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Helium atoms are believed to be strongly bound within the interstitial channels in bundles of carbon
nanotubes. In a recent paper �F. Ancilotto et al., Phys. Rev. B 70, 165422 �2004�� inhomogeneity in the size
distribution of nanotube radii was shown to make a system of 4He atoms in such an environment effectively a
four-dimensional Bose gas, thus permitting a Bose-Einstein condensation �BEC� of the adsorbed atoms into the
minimum energy state. This surprising result was obtained for a model of noninteracting atoms in a continuum
distribution of �virtually� infinite interstitial channels. Here we investigate how the singular thermal properties
of the ideal system and the occurrence of BEC are affected by a more realistic modeling of a bundle of
nanotubes where �i� the number of nanotubes is finite and where �ii� 4He atoms adsorbed within the same
interstitial channel interact among themselves. Also in this case we observe an anomalous heat capacity close
to the ideal condensation temperature, suggesting the persistence of the condensation transition for interacting
4He atoms, which might be experimentally observed.
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I. INTRODUCTION

The macroscopic condensation of bosons in their ground-
state �Bose-Einstein condensation, �BEC��,1 first proposed on
the basis of a noninteracting particles model, is believed to
be at the heart of superfluidity in 4He, which is a system
consisting of relatively strongly interacting atoms.2 More re-
cently, BEC has been observed to occur in ultracold gases
consisting of alkali or H atoms and in systems of excitons at
low temperature T.3–5

In a recent paper it was shown that a system of bosons
�either H2 or 4He� confined within the interstitial channels
�ICs� of a bundle of carbon nanotubes may exhibit BEC
�Refs. 12 and 13� provided that the distribution of the three
neighboring tubes �with radii R1, R2, R3� defining an IC site
is nonuniform. On the contrary, a uniform bundle, being the
collection of identical one-dimensional �1D� systems, cannot
sustain BEC.14,15

The experimental evidence concerning the relative bind-
ing energy of either H2 or 4He in the ICs and in the grooves
on the outside surface of carbon nanotube bundle6–10 is still
controversial, although some experimental evidence seems to
support particle localization within the ICs.8,11 In the follow-
ing, we will assume that adsorption in the ICs is the pre-
ferred mechanism, leaving to further studies the investigation
of the consequences of simultaneous adsorption also on the
groove sites on the bundle’s surface on the BEC transition
described here.

Let us briefly review the main results of Ref. 12. We
consider noninteracting atoms in a bundle of nanotubes with
all their axis aligned along the z axis. The energy of a single-
particle state confined within the i-th IC, surrounded by three
nanotubes with radii R1�i�, R2�i�, R3�i�, can be written as the
sum of the energy for the free �longitudinal� motion parallel
to the axis of the tubes and of the lowest eigenvalue �i
���R1�i� ,R2�i� ,R3�i�� of the Schrödinger equation relative
to the �transverse� motion in the x-y plane, i.e.,

Ei�p� = �i +
p2

2m
. �1�

If necessary, small effects on the longitudinal motion
due to the corrugation of the atom-surface potential can eas-
ily be incorporated by using a suitable effective mass
approximation.16,17 At the very low temperatures of interest
here �tens of mK�, we can safely neglect excitations of par-
ticles in higher states of transverse motion, since for a given
channel the transverse energy levels are separated by ener-
gies of order 100 K.

A numerical analysis12 shows that, in a heterogeneous
bundle of nanotubes with a uniform quasicontinuum distri-
bution of tubes radii, two distinct behaviors characterizes
gt�E�, the density of single-particle states �DOS� for trans-
verse motion. At low energies �i.e., lower than �20 mK for
4He� gt�E���E−Emin�1/2, Emin�min��i� being the lowest
eigenvalue for transverse motion, while at higher energies
gt�E� decreases with energy and is well fit by the expression
gt�E���E−Emin�−1/2. The total DOS, g�E�, is the convolution
of gt�E� with the one-dimensional DOS for quasifree motion
along the IC axis. As a result, at very low energies
�T� �20 mK� g�E� exhibits the behavior ��E−Emin� of a
system of non-interacting particles in four dimensions,
whereas at somewhat higher energies it becomes almost in-
dependent of energy, exhibiting a behavior characteristic of a
2D system. At energies above 1 K the 1D behavior is even-
tually recovered.

