for the corresponding tubes with
D=0.940 nm and D=1.409 nm. For the latter tube �D=1.409 nm�,
the deformation energies with the successive inclusions of the con-
tributions interwall and vdW interactions are also shown: �EDFT

�0�

�dotted line�, �EDFT �broken line�, and �E given by Eq. �9� �solid
line�. The cross-sectional shapes of the deformed �18, 0� tube are
similar to those of the �10, 10� tube �Fig. 5�.
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FIG. 7. Deformation energies
obtained by the present method
for SWNTs with D=1–7 nm as
functions of X. The optimized
shapes at selected values of X are
also shown.
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which the oval-to-peanut transition occurs is 0.22 for the
tube with D=0.8 nm, increases with D up to D�1 nm, and
remains unchanged at X�0.26 for larger tubes with D
�1 nm. At these values of X, which we denote X2, the cross-
sectional shape is racetracklike. In the small deformation re-
gime, say X�Xc, the interaction between the opposing walls
hardly contributes to the deformation energy, �E. The value
of Xc depends on the size of SWNT and lies in the range
from 0.40 �for D=1 nm� to 0.53 �for D=8 nm�. In that re-
gime, �E is essentially given by that of the continuum elastic
shell model and the contribution, �EDFT

�0� , in Eq. �9� domi-
nates the deformation energy as we have seen in Fig. 6 for a
particular case. In consequence, �E nearly scales as R−2,
implying that the deformation in that regime has a universal
feature. In fact, the constancy of X2 for tubes with D
�1 nm may be explained by that feature of the deformation.
Zang et al.36 have also investigated this universal feature of
the shape transition using a constant-pressure MD method.
They demonstrated that the ratio of the cross-sectional areas
at the two shape transitions is independent of diameter and
chirality of SWNTs and given by S2 /S1�0.82 which corre-
sponds to X2=0.18, where S1 is the cross-sectional area at the
first transition from circle to oval �S1=S0=�R2 in the present
case� and S2 is the one at the second transition from oval to
peanut. The present result for the second transition, X2
=0.22–0.26, is somewhat larger than that predicted by Zang
et al.,36 and the difference may be ascribed to our choice of
model cross-sectional shape. However, we also note that the
variation of �E with shape change about the second transi-
tion is very small, implying that it is quite difficult to pin-
point that transition in simulations.

The optimized cross-sectional shapes are peanuts for large
deformations beyond X=X2, but the deformation pattern
changes at X=Xc, where the attractive interaction between
the concave parts of wall becomes appreciable and the de-
formation energy tends to be flat as a function of X beyond
X=Xc as we have already seen in Fig. 6. At the first stage,
X�Xc, the shape of peanut becomes more concave. On the
other hand, the deformation in the range X�Xc is character-
ized by stretch rather than concaving. This feature may be
explained by the fact that stretch gives rise to the increase in
area of opposing flattened walls and is energetically favor-
able owing to the contribution of �EDFT

�1� and �EvdW in Eq.
�9�. If the cross section is deformed further beyond X=Xc,
the deformation energy, �E, of large SWNTs with D

2.5 nm starts to decrease at X=Xcollapse, i.e., the deforma-
tion proceeds spontaneously and the tube collapses. This de-
crease in �E is discontinuous for large SWNTs with D

4 nm and the discontinuity of �E increases with tube di-
ameter. The minimum of �E is achieved at X=0.7–0.9 for
the tubes with D=4–8 nm and at this deformation the small-
est distance between the flattened walls is about 0.3 nm,
which is comparable to the interlayer spacing of graphite. If
a SWNT is further deformed the distance between such walls
decreases and the repulsive interaction between them
through �DFT�r� becomes substantial. The sharp rise of �E
with increasing X beyond the minimum point is mostly ow-
ing to this effect. We also note that the minimum value of �E
becomes negative for large SWNTs with D�7 nm, i.e., the
collapsed state is favored over the inflated one with circular

cross section. This critical size of D�7 nm is somewhat
larger than that predicted by Chopra et al.,33 D�5.3 nm. The
difference between the present results and those of Chopra et
al. may be explained mostly by their simplified treatment of
deformation. They assumed a dumbbell-type shape with flat
and parallel walls, but such a shape has not been observed in
any constant-pressure simulation for an isolated SWNT and
certainly gives an overestimation of the attractive interaction
between the flattened walls.

In contrast to these characteristics for large tubes with
D
2.5 nm, the deformation energy of small tubes with D
�2.5 nm monotonically increases with X and the tubes show
no tendency to collapse up to very large deformation. This
behavior of �E may be ascribed to the energy gain due to the
attractive interaction, which is minimal for small tubes and,
if any, it is compensated by the energy loss due to either the
curvature effect on both sides of the stretched peanut or the
repulsive interaction between walls, which become appre-
ciable at a relatively small deformation, as we have seen in
Fig. 6. These results for �E indicate that even if a tube is
highly deformed under pressure, it returns to the normal
shape with circular cross section on pressure release, i.e., the
deformation is reversible �elastic�. These deformation char-
acteristics found for isolated SWNTs with small diameter
may explain the experimental fact that the radial deformation
of nanotube bundles is elastic up to very high pressure.16

As we have already discussed, we assumed that our model
deformation of an isolated SWNT is consistent with the ex-
ternal force due to the hydrostatic pressure. Then, the bal-
ance between the work done by pressure, P, and the increase
in the deformation energy due to the radial deformation im-
plies the relation