As a consequence of the 4D behavior of the total DOS at
low temperature, Bose atoms adsorbed in a bundle of carbon
nanotubes with a nonhomogenous, quasicontinuum distribu-
tion of tubes’ radii, may undergo a Bose-Einstein condensa-
tion into the interstitial channel with the lowest transverse
energy Emin. On the contrary, the density of states for atoms
in a perfectly uniform set of ICs is that of a 1D system,
excluding the possibility of BEC.

A signature of BEC in a nonhomogeneous system is ob-
servable, in principle, as a singular behavior of the heat ca-
pacity at the transition temperature Tc.

12 This phenomenon
might be difficult to achieve in practice due to the very long
times required for equilibration �which entails the rearrange-
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ment of particles from the ICs with higher transverse ener-
gies to those with lower energies, as the temperature is low-
ered� and the extremely low temperatures predicted for the
transition �a few tens of mK for 4He�.

It has been pointed out in a recent publication by Calbi et
al.18 that additional adsorption sites with quite large binding
energy may appear under particular circumstances at the end
of carbon nanotube bundles, which can be separated by quite
high energy barriers from the adsorption states in the interior
of the ICs. When present, these states may act as “plugs”
inhibiting the intake of gases within the bundles, thus dra-
matically reducing the adsorption kinetics. This effect is par-
ticularly important in the case of H2.18 However, the exis-
tence of such states and the magnitude of the associated
energy barriers are shown to be extremely sensitive both to
the value of the radii of the adjacent nanotubes forming the
IC, and also to the length parameter characterizing the gas-
carbon interaction �represented for simplicity in Ref. 18 by
some characteristic Lennard-Jones diameter �gc�. In the case
of 4He adsorption in the ICs system investigated here, the
tube radii have typical values above �8 Å,12 while the
Lennard-Jones diameter is �gc�2.98 Å. As a result of both
these circumstances the outer adsorption states predicted by
Calbi et al. disappear completely �see Fig. 3 in Ref. 18�,
allowing in principle the flow of 4He atoms from one IC to
the other, which is the fundamental mechanism permitting
the BEC transition described here to be observable in experi-
ments. In the case of H2, however, the blocking of the ICs
due to the presence of the outer states would probably imply
extremely long times for exchange of H2 molecules between
ICs, making the BEC for such system virtually unobservable
in experiments.

We show in Fig. 1 the main result of Ref. 12, showing the
singular character of the heat capacity for 4He at the transi-
tion temperature Tc. Note that in the displayed range of en-
ergies, the heat capacity value tends towards its 2D limit,
C /NKB=1, due to the peculiar character of the total DOS
described above. At higher energies ��1 K� the 1D behavior

is eventually recovered, with C /NKB=1/2. For comparison,
we show in the same figure the heat capacity of 4He at the
same density in one dimension, i.e. in a perfectly uniform set
of ICs.

The results reported in Ref. 12 have been obtained �i� by
assuming a continuum distribution of a virtually infinite
number of ICs, with varying radii uniformly distributed in a
given range, such that one may treat adsorption statistically,
and �ii� by neglecting the mutual interactions between the
particles adsorbed in the same IC. The first assumption is not
realistic, since nanotube bundles actually contain a finite
number of tubes �from a few tens to few hundreds�, while the
second assumption might break down for sufficiently low
temperatures, when the condensation into the lowest energy
IC could make the interparticle interactions important.

We want therefore to establish here whether the prediction
of such condensation transition would survive under a more
realistic modeling of the system, or the different environment
would either preempt the BEC or alter the nature of the BEC
itself, as it happens in 3D 4He, where interactions reduce the
fraction of condensate atoms �and lead to the new phenom-
enon of superfluidity�. The focus of the present work is thus
to relax the two just mentioned assumptions and to study a
more realistic model where 4He is adsorbed within the ICs in
a bundle made of a finite number of nanotubes. We will also
take into account explicitly the interparticle interactions, al-
though in an approximate way based on a mean-field ap-
proach, as described below.

II. RESULTS AND DISCUSSION

The energy of 4He atoms confined within the ICs of a
nanotube bundles is written as

E = �
k,i
��2k2

2m
+ �i	Nk,i + �

i

�int�	i�Ni. �2�

Here Nk,i is the number of atoms in the i-th IC with wave
number k, Ni=�kNk,i, and 	i=Ni /L is the linear density
within the i−th IC. L is the �finite� length of the IC. The total
number of 4He atoms is then N=�iNi, while NIC is the total
number of ICs in the sample. Note that since we consider a
finite number of ICs and infinite-wall boundary conditions
over the allowed momenta of the particles inside each tube,
the energy spectrum described by Eq. �2� turns out to be
discrete. We neglect here dilation-induced effects on the
binding energies of the adsorbed atoms, associated with a
moderate swelling of the bundle as the atoms fill the ICs, as
predicted in Ref. 19.

We treat interactions between 4He atoms in the spirit of a
mean-field approach, by using a density-dependent single-
particle energy term ��int�	� in Eq. �2��. We use for the latter
the interaction energy per 4He atom reported in Ref. 20,
where the ground state energy of fully interacting 4He atoms
adsorbed in a single IC formed by three carbon nanotubes
with the same radii is obtained from diffusion Monte Carlo
calculations.

The condensation transition discussed in this paper and in
Ref. 12 is a direct consequence of inhomogeneities in the

FIG. 1. Heat capacity of noninteracting 4He atoms in a con-
tinuum �heterogeneous� distribution of ICs �from Ref. 12� as a func-
tion of temperature. The dotted line shows the heat capacity of 1D
4He at the same linear density.
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radii distribution of the nanotubes forming the ICs, which
results in a range of different values for the lowest eigen-
value for the transverse motion, �i. The details of the distri-
bution for such energy levels are however not crucial, as
discussed in Ref. 12, for the occurrence of the BEC. For this
reason, rather than calculating the energy levels describing
the transverse motion �i from a random finite sample of ICs,
we decide to choose from a distribution of transverse states
�corresponding to a range of nanotube radii 8�R�10 Å�
that reproduces the total DOS for an infinite sample, as com-
puted in Ref. 12. This will allow us to compare the results of
the present work with those presented in Ref. 12, and in
particular to emphasize from this comparison the effect of
having either a finite number of ICs in the bundle or an
interaction between the 4He atoms belonging to the same IC.

The thermal properties of the system described by Eq. �2�
are estimated by Monte Carlo simulations in the canonical
ensemble, with N=6000, NIC=840 �corresponding roughly to
NIC/2 nanotubes in the bundle� and L=1 
m. With these
values the total density of 4He atom is such that the predicted
transition temperature for the ideal system �i.e., infinite num-
ber of ICs and neglecting the interparticle interactions�
would be Tc�10 mK.12

To test the efficiency of our sampling algorithm, we have
preliminarily performed Monte Carlo simulations for the
noninteracting case �i.e., �int=0 in Eq. �2��. In particular we
have checked that our results compare well with the exact
calculation of the specific heat for the same sample of ICs.
Indeed the heat capacity for the non interacting system can
be directly calculated as

C = �/�T�
k,i

Ek,i/�e�Ek,i−
�/KBT − 1� , �3�

where the chemical potential is evaluated at a given T by
imposing the condition of a fixed total number of atoms, i.e.
by solving the equation N=�k,i�e�Ek,i−
�/KBT−1�−1.

The calculated heat capacity as a function of temperature
for the noninteracting system is shown in Fig. 2, where we

compare the results of MC calculations �computed as usual
from the energy fluctuations C= �
E2�− 
E�2� /KBT2� with the
exact result from Eq. �3�. As expected, the sharp features of
the infinite system as shown in Fig. 1 are no longer present:
the heat capacity shows instead a broader and lower peak at
a transition temperature which is slightly higher than the one
of Fig. 1.