PdV = − 2�R		 ��E

�V

dV =

2	

R
	 ��E

�X

dV . �19�

Then, the minimum pressure for the deformation to occur,
i.e., the circular-to-oval transition pressure, is given by

P1 =
2	

R
	 ��E

�X

 �X = 0� . �20�

This result indicates that P1 is closely proportional to the
inverse cube of the tube radius since the deformation energy,
�E, itself scales as R−2 in the small deformation regime,
where the contribution �EDFT

�0� in Eq. �9� dominates �E, as
we discussed earlier. In fact, the calculated values of P1 fit
quite well to the form, � /R3, with ��5.5 GPa nm3, as
shown in Fig. 8. This result is in agreement with that sug-
gested by other theoretical works,19,25,34–36 as we have noted
earlier. The pressure given by Eq. �20� is also nothing but the
hard-to-soft transition pressure studied by Sun et al.34 The
present result for the armchair �6, 6� SWNT �D=0.8136
nm in the present model�, P1�9.70 GPa �P1�9.95 GPa if
corrected as we have discussed earlier�, is in good agreement
with their result, P1�10 GPa, proving the validity as well as
the usefulness of the present method based on the continuum
elastic shell model. The oval-to-peanut transition pressure is
given by
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P2 =
2	

R
	 ��E

�X

 �X = X2� , �21�

where X2 is, as before, the value of X at which the optimum
cross-sectional shape is racetracklike. The pressure given by
Eq. �21� is also shown in Fig. 6 and found to be 20–30%
higher than P1.

For the particular SWNTs with D�1.4 nm, we find that
the circular-to-oval transition occurs at P1�2.0 GPa. This
transition pressure is close to the experimental results for
bundles of SWNT with similar D, 1.5–1.7 GPa, at which a
shape transition was indirectly evidenced by Raman
spectroscopy.21,22 Using MD simulations for bundles of �10,
10� nanotubes �D=1.36 nm�, Elliott et al.25 found that these
nanotubes transform from circular to herringbone structure at
2.1±0.2 GPa. This pressure is also close to the present result,
P1�2.2 GPa, for the corresponding isolated tube. However,
we should note that the interaction between tubes could have
some effect on the transition and the results for bundles
might not directly be compared with those for isolated tubes.
Under high pressure beyond P2, the cross section of isolated
SWNTs certainly takes a shape of peanut as predicted by the
present calculations and the previous MD simulations.34,36 In
contrast, the flattened shape similar to a racetrack is favored
in bundles24,25,29 This result for bundles may be explained by
the contribution due to the attractive interaction between
tubes, which is large in the arrangement where the surfaces
of neighboring tubes are flat and parallel to each other.

As we have discussed, SWNTs with large diameters �D

2.5 nm� collapse if they are deformed down to the critical
volume characterized by Xcollapse, and the collapse pressure is
given by

Pcollapse =
2	

R
	 ��E

�X



max
, �22�

where ���E /�X�max is the maximum slope of the �E versus
X curve in the range, 0�X�Xcollapse. The slope is the maxi-
mum at X�0.6 independent of tube size and Pcollapse is about
40–50% larger than P1, as illustrated in Fig. 8. At pressures
lower than Pcollapse, tubes are not deformed to the critical
volume and inflate on pressure release, i.e., the deformation
is elastic in the pressure range between P1 and Pcollapse. On
the other hand, the �E versus X curves for small SWNTs
with D�2.5 nm have no local minimum �Fig. 7�a��, indicat-
ing that the collapse due to radial deformation does not occur
and, if they actually do collapse, it should be ascribed to
other causes such as the breaking of C-C bond or defect
formation.

IV. CONCLUSIONS

We have developed a simple theory for calculating the
deformation energies of SWNTs and applied it to study the
radial deformation and stability. The first step of the theory is
to extend the result of DFT calculations for the strain energy
of circular SWNTs to a deformed SWNT using the con-
tinuum elastic shell model in the linear elastic regime. Then
this model was supplemented by the interactions between
opposing walls, which become important for highly de-
formed tubes and plays a crucial role in determining the de-
formation characteristics, including collapse. One of these
interactions is that we could have taken into account in a full
DFT calculation for a deformed tube but certainly miss in the
simple extension based on the continuum elastic shell model
as given by Eq. �2�. The other one is the vdW interaction,
which the DFT approximations currently in use fail to take
into account. Both interactions are deduced from the semi-
empirical analyses of the interlayer cohesive energy of
graphite.47

The theory provides a simple method to calculate defor-
mation energy of isolated SWNTs under hydrostatic pres-
sure. The shape transitions predicted for SWNTs with par-
ticular diameters are in accordance with the results of the
existing MD simulations, ab initio calculations, and experi-
ments, suggesting the validity and usefulness of the present
theory. The energetics of collapse due to the radial deforma-
tion were revealed. The theory may also be applied to other
systems such as MWNTs and bundles of nanotubes. How-
ever, the most serious difficulty in such applications is that
we need to devise a parameterized model for the cross-
sectional shape of the tube.
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FIG. 8. Circular-to-oval transition pressure �P1, closed circles�,
oval-to-peanut transition pressure �P2, broken line�, and collapse
pressure �Pcollapse, open circles� as functions of tube diameter. The
solid and broken lines are smooth interpolations of the calculated
results.
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