We next consider the effect of the interaction between He
atoms that belong to the same IC. As we said in the previous
section the interaction has been treated in the mean field
approximation. In particular we consider a binding energy
per atom �int�	� �as obtained in Ref. 20 from diffusion Monte
Carlo calculations� that is zero at 	=0 �being referred to the
adsorption energy of a single 4He atom in the IC�, is mini-
mum at 	0�0.08 Å−1 with �int�	0��−10 mK, and it rapidly
grows towards positive values as the density is increased,
due to the repulsive He-He interaction. Since the minimum
energy �int�	0� is large both with respect to the minimum
spacing between transverse energies �i in different ICs �at
least for relatively low values of �i� and between adjacent
levels of the kinetic energy, the 4He atoms in a given IC will
tend to achieve a density close to the optimal value 	0. Since
our calculations are done at constant number of particles, as
a consequence of the condensation fewer ICs will be occu-
pied as the temperature is lowered �those with the lowest
binding energies�, leaving the others ICs almost empty. In a
typical configuration during a MC run at low T a fraction of
ICs will thus be occupied by N0�	0L atoms and fluctua-
tions, which determine the thermal behavior, will mainly oc-
cur around this value. In particular, as we have checked nu-
merically, the total energy landscape shows many deep local
minima in the space of the occupation numbers of the vari-
ous ICs, ni, which are quite flat around their optimal values
ni

* �each in turn very close to N0�. At low T, small fluctua-
tions of the occupation numbers around these values are then
favored, because of the flatness of the energy minima, while
big fluctuations are highly suppressed because of their deep-
ness.

As a consequence, MC runs performed at low T and start-
ing from a configuration close to the one where the ICs are
optimally populated, one observes that the system does not
change significantly during the MC evolution, i.e. the occu-
pation numbers of each tube remain essentially the same as
in the initial configuration. If instead one starts from a con-
figuration with a random occupation of the ICs, the system
almost never samples the minimum around the optimally
populated state, but rather, reaches one of the metastable
states described above. Thus in order to reach the true equi-
librium at low T, one has either to start from an initial con-
figuration close to the GS, or to use other, more efficient,
schemes for the MC sampling �collective Monte Carlo
moves, annealing, etc.�.

One comment is in order concerning the He-He interac-
tion energy term �int�	� that we borrowed from the diffusion
Monte Carlo results of Ref. 20. Such energy has been com-
puted for a “regular” IC, i.e., an IC bounded by three carbon
nanotubes with the same radii.20 In principle, however, dif-
ferences in the radii of the nanotube forming the IC �as those
considered here� can modify the interaction energy of 4He

FIG. 2. Heat capacity of N=6000 noninteracting 4He atoms ad-
sorbed in NIC=840 ICs of a bundle of nanotubes. Points: MC cal-
culations; solid line: exact result �Eq. �3� in the text�.

CONDENSATION OF HELIUM IN INTERSTITIAL¼ PHYSICAL REVIEW B 74, 085415 �2006�

085415-3



atoms adsorbed in the IC because of the �small� changes in
the available volume between the three nanotubes forming
the IC. Although we do not expect significant changes in the
interaction energy due to this effect, one should keep in mind
the approximation underlying our choice.

One may ask whether the scenario emerging from our
Monte Carlo simulations, i.e., the presence of long-lived
metastable states, is conserved in real systems, or not. This
will depend in a crucial way from the very nature of the
dynamic processes which are responsible for the particle ex-
change within tubes, but also on the time scale over which
the system is observed. If a collective diffusion from IC to IC
is possible �through the open ends of the bundle�, then the
system should be able to reach the true equilibrium state in a
reasonable time, even at low T.

The results of our MC calculations for the interacting sys-
tem are shown in Fig. 3, for two different numbers of ICs in
the bundle. The heat capacity curves still show an anomalous
behavior close to the “transition” temperature, although the
rather sharp peak present for the noninteracting system is
now smeared out, leaving a bump in the heat capacity well
above the ideal value C /NKB=1/2. This behavior could be
observed experimentally, although direct observation might
be hampered by very long equilibration times as suggested
by the Monte Carlo simulations. In Fig. 4 we show the frac-
tion of 4He atoms that condense into the lowest energy IC, as
a function of temperature. It is clear that, both for the non-
interacting and the interacting cases, a critical temperature
exists below which such fraction shows a rather sudden in-
crease from zero to a maximum value at T=0. The differ-
ences between the noninteracting and interacting cases are in
the value of the critical temperature and of the condensed
fraction at T=0. In particular the interacting cases are char-
acterized by a maximum fraction of condensate lower than 1
and an higher transition temperature with respect to the non-
interacting case.

We note that the increase in the transition temperature for
the interacting system is just the opposite of what happens in

the case of bulk liquid 4He, where the transition temperature
for BEC in the interacting liquid is lower than that for the
ideal Bose gas. We remark that the nature of the BEC tran-
sition investigated here has a totally different origin than that
occurring in bulk liquid 4He, i.e. it is not a condensation in
the momentum space, but rather it has a mixed nature, where
also condensation in real space occurs �i.e., adsorption of a
large fraction of 4He atoms within the lowest energy IC�. It is
thus not surprising to find a different behavior of the critical
temperature as the interactions between particles is taken into
account. We do not have any explanation for the observed
increase in the critical temperature, and we consider it as an
interesting empirical observation, deserving further investi-
gations in future work.

The reduced fraction of condensate atoms with respect to
the noninteracting case is apparently similar to what happens
to liquid 4He where the strong interparticle interactions result
in a reduced fraction of the atoms condensed into the
groundstate. However, one should keep in mind that the con-
densate fraction is defined here as the ratio between the oc-
cupation of the lowest energy IC and the total number of 4He
atoms. Since our calculations are performed at a constant
number of particles, the condensate fraction at T=0 for the
interacting system is expected to depends on the total density
of 4He and also on the details of the transverse energy levels
distribution �this is clearly visible in Fig. 4, where the two
sets of points for the interacting systems have been computed
with the same 4He density, but different set of transverse
energy levels�. For this reason no particular significance
should be attached to the actual value found in our calcula-
tions for this fraction. Rather, we consider the behavior of
the condensate fraction with the temperature as a useful in-
dicator signaling the onset of condensation.

In order to better characterize the effect of the He-He
interactions in modifying the thermal behavior of the ideal
system, we have used a different recipe to model the inter-
particle interactions of 4He atoms adsorbed in the same IC

FIG. 3. Calculated temperature dependence of the heat capacity
for a system of N interacting 4He atoms adsorbed in NIC ICs.
Filled squares: N=6000 and NIC=840. Empty squares: N=2000 and
NIc=280.

FIG. 4. Fraction of atoms condensed into the lowest-energy IC
as a function of temperature for the noninteracting �diamonds� and
interacting �squares� case. The solid line shows the exact result for
the noninteracting system. Filled squares: N=6000 and NIC=840.
Empty squares: N=2000 and NIC=280.
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�represented by the density-dependent term �int�	� in Eq.
�2��, i.e., we used the ground-state energy of 1D 4He as com-
puted with diffusion Monte Carlo method.21 In 1D the
ground-state of interacting 4He atoms turns out to be a very
weakly bound liquid, with a binding energy per particle of
about 1.7 mK �to be compared with the 10 mK for the 3D
case�. As a result of the reduced He-He interactions within an
IC, the heat capacity curve turns out to be much more similar
to the noninteracting case of Fig. 2.

III. CONCLUSIONS

In summary, by means of Monte Carlo calculations we
have investigated the behavior of interacting 4He atoms ad-
sorbed in the interstitial channels of a more realistic model of
a carbon nanotubes bundle than that studied previously. We
find that the signature of a recently proposed BEC transition
for non interacting 4He atoms persists also for the interacting

case. The effect of the interaction consists in smearing out
the singular character of the transition and to shift the tran-
sition temperature towards higher values. Such broad signa-
ture could be observed in principle in experiments of 4He
adsorption in a bundle of an heterogeneous sample of carbon
nanotubes. A similar effect is predicted to occur for other
Bose particles, e.g., H2 molecules adsorbed in the ICs of a
nanotube bundle.12 However, for such a system the blocking
of the ICs due to the presence of strongly binding outer states
separated by large energy barriers from the adsorption states
inside the ICs, as predicted by Calbi et al.,18 would probably
imply extremely long times for exchange of H2 molecules
between ICs, making the BEC for such system virtually un-
observable in experiments.
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